1.

1.1.
1.2.
1.3.

2

2.1.
2.2.
2.3.

GENERALIZED u-GIBBS MEASURES FOR C*
DIFFEOMORPHISMS

S. BEN OVADIA, D. BURGUET

ABSTRACT. We show that for every C*° diffeomorphism of a closed Riemann-
ian manifold, if there exists a positive volume set of points which admit some
expansion with a positive Lyapunov exponent (in a weak sense) then there
exists an invariant probability measure with a disintegration by absolutely
continuous conditionals on smoothly embedded disks subordinated to unstable
leaves. As an application, we prove a strong version of the Viana conjecture
in any dimension.

Our methods include developing a quantitative approach to high-dimensional
Yomdin theory which allows to control the geometry of disks, and introducing
a notion of “measured disks” in order to provide a disintegration by absolutely
continuous conditionals. In particular, we provide also a new proof for the
case of surfaces (a previous result by the second author) proving directly the
absolute continuity of conditionals rather than mere entropy estimates.
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1. INTRODUCTION, MAIN RESULTS, AND KEY STEPS OF PROOF

1.1. Introduction. A dynamical system is a pair (X,7) composed of a space
X endowed with a transformation 7' : X — X. One of the key problems in
Dynamical Systems is to study the statistics of a chaotic system at a steady state.
This heuristic is interpreted as studying the collection of invariant probability
measures which govern chaotic orbits (“chaos” can be interpreted as positive
entropy, or exponential sensitivity to initial conditions in Smooth Dynamical
Systems- that is positive Lyapunov exponents- or both). An invariant probability
measure is a probability p € P(X) s.t. p(E) = p(T'[E]) for all E € B(X), the
Borel sigma algebra.

The first problem with which one is faced is then, which measure should we
single out? Uniquely ergodic systems, which admit a unique invariant measure,
often do not answer all criteria for chaos. When a system is not uniquely ergodic,
there are natural candidates for reference measures in which we are interested.

In Smooth Dynamical Systems- that is differentiable maps of Riemannian
manifolds- the most natural reference measure is the Riemannian volume of the
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manifold. This is due to several reasons: The first reason is the underlying
physical assumption on the mathematical model, which asserts that when we
carry out an experiment or a simulation of the system with a random initial
condition, this initial condition is chosen randomly w.r.t. the Riemannian volume
of the manifold (also sometimes called the Liouville measure).

The second reason which makes the Riemannian volume a natural candidate
for a reference measure is the obvious relationship with the geometry of the space.

The third reason is the fundamental Liouville theorem, which asserts that
whenever the system admits no dissipation/heat loss/friction (i.e a closed Hamil-
tonian system), the Riemannian volume is an invariant measure. This fact is
very useful, as invariant measures admit many statistical properties, which are
studied in the field of Ergodic Theory.

However, it is natural to wish to extend the scope of the systems which
we study beyond the non-dissipative systems. What happens in a system which
has friction? Or for example the earth’s atmosphere which constantly gets heat
insertion from the sun? In those cases we do not expect the Riemannian volume
to be an invariant measure, while we still wish to find natural reference measures
for the system which are invariant (as we are interested in the unique statistical
properties that invariant measures govern).

Uniformly Hyperbolic systems are differentiable maps which admit a con-
tinuous decomposition of the tangent bundle into two invariant sub-bundles, such
that on one sub-bundle the differential uniformly contracts tangent vectors, and
on the other the differential uniformly expands tangent vectors. For Uniformly
Hyperbolic systems, the groundbreaking works of Sinai, Ruelle, and Bowen give
an answer to the question in the paragraph above (see [46, 43, 12, 13]). They
study a class of measures which are called SRB measures (named after them),
which are invariant measures with compatibility with the Riemannian structure,
even in cases where the Riemannian volume is not preserved.

From now on, we only consider C'*¢, ¢ > 0, smooth diffeomorphisms. In
this setting, SRB measures are invariant probability measures, which when disin-
tegrated on unstable leaves' (in the sense of the Rokhlin disintegration theorem),
admit conditional measures which are absolutely continuous w.r.t. the induced
Riemannian volume on the unstable leaves. This produces the first instance of
compatibility with the Riemannian volume.

The two more reasons which make SRB measures an object of importance
are:

LUnstable leaves are embedded disks which are tangent to the asymptotically expanding direction of the
tangent space of points with positive Lyapunov exponents (i.e exponential sensitivity to initial conditions).
Their existence is given in [38, 45].
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(1) Physicality: Every ergodic and hyperbolic SRB measure v is physical [34]:
its basin

B(v) = {:c €M: Vé: M — R cont., % S 64 () — /gbdu}
k=0

has positive Riemannian volume. This was first shown for Uniformly
Hyperbolic diffeomorphisms by Ruelle [43]. Physicality does not imply
the SRB property. For the gap between the two properties, see [48].

(2) Entropic variational principle: SRB measures satisfy the entropy formula:
hu(f) = [ Yi,=0 Xi(®) dp(z) where x;(z) is the i-th Lyapunov exponent
of x (with multiplicity),[43, 39, 34, 35]; and the Lh.s. is strictly smaller
than the r.h.s. for all other measures [43, 44, 36].

In particular, note that the physicality property admits an additional notion of
compatibility with the Riemannian volume. For more properties of SRB mea-
sures, see [52].

Unfortunatelly, SRB measures do not always exist, even for “nice” systems
(see [28] for example). This fact pushed forwards the field of Smooth Dynamical
Systems for almost three decades, in trying to understand which systems admit
SRB measures, or a corresponding object of interest.

For unimodal interval maps with a negative Schwarzian derivative, Keller
showed that there is a positive Lebesgue measure of points with a positive Lya-
punov exponent if and only if there exists an absolutely continuous invariant
measure [33].

In the non-uniformly hyperbolic setting, in her celebrated result [51], Young
showed the existence of an SRB measure for non-uniformly hyperbolic maps with
Young towers, subject to an assumption of integrability of the return-time to the
base of the tower w.r.t. the Riemannian volume. In [22], the authors study the
existence of an SRB measure through the positive volume of “effectively hyper-
bolic” points. Another important approach and body of works is the study of
existence via parameter families. For example, such as in the setting of quadratic
families and Hénon maps (see [29, 7, 8, 9]).

Indeed, most approaches to constructing SRB measures rely on a hyperbolic
structure (which holds for surfaces for every measure with positive entropy, by the
Ruelle inequality [44]). Very few results address the construction of SRB measures
in high dimension, in a general setup which allows 0 Lyapunov exponents. In [5],
the authors construct SRB measures for a general diffeomorphism whose volume
converges exponentially fast to a limit under the dynamics.
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The partially hyperbolic setting is where the tangent space splits continu-
ously everywhere into three invariant sub-bundles. An unstable bundle E* which
expands uniformly, a stable bundle E®* which contracts uniformly, and a central
bundle E°, which is uniformly dominated by, and dominates, the unstable and
stable bundles respectively. One often bunches together the unstable and central
bundles or the stable and central bundles (denoted by E°" or E° respectively),
which uniformly dominate £ or dominated by E" respectively. In this setting,
where E° is allowed to be trivial but not £, in their celebrated work [40], Pesin
and Sinai construct u-Gibbs measures. That is, measures with an absolutely con-
tinuous disintegration on strong unstable leaves. For such partially hyperbolic
systems which admit only negative Lyapunov exponents in the central bundle
volume-a.e., these u-Gibbs measures are in fact SRB [11] measures.

More in the partially hyperbolic setting, allowing E" to be trivial but not
E< in [2, 3] the authors showed that volume-a.e. point which admits only posi-
tive Lyapunov exponents in the central bundle (for a certain notion of Lyapunov
exponent, see the discussion below), lies in the basin of an ergodic hyperbolic
SRB measure.

Then M. Viana posed the following conjecture in his famous ICM talk.

Conjecture (Viana [1]). If a smooth map has only non-zero Lyapunov exponents
at Lebesgue almost every point then it admits some SRB measure.

The importance of Viana’s conjecture is two-fold. First, it is stated in a very
elementary and natural way, and second the condition it suggests is important in
terms of physical testability, as one would have to check random initial conditions
and observe whether expansion happens or not.

Given a point, its Lyapunov exponents estimate exponential expansion /
contraction rates associated to the action of the differential. These exponents
are commonly used when x is typical for an invariant measure or satisfy some
reqularity. By using Markov partitions, the first author [4] proved a version of
Viana conjecture for C**¢ diffeomorphisms of manifolds in any dimension by
assuming a positive volume for a collection of hyperbolic regular points (see also
[23] for a related result for surfaces, using Young towers and [18] for another
notion of regularity for C'° systems).

In the present work we do not assume any kind of regularity, and so Lya-
punov exponents may be defined in different ways. For example, we may consider
the top-upper exponent

. 1 .
(1) X(x) := limsup — log [|d.. /",

n—oo TN
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or the top-lower exponent x(x) := liminf, . +log||d,f"||. In any case, any such
notion should coincide with the common definition of Lyapunov exponents for
typical points with respect to invariant measures.

Recently some progress has been made regarding the Viana Conjecture for
C* diffeomorphisms of surfaces ([21, 19]). In [19] the second author proved more
precisely that for a C” diffeomorphism, » > 1, Lebesgue a.e. x with x(x) > log|ld. 7|
lies in the bassin of an ergodic hyperbolic SRB measure (see also [24] for C”
interval maps). In these settings, the lower bound on  is sharp [18, 15]. Morally,
C" smoothness allows one to bound the distortion in the dynamics of disks, similar
to the role of domination in partially hyperbolic systems.

Before moving to the description of our main results (which indeed apply to
manifolds in any dimension), we wish to describe the limits of the general Viana
Conjecture in high dimension. Consider the famous “Bowen’s eye” example (see
[30]), which admits a single hyperbolic fixed point p. It can always be made to
be C* smooth. Consider the product dynamics of this map, times a hyperbolic
linear toral automorphism A of the 2-torus, where we assume w.l.o.g. that the
exponents at the fixed point on Bowen’s eye dominate the derivative bounds of the
toral map. In this product dynamics which is C'* smooth, every point admits
a positive Lyapunov exponent, and there are no measures with 0 exponents.
However, the system admits no SRB measures. This can be seen by the fact
that the Bowen’s eye example admits only 4 ergodic invariant measures, all Dirac
delta measures- three are on fixed points which admit only positive Lyapunov
exponents, and one on the hyperbolic fixed point. By making the exponents at
the hyperbolic fixed point in the Bowen’s eye dominate all exponents in the toral
automorphism, we can guarantee that there is even no invariant measure with
absolutely continuous conditionals on strong unstable leaves (i.e no u-Gibbs).

Therefore we can see that in dimension larger than two, expansion alone is
not enough to conclude the existence of an SRB measure, nor a u-Gibbs measure.
But still in the above example there is a measure with some absolutely continuous

property, which is the product &, x u5%8 of the Dirac measure 6§, at p with the

SRB measure p578 of A (just the Lebesgue measure on T2 in this case). In the
present paper we prove a strong version of the Viana Conjecture for C*° diffeo-
morphisms, by showing that volume almost every point with non-zero Lyapunov
exponents lies in the basin of a hyperbolic SRB measure (see §1.2.2). This will be
a consequence of our main result which implies the existence of a measure with
absolutely continuous properties assuming only expansion at Lebesgue typical

points. It addresses in particular the above example. More precisely, if the k-th
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exponent is positive on a set of positive volume, then there is an invariant mea-
sure which disintegrates into smooth measures on k-disks which are contained in
local unstable manifolds (see §1.2.1).

In §1.2 we describe our results and in §1.3 we give a detailed description of
the steps of our proof, which follows a geometric approach. However, allow us to
give a brief overview of these steps first.

(1) First we wish study the geometry of a k-disk which is pushed forwards
by the C'"*°-dynamics, using Yomdin theory. This poses several new chal-
lenges, compared to previous works which study the geometry of curves,
e.g [21, 19].

(2) The refined Yomdin theory is then used to find points with a positive
density of times with bounded geometry, which is adapted to the notion
of expansion on disks.

(3) Finally, we construct an invariant measure using a notion of Measured
Disks (morally similar to standard pairs [25]). These disks do not come
equipped with a compact space of densities, and so proving that the lim-
iting measure is absolutely continuous requires a new approach of com-
paring measures via atoms of the Yomdin partition.

1.2. Main results. Let M be a closed Riemannian manifold of dimension d > 2,
and let f € Diff>(M). We denote the Riemannian volume of M by Vol. Below
we extend the notion of a Lyapunov exponent in the weak sense from (1).

1.2.1. Generalized u-Gibbs measures. Let A*TM be the k-th exterior power bun-
dle of the tangent space TM endowed with the Riemannian structure inherited
from M. We denote by A*df the map induced by df on TM.

Definition 1.1 (k-th exponent). For a point x € M, its k-th exponent, where
ke {l,...,d}, is defined by df on AFTM.
() 1= 1imy 00 Ak p() = SUpP ey Arp(7) and

n—oo N

n—1
. 1 o .
Ap() = Tim sup — <log|| A d, 7] — ];Zlog+ (max || A dfj:vpr) :
j=0 ==

Remark:

(1) Ag is defined for every point x € M, is invariant (i.e. Ao f = A;) and for
every invariant ergodic probability measure p, [ Apdp coincides with the
k-th Lyapunov exponent of ;1 whenever it is non-negative. For a general
formula, see the remark after Definition 2.1.
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(2) Vo € M, \i(z) = X(2) = limsup,_,, = log||d, ™| with the convention
max & = 0.

(3) V1 < k < d, Vo € M, M(z) < limsup, = logoy(d,f") < Ai(z) with
ok (d,f™) being the k-th singular value of d, f".

(4) To see that the definition is proper and that the limit on p exists, see
Lemma 2.2.

(5) Ag(z) < 0 for Vol-a.e. x. See for example the remark following Lemma
2.2.

For a smooth embedded disk D we let Volp be the Riemannian probability
volume on D.

Definition 1.2 (Generalized u-Gibbs measure). Let f be a C'* diffeomorphism
of M, e >0. Let k € {1,...,d —1}. An f-invariant Borel probability measure [i
is called a generalized u-Gibbs measure over k-disks (G-u-Gibbs for short), if it
can be written as

i [ nedbl=),
where P is a probability on the space of C1T¢ embedded k-disks, and
(1) for p-a.e. w,
M < VOIIm(w)7
(2) for p-a.e. w, for py-a.e. x,
Im(w) C V*(x)

where, V*(z) := {y € M : limsup - logd(f~™(x), f™(y)) < 0} is the
Pesin unstable manifold of x.

Remark:

(1) Notice that almost every ergodic component of a G-u-Gibbs measure is
also a G-u-Gibbs measure, as different ergodic components are carried by
disjoint collections of unstable leaves (see Lemma A.1).

(2) In Corollary 7.28, we in fact prove that for every G-u-Gibbs measure, the
conditionals ji are equivalent to Vol (), with an explicit density given
the by the product of Jacobians.

(3) Note that every G-u-Gibbs measure given by a disintegration by (k + 1)-
disks, is in particular a G-u-Gibbs with a disintegration by k-disks.

(4) If 11 is a G-u-Gibbs for f?, then % SPio fis a G-u-Gibbs for f.

Our main theorem is as follows:
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Theorem A (Main Theorem). Let f be a C* diffeomorphism of a closed Rie-
mannian manifold. Then if Vol([\x > 0]) > 0, then there exists a generalized
u-Gibbs measure over k-disks, Ji.

Remark:

(1)
(2)

()

(6)

In fact, we construct for every r > 0 a G-u-Gibbs measure where the disks
are of regularity C".

Later (see Proposition 7.17), if Vol([A\y > a > 0]) > 0, we construct a
G-u-Gibbs measure which satisfies also,

for p-a.e. @, for pg-a.e. v, lim x4, (z,T,@) > a,
p—r0o0 ’

where Ay, is a linear cocycle over (M, f, A"T'M) which induces My, (see
Definition 2.3).

Our main theorem is optimal in the sense that it applies to the example
which is illustrated in the second-to-last paragraph of §1.1. While that
example does not admit an SRB measure, nor a u-Gibbs measure, it
admits a G-u-Gibbs measure.

The condition in the main theorem is sufficient, but not necessary. To see
this, consider the skew-product on S! x T? given by F(t,z) = (g(t), fi(z)),
where g : S' — S! is a North-South dynamics, fixing 0 and 1, where 0 is an
indifferent repelling point (0 Lyapunov exponent) and 1 is an attracting
fixed point (negative exponent). Let fo be an Anosov map, and f; be
a homotopy to f1, which is a DA map with an attracting fixed point p
and a repeller (see for example [47]). Thus almost every point w.r.t. to
the volume converges to d; X J,, and hence has no positive exponents.
However, the system admits the SRB measure dg X ,uJScORB )

While the condition of the main the theorem is not necessary, the proof
quickly reduces to finding a disk with a positive disk-volume of points
which see some expansion tangent to the disk. Such a “leaf condition” is
clearly necessary, and through our construction also sufficient.

u-Gibbs measures (and in particular G-u-Gibbs measures) do not have to
be physical, as can be observed by f = A xId : T? x T? — T? x T?, where
A is a linear Anosov map. The diffeomorphism f admits SRB measures,
and satisfies the condition of our main theorem, but admits no physical
measures.

