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Abstract. We show that for every C∞ diffeomorphism of a closed Riemann-
ian manifold, if there exists a positive volume set of points which admit some
expansion with a positive Lyapunov exponent (in a weak sense) then there
exists an invariant probability measure with a disintegration by absolutely
continuous conditionals on smoothly embedded disks subordinated to unstable
leaves. As an application, we prove a strong version of the Viana conjecture
in any dimension.

Our methods include developing a quantitative approach to high-dimensional
Yomdin theory which allows to control the geometry of disks, and introducing
a notion of “measured disks” in order to provide a disintegration by absolutely
continuous conditionals. In particular, we provide also a new proof for the
case of surfaces (a previous result by the second author) proving directly the
absolute continuity of conditionals rather than mere entropy estimates.
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1. Introduction, main results, and key steps of proof

1.1. Introduction. A dynamical system is a pair (X,T ) composed of a space
X endowed with a transformation T : X → X. One of the key problems in
Dynamical Systems is to study the statistics of a chaotic system at a steady state.
This heuristic is interpreted as studying the collection of invariant probability
measures which govern chaotic orbits (“chaos” can be interpreted as positive
entropy, or exponential sensitivity to initial conditions in Smooth Dynamical
Systems- that is positive Lyapunov exponents- or both). An invariant probability
measure is a probability p ∈ P(X) s.t. p(E) = p(T−1[E]) for all E ∈ B(X), the
Borel sigma algebra.

The first problem with which one is faced is then, which measure should we
single out? Uniquely ergodic systems, which admit a unique invariant measure,
often do not answer all criteria for chaos. When a system is not uniquely ergodic,
there are natural candidates for reference measures in which we are interested.

In Smooth Dynamical Systems- that is differentiable maps of Riemannian
manifolds- the most natural reference measure is the Riemannian volume of the
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manifold. This is due to several reasons: The first reason is the underlying
physical assumption on the mathematical model, which asserts that when we
carry out an experiment or a simulation of the system with a random initial
condition, this initial condition is chosen randomly w.r.t. the Riemannian volume
of the manifold (also sometimes called the Liouville measure).

The second reason which makes the Riemannian volume a natural candidate
for a reference measure is the obvious relationship with the geometry of the space.

The third reason is the fundamental Liouville theorem, which asserts that
whenever the system admits no dissipation/heat loss/friction (i.e a closed Hamil-
tonian system), the Riemannian volume is an invariant measure. This fact is
very useful, as invariant measures admit many statistical properties, which are
studied in the field of Ergodic Theory.

However, it is natural to wish to extend the scope of the systems which
we study beyond the non-dissipative systems. What happens in a system which
has friction? Or for example the earth’s atmosphere which constantly gets heat
insertion from the sun? In those cases we do not expect the Riemannian volume
to be an invariant measure, while we still wish to find natural reference measures
for the system which are invariant (as we are interested in the unique statistical
properties that invariant measures govern).

Uniformly Hyperbolic systems are differentiable maps which admit a con-
tinuous decomposition of the tangent bundle into two invariant sub-bundles, such
that on one sub-bundle the differential uniformly contracts tangent vectors, and
on the other the differential uniformly expands tangent vectors. For Uniformly
Hyperbolic systems, the groundbreaking works of Sinai, Ruelle, and Bowen give
an answer to the question in the paragraph above (see [46, 43, 12, 13]). They
study a class of measures which are called SRB measures (named after them),
which are invariant measures with compatibility with the Riemannian structure,
even in cases where the Riemannian volume is not preserved.

From now on, we only consider C1+ϵ, ϵ > 0, smooth diffeomorphisms. In
this setting, SRB measures are invariant probability measures, which when disin-
tegrated on unstable leaves1 (in the sense of the Rokhlin disintegration theorem),
admit conditional measures which are absolutely continuous w.r.t. the induced
Riemannian volume on the unstable leaves. This produces the first instance of
compatibility with the Riemannian volume.