Our proof uses tools from Yomdin theory. Yomdin theory is sufficiently
robust, as it applies to the dynamics of a disk under a sequence of maps,
rather than a single map (with uniform regularity bounds). This implies
potential applications to the setting of random dynamics.
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Conjecture (G-u-Gibbs rigidity). Given an ergodic generalized u-Gibbs measure
b= [ uzdp(w), either [i is a u-Gibbs measure, or for some k, for p-a.e. w, for
Ue-a.e. x, Im(w) is tangent to a sum of Oseledec directions of dimension k at
x, and the conditional measures on the stronger unstable leaves are atomic.

The idea is to study the distribution of the tangent spaces to @ within the
projective tangent space of a larger unstable leaf. The invariance of the measure
should imply that either the distribution of directions is atomic (hence allowing
an invariant integration, or the larger unstable leaf is absolutely continuous “in
the direction of w” where these directions are well spread (hence implying that
the conditionals on the large unstable lead should be absolutely continuous as
well).?

The example which is illustrated in the second-to-last paragraph of §1.1
falls within the case where the conditionals on the stronger unstable leaves are
atomic.

Remark: Given the G-u-Gibbs measure /i = [ pdp(w) which is constructed in
Theorem A, we describe the following measure:

pro= / pedp(w) with pf, = / Oa 1em) oo ()

is an Fy-invariant lift of i, where Fj, : C,(M) — Cy(M) is the map induced by f
on the the k-th contact bundle Cy(M).

In the case where the Lyapunov spectrum of fi is simple we get that any
ergodic component of p* gives full weight to a direct sum of Oseledec unstable
subspaces. Thus, in this case, for p-a.e. w, for pg-a.e. z, Im(w) is tangent to a
sum of Oseledec directions of dimension k at x.

In [19], the author conjectures the following:

Conjecture ([19]). Let f: M — M be a C* diffeomorphism of a closed man-
ifold. If Vol([XF(z) > ¥*~1(x) > 0]) > 0, then there exists an ergodic measure
with at least k positive Lyapunov exponents, such that its entropy is larger than
or equal to the sum of its k smallest positive Lyapunov exponents.

In the conjecture above, X*(z) := limsup = log || A" d,, /™.

We prove that almost every ergodic component of the measure i from the
main theorem satisfies the following (recall, almost every ergodic component of
a G-u-Gibbs over k-disks is a G-u-Gibbs over k-disks):

2In [14] the authors study a related notion of “generalized u-Gibbs measures”: if the unstable conditionals
are invariant under the action of an adapted group (given by the normal forms), then either the conditionals
are invariant under the action of a larger group, or the QNI condition [32] is violated.
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Theorem B. Let i be an ergodic generalized u-Gibbs measure over k-disks. Then

ha(f) > Z X (1)

k-smallest positive x; (1)

Remark:

(1) Note that this statement is optimal, as can be seen by the example which
is illustrated in the second-to-last paragraph of §1.1, where the inequality
is an equality.

(2) In particular, this implies that i has positive entropy (by the affinity of
entropy), and that i admits also at least 1 negative Lyapunov exponent
a.e. (by the Ruelle inequality for f=1).

1.2.2. The Strong Viana Conjecture. Finally, as an application to the main the-
orem of §1.2.1, we prove a strong version of Viana conjecture in any dimension.

Definition 1.3 (Negative exponents). For k € {1,...,d — 1} we set

s, (x) ;= lm lim sup lim inf 2, T
k+1( ) A0 qaoop G0 k+1,q,n,A( )7

where
_ ) 1 ¢
%kJrl,q,n,A(x) = LCT{?¥?”} iy Z q)l(jh o f(x),
An<#L<n teL
and
1 | A" d fI)
9 = ZJogT L — L T
ARl FY AT

Remark:

(1) For an f-invariant probability v, for v-a.e. z,
#1 () = max{0, —xp41(x)}, where xj41(x) is the (K + 1)-th Lyapunov
exponent (with multiplicity) at x. For proof, see Lemma 9.6.

(2) s 4 () < max{—/pry1(z),0}, where

Ber1(x) == sup esssup, X1,
vEpw(z)

where pw(z) denotes the set of empirical measures of = and esssup, Yri1
is the essential supremum of y — xx41(y) w.r.t. v. For proof, see Lemma
9.4.
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Definition 1.4 (Points with non-zero Lyapunov exponents). For x > 0 and
ke{l,...,d—1}, we let

Hypi = {x € M : \p(2), 54,4 (2) > X}'

Theorem C (Strong Viana Conjecture). Let f € Diff™*(M) and let x > 0. Then

Vol-a.e. x € Hypi lies in the basin of attraction of an ergodic x-hyperbolic SRB
measure with exactly k positive Lyapunov exponents.

Remark:

(1) We do not know if the number of SRB measures whose basins cover Hypfc
is finite or not (see also the last item of the remark following Theorem

D).

(2) In fact, Vol (Hypi) > 0 if and only if there exists a y-hyperbolic SRB
measure with exactly k positive Lyapunov exponents.

(3) Moreover, our proof shows that if for some y > 0, Vol([)\k > x> a >

ﬁk+1]> > 0 implies that there exists a u-Gibbs measure (i.e. absolutely

continuous conditionals along strong unstable manifolds of dimension k),
whose (k 4 1)-th Lyapunov exponent (with multiplicity) is less or equal
to a (note, @ may be non-negative).

Corollary 1.5. Let f be a C* system with a partially hyperbolic attractor A of
the form TA\M = E* @ E°® E* with dim(E°€) = 2. Moreover, assume that

1
Vo € A, limsup —log Jac(d, f"|ge)) < 0.

n—oo N

Then Lebesque a.e. x in the topological basin of A with lim sup,, % log ||df™
X > 0 lies in the basin of a x-hyperbolic ergodic SRB measure.

EC(J:)H >

In particular, Corollary 1.5 applies to the examples by Viana from his
celebrated paper [49].

1.2.3. Hyperbolic SRB measure for co-dimension 1. In the case where k =d — 1
(i.e the co-dimension 1 case), we do not need any condition on the exponent s :

Theorem D. Let f be a C* diffeomorphism of a closed manifold of dimension d.
Then Vol-a.e. x with Ag—1(x) > 0 lies in the basin of a hyperbolic SRB measure
which admits exactly d — 1 positive Lyapunov exponents almost everywhere.
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Remark:

(1) Moreover, this is an “if and only if”, as the existence of a hyperbolic SRB
measure with d — 1 positive exponents implies Vol([A\g—1 > 0]) > 0, as
a classical application of Pesin’s absolute continuity theorem for stable
leaves.

(2) In particular for d = 2 we recover the main result of [19] for C* surface
diffeomorphisms.

(3) In dimension 2, the number of SRB measures with entropy larger than
a > 0 is finite. This follows from the finiteness of homoclinic classes with
entropy larger than a > 0 which is proved by using a Sard argument
(firstly appeared in [42]). We hope that by a similar approach one could
show that Vol-a.e. x with Az_1,(z) > 0 lies in the basin of finitely many
SRB measures (see Definition 2.1 for the definition of the exponent Ag_1 ;).

1.2.4. C" statements with 1 < r < +00. The results stated in the above §1.2.2
and §1.2.1 for C'* diffeomorphisms follow immediately from the following general
C" version of our Main Theorem. Fix 1 < r < 4+00. We let

Vn € N, Myn := max{||d.f"|, [d.f "I}
then
o1

Theorem E (C" version). Let f be a C" diffeomorphism of a closed manifold.
Then if Vol([A\r > %R(f)]) > 0, then there exists a generalized u-Gibbs measure
over C" 11 k-disks, [i.

Remark:

(1) We write C"~1! (see definition in §3.1) for the case where r € N, and for
simplicity we keep this assumption throughout the paper. However, for
r ¢ N, the proof easily adapts by using Clrlr=Llr],

(2) By the aforementioned examples in dimension two, one can not expect to
replace the lower bound S’%R( f) by 0. However we do not claim that the
lower bound in the above statement is sharp.

(3) The C" smoothness property together with the assumption
Vol([\x > kaiR(f)}) > 0 is used in §5 to construct a disk with a posi-
tive density of geometric times on a subset of positive disk-volume, using
Yomdin theory. Given such a disk, the construction of the G-u-Gibbs
measure and its properties is done in §6, §7, and §8. All arguments in
those sections assume only f € Diff'*(M).
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In §9, by using the construction of the SRB measure from the previous
sections we show in addition that Vol-a.e. = € [\ > %R(f)]ﬂ[%,;rl > x|
lies in the basin of a min{y, kale( f)}-hyperbolic SRB measure. The

proofs in this section assumes only C'" regularity as well. In addition,
Vol-a.e. x € [Ag-1 > %R(f)] lies in the basin of a hyperbolic SRB
measure.

1.3. Key steps of proof. The proof is composed of seven key steps, which we
describe below.

(1)

A disk with positive disk-volume for expanding points: The first
step is reducing the dynamics to dynamics of an “almost expanding”
map. This is achieved by an embedded k-dimensional disk D, such that
the induced Riemannian volume Volp gives a positive measure to points
whose expansion of Ay(:) is achieved on T'D. In particular it requires
using an iterative power of the dynamics of f, to observe the expansion
more directly.

Refined high-dimensional Yomdin theory: The second key step is
developing a quantitative approach to Yomdin theory which applies to
high-dimensional disks. We expand here a bit about this step, as it is
crucial.

Yomdin theory allows to partition and reparameterize semi-algebraic
sets into components whose image under the dynamics of a smooth map
remain with a bounded derivative. The idea is that if the image of a disk
has to “bend” a lot, it forces the number of components to be larger. The
strength of Yomdin theory is controlling the number of such components
under a C'™ map, by approximating the map with its Taylor expansion,
and proving that the number is exponentially small. The usefulness of
Yomdin theory is demonstrated for example in [50, 37, 20, 18].

In [19] the second author develops an alternative approach, which allows
to better control the geometry of curves. The geometry of a curve is
simple, as it entails of only its derivative and length. The geometry of
high-dimensional disks is much more complicated, as they could be very
narrow in some directions, but large in other direction, or even wind above
themselves like a staircase. Moreover, the volume of the disk can increase
under the dynamics, while some directions demonstrate contraction.

In this paper we develop an applicable high-dimensional quantitative
approach to Yomdin theory, which allows us to control the geometry of
the image of a disk under a smooth map. Moreover, we are able to do so
in a manner where the reparameterized disks (called Yomdin charts) form
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a partition. We call this partition the Yomdin partition, and it serves
an important role later when we construct and compare measures by the
atoms of this partition.

Tree dynamics of the disk, and positive frequency of “good”
times: The third key step is to construct the tree of the dynamics of the
disk D. This refers to the tree structure which is achieved by applying the
Yomdin subdivision iteratively to the images of D under the dynamics.
In particular, this tree description is crucial in order to study the points
on the disk D whose corresponding position on the tree at time k& has
the bounded geometry property, for a uniformly positive portion of k < n.
This is the only part in the paper where we require the regularity of the
diffeomorphims to be possibly greater than C'™. The notion of bounded
geometry is how we keep enough control of the geometry of the Yomdin
subdivision, without being too restrictive so the tree structure becomes
insufficient. Here we makes use of the quantitative Yomdin theory for
high-dimensional disks.

A limiting measure on the space of Measured Disks: In the fourth
step, we use the positive density of times with bounded geometry for a
subset of positive Lebesgue measure on D in order to construct a mea-
sure on the space of Measured Disks- that is the space of embedded k-
dimensional disks in M, endowed with a probability measure on them.
The positive density of times with bounded geometry allows us to restrict
to a pre-compact subset of the space of Measured Disks, in which we can
take limits.

The main idea here is to construct a sequence of measures which are

not invariant, but correspond to the restriction of the desired invariant
measure onto increasing subsets (similarly to Pesin blocks). The subsets
are parameterized by the bounded geometry of the disks.
Absolutely continuous conditionals: In the fifth step, we prove that
the invariant measure which we construct in the fourth step is given by
a disintegration into absolutely continuous measures on disks which are
subordinated to the unstable foliation. In fact, we prove that these condi-
tional measures are equivalent to the induced Riemannian volume on the
disks.

We decompose each conditional measure in the limiting process into
atoms of the Yomdin partition, and bound the total mass of all atoms
on which the conditional measure does not compare with the respective
disk volume. The idea is to make sure that the conditional measure and
the respective disk volume compare over finer and finer atoms, as we take
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the limit, guaranteeing that the limiting measures will coincide over all
continuous functions.

Such analysis, and a choice for an increasing degree of atoms which still
cover a big portion of the measure, relies on the sub-exponential decay of
the measure of sets which we push forward.

(6) Dynamical properties of the invariant measure: In the sixth step,
we prove the variety of dynamical properties which the invariant measure
holds. That is, we prove the estimates of the exponents, the entropy; And
we prove the fact that the limiting measures on the space of Measured
Disks concentrate on disks which are contained in unstable leaves. This
gives an indirect construction of disks which are contained in unstable
leaves, and an indirect construction of their densities. By “indirect”, we
mean without the constructive approach of a graph transform or a Perron-
Hadamard method.

(7) Controlling the transverse Lyapunov exponents: In the seventh
and final step, we estimate the Lyapunov exponents of the G-u-Gibbs
measure which we construct, in the direction transverse to the disks on
which it disintegrates with absolutely continuous conditionals.

In general Lyapunov exponents may not be continuous, and using the
fact that our G-u-Gibbs measure is constructed by pushing forwards sets,
we are able to prove that the negative exponents for the empirical mea-
sures translate to the limit. In fact, our methods allow to control the
Lyapunov spectrum of the limiting measure, through the spectrum of the
emprical measures. Controlling the spectrum of a measure which is con-
structed this way is meaningful even in the Anosov setting.

2. SETUP AND DEFINITIONS

2.1. Lyapunov exponents.

2.1.1. Standard Lyapunov exponent. For a dynamical system 7" : X O and a
normed vector bundle 7 : V' — X, a linear cocyle A : V O is a map satisfying
m oG = T such that the restriction of A to the vector space V, := 7~ !(z) to
Vs is a linear isomorphism. Then one defines the Lyapunov exponent of A at
v=(z,v,) € V as follows

) 1 n
Xa(v) = limsup ﬁlog |A™(v)]|.

We may define the Lyapunov exponent x4 on the projective bundle PV by letting
xa([v]) = xa(v) for any 0 # v € V' with its associated class [v] € PV. Consider a
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C"* diffeomorphism f on a compact smooth Riemannian manifold M of dimension
d. For any © € M we let (xx(x))1<k<q be the usual Lyapunov exponent associated
to the derivative cocycle of f. It is well-known that

. 1 .
xi(z) = X(z) = limsup —log ||dz.f"|.

When v is a f-invariant probability measure on M we let xx(v) = [ xx(z) dp(z)
forany 1 < k <d.

2.1.2. New positive exponents. We introduce now the new positive exponents A,
1<k <d.

Definition 2.1. For a point x € M and k € {1,...,d}, we let for all p € N\ {0},
A p(x) == limsup,,_, o Akpn(x), where

n—1
1 a1 .
Avpn(2) 1= — <10g | A* do f7] — 5Zlog+ Jnaxc [ A df%fp||> .
£=0 -

Remark:

(1) For k =1 and for all p, we have
Ap(x) = Au(x) = limsup, L log||d, /]| = X(x).
(2) We always have X(x) > A, ().
(3) When z is a typical point for an ergodic measure v, then

1 .
M) = Y xalw) 5 [ log max || A7 d,f7dv(a).
1<i<k p k=1

Lemma 2.2. For any x € M and 1 < k < d the sequence ()\hp(m))p is converging
to Ar(x) 1= sup, A p(7).

Proof. Fix x € M and 1 < k <d. For all n € N\ {0}, we set

n—1
ap(n,) := 3 _log" max [| A7 dye 7]
/=0 -

We also let C :=log™ maxi<j<p—1supyen || A7 dy f]|. Observe that

(2) Vp,n € N\ {0} Vt € N, a,(n, f'z) < ay(n, z) + tpCy.
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Fix € > 0. Take g such that A, (7) > sup, Arg(z) — €/2 and let py =

[2goCy]. Let us show that Ag,(x) > Apg(x) — €/2 > sup, Agq(x) — € for any
p > po. Observe that for p =1tqy+r, 0 < r < qg, we have

ay(n.x) <3 (log" max || A dyuger, ]

) |
+ 3 log" max | N dpvgee, f))

<ngoCf + tay,(n,z) + tgoC by using (2)
Snp% + tag, (n, ) + tgoC according to the choice of po(< p).

Therefore,
1 i n 1
A p() —hmsup— log || A" dy f™]] — —ap(n, x)
n p
> limsup = (log || A* duf™| — Lagy(n, 7)) — &
1rnsu —(lo . — —ag(n,z) ) — =
pn g p q0 2
> limsup = (log || A* duf™| — —agy(n,7) ) — &
sup — | lo . S—— , ——
> 1mnupn g qoaqo n, T 5
€
) > N (1) — <.
O
Remark:

(1) Lemma 2.2 together with the remark following Definition 2.1 implies
that for a typical point = for an ergodic measure v, Ag(x) = xi(v) +

> min{x;(v),0}. In particular, when y(z) = xx(v) > 0, one gets
1<i<k—1

Ae(2) = xn().