The two more reasons which make SRB measures an object of importance
are:

1Unstable leaves are embedded disks which are tangent to the asymptotically expanding direction of the
tangent space of points with positive Lyapunov exponents (i.e exponential sensitivity to initial conditions).
Their existence is given in [38, 45].
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(1) Physicality: Every ergodic and hyperbolic SRB measure ν is physical [34]:
its basin

B(ν) :=
{
x ∈ M : ∀ϕ : M → R cont.,

1

n

n−1∑
k=0

ϕ(fk(x)) −−−→
n→∞

∫
ϕ dν

}

has positive Riemannian volume. This was first shown for Uniformly
Hyperbolic diffeomorphisms by Ruelle [43]. Physicality does not imply
the SRB property. For the gap between the two properties, see [48].

(2) Entropic variational principle: SRB measures satisfy the entropy formula:
hµ(f) =

∫ ∑
i:χi>0 χi(x) dµ(x) where χi(x) is the i-th Lyapunov exponent

of x (with multiplicity),[43, 39, 34, 35]; and the l.h.s. is strictly smaller
than the r.h.s. for all other measures [43, 44, 36].

In particular, note that the physicality property admits an additional notion of
compatibility with the Riemannian volume. For more properties of SRB mea-
sures, see [52].

Unfortunatelly, SRB measures do not always exist, even for “nice” systems
(see [28] for example). This fact pushed forwards the field of Smooth Dynamical
Systems for almost three decades, in trying to understand which systems admit
SRB measures, or a corresponding object of interest.

For unimodal interval maps with a negative Schwarzian derivative, Keller
showed that there is a positive Lebesgue measure of points with a positive Lya-
punov exponent if and only if there exists an absolutely continuous invariant
measure [33].

In the non-uniformly hyperbolic setting, in her celebrated result [51], Young
showed the existence of an SRB measure for non-uniformly hyperbolic maps with
Young towers, subject to an assumption of integrability of the return-time to the
base of the tower w.r.t. the Riemannian volume. In [22], the authors study the
existence of an SRB measure through the positive volume of “effectively hyper-
bolic” points. Another important approach and body of works is the study of
existence via parameter families. For example, such as in the setting of quadratic
families and Hénon maps (see [29, 7, 8, 9]).

Indeed, most approaches to constructing SRB measures rely on a hyperbolic
structure (which holds for surfaces for every measure with positive entropy, by the
Ruelle inequality [44]). Very few results address the construction of SRB measures
in high dimension, in a general setup which allows 0 Lyapunov exponents. In [5],
the authors construct SRB measures for a general diffeomorphism whose volume
converges exponentially fast to a limit under the dynamics.



GENERALIZED u-GIBBS MEASURES FOR C∞ DIFFEOMORPHISMS 5

The partially hyperbolic setting is where the tangent space splits continu-
ously everywhere into three invariant sub-bundles. An unstable bundle Eu which
expands uniformly, a stable bundle Es which contracts uniformly, and a central
bundle Ec, which is uniformly dominated by, and dominates, the unstable and
stable bundles respectively. One often bunches together the unstable and central
bundles or the stable and central bundles (denoted by Ecu or Ecs respectively),
which uniformly dominate Es or dominated by Eu respectively. In this setting,
where Es is allowed to be trivial but not Ecs, in their celebrated work [40], Pesin
and Sinai construct u-Gibbs measures. That is, measures with an absolutely con-
tinuous disintegration on strong unstable leaves. For such partially hyperbolic
systems which admit only negative Lyapunov exponents in the central bundle
volume-a.e., these u-Gibbs measures are in fact SRB [11] measures.

More in the partially hyperbolic setting, allowing Eu to be trivial but not
Ecu, in [2, 3] the authors showed that volume-a.e. point which admits only posi-
tive Lyapunov exponents in the central bundle (for a certain notion of Lyapunov
exponent, see the discussion below), lies in the basin of an ergodic hyperbolic
SRB measure.

Then M. Viana posed the following conjecture in his famous ICM talk.

Conjecture (Viana [1]). If a smooth map has only non-zero Lyapunov exponents
at Lebesgue almost every point then it admits some SRB measure.

The importance of Viana’s conjecture is two-fold. First, it is stated in a very
elementary and natural way, and second the condition it suggests is important in
terms of physical testability, as one would have to check random initial conditions
and observe whether expansion happens or not.