(2) for a C! partially hyperbolic splitting of the form E" & E° the exponent
Aiey1(z) for k = dim(E") is equal to the top Lyapunov exponent of df|ges.
Indeed, for an adapted metric, we have max{max;< || A d,.f™||, 1} = || A*
o f™ ||| and [| AP dy f7 ] = || AP dy f7pa]] X (|di f™]pes | for all m € N,
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so that we get for any p € N:

)\k+1,p(37) =

n—1
1 1 ‘
= limsup = [ log || A¥*1 d, ™| — =) log™ m N dpe fP
imsup <0g|| Sl p;o og™ max || A7 de, 7|

)

n—1
1 1
= limsup <1og | Al = 3 log Il A" dpea e
" £=0

) 1 n n
= hmsupﬁ (log | AL f | — log || Ned,f \Eu||)

. 1 n
= limsup - log ||dy f"| mes |-

(3) Observe that Ag(x) < limsup + log Jac,(f"). In particular Vol([Aq > 0]) =
0. If not, then there would exist a x > 0 and sets E,, s.t. Vol(E,,) >
- with B, = {z : Jac,(f") > e™*}, n; T oo (by the Borel-Cantelli

J

lemma). Then 1 > Vol(f™[E,,]) >

eX"i

——, which is a contradiction.
J

2.2. A disk and a positive disk-volume subset.

Definition 2.3. Fiz p € N and let k < dim M, we consider the linear cocycle
Ay on AFTM over f defined as

AFd, f(v)

Vo eM, ve AFT,M, App(x,v) = - —.
max{l, max,<x_1 || AV d, fP||7}

Remark:

(1) The top Lyapunov exponent of Ay, is equal to Ay .
(2) When p divides ¢, we have x4, (v) > xa,,(v) for all v € A"T, M.

Definition 2.4 (k-Volume).

(1) For a smooth embedded k-disk D, we denote by Volp the restriction of the
Riemannian volume form to the tangent space of D normalized to induce
a probability measure.

(2) For a subset E of a smooth embedded k-disk D we denote by Vol (FE)
the measure of E w.r.t. the k-volume of D induced by the Riemannian
structure of M.?

3The notation does not mention the dependence on the disk D, as two C! embedding disks, intersect
transversely on at most a set of zero measure with respect to the volumes on these disks.
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Let ¢ be the Pliicker embedding of the Grassmanian Grass(7T’M) to the
projective space of the exterior bundle P A* TM.

Lemma 2.5. Write E := [\ > a] with a > 0, then if Vol(E) > 0, then Iy > a,
po €N, and a k-disk D s.t. Vp € poN,

VOID([XAMP(ZE, (T,D)) > x]) > 0.
Proof. Fix x > a and py € N s.t. Vol(E’") > 0 where we set
E':={x € E: Np,(z) > x}.

Let {0} =Fy, C Iy C...C F,=A*TM, s > 1 be the Lyapunov flag associated
to Ay p,. By definition the Lyapunov space Fi_;(x) is given by F,_1(z) = {v €
AT M XAy po (T:0) < Ao (T) = SUPyenrry, X4y, (@, w)}. The map z —
F,_1(z) is measurable (for the Borel algebra associated to the usual topology
on Grassmanian), and so it is continuous on a subset E” C E" with Vol(E") > 0.
We may choose a Lebesgue density point x of E”. Let U be a small neighborhood
of z, such that F_;(y) is almost constant for y € U N E”.

We may disintegrate the volume by a family of affine k-planes H (in some lo-
cal chart at 2 which can be assumed containing U) satisfying «(H) ¢ {Fs_1(y), y €
U N E"}. By Fubini’s theorem, there is a k-disk disk D contained in one of these
planes with Volp(E”) > 0. This completes the proof as we have for all z € DNE”,

XAx py (x,u(T,D)) > x.

i

2.3. Sequence of finite-time expanding subsets with a sub-exponential
volume.

Lemma 2.6. Let D and py be given by Lemma 2.5, and let p € poN. There exist
X > x > a, N C N with #N = oo and subsets of D, (BE),en, s.t. for all
n e N,

(1) Volp(Bf) > 5.

(2) ¥n € N\Vx € BE, |Ap (x,(T,D))| > eX™.

Proof. This is a consequence of the Borel-Cantelli lemma applied to the set E”
from the proof of Lemma 2.5. O
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3. THE TREE DESCRIPTION OF THE DYNAMICS OF A DISK

In this section we aim to describe the dynamics of a disk using a tree
associated with its Yomdin partitions. In [19] it was done for curves, and here we
introduce an extension to high-dimensional disks (which may exhibit much more
complicated geometry, lack of conformality, and non-trivial boundary). We first
generalize the notion of bounded geometry to higher-dimensional disks.

3.1. Bounded geometry.
Notation: By a C"~Y! map F, we mean a C"~! map F with Lipschitz C"~!
derivatives and we define the following semi-norm for £ < r:

4P| == max Lip([o°F))

where Lip(-) denotes the Lipschitz constant. We also denote || F||, = max | F|.
SRST

Definition 3.1 (Bounded couple). A couple of C™™'' map (0,0), where o :
[0, 1] — M is a C" embedding and 0 : [0,1]F — [0,1]* is a C"~Y map, is called
a bounded couple if

1
Vs=1,--- 7 =1, ||d° (t = AFdgyo) || < o7 S| A dgyor|.
t

Lemma 3.2. Let (0,60) be a bounded couple, then
1
Vt,t/ € [O, 1]k, | /\k d@(t)O' - /\kdg(t/)O" S E‘ /\k d@(t)O".

Proof. Let t, be such that | A¥ dy.)o| = sup, | A* dgsyo|. Then for any ¢,t' €
[0, 1]*,

| AF dg(t/)0'| — | AF dg(t)cr|‘ S‘ AF dg(t)O' — /\kdg(t/)O"

<lt =71 sup e (-5 A'doyo) |

1
<[t =11 757! N (s,
1
(4) <Vk- 10_k| N dpir,y0.

Then, by letting ¢’ = ¢,, we obtain

1
5 1— —— ) | A¥dpyo| < | A doyo| < | AF doyol.
5) (1 souz ) | dayol < 4 dago] <1 A* dayo
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Therefore, by bootstrapping (5) and plugging it back into (4), we get that for
every t,t' € [0,1]*,

1
VEQOVE — 1)

(6) N dgyo — Ndono| <[t —t| - | A¥ dypyo] -

O

We may control the oscillation of the tangent space of a bounded couple as
follows. We refer to Appendix B for the definition of the angle ZH, H' between
two vector spaces H and H'.

Lemma 3.3. Let (0,0) be a bounded couple. Then for any x,y € Im(0) we have
LT,o,Ty0 < /6.

Proof. Tt follows directly from Lemma 3.2 and Lemma B.2 in the appendix. [

Lemma 3.4 (Bounded distortion property). Let (o, ) be a bounded couple. Then
for any x,y € Im(0) we have

| Ak d,ol
— < V2
] < V2

Proof. By (5), we have for all t,¢ € [0, 1]*

| /\k dg(t)0'| 1
< < V2.
’/\kdg(t/)(ﬂ R [ \/_

O

Definition 3.5 (strongly e-bounded couple). Let € > 0. A bounded couple (o, 8)
is called a strongly e-bounded couple if ||o o 0], < it

Definition 3.6 (Admissible family). Let € > 0 and let (0,6") be a bounded couple.
A finite family © of maps {6 : [0,1]* O}oe@ is said to be a (0,0, €)-admissible
family when
(1) (0,0) is a strongly e-bounded couple for any 6 € O,
(2) 1heo Im(0) C Im(@"), where [1* denotes a union of k-manifolds which is
disjoint up to to their boundaries,
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(3) There isx € Im(c08') and a 1-Lipschitz map+ : H — H*+ with H C T,M
being the tangent space of o at x such that

Lu(e) € o(©) =[], (o 06) C Ty(2e),

where Ty (0) := exp,{(v,¥(v)) € H® H*+ : |v] <4} for § > 0 with exp,
being the exponential map at x (such a set I'y(5) is called a 6-graph).

Remark: There is a constant C; > 1 such that:
(1) For any strongly e-bounded couple,

Vol,(Im(o 0 8)) < Cye®.
(2) For any (0,6, €)-admissible family © of a bounded couple (o, 8'),
C'e" < Vol (0(0)) < Cueto.

3.2. The tree of the disk dynamics and the Yomdin partitions. We con-
sider a C" smooth diffeomorphism g : M O and a C" smooth embedded disk
o :[0,1]* — M with N > r > 1. We state a global reparametrization lemma to
describe the dynamics on the image of o by generalizing the case k = 1 which
was established in [19]. We will apply this lemma to g = f? for large p with f
being the C" smooth system under study.

Notation:

(1) We denote the image of o by D.

(2) For any n € N we let o,, (resp. D,,) be the C" embedded disk defined as
on =g" oo (resp. D, = g"[D]).

(3) For two maps 6,6 : [0,1]* © we write § > ¢ when there is a map ¢ :
[0, 1]% © with ||d.¢|| < 1/2 and ' = f o ¢.

(4) We denote by G (resp. F') the map induced by g (resp. f) on the projec-
tive space P AF TM of the k-th exterior tangent bundle.

(5) For & = (x,w,) € P A* TM we also write w, for a representative with
unit norm. Then we let [(Z), I'(z) be the following integers:

(&) :=log | A* dug(wa)l],
[(x) :=[log™ max || A¥ d,g|].
K<k

(6) For x € D, we let & € P AF T,M denote the class of the tangent space to
D at x, formally z = (T, D).
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The tree description. We code the dynamics of g on the image of o by a directed
rooted tree T, with all edges pointing away from the root. Moreover, the nodes
of our tree will be colored, either in blue or in red. The level of a node is the
number of edges along the unique path between it and the root node. We let 7T,
(resp. T,, Tn) be the set of nodes (resp. blue, red nodes) of level n. For all
¢ <n—1and for all i" € T, we also let 7, > i} be the node of level ¢ leading to
i”. We assign to each node i” € T, a family of maps O;» such that we have for
some constant A, ; depending only on r and d, which is specified afterwards:
e cither i® € T, then O is a (0, 0}, €)-admissible family with #6;. <
Ay q where 0, satisfies Ojn-1 > 0, > 0 for some jn-1 € O3n and for all
O € @in,
e ori" € T, then O = {6;n} is a singleton with (o, fi») being a strongly
e-bounded couple with ;.-1 > 6;» for some Ojn-1 € @iZ_l' In this case we
put &, = bn.

Choice of the scale €. Recall that exp, denotes the exponential map at = and let
Riy; be the radius of injectivity of (M, || - ||). For % >e>0welet g =go
exp,(2¢) : {w € T,M, ||w|| <1} — M. Then ||d*g3,||cc < (2€)® Supuwer,m, ||d5,(go

|w|<2e
exp,)||. In particular there is €y = €y(g) < % depending only on M and ||d*¢|| o,
s=1,...,r, such that ||d*¢%||o < 3¢||d.g|| and ||d* AF dg.||ls < 3€*|| AFd,g| for
all s =1,...,r (resp. & =1,---,r—1),all z € M and all € < ¢(g). We may
also choose €y(g) > 0 sufficiently small so that for any j =1,...,d,

| degl] _
I~ dygll =

(7)

whenever z and y are ¢(g)-close.

Proposition 3.7. Let y(g) > € > 0 and let o : [0,1]* — M such that (o, 1d}g 1jr)
is a strongly e-bounded couple. Then there is a tree T as above such that we have
for some other universal constant C; 4:

(1) ©p = {6} = Idj1)x and for any "~ € T,_y we have

k

O, (@in—l) = Hi”ETn, in O, (@in) .

—ijn—1
171

In particular
k

I1,... ou(®w) = Im(o).
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(2) vi"~t € T,y and for all (1,,)) € Z x N we have

#{i” €Tn 1", =i"" and

T € 0(On), sit. (G™F) = [n} < 202",

#{i" €T, i, =i"" and
3k2

3z € 0(O), s.t. U(g" '2) = [;L} < ChgMy M.

This statement is a global version of Proposition 7 of [18]. The proof is the
content of §4.

Definition 3.8 (Yomdin partition). For € D and 0 < { < n we let w,(z) be
the unique set of the form Im(oy00y), Oy € Oy, containing g‘x. When it is clear
we also write wy(x) for the map oy o b;.

Remarks:

(1) The Yomdin partition is in fact only a partition up to a set of zero disk vol-
ume, as charts may intersect on their boundaries, a subset of co-dimension
at least 1. This is enough for us, as the only reference measure which we
will use will be the disk volume. We will continue to treat it as a partition
henceforth.

(2) By applying Lemma 3.4 to the bounded couples (09, 650) = (o, Idj13+) and
(00, 0;) we get the following bounded distortion property for any = € D
and any ¢ € N:

| A dg*((T,,D))]
| A*dg((T.D))|
Lemma 3.9. For every { <n and x € D,
diam (g~ "9, (2)]) < 27,

Proof. Let 0y € O (resp. 6y € Oj) with x € Im (a o Gi?) (resp. z= €
Im (0 06;n)). We have O5n > 0§7+1 > .- > @, > 6in. Therefore there is ¢ :
[0,1]% © with [|d.¢[| < 27" such that 6i» = i 0¢. Observe that g~ [w, ()] =
Im(oy 0 6;n). In particular

diam(g~ " [, (2)]) < VE|d.(o¢ 0 030)||
< VE|d.(a006)| - | d.g|

< 2,

(8) Yy, z € g’e[wg(:c)] C D, 2.

IN
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4. PROOF OF PROPOSITION 3.7
Proposition 3.7 follows by induction on n from the following lemma.

Lemma 4.1. Let (0,0) be a strongly e-bounded couple. Then there are maps
¢ : [0,1]F ©, disjoint families ©4 and O, (maybe empty) of maps 0 : [0,1]F O
such that
(1) (goo,9) is a bounded couple for any ¢, N
(2) (goo,pob) is a strongly e-bounded couple for any ¢ and any 6 € O, UB,,
(3) 0 < ¢ <0 for any ¢ and any 6 € O, U B4,
(4) @¢ is a disjoint union of (g o o, ¢, €)-admissible families, each with cardi-
nality less than A, 4,
(5) HZ 0'€04U0, Im(¢ 0 0) = Im(6),
3k2
(6) # <U¢ Q¢> < B, aMy " maxg<<p || A d.g||tm(e00), for some universal con-
stant B, q > 0.

Proof of Proposition 3.7 assuming Lemma 4.1. The proof is by induction, where
the case n = 0 is trivial. Assume that the statement holds for the index n, and
we prove it for n + 1. Let i" € 7, and let 0;» € O;n. We apply Lemma 4.1
to the strongly e-bounded couple (o, 6;x). Let ¢, @¢, O, be the corresponding
reparametrizations. Then the red children of i” (i.e., nodes i"*! in T,,; with
irt! = i") are given by the (0,41, @, €)-admissible families in ©4 and, in this case,
we set 0],., = ¢. Then, to any §' € ©,, ¢, we associate a blue child i"*! of i” with
Osn1 = {0'}. Note that diam(c,(Oin)) < ¢, in particular e"@"® > || Al dyn,g| >
| AL d.g|ltm(on(@p)/2 for any | < k and for any € o(O;n). It follows from the last
item of Lemma 4.1 that

#{i”“ €T, ., " =i" and
dr € 0(Opn+1), s.t. (g"x) = [;LH}
< > i Oy (61m)

0in €Oin, #(Oin )

[/
maxi < [|ALdglim oy 005n ) <26 M H1

3k2
—_— !
< 24, 4B, g My e,
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The upper bound on the number of red children i"*! in Proposition 3.7 follows
from the fact that the volume of 7,,,1(0jn+1) is bounded from below by C;'€* as

it contains an e-graph in this case (see the remark after Definition 3.6).
U

The proof of Lemma 4.1 involves the following form of Yomdin-Gromov
algebraic lemma. Recall ||¢||, = max;<x<, [|d*¢||.

Lemma 4.2 (Algebraic Lemma). [27, 16, 41, 10] Let P : [0,1]* — R? be a
polynomial map with total degree less than or equal to r and let Y be a bounded
semi-algebraic set of R?. Then there is a constant B,.4 depending only r,d, deg(Y'),
and diam(Y'), and there are semi-algebraic analytic injective maps 0; : (0,1)% —
0,1)%, k; <k, i € I, such that

(1) #I S B’r,d;
(2) 16ill [|1P 0 0:ll < topa5

(3) Iies Im(6;) = P[],

Remark:

(1) The maps ; may be continuously extended on [0, 1]* as 6; satisfies ||d.6;| <
16:1, < 1.

(2) In the following we may only focus on the reparametrizations 6; with
k; = k as the image of the others have zero k-volume.

(3) By the invariance of domain theorem the image of each map 6; : (0,1)* —
R* is open and each 6; is a homeomorphism onto its image.

(4) The boundary of a semi-algebraic set has zero Lebesgue measure, therefore
so does 6;(9[0,1]%) = 96, ((0,1)%).

We will make use of the two following well-known multivariate formulas
for the derivatives of a product and a composition of C” functions on RY. For
positive integers m,p,q we let M, ,(R) be the set of real valued p x ¢ matrices
and we denote A - B € M, ,,(R) the product of two matrices A € M, ,(R) and
B € M, ,(R). We have with the standard multi-index notations:

e General Leibniz rule: Let u: R4 — M, ,(R) and v : R* — M,,,(R) be C"
maps, then for any a = (ay,- -, a4) € N® with |a| := >, a; <7, we have

9) O(u-v)=Y (g) (9%u) - (9°P).

B:B<c
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e Fad di Bruno’s formula: Let u: R? — R and v = (vy,- -+ ,v4) : R = RY

be C" maps, then for any a € N® with |a| < r, we have

(10) Pwovy= 3 (0u)ouvx Py ((am)w) ,
BENT, |B]<|al
where Pj ((87111')%1.) is a universal polynomial, in @v; for i = 1,--- ,d

and v € N° with |y| < |a, of total degree less than or equal to |«|.

Lemma 4.3. Let (0,0) be a bounded couple. There is a constant E,.4 > 1 such
that for any C™ map 1 : [0, 1]* O with |||, < ﬁ} the pair (o,001) is a bounded

couple.

Proof. By Faa di Bruno’s formula, we have for some constant E,; > 1 when

], <1

| A oy ol

\/—HA do(yo |1l

E. 4

AF dy
10kf” sy | [%]] -

By Lemma 3.4 we have

| A¥ dyyol] < V2| AR dgoyyo

1
- E'rd

Therefore (0,6 o 1) is a bounded couple whenever ||¢||, <
U

Proof of Lemma /.1. Without loss of generality we may assume M = R?, ||g]|, <
d.gll, || A* d.g|l,-1 < ]| A¥d.g|| and € = 1 by an appropriate rescaling, namely
g—e'gle)and o — e lo

Step 1 : We first explicit a family of maps ¢ such that

(1) [T Im(¢) = Im(0),
(2) (goo,¢) is a bounded couple,
3) (g o0 o0l < 1/4,

(4) #{6} < Crull .

In the next computations we write a < b to mean a < C, 40 for some constant
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C,q depending only on r and d. Let T' : t — A*dyy(g o o) and let s with
IT'(s)| = inf; |['(t)|. We have
T < 47 (A dpegyg - Aoy
S A" doopygllr—1 || A¥ docyoll—1 by Leibniz rule (9)
S A" doopyglli—1| A¥ dasyol, <.+ (0,0) is a bounded couple
S A gl ma{1, o o 611, A* doyo] by (10)
S AR dglle—1| A" doisyol, -+ (0,0) is a strongly 1-bounded couple
< || A" d.gll] AF dg(syo| by the choice of €
< lld.gll*| A" dysyo|
< lld.gl*lld.g™ [IFI A¥ dogs) (g 0 o)
< Mg¥inf [D(1)].

We partition [0, 1]* into subcubes of size < (M, g%) ﬁ. By composing 6 with
an affine reparametrization of one of these sub-cubes, we get maps 1 satisfying
|d"(goood)|| <1/4 and ||[d"~ YT o)| < infy |T'(¢)]. Let P be the interpolation
polynomial of I' 0 ¢ at 0. Note that

[P0 — Py S inf 0(0)].

We apply the Algebraic Lemma (Lemma 4.2) to each P := GIH+«Z)(»>U)H’

€ N*, with Y = B(0,1) \ B(0,1/e) (recall B(0,a) denotes the Euclidean ball of

radius a > 0). Let 6! be the obtained reparametrizations. We have

(11) [(Coy—P)ob; [lr—y S |IT 0t — Pllr—y max{1, [|6;],}"
inf, [1(¢)
12 < AT
(12) — 100d
and
(13) v, e A dyyoll < [P o 6i(t)] < el A dyyoll

From (11) we get

1 1
v, 1P o 1)] < [P oo 8i(0)] < 1P o 6i1)
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then by using (13)
v, e AT dygyoll < T oo 8i(t)] < 2 A" dyyol.
Finally we obtain
IT o308y < [[Pobifl,—1+[(Toy—P)obi,
Ak duyol | inf, IT(0)

- 100d 100d
< ||Fo¢o€£||e2 infy |T(¢)]
- 100d 100d
_rovost]

- 10k

This proves (g o 0,1 o 6!) is a bounded couple. Finally we check:

|d" (g oo otob)] < llgll, max{1,||o o 6|,}" by (10)
< llgllr, ~(a,0) is a strongly 1-bounded couple
< ||d.g|| by the choice of e.

By composing 6! with affine contractions p of rate [||d.g|~*] as above, we

get maps ¢ = 0 o1 o 0} o p satisfying the three first items of Step 1. Finally
observe that

4{0} < #{0} - #{0'} - #{p}
< Mg ld.g]*T*

5 Mgrfl .

Step 2: We construct the families ©, and estimate their
cardinality.

We set ¢ = go oo ¢. Let C be the partition of R? into cubes of size 1
with vertices in Z¢. We may assume that there is a k-face F},(C) of each cube C
which is tangent to Im(dy(,.)(go o)) with z¢ being the center of C. Without loss
of generality we may assume this face is given by [0,1]% x {0}¢* + a for some
a € Z% For C € C and ¢ € N we let O be the cube of size 2¢ + 1 centered at C.

Let @ be the interpolation polynomial of & at 0. Recall ||d"c|| < 1/4. Then
|lo — Q]| <1, in particular for any C' € C we have

cglCcQlct cater.
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We apply now the Algebraic Lemma to ) with Y being each cube C'in C. Let ©¢
be the family of reparametrizations obtained in this way. Note that |[gof||, < 1/4.
Without loss of generality we may also assume |||, < ﬁ so that (goo,¢o6)

is a strongly 1-bounded couple for any # € ©¢ by Lemma 4.3.
We let 0lm(c) be the boundary of the disk Im(c). Note that 0lm(c) =
(9]0, 1]%). Then we have

#{C cC: CNIm(c) # @ and C*NIIm(5) # &}
< Cov(Im(a|a,1x), 1)

< max || AL d.7|, by Lemma C.1
~ 0<i<k

< mas || A dglluneony, - d.(0 0 @)]| < 1.

We let ©,4 be the union of ©¢ over C € C with ¢ NIm(c) # @ and
C? N Olm(a) # @

Step 3: for O¢ 3 0 ¢ O, the intersection Im(c) N C' is con-
tained in graphs of 1-Lipschitz maps v;,j € Jo over Fi(C).

Let C € C with CNIm(s) # @ and C® N 9Im(s) = @. Recall that
g =gooo¢with (goo,¢) being a bounded couple. By Lemma 3.3 and Lemma
B.3, the disk Im(c) is locally at z € Im(c) N C a graph of a 1-Lipschitz map
g: U C RF¥ — R"* which may be extended on F,(C) as C3NdIm(c) = @. Then
Im(c) N C is contalned in the disjoint union of such graphs. These graphs are
not contained in C' a priori but in C3.

Step 4: We construct the admissible families in @¢.

We enumerate the cubes C satisfying C*Ndlm(gooof)) = @ as C1, Cy, -+, Cy.
For any ¢, we let ¢;,j € J; be the Lipschitz maps over F(C;) given by the pre-
vious step whose disjoints graphs cover (and intersect) Im(a) N C;.

We continue to construct the admissible families by induction on ¢ =
1,...,N. For any j € J; we let ©, be the union of § € |, ©¢ with Im(g o 8) N
Iy, # @. Assume for simplicity that C; = [0,1]°. Then ¢(©,) is contained in
[—1/4,5/4]" xR*™*. The number of such s is bounded by Y. cncszo #OC <
7'B,q =: Arq. The families O, are (g o 0, ¢, €)-admissible family.

Then for any j € Jo we let O], be the union of 6 € Uy Oc \ (U, 951
with Im(c 0 ) NI'y, # @ and so on. Observe that for j € Jy, the graph I'y,
may intersect the image of the previously built admissible family ©’, , j* € J
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(assume for example Cy = [1,2] x [0,1]""). However 5(0),) still contain the
graph of ¢; over [5/4,7/4] x [0,1]F7! x {0}97*. One may continue this way by
induction to construct the required (g o 0, ¢, €)-admissible families ©’,, j € J;,
i=1,--- N

]

5. POSITIVE DENSITY OF GEOMETRIC TIMES

We consider a C" diffeomorphism f : M O with Vol([\; > 3k2 SZR(f)]) >0

(as assumed in Theorem E). Let p, D and x > a = fﬁlR(f) given by Lemma

5. Without loss of generality we can assume that D = Im(c) where (o, Idjy 1x)
is a strongly e-bounded couple (by composing o with an affine contraction if
necessary). We consider the tree T associated to ¢ = f? and to the k-disc D
given by Proposition 3.7.

Definition 5.1. For alln € N* U {oco} and for all x € D we define:

["(2) = (L(Z), (2))ozicn = ((G'T),[(g'))o<icn.
Lemma 5.2. For any i" € T, we have
(1) If z,y € Im(o 0 6,), then |l,_ 1( )=y <1,
(2) if x,y € 0(Osn), then |;(T) — L), |L(z) = L(y)| <1 for all 0 < i < n.
Proof.
(1) There is 6;» € O such that 6, < 6j» . Observe that (o, 6;.) and
(0n-1,0i_ ) are bounded couples. Therefore, by the bounded distortion
property, we have for any t, s € Im(6;,)

AF dyo, AF dyo,,
|k—m| < V2 and |k+01| < V2,
| Ak dgo,| | Ak dgop, 1]

therefore we get with x = o(t),y = o(s)

| AF dg(G"1(T))
| AR dg(G=1(y))

(14) :32(<@

finally

|[n 1( )_[n I@N <1l

(2) For any z,y € 0(Osn), the points g’ and g'y are e-close for any 0 < i < n.
According to the choice of € in (7), we have
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max;y || A dgyizgl| V1

b

max;«y || AV dgiygl| V1~
therefore
Vi <n, [G(z) =Gy < 1.
The inequalities |[;(Z)—1;(y)| < 1 follows from item (1) as we have 0;» < 6l
for any Oj» € Ojn.
Ul
Definition 5.3. For a parameter X > 0, n € N* U {oco} and a sequence " =
(1;, ) o<icn € R®™, an integer £ € [0,n] is said to be a (X, I")-hyperbolic time when
VO<i<t, Y L=l > (0—i)x.
i<j<t
Lemma 5.4. Let € D and x > 0. For any (X, *(x))-hyperbolic time £, we
have
Vo € TyinD; Y0 < i < L, |dying" 0] > e X|o].
Proof. We have for all 0 < j < ¢ (recall §3.2),

(15) MED () < | A® dgj:c{](Gj%”
maxy <y || AF dgizg|l V1
| A* dying(G7T)]
T maxp < || A dgig]
| A" dying(G77T)]
TN dyulr, o]
< inf{|dgig(u)| : u € Ty, Dj and |u| =1},

Observe then that
ldging”0] > [v] - [ inf{|dgrog(u)| : v € Tp,D; and |u| =1}

i<j<t
> o - [T "5, - (15)
i<j<t
(16) > |u| - e“IX - lis a (7,1°(x))-hyperbolic time.
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Remark: By Lemma 5.2, if z,y € 0(O;) for some i" € T,, then |[(z) —
Gy, |G(x) — U(y)] < 1, for all i < n. Therefore, if ¢ € [0,n] is (¥, [*(x))-
hyperbolic then ¢ is (X — 2,[°°(y))-hyperbolic. We apply this remark later with
X = px + 2.

We recall Pliss Lemma in this context.

Lemma 5.5. Let " = (I;, [})o<i<n be a sequence with Y o ;. li — I} > nY’ > 0.
Then for any 0 < X < X' we have for A =sup,;(I; — ) <log|| A*d.g||,

1 -5
ﬁ#{O <tl<n : lis(X, [")-hyperbolie} > X >A<

BN
>

Definition 5.6. For all x € D and all n € N we define:

u,(7) =1 if x € 0(O4) with i" € T,
=0 if not.

Given n € N, we set

Notation:

(1) For two sequences [™ and u™ and for 0 < ¢ < n we denote by [} and u}
respectively the sequence of suffices given by the n — ¢ last terms of 1" and
u”". Note that [[j = I and uj = u”™.

(2) To simplify the notations, we write oy for 0(0;) and oy for ¢ (o3) =
g g(@ie).

(3) We also denote by Vols the normalized volume probability measure on a
disjoint finite union & of disks.

Definition 5.7. For a 2n-tuple of integers I" = (I;,[[)o<icn and for 0 < ¢ < n we
consider then

H(G) =g ({zeD ) =1}).

Definition 5.8. For a n-tuple u* = (w;),-;,, € {0,1}" and for 0 < £ < n we
consider -

B(u;) =g ({z € D :up(z) =up}).

The following lemma is a key estimate in the proof of Proposition 5.18.
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Lemma 5.9. Given [" and u™, we consider a triple of integers ({y, {1, ) with
0 </tly <ty </l <n satisfying :

(1) Ugy = L,

(2) £y is (X, ™)-hyperbolic,

(3) up =0 for any € € [ly + 1,44].
Then, for some universal constant D, 4 > 0 we have

sup Volz (H(1;) N B(up))
it
3k2 (01 —2g)

< Df}dféoMg e (=o)X gyp Volz . (’H([ZLQ) N B(uZ)) )

it2

Proof. Observe that
Volz,, (H(1;) N B(u}))

Z VOlk(gél (O’iZQ)) VOlk (gél (O'iZQ) N H([Z) N B(uZ)) .

<
- Vol (7;01) Voli. (g% (04e,))

. .4 .
it2: 1[2 =il1
1

It follows from the bounded distortion property that for all i® we have

Voli (9" (o) N (1) NB(wz)) _ Vol (9 (o) VH(E,) 0 B(w,))
Voly (g% (030,)) = Voly, (g% (o3, ) '

Therefore,

n n Vol (g (o, " "
Volz, (H(7)NBup)) <4 \fo(lk (5('4 e) ))Volgih (H(1,) N B(uy,))

. Lo .
if2: 11{2 =if1
1

< 4sup Volz ,, (H(1,) N B(u,)) -

if2

To conclude the desired statement, we are only left to show that for some constant
Dr,d

sup Volg , (H(1;,) N B(uf,))

ito

fld—ﬂo 32 (£ —40) PRIPRYS
< 4 M, 1 e (h=t)Xgyp Volz,,, (H(;) N B(u})).

i‘1




36 S. BEN OVADIA, D. BURGUET

For any ¢ € [(y 4+ 1,4,] and for any gz € B(up,), we have uy(x) = 0.
Therefore by Proposition 3.7,

#{% i =i% and ¢ (03 ) NH(1) N B(u}) # @}

a2 \ f1—%o
< C qu Zz <j<t I
< | CraMy e=fo<ishy,

Then, in particular,

Voly, (Gieo NH(G) NBup)) < > Volp(g®(o3e) NH(1G) N Bug,))

. L .
if1: 111:120
0

3k2 el—fo [;
<4 (2C’T,dMgT‘1> e0<7=4 " sup Voly, (g% (o3 ) NH(I},) N B(u}))

i‘1

a2\ =ty vy
<4 (4C'T,dMg’“_1) efo<ish sup Vol (3 NH(17,) N B(u},))

i1

a2\ f1—to R
S 4 (4Cr’dMgrl) 6(50*£1)X Sup Volk (5i21 m H([?l) m B(ugl)) 9

i1

*.» {1 is Y-hyperbolic.
As uy, = 1, we have i belongs to T,,. By the remark following Definition 3.6,

we have Volg (g3 ) > C’d_lek > Cd_Q\/olk(&iel) for some constant Cj, so that we
finally get for any i :

iy Voli (B NH(E,) N BGs)
Vol (H(5,) 1 B0) =~ VolGr) |

3x2 \ f1—lo
< 4C4e7* (4CT,dM;—1)

. 6(5041)’? sup Volk (5i€1 N /H([Z) N B<u?1))
i1

362\ f1—¢o
<405 (4CT7dM;‘1>

. 6([0—31)55 sup v015131 (H( ?1) N B(”Z)) :
it1

This concludes the proof with D, 4 = 43C2C,. 4. O
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Definition 5.10. For all sequences I and u"™, we set with X := px + 2
H(™):={le[0,n): ¢is(X,")-hyperbolic}
and
BGw") :={¢e[0,n): u, = 1}.
Lemma 5.11. For all sequences I and u", we have

a2 p#(H(")\BG(u™))
Vol, (H(I") N B(w")) < 4D7, (Mgp(”) ex)

Proof. Fix sequences [ and u™.

Claim: There are integers 0 < oy < () < by <l <--- < E; < n such that :

o Vi=0,---,q, {; € BGu"),
[ J \V/i:O,"' » 4, e; € H<[n)\BG<un)7
o H(I")\ BG(u") C Ujcicy(bis ;] € [0,n) \ BG(u™).

7

Proof of the Claim. Let ¢’ | = —1. We set inductively for all i:
{; = max {€ eEBGW"): < Vl,_, <l € HI") \BG(u”)}
and
li=max{l' € HI")\BGu"): ¢ <{V{l; < (e BGu")}.
We let ¢ be the last integer for which £ is well defined. O

By applying Lemma 5.9 successively to the triplets (o, £y, ¢1), (41,07, 0a),
(b, 0y, 03), -+, (Lg, 0l ;n —1) it follows that

9 g

3k2 2o ti—ti
sup Volz , (H(1;) N B(up)) < (Drvd]Mgr‘1 e_px_2)

i‘o
3k2 Py li—ti
<D, (Mgp(rl)e_x>
a2 p#(H((")\BG(u"))
<D}, (MQP(T_I)e_X>
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Then by using again the bounded distortion property we get
Vol, (H(I") N B(u")) < 4sup Volg (H([?O) N B(u’go)) ,
it !