Given a point, its Lyapunov exponents estimate exponential expansion /
contraction rates associated to the action of the differential. These exponents
are commonly used when x is typical for an invariant measure or satisfy some
regularity. By using Markov partitions, the first author [4] proved a version of
Viana conjecture for C1+ϵ diffeomorphisms of manifolds in any dimension by
assuming a positive volume for a collection of hyperbolic regular points (see also
[23] for a related result for surfaces, using Young towers and [18] for another
notion of regularity for C∞ systems).

In the present work we do not assume any kind of regularity, and so Lya-
punov exponents may be defined in different ways. For example, we may consider
the top-upper exponent

(1) χ(x) := lim sup
n→∞

1

n
log ∥dxfn∥,



6 S. BEN OVADIA, D. BURGUET

or the top-lower exponent χ(x) := lim infn→∞
1
n
log ∥dxfn∥. In any case, any such

notion should coincide with the common definition of Lyapunov exponents for
typical points with respect to invariant measures.

Recently some progress has been made regarding the Viana Conjecture for
C∞ diffeomorphisms of surfaces ([21, 19]). In [19] the second author proved more

precisely that for a Cr diffeomorphism, r > 1, Lebesgue a.e. x with χ(x) > log ∥d·f∥
r

lies in the bassin of an ergodic hyperbolic SRB measure (see also [24] for Cr

interval maps). In these settings, the lower bound on χ is sharp [18, 15]. Morally,
Cr smoothness allows one to bound the distortion in the dynamics of disks, similar
to the role of domination in partially hyperbolic systems.

Before moving to the description of our main results (which indeed apply to
manifolds in any dimension), we wish to describe the limits of the general Viana
Conjecture in high dimension. Consider the famous “Bowen’s eye” example (see
[30]), which admits a single hyperbolic fixed point p. It can always be made to
be C∞ smooth. Consider the product dynamics of this map, times a hyperbolic
linear toral automorphism A of the 2-torus, where we assume w.l.o.g. that the
exponents at the fixed point on Bowen’s eye dominate the derivative bounds of the
toral map. In this product dynamics which is C∞ smooth, every point admits
a positive Lyapunov exponent, and there are no measures with 0 exponents.
However, the system admits no SRB measures. This can be seen by the fact
that the Bowen’s eye example admits only 4 ergodic invariant measures, all Dirac
delta measures- three are on fixed points which admit only positive Lyapunov
exponents, and one on the hyperbolic fixed point. By making the exponents at
the hyperbolic fixed point in the Bowen’s eye dominate all exponents in the toral
automorphism, we can guarantee that there is even no invariant measure with
absolutely continuous conditionals on strong unstable leaves (i.e no u-Gibbs).

Therefore we can see that in dimension larger than two, expansion alone is
not enough to conclude the existence of an SRB measure, nor a u-Gibbs measure.
But still in the above example there is a measure with some absolutely continuous
property, which is the product δp × µSRBA of the Dirac measure δp at p with the
SRB measure µSRBA of A (just the Lebesgue measure on T2 in this case). In the
present paper we prove a strong version of the Viana Conjecture for C∞ diffeo-
morphisms, by showing that volume almost every point with non-zero Lyapunov
exponents lies in the basin of a hyperbolic SRB measure (see §1.2.2). This will be
a consequence of our main result which implies the existence of a measure with
absolutely continuous properties assuming only expansion at Lebesgue typical
points. It addresses in particular the above example. More precisely, if the k-th
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exponent is positive on a set of positive volume, then there is an invariant mea-
sure which disintegrates into smooth measures on k-disks which are contained in
local unstable manifolds (see §1.2.1).

In §1.2 we describe our results and in §1.3 we give a detailed description of
the steps of our proof, which follows a geometric approach. However, allow us to
give a brief overview of these steps first.

(1) First we wish study the geometry of a k-disk which is pushed forwards
by the C∞-dynamics, using Yomdin theory. This poses several new chal-
lenges, compared to previous works which study the geometry of curves,
e.g [21, 19].

(2) The refined Yomdin theory is then used to find points with a positive
density of times with bounded geometry, which is adapted to the notion
of expansion on disks.