Cak2 p#(H(I")\BG(u"))
<o (770

Definition 5.12. For all x € D, all 5 € (0,1) and all n € N we define:

S(x) =1 ifx € 0(Bp) with i" € T, and Voly( 09-)<&_1€]C
Un () = L4 & € olfin " KT T = 1004,
=0 if not.

Given n € N, we set

wi(e) = (w ()

0<i<n
Remark: In particular u?(x) = 1 implies u,(z) = 1.

Definition 5.13. For an n-tuple u" = (u;)
consider

o<i<n € {0,1}" and for 0 < { < n we

B’(u}) =g ({zr €D :uj(x) =u"}).

Lemma 5.14. Given u", for any 0 < {y < {1 < n, with u, =1, we have

n /8 n
sup VOIUZO 0.4 (ﬁﬁ (EZO ) ) < % sup VOIUQ 0.¢, (55 (Eél ) ) .
O30 001t 0301 <3¢

Proof. By the bounded distortion property, recall that

sup VOIUZO 00,¢0 (ﬁﬁ (EZ))) < 4 sup VOlUél—loeih—l (Eﬂ (EZ—I))'

Qizo 9#1,1: 9i£171 <9i80
Therefore it is enough to show that

n B n
Sup VOlo'ZlflOHillfl (ﬁﬁ (EZ171>> S 100 Sup VOla'Zl Oeiél (ﬁﬁ (251 ))
O01-1 0017 050y <0i—1
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We have for all 0;¢,-1:

VOlk (Im (041_1 o 9#1*1) N EB(L_lZ_l))
Z Voly, (Im (07,1 0 6;¢,) N EB(HZ))

v T
i 167—41, giel <9i21_1
—1

00,

k

BC
Vol (o¢, o@igl )< 4002T €

n
> > Voly, (Im (a4, -1 0 636,) N B (uf))
9{21: il1 €Ty, 0017 0404 <9;e1
éfz <B.4,-1 scyt
ifr i Volk(agloﬁigl)gme

Let zj, € Im(o 06y, ). By Equation (14) we have

Vol (Im (0,1 © fye,-1) N B (uf! 1))
Y. 2AAFdg(Gh @)

1T
9.£14 i 16721,

i

’
eiel <9i51_1

IA

Z VOlk (Im (O’gl 9] 9#1) N 56 (EZ))

0.p,: 0 (24
it %0 <%y
-1

BC,
k

\/volg.C ((J’(1 09#1 )S 1004, ; €

39
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<Y AN (GO @) Vol (Im(oy, o )

Y AR 4
H.ZIA i 16741,

i

/
0121 <0ill 1

sup Vol,, o6, (B (u7,))

001 030y <009 —1

< Z %Volk(lm(%—l © b, )) Sup Volo, o, (B”(u7,))

0.0, 0.0, <0, _
Oy Ve, <011 it G <h

B
<-—_Vol 100, 1 Vol,, o, (B?u2)).
— 100 Oli(0e1-1 0 O )9#11 9?6111591@171 Pouhin (B (Eh))

Applying Lemma 5.14 inductively yields the following lemma.

Lemma 5.15. For any u"

8 #BG(u")
Vol, (B(u") < (2—5) |

Definition 5.16. For x € D we define

Eepp(x) = {m : m is (X, *°(x))-hyperbolic,
U (7) =1 and w2 (z) = 0}.

Definition 5.17. Given a set B C N and n € N*, we set

d,(B) = %# (BN[0,n—1]).

Recall Lemma 2.6 and the definition of ' > y > f’_iiR( f)-

Proposition 5.18. For all f € (0,1), for all p > ﬁ and for all n, we have
Volo ({2 du(@przpal@) < 3 and | AT (L)) = ™ })

oo (e —28)
< Cras(p)" <63§213(f)6_x> o

+e

log Crar(®) _

where C. 4 ¢(p) satisfies limy, =
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Proof. First, note that if | A" («(T,D))| > e"X', then there is 0 < ¢ < p such that

-1 ; ~
h ‘ /\k dfip+q;pfp(F'Zp+qx)’ > enPX"
" max{1l, max;<y_1 || AV dpip+a, fP[|} —

Without loss of generality we can assume that ¢ = 0. Then we get that,

n—1

> li(x) = Glx) = n(py - 2).
i=0
Set
EP = {xED: dp(€pyt2p () < B and Z[ >n(px—2)}

Since the entries of [ and ' belong to [—klog M, — 1, klog M, + 1], the
number of sequences (I",u™, u") with H(I") # @, B(u") # @, Bu") # & is
bounded from above by (2klog M, + 3)*"4™.

Fix such sequences [, u” and u” with H([”) NBW)NB° (W) NEP # @ and
#BG(u") < fn. Let ¢, € N with 5 € [m, —*) By Lemma 5.15 the volume of
the union of B(u™) over the others u™ is less than (up to a multiplicative constant

independent of n)

~ ([ n L' Llogg—(1-1)log(1-1)) (L .
Z(mﬂ'(@) £ 3 et ()

n
5 Z e%(2710g 25)

q=qx
< 6B(2—10g25)n < e—Bn‘

By Pliss’s lemma (Lemma 5.5) applied to the sequence (I; — ), ,, with

= PX + 2 and X' = px’ — 2, we have #H(I") > an(ngX)]\/l. Therefore, for

p> 7X/ and for all z € H(I") N B(u™) N EL we get

# (H (") \ (BG(u") \ BG(u")) >2#H (") — ndn(€pyr2,,5(2))

X —x
>p- [ —2—2 5.
=N (4k10ng ﬁ)
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Then,

# (H(I")\BGu")) = # (H(I") \ (BG(u") \ BG(u")) — #BG(u")

X —Xx
(X TX9g).
" (4k10ng 5)

v

By Lemma 5.11 we get

/7
3k2 )_pxln.<4k>§og ?uf _26)

Vol, (H(") N B(u")) < 4Dy, (M;““”ex
Therefore, for all n,
Vol, ({o: du(Exy(e)) < 8 and [ A (T D)) 2 e })

!
x —x
3k2 )p”'(4klog My 725)

< (2pklog My + 3)** (4D, 4)" (Mg”“”e—x

This concludes the proof with

32 (x/ —
pr 4k(7'7(1>§10g?<1)\/1f —2p
)

= 2
Cr.a,5(p) := 4D, 4(2pklog My + 3) (epT(f

Definition 5.19. For x € D, we set
BG’(z) ::{0 <l<n: w(r)=1,u(z)=0
and € is (px,1°(y)) for any y € w,(z )}
Definition 5.20. For any 8 € (0,1) and any p € N* we let
EPP = {z e Br: d,(BG(z)) > B}.

Corollary 5.21. For any 8 € (0 ’W) there is p, such that for allm € N
large enough,

1
VOID(E ) Z —
n?
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Proof. Recall the set BE given in Lemma 2.6 satisfies Volp(BE) > % for n € N.
As observed after Lemma 5 4, we have €, r2p5(x) C BGE(x) for x € D. By
Proposition 5.18, for 8 < A+ ng ,
z in B with d,(€py12,(2)) < B and [A (o(T, D))| > €"PX" has exponentially
small measure in n, in particular measure less than - for n large enough. O

we may choose p so large that the set of points

Remark: From now on, we fix some 5 € (0 ) and we choose p as in

X' =x
? 8klog My
Corollary 5.21. The set E?? and BG?(z) will be then simply denoted by E,, and
BG,,(x) respectively. The integers in BG,,(x) are referred to as BG times.

6. INVARIANT MEASURE GIVEN BY DISINTEGRATION ON DISKS

In this section we construct an invariant measure which is given by a disin-
tegration on C"~ 1! embedded k-disks. To achieve that, we wish to first construct
a probability measure on the space of Measured Disks- which is a space of disks
endowed with a probability measure. We restrict to BG times where the elements
of the Yomdin partition belong to a pre-compact subset of the space of Measured
Disks, where we can take limits.

6.1. Space of Measured Disks.
Definition 6.1 (Space of Measured Disks). Let

S :={(wm,0) :w@:[0,1]F =M is C" " and o € P([0,1]")},

endowed with the product topology of the C™=% topology and the weak-x topology,
be the space of Measured Disks.

Definition 6.2.

(1) Forx € D and { € N, we say that the atom wy(x) of the Yomdin partition
containing g*(z) is BG, when £ belongs to BG,(x) for some (any) n > £.
(2) Let P be the Yomdin partition of D into elements of the form

g~ [Im(w())].
6.2. Sequence of measures on the space of Measured Disks.
Recall Lemma 2.6 and the definition of the set A/.
Definition 6.3. Forn € N, and for 0 < ¢ < n,
(1)
= Jtom(we(a))] : 7 € B} € D,
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(2) Let P’ be the restriction of P to elements centered at E,, points,
(3) Given x € E', write

BCM(z):={(<n:30 c[t,t+M], y<€wlx)NE, st wu(y) is BG},
(4)
PM.— [P c Pt e BGM(z) for some (any) x € PN E,},

(5) We denote Volp by X\, A(F'N-) by A for any F C D and 5 sEmAEL 0Y An

Remark: In the above definition, wy(x) denotes the map o, o ;¢ with = €
Im(o 00;) (see Definition 3.8). According to the Remark following the Algebraic
Lemma (Lemma 4.2), 0y, thus opobyis a (topological) embedding, therefore we
may push the measure Apt(z)nEn © 9~ “ on M by the inverse of w,(x) to

get Ql,n,r‘

APL(z )mEn

Definition 6.4 (The subspace Syy). Given M € N, we write

Sy = {(@(z),0) €S L€BGY(z), z€ BN} €8,

where @ denotes “compactly contained”.

Definition 6.5 (The measures p2 on Sy).

/ Z 5we (z), anz)d)‘m

LeBGM ()

where Qg p o = <m/\P£(x)ﬂE;} © 94) o wy(x).

Lemma 6.6. Given z € E,, and y € P?(x),

(1) For all M, BGM(2) = BGYM(y),
(2) For all n large enough and for all h € Lip(M),

“Z‘S ——251’@) ‘ Hfzﬂgp

<n I<n
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Proof. The first item is clear by the definition of BGY (), which is saturated by
partition elements. We continue to show the second item. Let n > 0. By Lemma
3.9,

1 1
‘5 > Sy =~ Byt ()]

<n I<n

1 1
<2 X e =5 D ()] + 2l
) )

£<n(1— £<n(1—

. 1
<Lip(h) - P + 21 - |7 |-

Then if we choose n = #ﬁ, the desired result is following, for all n s.t. —— <

2
U

A5

1
3vn"

Remark: From here onwards, we saturate the set £, into £}, and associate the
two sets (recall Definition 5.20). Lemma 6.6 above justifies it.

Proposition 6.7. For alln € N and M > 0,
o' (1) € [8,1].
Proof. Recall Definition 5.20 and its following remark, then
1
12 p)(1) = [ L #BGY (@) dn(a)
n

> / d, (BG,(z)) dn(z) > B

Definition 6.8.

i :Z/Sgow‘ldp%((w, 0)).

Claim 6.9. For every n, M, uM(1) = pM(1) € [3,1].

Proof. This is a direct corollary of Definition 6.8, as p o w (1) = 1 for all
(w,0) €S. O
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Lemma 6.10.
/ S Sy
LeBGM ()
Proof.
/ R p— 1nz_1 / 5,y AN
= ~ “(x)
e MEa)n = Jeesairon
_;_Z)\ og~*
“NE.)n [teBGH () © 9
Z Z /\EnﬂPog
= 0PeP"M
AE,APO Y
AME,NP) "—
KZ;PXP;M ME,NP)
Z Z )\ E, ﬂP /Qow_ldd(we(wp),ge,n,zp)
= 0 pepi™
/Qow 1d / Z Oy (@ Qan)d>‘>
(eBCM (z)

=/ oow dpy = ',
S
where xp is any point in PN E,,.

Recall Lemma 2.6.
Proposition 6.11. There exists a subsequence N' > n; 1 oo s.t. VM >0,
p% —p" € [B,1]-P(Sm) C [8,1] - P(S) and ,u% — M e [B,1] - P(M).

Moreover,

uMz/QOW‘ldpM-
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Proof. By Proposition 6.7, pM is a sequence of bounded measures carried by Sy,
which is a pre-compact subset of S.

Therefore, using the diagonal argument, there exists a subsequence N >
n; toost. VM >0, p% —pM e [B,1]-P(Sy) C [B,1] - P(S).

Then, given any continuous function h € C(M), we define ﬁ(w,g) =
oow (h) = f[o i ho @ do, which lies in C'(S). Then,

(17) /hdu% = /gowl(h) dp,,

://ﬁdp% — /EdpM
J j—oo

Therefore

p () = [ o= () dp.

6.3. Invariant measure with disintegration by a family of disks.

Lemma 6.12. For all n and M, pM*1 > pM pM+1 > pM M+l > M- and
P > M

Proof. Tt is enough to check that for all n and M, pM*+t > pM and the rest
follows by Proposition 6.11. Indeed, by Definition 6.5, for any n, when increasing
M, we increase the sum in the definition of p. O

Corollary 6.13 (The measures i and p). p™ 1 p and p* 1 u, where p(S) € 3, 1]
and 1 = [ pow dp.

Proof. By Lemma 6.12; both limits must exist as bounded increasing sequences,
and pu™ = [powtdpM for every M. Then as in (17), we conclude that pu =
f 0o w ldp. U

Lemma 6.14. ;1 < Y . op’o f.
Proof. Recall g = fP. For every M € N,
, 1 , 1 ;
M 0 —1 M 0 —1 M 0 —1
phs d o e frs 2ty Splo f <2ty o f
0<i<M 0<i<Mp i>0

Hence p™ < Y ing5:0° 0 f70 = 1. Since pM* > 1M, we get that p = limy 1
uM < . O
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Remark: Lemma 6.14 implies that 1° sees all ergodic components of the measure
1.
1

Theorem 6.15. pog " = p.
Proof. For any n € N, for any M > 0,

M+1 / Z (SgZ(z) o gild)\n

LeBGMH1(x

/ s e+1(m)d)\n

LEBGMH1 (g

> | - ) d\
= / n Z gtt1i(z)UAn

L+1€BGM (x)

1
/ > Gy A——:M%—E.

LeBCGM (2)

By sending n; — oo and then M — oo, we conclude o g~ > u. Since p(1) and
po g (1) have the same value, = o gt O

Lemma 6.16. There exists a probability measure p € P(S) s.t.

5SS (ﬁu) o i = / 00 'dp((w, 0)).

Proof. For 0 < j <p—1, let F;((ww, 0)) := (f? o @, o) which is an invertible and
continuous map from § to §. Then set p := iZ?;é(ﬁp) o Fj_1 (recall Claim
6.9). 0

Definition 6.17.
= [ oom ab((0).
s
Corollary 6.18. [ is an f-invariant probability measure on M.

Proof. Tt follows directly from Lemma 6.16 (recall that g = f?). O

Definition 6.19. Let W := {w : [0,1]* — M where @ is C"~11} be the space of
disks.
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Theorem 6.20 (Invariant measure with disintegration by an invariant family of
disks). There exists a probability measure p on W s.t.

fi= / 0w 0 \dP(),
w

where o4 is a probability measure on [0, 1]*.

Proof. Let a be the measurable partition of S given by the atoms «a((w, g)) :=
{w} x P([0,1]), and disintegrate p:

ﬁ: /ﬁa((w,g))dﬁz/ﬁwdﬁu

-~ ~

where 7: S = W, 7((@, 0)) := @ and p := pon '. Then set o, := [ 0dp, and
S0,
o= /Qow_ldﬁ = / (/gow_ldf)w> dp = /gwow_ldf),

7. SMOOTH CONDITIONALS

In this section we study the invariant measure which we constructed in
§6, and prove that its disintegration by Measured Disks in fact is given by
smooth disk-measures (the “conditionals”). The proof is decomposed into two
sub-sections, where we first show that the conditionals are absolutely continu-
ous, and then prove also domination in the following sub-section. Proving that
the conditionals are absolutely continuous relies on finding a natural family of
smooth disk-measures to which we compare the conditionals. The comparison
is done by the atoms of finer-and-finer Yomdin partitions, where we are able to
get tight bounds on the number of atoms which “compare well”, and the total
measure they cover. The key idea which allows us to get these estimates is the
observation that if a certain point visits with some fixed positive density times
where a fixed portion of the atoms do not “compare well”, then the point belongs
to a set of exponentially small measure. Using the fact that nL] log A\(Ey,,) — 0,
we can compute the portion of “bad points”. Note that the dynamics of the disk
is being used here, as for purely analytic reasons, one should not expect to bound
the \,-portion of a subset of E, whose A\-measure “is large” relatively to E,, as
these are morally two singular measures.
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7.1. Absolute Continuity of the Conditionals. For a C! map @ : [0,1]* —
M with a positive k-volume, i.e. A(w) = fo g | AF dyoo| dt > 0, we define A, by

(18) Vh e C(M /hd)\ / how(t) | AF dyeo] dt.
[0,1]"

In addition, the tangent space to Im(w) is well-defined A,-a.e. since the
set of points in Im(w) where it intersects itself transversely is of measure zero.

In this section of the paper we prove that for p-a.e. w, the probability mea-
sure o5 o w ! is absolutely continuous w.r.t. Ay, where i = fw 0w 0 @ 'dp(w).

Definition 7.1. For any w as above and h € C(M), set for £ > 0,

00) = [ p0(a) - ha)ira(a),

where
1
)
P \T ( ) : ’
J Tl e 022D (y)
and
QL (y,w) = log | A dy-syg ™ |gs(| = 10g | A* dymsg ™" |gs1-
Remarks:
(1) QY)(y, ) is well-defined \,-a.e. by the preceding discussion.
0 _ —A [ Og_e
(2) Note, ng—;) = W

Proposition 7.2. For p-a.e. @, the limit lim,_,, p\Y) = po, exists (recall Defini-

o —

tion 7.1), and converges uniformly exponentially fast. In addition, |log po| < 1.
Proof. We prove that for p-a.e. @, for all s,t € [0, 1]* with |A*d,w|, | AFd,w| # 0,
for all j >0, |QY(s,t)| < 34+, where

| Ak d,g=7t o | AR dig=71 o o

| A*dsg=i 0wl | A*digi o]

QY (s,1) = log

It will conclude the proof as for A,-a.e. z and y, there are ¢, s with w(t) = = and
@(s) =y, and | A* dyw |, | A dyw| # 0, s0 that QY (s, 1) = QY (z,y).
Given M € N, aside for at most measure § > 0, for p"-a.e. (w, o),

Cr—l,l

w= lim wy, (),
n—oo
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where ¢, > on, and wy, (r,) € Sy;. Therefore, since for every 7, Q depends
(80 < 5

Fix n. Given s,t € [0,1]%, write ¢; := @y, _j(x,) " (g~ (Wgn(xn)(t))) and
sj 1= @e,—j(Tn) (g7 (@e, (0)(5)))- Then,

. o
ngn ) (8:1) = wazm () (555 15)-

By arguing as in Lemma 3.9 we can write wy,_; := wy,_j(z,) = Im(oy,_; 0
0r,—;) and w,, = @, (x,) = Im(oy, 06,,) with 6, = b,,_;0¢; where ||de;| < 5
By the definition of s; and ¢;, we can write s; = ¢;(s) and t; = ¢,(¢). Thus,

_ vk

C'-continuously on w, it is enough to show that for all n, |Q

(19) |55 — tj| =550
and
0)
Qi(ﬂg (mn)(sﬂ7 t]) =
log [ A" dyg™ oy, log | A" dy g™ oy, 4| _
[A* dry e, [ dy e,
| NE dé’zn—j(sg')gil o 7y, | N d9en—j(tj)gil © 07, _
log g ' — log g .
| 0ty —5(55) T ln—j | | A |
ANedy g tooy Nedy o
log | - aln*]( ])g_l ln ]| +10g | keénfj(tj) £n, ]| _
| /\ degn,j(tj)g o O-En_j| | /\ deénfj(sj)o-‘”
log | A d9zn7j(8j)aﬁn—1—1’ ] | AP d(’enfj(tj)afn—ﬂ

| AR do,, ;00,1 | A¥dy, (50—l

as g~ ' ooy, is simply o4, ;1. By (6), we get

VR 11
27 bk 25+1

(20) |ng (mn)(s t)| <2
O

Remark: Note that Proposition 7.2 holds also for @’ an embedded k-disk with
Im(’) C Im(w).

Definition 7.3. For any w € Supp(p) s.t. pw is well-defined (recall Proposition
7.2 and Definition 7.1) and h € C(M), set

uw<h>:=:]/pw<x>-h<x>dAw<x»
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where
{—00
Remark: Note that in particular, | pm(2)dA\s(z) = 1, and so v, is a probability
measure.

Definition 7.4. Given n, N € N with N|n, and § > 0 with 65 € N, and x € E,
s.t.

1 AP @) N E) 1 A(Pfi*N(x))} > 5

E#{E S NP NEy) = 8 APU))

set ¢'(x) € {0,1}~ which has ezactly §%-many 1’s to be the first chain in lezico-

graphic order such that for 0 <t < N

)\(Péi"'l)NH(aj) N En)
AEN () N Ey)

l)‘(Pr(zHl)NH(x))
0% AP ()

c(z)=1= >

For ¢ € {0, 1}% with exactly d5-many 17s, set
(st = {x € E,:c(x)= Q}-

Let Cns := {g € {0,1}~ : has ezactly 62 -many 1’5}. We often abuse nota-
tion, and omit the dependence on n, N and 0 when it is clear from context. For
a lean notation, we write

[c'] := [ca,ns4 and C := Co v s.

Remark: For a lean notation, from here onwards we assume that N|n and
n

~ € N. This can always be arranged by taking integer values which do not
affect the proof but carry notation.

Proposition 7.5 (Main estimate). Given n, N € N and 6 > 0 as in Definition
7.4, for all 6 > 0 small enough, for allc € C and 0 <t < N,

A([d]) < e 385N gnd #C < P85

Proof. The bound on #C is standard (see e.g. [26, Lemma 16.19]). We continue
to bound A([¢']) for ¢ € C and a fixed 0 <t < N.
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Let E, := J{P € PN : P[] # @}. Note, this is a nested sequence of
sets in 7. In addition, when 4; is the j-th i so ¢! = 1,

AP
)\(Eij""l) zPeP:leH: )\(P) Z prepy DT, A((P))

PN[ct]#2 P'N[ct]#9,P'CP

A <E;§> - 2 pepviite, ALP)

PN[ct]#2

3 N(P'NEy)
Zpepgijﬂz )\(P) Z prepy UTDTE 0 A(PNER)
< Pn[c!]#o P'nlct)l#e,P'CP < 83

B zpePﬁlij“: A(P) B

Pn[c!]#o

Qt

Definition 7.6. Given n,N € N and { < n — N, set

AP (@) NE) 1 AP (w ))}‘

X 1
B =o€ B S a R 2 B OACT)

Definition 7.7. Given § € QT, set

(1) Ny = [V/n],
(2) Ans = E, \ Ut<Nn,gt€Cn7Nn,5 [Qt]'

Lemma 7.8. For all 0 > 0 and all n large enough,

5 N e—ﬁlog%NLn
M(Apg) 21— ">
o) NE.)
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Proof. By Theorem 7.5,

MAW=AEBN U ) 2 ME) = Ny

t<Nn,ct€Cp Np,5
1
/e logsvn

> ME) - (1~ NE,)

) = (1= OA(E),

for all n large enough, since \(E,) > -5.* O

Lemma 7.9. For all 6 > 0 and n large enough,
1 .
—#{0 <n— N, : \(E,\ E5Y0) <1 —v25} < V20.
n

Proof. Note that for x € /1”75
1
E Z 1Eﬁ,Nn,5 (ZL‘) S 0.
<n—Np,
For all n large enough, by Lemma 7.8,

Therefore

1 . 1
- )\n E@,Nn,(s :/_ 1V', - d)\n
=2 BT = [~y L

<n—Np, <n—Np

. 1
<(En\ Apns) + / = > lpwesd,
Ané n "

I<n—Np
<29.

Finally, by the Markov inequality,

Lute<n— Ny oA\ BBV <1 - Va5) < V3.
n
Ol

4The sub-exponential decay of A(Ey) is enough, but then we may need to choose a more careful N, ~
1 Ny

—c5 —]\;L .
_ e n — 0, while N,, — oo.
“Llog A(Ep)+1oen X(En) ’ n

— 00. We need to satisfy
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Lemma 7.10. For all 0 > 0 and n large enough, for every ¢ < n — N, s.t.
M(Bn \ EN0) > 1 = /26,

A (U {P nE, . pep mAgnm\if;)anﬁ)) <1- @})

< ME )\ V26.

Proof. By the Markov inequality, for every £ < n — N, s.t. \,(E, \ E4N9) >
1 — /26 (recall Lemma 7.9),

A (U {P NE,:PeP.1- AP r;g”m\gi]w)) > @})

¢,N,6
Z MPAE,) — AP A (B, \ Bty = AET)

\ PePL’ \/ﬁ

_AE) <1 - (1-*%5))
= NeT < ANE,)\/ V26.

Definition 7.11. Given § > 0, n, £ <n — N, set
- A(PN(Ep\ By Nn-?
(1) Bt = {P e pl o AEOEMRT) > 1 -/ V25 ),
(2) Given x € E,,

0f(x) = Apg (@i ) © 9"
¢ MPLz) N E,)

o wy(x),

(3)
1
~ M, 6
Pr / D DS
An é M
ZGBanNn (z):
PL(z)e PN
Remark:

(1) The measures g)(x) are well-defined, as w,(z) is invertible.

(2) The measures )(z) may not be probability measures, but are sub-probability
measures (which is a still a compact collection of measures).

(3) Tt is clear that 0 < &' < 6 = o (x) > 0)(z).



56 S. BEN OVADIA, D. BURGUET

(4) By the diagonal argument, we may assume w.l.o.g. that for any M € N
and for any § € QT the measures {p}*},, converge to a limit on the same
subsequence {n;}; = N from Lemma 2.6.

Definition 7.12.

(1) Let P<1([0,1]%) be the set of sub-probability measures on [0, 1]%,

(2) Let m: W x P<1([0,1]¥) — W be the projection onto W,

(3) Let pM?° = limjﬁ,]‘g"s and ¢M0 = pMd o =1,

(4) Let p° = [ pModgo(ww) be the disintegration of p*° w.r.t. the mea-
surable partition {t*({w}) : @ € W},

(5) Set oz := [ edpgy”.

Lemma 7.13. For all 0 < ¢ <9, for all M € N,

“M,8' ~M.,5
q >q ",

Proof. By Lemma 7.8,

/ 1
M. -1 Mg . _—1 _ E :
pn o - p'n, oT _/ - 573[(92) dAn
An & n
P{(@)ePln s

ZEBG%_NH(I):
/|

Z - )\n<An,5’) - )\n(Anj)

1
+ / - > Oemp()

eeBGi\L{Nn (z):

. VAN
Pﬁ(m)epﬁxN’naé \Pf;,N'n;é

o !
Pi(z)ePp ™™ ?

Z Oeoy(a) A

ZGBG%_NR (x):

S|

n,s

! 1l n _ 1 n
Nne—é log NG Nne dlog 5 N

STTNE) ME

1
+ / - > Oemp(2)

eeBGﬁ{Nn (z):

~ ! ~
Pf(z)ePy MmO\ Pyt

—6’log%NLn
> — 2Nn€— > opse VsV 4
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Lemma 7.14. For all M € N and § € QT,

0<pMon™t—gMd < 4\/ V' 24.

Proof. Recall that by Lemma 7.8, A\, (A, ) > 1 — ¢ for all n large enough. Then,
by Lemma 7.9 and by Lemma 7.10,

pfont >~ W—H——+/ > &w

éeBGM
> — 4\/V26 / > 5m(x d\, = —4\/ V25 4+ pM o
(eBGM (2
Since 7 is continuous, GMO = pMd o 7t > —4+/V/20 + pM o w1, The inequality
pMoon=t < pM ol is clear. O

Corollary 7.15.

li Momt,
lim 1 @M =pMom
Proof. 1t is a consequence of Lemma 7.14 and Lemma 7.13. (]

Recall Theorem 6.20 and the definition of the conditional measures i =
J 0w 0w ldp(w).

Theorem 7.16. For p-a.e. w,
Ow © ot Ve

Proof.

Step 1: Let h € Lip(M) with 0 < A < 1. We show that for all M € N, for

pMo-ae. (w,0), pow ! < FHvg.
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We start by studying p?. Recall Lemma 3.9. Then, for pM?-a.e. (w, o)
Jo € E, and v/n < ¢ <n— N, s.t. for P:= P(x) = g~*[w],

—
Apt (w)n(2,\ V5 ©

(@1 eom ) = P A B

(h)

. Z )\(P, N En) ) >\P’ﬂEn o) g—f (h)
N ~ MPNE,) MPNE,)
Plep, TN
P’CPP’OEZ Nnsd s
, 1 AP NE,)
==+ Lip(h) - o5, + > NPOEy) (e )
prepttin,
P/CPP'mE‘ Nnd_g
) 1 1 AP
(22) <Lip(h) - 9N - Z 53 A(P) h(xgz[P’])
plepttin,
P'CPP'mE‘Z Nnd_g
. 1
(23) <Lip(h) - o5~ 53 A D AP - h(zgen)
P’eP“N”
P'Cp
2. 1 1
=+ ﬁLlp(h) v+ 537 v (n).

Recall, £ > \/n. Therefore, for any 7 > 0, the property o o w 1(h) <
T+ 5 Ly (h) is a closed property, hence for p*-a.e. (w, o), for all 7 > 0,

1
0o w_l(h) <7+ ﬁ”w(h)-

Since 7 > 0 was arbitrary, and 0 < h < 1 is any Lipschitz function,

(24) for pM-ae. (w,0), vow ' < —vg.
Step 2: By (24), for ¢M°-a.e. w,

1
(25) Moomt = [omapls < Su

Recall, for pM4-a.e. (@, 0), o(1) € [I — 207, 1], and so for ¢M9-ae. w, oM9(1) €
[1—201,1].
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In addition, o™ increases as J decreases, and as M increases (recall the
remark following Definition 7.11). In particular, by Corollary 7.15, for por~!-a.e.
w’

lim 1 lim 1 o / odpe,

M1oo 640

where p = [ pmdpom ! is the disintegration of p w.r.t. the measurable partition
{r7'[{w}] : @ € W}. Hence, since an increasing limit of absolutely continuous
measures which are bounded is absolutely continuous,

for pon t-a.e. w, / 00w ldps < V.

Recalling the definition of p from Lemma 6.16 and then of p and ¢, from Theorem
6.20, we are done. O

By combining Theorem 7.16 and Theorem 6.20 one easily concludes the
proof of Theorem E.

Remark: In (21) we provide an estimate that a posteriori in §7.2 we are able
to improve and use to obtain additional properties. If one just wants to check
that i is G-u-Gibbs measure, then we may conclude from (23) without referring

to Proposition 7.2 by using the bounded distortion property in (8) : AP <

£P)
= (g°[P"]) Aw (g“[P])
2/\ ') =2 e . Indeed

%ﬁ )3 /\<P,)’h<l’gf[1y])§% Y Al - Al ey,

P’EP£+N" plepttin,
pP'CP P'CP
2 1 2

7.2. Dominating Conditionals. In this subsection we post-hoc revisit §7.1,
and conclude domination in addition to absolute continuity.

Proposition 7.17. We may assume w.l.0.g. that {E,,};>0 is a constant sequence
{E}, where E is closed.

Proof. Let D, and let (wy)sen be the disks associated with the Yomdin partition.
Let (E,)nen € D be as in the previous sections. We will show that there exists
another disk D" and a subset F with Ap/(F) > 0 such that the previous con-
structions hold for D" and E/ = E for all n € N large enough. By potentially
restricting to a subset, we may assume further w.l.o.g. that E is closed.
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Note, given M € N, aside for at most measure § > 0, for pM-a.e. (w, o),

C'r'fl,l

w= lim wy, (z,),
n— o0

where ¢, > on, and wy, (z,) € Sy. Fix m € N, and write L := Lip(Z), where

p 1
Zlog max | A° dyigygll-
p 1=0
Let t, € [0,1]* and ¢, € [(,,0, + M] s.t. w@p (yn) is BG and ¢* (y,) =

By (16), for all n large enough so én > m,

/[L]

2pk M

1 —m ~
26)  —log |G, (9" (vn): Tynuy@e, () )| < =X+ 22— log My,

where
AFd, gw

Crp(y,w) ==
’ max,<i1 | A* dygll V1

is a linear cocycle on A¥T'M over (M, g).

We continue to show that the estimate of (26) carries to all of wy, (z,)
uniformly, and so, since n is arbitrary, it carries to every point in w.

Given a,b € [0,1])%, write a; := wy,_;(z,) (g7 (e, (7,)(a))) and b; :=
@i, —j(2n) (g7 (@, (20) (D). Then |a; — b;| < \2/—]E (recall (19)), and since
e, i ()]l < 1, we get that for all a,b € [0, 1], for all j

Vk

(27) (g~ (@i, (2a)()), g7 (e, (2) (D)) < 5
and so
(28) " (207 (w0, (20) (80))) — E(g7 (0, (2) (@)))] < 2LV

By the bounded distortion property (8) we have

Aoy, (@) (t)9 " Lo, (20) (tn) Tt xn\
/\k dwz (@n)(a)d Twzn(zn)( )Wg

’10g ‘<2

It follows that for all y € wy, (x,),
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1 o . 2pkM 24 2LVk
—log|Cy," (4, Tyme, ()] < X+ = log My + ===
Since n was arbitrary, then for all z,y € w,
: 1 _ _
(29) limsup —log d(g~" (), g™ (y) < —log 2.

m—+oo TN

and once T, is well defined

1 —m N
hrnsup—log|0,gp )(y,Tyw)| < —X.
m——4oo TN ’
Recall the discussion in the beginning of §7.1, where we explain why the
tangent space is well-defined A, -a.e. on w. Therefore, since ¢ is arbitrary, for
p-a.e. @, for A\gy-a.e. v € w,

1
: (—m) -
lim sup - log |Gy, (2, U(Thw))| < =X,

m—-+00

Since Cy,p @ APTM O is a linear cocycle over (M, g), by the Oseledec
theorem, we get that for p-a.e. w, for py-a.e. r € @,

: 1 (m) ~
(30) X, (0 Te) = T log| O (@, u(Tyw)| 2 ©
By arguing as in the proof of Lemma 2.2, one easily checks that for every
x € M, and for every w € AFT, M,

(31) Xy, (T,w) < pli;n XAy, (T,w).

Therefore, by Theorem 7.16, for p-a.e. w, for a A,-positive measure set
of ’s, lim, o0 limmﬁﬁo%log\AgZ)(x,L(wa))\ > Xop, (v, ((Tyw)) > 5. We
can now choose D’ to be such a p-typical @w. Let B be a subset of D’ with
Voli(B) > 0 and N € N such that for any © € B and any m > N we have
~log ]C’,gtz) (z,(Tyw))| > px > pr”“jR(f). Finally, in Definition 5.20 of E, we
may replace B? by B, so that the proof of Corollary 5.21 ensures now that we
can assume that the new subsets F, in fact do not depend on n.

O
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Definition 7.18.

MNP (z)N E)

e . . /
B . {1: cE V>, P @)

21—5}.

Claim 7.19. For alld > 0 35 s.t. AE" ( ) ) > 1-4. In other words, 2 P(f()r;f) oo,
1 for A-a.e. v € E.

Proof. This is the Lebesgue density lemma, where instead of using a differentia-
tion basis of balls, we use the nested Yomdin partitions P’ := {Im(c o 6y) : ;¢ € Oy, i’ € T¢}.
For the sake of completeness, we present a short proof. It is enough to

show that the set E7 := {z € E : liminf, W < 1—~} has zero A\-measure

for some v € (0,0). Let F7 := {z € E : hmlnfg%x()r;f) < 1—~} We fix

€ (0,6) s.t. A(E?) = A(F7). For any = € E° and for any N we let {y(z) :=
IEin{E >N :~%~< 1—~}. Then the sets E(N) := U,eir P () satisfy
EYC Oy 4 EY(N) C F7. To see the last inclusion, note that if a point 2’ lies in all
of E7(N), then for infinitely many ¢’s, it belongs to P(z) where % < 1—7.
Moreover as E is compact and the diameter of P’ is going to 0 with ¢, we have

also 2/ € E. Hence 2’ belongs to E7. However, it follows from definition that
AE") < (1 =~v)A(EY(N)). Consequently A\(EY) = limy A(E7(N)) = 0. O

Definition 7.20.
(1) Given £ € N, set

PL:={PcP':PNE#a}.

(2) Let U5 to be the smallest natural number to satisfy Claim 7.19, and to

satzsfy AULE) <140 forall ¢ > s, then set

,\(E

B0 . ptso

Remark: Definition 7.20 is proper, as since £ is compact, £ = (1,5, U PL.
Corollary 7.21. For all 6 > 0, for all {5 < ¢, for all N € N, for all x € B

NP @)NE) _APN@NE) L,
NP@) AP @)

Definition 7.22.
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n ANPNE
(1) ESN3 = {P e PHN  AT5E > 1 — 5},
~ NP EZ,N,J
(2) Poo = { Pi(a) : MRS > 1 - V25,
(8) Given x € E, and {;N € N,

(z) = Apt(oynBens 09"
= TN (P 2) N E)

2,

O ’Wg(l'),

S

(4)

1
M6 .
P = / ~ ) Sm@aend

25 géeBGﬁ{Nn(z):
Pt(a)ePtNn b

Remark: Note, E® C E“N9 when ¢ > {5, by Corollary 7.21.
Lemma 7.23. For all 6 > 0, for all ¢ > (s,
ME"N?) > NE) > M| Pf) — 20.

This is a consequence of Claim 7.19.

Lemma 7.24. For all 6 > 0, for all £ > {5 and N € N,

AUPAUPE) < Va0,

Proof. By Lemma 7.23,

> AP)-(1- “’T(—f)m = MU PE) - MBS) < 26

Then by the Markov inequality,

A(P N ESN9)
O . < V26.
MU{per oS! V26}) < V28
Il
Lemma 7.25. For all M € N, for all ¢ > U, for every P € ﬁé’N"s N Pé’M, where
Pé’M is defined as P“M where E,, = E, for all h € Lip(M) with 0 < h <1,
v peva(h) = e 0)(P)(h) £ Lip(h)e 2",

and v (E“N9) > 1 — /26,
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Proof. This lemma follows from the definition of ﬁK’N’(S, when we follow the

scheme of proof of Theorem 7.16. O
Lemma 7.26. Let n; s.t. pM° —— pM9 for all M € N and § € QT. Then,
7 j—oo

ﬁM’(; o ﬂ_fl pM o ﬂ_fl.
6—0

Proof.

l
0<pMonrt—pMoont <2240
n

Corollary 7.27. For p-a.e. w,

Ow © w = Ve
Proof. We may follow the proof of Theorem 7.16, where the only two inequalities
of (22) and (23) can now be reversed; While the constant 55 can be replaced
by e*?. Indeed, when sending § — 0, we conclude that for p o 77 t-a.e. w,

Joow ldpy = V. O

Corollary 7.28. For every G-u-Gibbs measure [', ji' can be written as ' =
[ 1dp(w) where for P-a.e. fim, flo = V.

Proof. We may assume w.l.o.g. that 7’ is ergodic (recall the remark after Defini-
tion 1.2). Therefore, we may assume that the set E (recall Proposition 7.17) is a
subset of the pi’-generic points and carry out the construction of j1 accordingly
In particular, it follows that 7 oc limy, lim; [, - y ZeGBGM (@) Ogt()dA < 11, where

o denotes proportlonahty Since i is ergodic and both jz and i’ are probability
measures, i = j’. By Corollary 7.27, we are done. O

8. ERGODIC AND GEOMETRIC PROPERTIES OF THE INVARIANT MEASURE

8.1. Positive exponents tangent to disks, and disks subordinated to
unstable leaves. In this section we prove some of the geometric and ergodic
properties of the measure we construct in §6. Namely, we show that it admits at
least k-many exponents larger than y almost everywhere. In addition, we prove a
lower bound on its entropy by the Lyapunov exponents, which is not given by the
standard entropy formula (as we do not assume that the measure is an SRB, nor
a u-Gibbs measure, and moreover its disintegration is not given by a measurable
partition).
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Corollary 8.1 (k positive exponents). For p-a.e. w, Im(w) is contained in an
unstable leaf, and 11 admits at least k exponents greater than x.

Proof. By (29), for p-a.e. w, for every x € w,

_logZ}.

tm(ew) € {y € M limsup — log (e}, /(1) < 2

Hence it is a classical fact from Pesin theory that for p,-a.e. x € w,
: 1 _ _
Im(w) C V¥(z) := {y eM: hmsupalog d(f ™), f™y)) < 0}.

In particular,
dim(V*(z)) > dim(Im(w)) =

k.
In addition, by (30), for pg-a.e. z, xc, (7, ¢(Ty@)) > X. One can easily check
as in Lemma 5.4 that for all m € N,

1C) (2, U Ty))] < (g™ oo

D =)

and so i admits at least & Lyapunov exponents (w.r.t. f) greater than X > y
a.e., tangent to the disks. O

Remark: In particular, it follows from Corollary 8.1 that i is a G-u-Gibbs
measure over k-disks. By (31), we show further that for p-a.e. w, for uy-a.e. x,
X
p

liInq%oo XAk,q (QZ', L(Tfﬁw)) > > % (f>

8.2. The invariant measure gives no weight to sources.

Definition 8.2. A point x is called a source if it is a periodic point with only
positive Lyapunov exponents.

Claim 8.3 (No sources). i gives 0 measure to sources.

Proof. 1t is a classical theorem that every ergodic measure with only positive
Lyapunov exponents is carried by a source. However, i1 has absolutely continuous
conditionals, hence gives zero measure to periodic orbits. Therefore almost all
ergodic components of u are not sources. U
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8.3. Entropy and exponents. In this sub-section we prove a lower bound to
the entropy by the positive Lyapunov exponents. In particular this implies the
presence of negative Lyapunov exponents. Since our measure is not given by
a disintegration w.r.t a partition subordinated to an intermediate unstable foli-
ation, we cannot use conditional entropies. The proof relies on a technique of
Besicovitch-Bowen covers.

Definition 8.4 (Pesin blocks). Let v be an f-invariant ergodic probability mea-
sure which admits a positive Lyapunov exponent. Denote by
X = X(¥) = (x1, M1, -+, Xey» Ty ) the positive Lyapunov exponents, and dimen-
sions of the corresponding Oseledec subspaces of v in a decreasing order.
(1) Let 0 < 7 < 7y = 153 min{xe,, Xi — Xi+1 01 < € — 1}, and let Cy - (+) be
the Lyapunov change of coordinates for points in
LR, = {Lyapunov regular points with an index X} (see [31]).

(2) Let PRy = {z € LR, : limsup,,_, Llog |CE(f™(2)]| = 0,¥0 < 7 <
Ty}, the set of X—Pesin regular points which carries . PR = Ux PRy s
called the set of Pesin regular points. ;

(3) Given x € PRy, let E;(x) be the Oseledec subspace of x corresponding to
Xj-

(4) A Pesin block A%’T) is a subset of U,/_|. <. PRy which is a level set
lgr > 7] of a measurable function qr - le w<r PRy = (0,1) s.t. (a)

q;"f =e*, (b) ¢.(-) < —L—. Often we omit the subscript { when the
IC- O h
dependence on { is clear from the contet.

Definition 8.5. Let i = [ fi,dfi(x) be the ergodic decomposition of fi. Set
X1(z) > ... > Xu@(x) > 0 to be the list of all positive exponents of jiy, for
ji-a.e. x.

Remark: Note, by Corollary 8.1, u(x) > k for fi-a.e. x.
We are now in a position to prove Theorem B.

Theorem 8.6 (Entropy and exponents). Let i be a G-u-Gibbs measure over
k-disks. Then for i-a.e. x,

Proof. Let uw > k s.t. p({z : w(z) = u}) > 0. Let h > 0, and let x; > ... > xu
st for x = (x1,m1,. .+, Xu, M), and 0 < 7 < 7, we have [i(€2;) > 0 where
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w.lo.g (> % and (recall Definition 8.4),

Q= {z e AN s u(z) = u by (f) = h+ 7},

By [6, Lemma 3.1, Theorem 3.4|, for fi-a.e. z,

-1
hz,(f) =lim lim sup — log fi( B(z, n,e~"™"))

=0 pace M

T S o
:lgxg)llgnglogu(B(x,n,e ),
where B(z,n,e™) := {y : V0 < j < n,d(z,y) < e ™} with d(-,-) being the
Riemannian distance on M. Therefore, there exists n, € N and 0 < r < 7 s.t.
ﬁ(K‘r> > (1 - T)ﬁ<Q‘r> Where,

K, :={zx € Q. :VYn>n.,a(B(x,n,e ™)) = e "aNETY

Let w € W s.t. op 0ow (K,;) > 0. Let 2y be a g, o w '-density point
of K,. Recall that by Corollary 7.28, 0 o @w ! = v. Recall also that by the
definition of a G-u-Gibbs measure, for every x € Im(w) N K,

(82) Im () € Wl (x).
For p-a.e. @, let L, := max (‘j’/(—:, so for all z € K, NIm(w),
(33) Vo(B(z,n,e™"")) < L e iy mixi g3drn

by (32), and by bounding the Ay-volume of a cross-section of the Bowen ball (in
a Pesin chart).

Let n > n/, and cover Bimw)(%o,e ") N K; by a cover C, of balls of
the form B(-,n,e™™"), centered at elements of K; N Biy() (20, ") and with a
multiplicity bounded by e3¢™. This is possible by [6, Lemma 2.2]. Then,

ve(B(wg, e ") N K,)
(34) L _nZ?‘:k'H m;iXi p3dTn S#Cn S min ZZ(B)
o "€ i=u (& BeC,
<€nhﬁm (f)+n7'63d7'n.

Since xg is a density point, we may assume w.l.0.g. that vy (B(xg,e ") N K,) >

Wo(B(zg,e7")) > %ie*mk. Thus in total,

1
—e

n Z;_‘;jﬁq miXi e—SdTne—m-k < enhﬁz (f)+4d’rn'
212 =
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We get hg, (f) > S mixi(x) — 10dr, for fi-ae. 2 € Q,. Since 7 > 0 was
arbitrary and x was arbitrary, we are done.
O

Corollary 8.7. hs(f) > IZ“("E (@) di(x).

Proof. 1t follows from the affinity of both sides of the equation in Theorem 8.6
w.r.t. the ergodic decomposition. O

8.4. Disintegration by embedded disks. Recall the definition of v in Defi-
nition 7.3 for any w, and the following remark.

Lemma 8.8. The measure [i can be written as i = [vgdp', where p' is a
probability on W s.t. p'-a.e. @ :[0,1]F — M is a C""1! embedding.

Proof. First, by the definition of v, (for p-a.e. @), if Im(@’) C Im(w), then
Velinte) = VaIm(&)) - V.

This can be seen as both measures are given by the same density function, nor-
malized each over its respective domain.
By Sard’s lemma, v, (w[Jac(w) = 0]) = 0. We write the open set [Jac(w) #
0] C [0,1]* as a countable disjoint (up to zero volume set) union of subcubes C
such that @l is a diffeomorphism onto its image. Then we let P, := {w|¢, C}.
We consider the probability p’ on W defined as follows

Vh e C(W / S v (im(@)) - b )dp().

w E’Pw

To take care of measurability of the integrand, the cubes can be chosen in
the following measurable way: We start by subdividing [0, 1]* into k-cubes C' of
size 3. We leave the cubes which do not intersect [Jac(w) < 1] and whose image
under w is a “good graph”, where a “good graph” is the graph of a 1-Lipschitz
function over Im(d,.w) where x¢ is the center of C. We continue subdividing
the rest of the cubes by cubes of halved size, where we requires the cubes in the
N-th step to not intersect [Jac(w) < 3 -]. We continue this way by attaining a
(possibly infinite) collection of cubes whose size is a power of £ 5, and whose image
under w is a local graph with a non-vanishing Jacobian. The set [Jac(w) = 0]
is closed, and so any point outside of it is covered by our collection, as it admits
a small neighborhood where the image under w is a good graph by the inverse
function theorem. For every possible cube in the collection which we describe,
the properties we require are a closed property in w, and so the integrand is
measurable.
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We continue to show that p’ satisfies what we need. Indeed, since v, =

Y Vp(Im(@')) ve, weget = [ > ve(Inm(@)) Ve dp(w) = [ Ve dp' (o).
w' €Pw ' EPw
U

9. THE STRONG VIANA CONJECTURE

9.1. Hyperbolic SRB measures for co-dimension 1. As a first step towards
the proof of Theorem D, we prove the existence of a hyperbolic SRB measure in
the co-dimension 1 case.

Claim 9.1. If k =d — 1, then i from §6 is a hyperbolic SRB measure.

Proof. By Theorem 8.6 and Corollary 8.1, almost every ergodic component of
it has positive entropy, and hence by the Ruelle inequality it admits a negative
Lyapunov exponent. Therefore, there are at most (d—1)-many positive Lyapunov
exponents at almost every point. By Corollary 8.1, almost every point admits
at least (d — 1)-many positive Lyapunov exponents. Thus in total, almost every
point admits exactly (d—1)-many positive Lyapunov exponents, and one negative
exponent. By Theorem 8.6, a.e. ergodic component of fi satisfies the entropy
formula, thus it is a hyperbolic SRB measure with exactly (d — 1)-many positive

Lyapunov exponents.
O

9.2. The strong Viana conjecture. In this last section we prove Theorem D
and Theorem C.

9.2.1. New negative exponents.

Definition 9.2. For k € {1,...,d — 1} and x € M, we set

s, (x) ;= lm lim sup lim inf 2, T
k+1( ) A q_)oop P k+1,q,n,A( ),

where
- : 1 (@) . 4t
%k—l—l,q,n,A(x) = LCI{Illl}’.ln} #C Z q)k-i-l © f (‘7“)7
An<#L<n teL
and

1y I dof]
o = —log" u .
o) = OB AR g, ]
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Remark: The exponent s, ,(x) does not depend on the choice of the norm on

ANTM, | = 1,--- ,d. For an appropriate norm, the ratio ””Akd””fqu

TARFTd, Fa] is jUSt the

inverse of the (k + 1)-th singular value of d, f9.

Definition 9.3. For x € M we denote by pw(x) the limit set of the empirical

measures {v{" },>o where v =137, 60y, Given k€ {1,....d—1}, set
Br+1(x) == sup esssup, Xp41.
vepw(x)

Proposition 9.4.
i < max{—fi, 0},

Proof. Let 6 > 0. Let A > 0 and go s.t. for infinitely many ¢; > qo, ,,,(z) <
lim inf %k_+1,n,qz-,A(x) + g. For all g; > qq, for all n > n;, let En ¢ Which attains the

minimum s.t. #L,4 > A-n and s, (z) < ﬁ Zéeﬁnq k+1 o ff(x) +

Then for any subsequence n; 1 oo s.t. nit > t<n, Oft(z) = V (that is for any
v € pw(x)), by a diagonal argument there exists a sub-subsequece {n;};>o C
{n¢}i>o s.t. #£ Zzan s Ope(n) = Vg, for all ¢; > qo.

We can ﬁx q(;,,, > qo s.t. for all ¢ > g¢s,,
(35) V([q)](g,’)_l = max{—xp41,0} £V3]) > 1 —A ..

Assume w.lo.g. that ¢s, € {g;, ¢ € N}. Then, indeed, v, - A < v, and
fq)l(ﬁ’f)dyqa,u = %k_+1< z) — 0.

Then vy, ([@,&%‘:f) > s..,(x) — V0]) > & otherwise for all § > 0 small
enough so ¢ - log My — Vo < =94,

/‘qu_if dvgs, < 0log My + s (1) — Vo < #,,1(x) — 6, a contradiction.

Therefore,
V(@01 > sa (@) = V3)) = AS,
and by (35), we get

v([max{—xxs1,0} > 5, (z) — 2V4]) > 0.
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Therefore, s, (z) < infyepy(a) essinf, max{—xx41,0} + 24/ for all § > 0
sufficiently small, so that

s (2) < inf( )essinf,, max{—xXx+1,0}
vepw(x

= max{— su;() )ess sup, Xx+1, 0} = max{—L+1(x),0}.
vepw(x

Lemma 9.5. When x is not a source we have

Proof. If B4(z) > 0 there is v € pw(z) with an ergodic component ¢ satisfy-
ing xq(§) > 0. Therefore £ is the atomic measure at a source. Then we have
necessarily pw(z) = {v} = {£} and x is a source. O

Recall that yj41(x) denotes the (k 4 1)-th Lyapunov exponent at z (with
multiplicity).
Lemma 9.6. For an f-invariant probability v, for v-a.c. x, »_,,(x) = max{—xx41(v),0}
and Xr41(7) = Brga ().

Proof. v-a.e. x is typical w.r.t. an ergodic component of v, hence we may assume

w.l.o.g. that v is ergodic. Let A € <O, W), and let 0 < 7 < A2

Given z, let ¢, € N s.t. for all ¢ > ¢, -, q),(cﬁl(ac) = max{0, —xgr1(z)} £ 7.
Let g, sufficiently large so v([¢,» < ¢7]) > 1—=3. Let n. s.t. v(;) > 1—7,
where

1
Q, = {x :Vn > n,, — Z Ligo.<q o fiz) > 1~ T} .
n I<n

Then for any = € ), for all n > n,, for all ¢ > ¢,

_ A—1 T
Arrana(®) = (max(0, (2} £7) 5T £ T log My

Therefore lim,, s, | ., (%) = max{0, —xx41(7)} VA, for all p > p, for
all x € 2.. Then we are done as the measure of €2, can be made arbitrarily close
to 1, and we may send g to oo and A to 0.

The assertion concerning [ follows easily from the definition as pw(x) =
{v} for a typical point x for an ergodic measure v. O
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Definition 9.7. For x >0 and k € {1,...,d — 1}, let
k._ . -
Hypy := {x € M : \(2), 54,4 (2) > X}'

Remark: Notice, in particular there is no condition on the angles between ex-
panding or contracting directions for points in Hypi.

9.2.2. Invariant measure with non-zero Lyapunov exponents. Recall the construc-
tion of the sets E,, C E from Definition 5.20. We will now consider them as a
sequence of subsets of Hypi, where we assume Volk(Hypf() > 0.

Theorem 9.8 (Strong Viana Conjecture). If Vol(Hypfc) > 0, then there exists
a x-hyperbolic SRB measure with exactly k positive Lyapunov exponent almost
everywhere.

Proof. We provide a proof for a stronger statement, where we only use the fact
that for x € Hypi, we have A\g(z) > x and Sy41(x) < —x (recall Proposition 9.4).

For all N € N* we let Cy C By, (0, N) s.t. Upeey By, (B: %) is a finite
cover of By, (0, V) C Lip(M). Then

A = Y 3 gl = nlh)

N>1heCn

defines a convex metric on P(M) compatible with the weak-* topology, i.e. d(an+
(1 —a)v,an + (1 —a)v) < ad(n,n') + (1 —a)d(v,v') for any a € [0,1] and any
v,V € P(M).

Let IC(P(M)) be the set of compact subsets of P(M) endowed with the

Hausdorfl-Gromov distance.

Let F:={x € M : Biy1(z) < —x}. Since the map x — pw(z) is Borel (see
for example [18, Appendix B]), there is a compact subset £’ C E with a positive
measure such that « +— pw(z) is continuous on E'. Then pw(E’) := J,cp pw(x) is
compact. By Egorov’s theorem, there exists a compact subset of positive measure
£ C E/7 st d(yg(:n),pw(E,)) uniformly
of zi and v as in §6 by the set E”, choosing E,, C E”. We prove now that
Xkr1 < —X H-a.e.

It is enough to show that any weak limit of f, := [ v("P) d)\, has its k+ 1-
exponent negative a.e., since VM, p2 < p-,,. By taking a subsequence of {n;};>o
we may assume that fi,; is converging to a probability p. Hence, p < p - p.

0 on E”. We carry out the construction
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Recall the measure )\, is supported on E)'. By Lemma 6.6, for all x € E,
and y € Py(x), we have d(v{", pw(z)) < d(v{", pw(x)) + \% > ns13v- Therefore

n—o0

SUDye d(l/é”), pw(E')) —— 0. We “discretize” the measure f, : let «a, be

a partition of E" and fix 22 € A C E", for all A € a,, such that i/, :=
> Acay Mn(A) - I/iﬁ'p) satisfies d(fi,, /1l,) TH_‘X’) 0.

Let &' € pw(E'), such that d( gA) = d( ,pw(E’)). Write &, =
ZAEan )\n(A) . 5;? Then we have,

(i, &) < D Al W68 < sup d(rP), p(E)) S5 0.

"
Acan, x€eE

Let ¥ € P(pw(£') be a limit point of {}_ ., An(A) - Geatnso (vecall that
P(pw(E")) is compact). Then = [£d9(€), and so xg41 < —X fi-a.e., as U-a.e.
¢ belongs to pw(E’), where by the definition of fj,1, we have {-a.e. g1 < —X-

Therefore, it follows that yx.1 < —x p-a.e., and so ji-a.e., as the Lyapunov
exponents are f-invariant functions. Since almost every ergodic component of i
is also a G-u-Gibbs measure with a disintegration on disks of dimension £, and
it admits k exponents larger than y almost everywhere, it follows that almost
every such an ergodic component is therefore a y-hyperbolic SRB measure with
exactly k-positive Lyapunov exponents. O

Remark: The same proof applies to show that (note that (x.; may be non-
positive),

(1) If the set [\ > x > a > Bk11] has positive volume for some y > 0 and
for some @ € R (o may be non-negative), there is a u-Gibbs measure
with exactly k£ Lyapunov exponents greater than y, i.e. p has absolutely
continuous conditionals along strong unstable manifolds of dimension £,
and whose (k + 1)-th Lyapunov exponent (with multiplicity) is less or
equal to a.

(2) If the set [\x > x > 0 > (1] has a positive volume, there is an SRB
measure (a-priori perhaps not hyperbolic) with exactly k positive Lya-
punov exponents, and they are greater than y. In particular this provides
an alternative proof of Claim 9.1 which does not involve the entropic
characterization of SRB measures.

We conclude now the proofs of Theorem C and Theorem D by establishing
the basin property.
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Corollary 9.9. Vol-a.e. z € Hypi (resp. Vol-a.e. x with A\g_1(x) > 0) lies
wn the basin of attraction of an ergodic x-hyperbolic SRB measure with exactly k
positive Lyapunov exponent almost everywhere.

Proof. Assume for contradiction that there is a positive volume subset G of Hypf(
s.t. no point in it belongs to the basin of attraction of a x-hyperbolic SRB
measure with exactly k£ positive Lyapunov exponents. In particular, there is a k-
disk D, and a subset F' of GND of positive disk volume s.t. x4, p, (2, (T D)) >
for all z € F', for some py € N (recall §2.2). By Claim 7.19, there is a subset F
of F' with positive disk volume such that

APY2) N F) oo
A(P(2))

uniformly in z € E. Carry out the construction of a hyperbolic SRB measure
pu with with exactly k& positive Lyapunov exponents by this subset E (recall
Theorem 9.8). Recall that 1 > u® = [ 0, 0w tdp®(w) with g, 0w = v, being
equivalent to the induced Riemannian volume on w.

Let A be a Pesin block with p(A) > g For p° a.e. w, for all n large

enough, there exist z,, € F and BG,(z,) > ¢, 7% 50 such that wy, (x,) goes
to o in the C"~1! topology. Fix such a @ with v (A) > 2.

Observe that v-a.e. point lies in the basin of an ergodic component v of
which is also a y-hyperbolic SRB measure with exactly k positive exponents. This
is since ergodic components are saturated by unstable leaves, by the pointwise
ergodic theorem.

Set A, := AN B(v), and so, in particular, vy(A,) = vm(A) > 2. For

a subset K of M we denote its stable set by V*(K) := {x e M: Jy e

K st. limsup,, L logd(f™(z), f™(y)) < } For all ¢ € N we have f~“[V5(A,)] C
fHVE(Bv))] € B(v).

The stable foliation is transversal to wo as this disk is contained in an

unstable leaf by Corollary 8.1; and wy, () o Then, by the absolute
continuity of the stable foliation, there exists ¢ > 0 such that,

lim inf )\Wn (zn) (@, (x,) NVE(A)) > c.

(36) 1

Thus, as ¢, lies in BG,(z,) (i.e. it admits a uniform lower bound on its
induced volume), we have for some ¢ > 0,
>\w T n) M Ve AV
n Ay (an) (@0, (T0))
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By the bounded distortion property (8), we have

A (P (z,) N B(v)) A (P () N f~ V(M)

lim inf > lim inf
lmnln )\(Pen (xn)) = lmnln )\(Pen (xn))
1 Ay, (& n) V(AL
4 n Awén(xn)(wen(xn))
C/
> —.
(37) >

By combining (37) and (36) we get @ # B(v) N F C B(v) N G. This
contradicts our assumption on G.
O

Finally, we sketch the proof of Corollary 1.5.

Proof of Corollary 1.5. Recall, we consider a partially hyperbolic attractor A of
the form TAM = E* & E° @ E* with limsup, + log Jac(d, f|ge(z)) < 0 for all
x € A Let k = dim(E"). By Remark (2) following Lemma 2.2, we have
Aet1(z) = limsup, % log [|d. f"|(Eears)(x)|| = limsup, % log ||ds f"| ge(y |- Assume
that limsup,, +10g ||y f"|pe() || is larger than x > 0 on a set of positive volume.
Following the construction in §6 we get a generalized u-Gibbs measure over (k+1)-
disks p supported on the attractor A. In particular p has at least one central
exponent larger than y almost everywhere. By the assumption on the Jacobian
of the restriction of the dynamics to the central bundle (i.e. dissipative), u also
admits a central exponent which is less than —y almost everywhere. Therefore,
1 is a x-hyperbolic SRB measure. Finally, the property of the basin is obtained
in the same way as in the proof of Corollary 9.9.

O

APPENDIX A. ERGODIC COMPONENTS OF GENERALIZED u-GIBBS MEASURES

Claim A.1. Almost every ergodic component of a generalized u-Gibbs measure
over k-disks, is a generalized u-Gibbs measure over k-disks.

Proof. Let P, be the ergodic component of x w.r.t. f=!:
P, — {y eM: Vo e C(M),

timsup |~ 37 6(7 (@) — 67~ ()] =0}

n—reo 0<k<n
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It is well-known that the associated partition P = {P,},em is a measurable
partition of the measured space (M, j1) and that the associated conditional mea-
sures {fip, }zem are the ergodic components of . For p-a.e. @w € W we have
Im(w) C Py, 0 € [0,1]* (where py-a.e. z admits V*(x) 2 Im(zw)). Therefore
Q = ®'P is a measurable partition of (W,p) with ® : W — M, @ — @(0).
Then, by denoting the associated conditional measures by pg_, we have for p-a.e.

w/

[ier(0) = / H=dPq_, ().

Thus any ergodic component of the generalized u-Gibbs measure ji is itself a
generalized u-Gibbs measure. O

APPENDIX B. ANGLE ESTIMATES

B.1. Exterior Powers. We endow R? with the Euclidean norm || - || and denote
by (-,-) the associated inner product. For each k = 1,...,d — 1, the induced
Euclidean norm on the k-th exterior power A* (Rd) is defined for indecomposable
vectors Z of AF (Rd), ie., Z =z N...N\z with z; € R%, by the determinant of
the Gram matrix of z1,..., zx:

1Z]* = det ((z;, 2;))

i
and then extended by bilinearity. The associated inner product will also

be denoted by (,) and the corresponding operator norm on A*L (R% R%) and
L (RY,APL (RY,RY)) by || - |

B.2. Grassmanian. The Grassmanian Grass(k,d) is the set of k-planes in R%.
When Z = 2, A ... A 2, is an indecomposable vector of A* (Rd), we denote by
g(Z) the k-plane spanned by z,. .., zx. Notice that a k-plane is defined, up to a
scalar, by a unique indecomposable vector of A* (R?). This is the so-called Pliicker
embedding of the Grassmanian Grass(k, d) in the projective space PAF (Rd) which
we denote by ¢ : Grass(k,d) — P AF (R?). This embedding with the Euclidean
norm on A* (R?) induced a distance on Grass(k, d), called the Cayley distance,
as follows:

(Z,7")

cosd. (L(Z),0(2") = TZIZT
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B.2.1. Stationary Angles Between Planes. Given two k-planes F' and GG, we define
the angle ZF, G between F' and G as follows:

/ZF,G = maxmin Zu, v.
ueF veG

This angle is related to the orthogonal projectors onto F' and G:
Lemma B.1.
sin ZE, F = ||[pg — pr|| -

with pg and pg the orthogonal projector on E and F, and ||| the operator norm
mduced by the Fuclidean norm.

In fact, one can define a sequence of k-angles (0x),_, _, between F' and G,
known as the stationary angles. They are built by induction as follows:

f1 = minmin Zu,v = Zuq, v1.
ueF veG

and foralli=1,...,d—1:

01 = min min Zu,v = Luyg, v;.
u€FulVect(ui,...,u;) vEG,wlVect(vi,...,v;)

This sequence does not depend on the choice of the vectors u; € I and
v; € G which realize the minima in the previous constructions. Observe that
01 < ... <8, The last stationary angle 6; coincides with the angle ZF,G. The
Cayley distance is related to the stationary angles and the angle / as follows:

d
cosd.(F,G) = Hcos (0;) < cos LF,G.
i=1

B.3. Estimates. For a linear map A : R¥ — R? we let V4 = A(R¥) and by abuse
of notations we write A*(A) for AF(A)(e; A -+ Aey) € AF(RY).

Lemma B.2. Let A, B be linear map from R* to R?. We assume that
|AF(A) = AR(B)|| < K ||A*(A)|| with K < 1. Then,

K2
< - .
d.(Va,Vp) < arccos (1 i K))

In particular for K = 1/10 we get £V, Vg < d.(Va,Vp) < /6.
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Proof. We first remark that

[AMB)| = [[A* (A = [[A(A) = A*(B)|
> (1- K)|a*(4)].
It follows that

I B

But the square of the left member can be rewritten as

[AF(A) = A¥(B)]| <

[AF(A) = ARB)|* = [[AMA)]]° + | AR(B)||” = 2(Ak(B), A*(A)).

Therefore we conclude that

(N, N B) [N+ BT (A B) = AR
INCTIABIT 2[R ATIARB) 2 [AAIA*B)]
K2
=1 wy

O

Lemma B.3. Let D be a C' embedded k-disk of R* an E be a vector subspace of
Re of dimension k with /T,D, E < 5 forallz e D.

Then, for any x there is € > 0 such that D N B(z,e) =1T'y, where ¢ : E, C
E — Et is a C function with ||d.| < 1.

Proof. 1t is enough to see that any vector v € T,D writes as v = vg + vgL

with vy € E, vgr € E* where ||vg| = ||z||/(1 £ ||pr,p — pEl]) and |Jvg.| <

[zl - lpr.0 — pel- O
APPENDIX C. COVERING NUMBER OF C" SMOOTH DISKS

For a subset £ of R? we let Cov(E, R) be the minimal number of euclidean
balls of radius R covering F.

Lemma C.1. Let o : [0,1]* — R? be a C" map witk k < d. Then there is a
constant C,. 4 depending on r and d such that

Cov (Im(e),1) < C, gmax (1, |d"a|[)*/" max | Abdo|.
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Proof. By Lemma 4 in [17] (or Chapters 5 and 7 of [53]) it holds for any polyno-
mial map o of degree less than r. We deduce the general case by polynomial in-
terpolation. We first subdivide [0, 1]¥ into subcubes C of size max{1, ||d"c||} /"
Let oc = 0 o0 f¢c with 0¢ : [0,1]' — C being an affine reparametrization of C.
Then ||d"oc|| < 1. Consider the Lagrange interpolation polynomial P¢ of ¢ at
the center of C. We have ||Pc — o¢||» < 1. Moreover by Lemma 6.2 of [53] we
have for all z € [0,1]", for all [ = 1,...,k and for some constant C; depending
only on d with the convention || A® o¢|| =1

l
I A" Po()|| < Ca) || N doc(@)lllldeoc — duPel|' ™,

=0
< dCy max || Al do.
0<I<k
Therefore we have for some constants C, 4 which may change at each step

Cov(Im(oc), 1) < 2%Cov(Im(Pc), 2)

< C.4 max max || A dPc||
T 0<I<k

< Cq max max || Al dog||.
“0<i<k

Thus,

(1]

2]

Cov(Im(c),1) < C,4l|d || max | A doc.
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