(3) Finally, we construct an invariant measure using a notion of Measured
Disks (morally similar to standard pairs [25]). These disks do not come
equipped with a compact space of densities, and so proving that the lim-
iting measure is absolutely continuous requires a new approach of com-
paring measures via atoms of the Yomdin partition.

1.2. Main results. Let M be a closed Riemannian manifold of dimension d ≥ 2,
and let f ∈ Diff∞(M). We denote the Riemannian volume of M by Vol. Below
we extend the notion of a Lyapunov exponent in the weak sense from (1).

1.2.1. Generalized u-Gibbs measures. Let ∧kTM be the k-th exterior power bun-
dle of the tangent space TM endowed with the Riemannian structure inherited
from M. We denote by ∧kdf the map induced by df on TM.

Definition 1.1 (k-th exponent). For a point x ∈ M, its k-th exponent, where
k ∈ {1, . . . , d}, is defined by df on ∧kTM.
λk(x) := limp→∞ λk,p(x) = supp∈N λk,p(x) and

λk,p(x) := lim sup
n→∞

1

n

(
log ∥ ∧k dxfn∥ −

1

p

n−1∑
j=0

log+ max
1≤s≤k−1

∥ ∧s dfjxfp∥
)
.

Remark:

(1) λk is defined for every point x ∈ M, is invariant (i.e. λk ◦ f = λk) and for
every invariant ergodic probability measure µ,

∫
λkdµ coincides with the

k-th Lyapunov exponent of µ whenever it is non-negative. For a general
formula, see the remark after Definition 2.1.
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(2) ∀x ∈ M, λ1(x) = χ(x) = lim supn→∞
1
n
log ∥dxfn∥ with the convention

max∅ = 0.
(3) ∀1 ≤ k ≤ d, ∀x ∈ M, λk(x) ≤ lim supn

1
n
log σk(dxf

n) ≤ λ1(x) with
σk(dxf

n) being the k-th singular value of dxf
n.

(4) To see that the definition is proper and that the limit on p exists, see
Lemma 2.2.

(5) λd(x) ≤ 0 for Vol-a.e. x. See for example the remark following Lemma
2.2.

For a smooth embedded disk D we let VolD be the Riemannian probability
volume on D.

Definition 1.2 (Generalized u-Gibbs measure). Let f be a C1+ϵ diffeomorphism
of M, ϵ > 0. Let k ∈ {1, . . . , d− 1}. An f -invariant Borel probability measure µ̂
is called a generalized u-Gibbs measure over k-disks (G-u-Gibbs for short), if it
can be written as

µ̂ =

∫
µϖdp̂(ϖ),

where p̂ is a probability on the space of C1+ϵ embedded k-disks, and

(1) for p̂-a.e. ϖ,

µϖ ≪ VolIm(ϖ),

(2) for p̂-a.e. ϖ, for µϖ-a.e. x,

Im(ϖ) ⊆ V u(x)

where, V u(x) := {y ∈ M : lim sup 1
m
log d(f−m(x), f−m(y)) < 0} is the

Pesin unstable manifold of x.

Remark:

(1) Notice that almost every ergodic component of a G-u-Gibbs measure is
also a G-u-Gibbs measure, as different ergodic components are carried by
disjoint collections of unstable leaves (see Lemma A.1).

(2) In Corollary 7.28, we in fact prove that for every G-u-Gibbs measure, the
conditionals µϖ are equivalent to VolIm(ϖ), with an explicit density given
the by the product of Jacobians.

(3) Note that every G-u-Gibbs measure given by a disintegration by (k + 1)-
disks, is in particular a G-u-Gibbs with a disintegration by k-disks.

(4) If µ̂ is a G-u-Gibbs for fp, then 1
p

∑p−1
i=0 µ̂ ◦ f−i is a G-u-Gibbs for f .

Our main theorem is as follows:
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Theorem A (Main Theorem). Let f be a C∞ diffeomorphism of a closed Rie-
mannian manifold. Then if Vol([λk > 0]) > 0, then there exists a generalized
u-Gibbs measure over k-disks, µ̂.

Remark:

(1) In fact, we construct for every r > 0 a G-u-Gibbs measure where the disks
are of regularity Cr.

(2) Later (see Proposition 7.17), if Vol([λk > a > 0]) > 0, we construct a
G-u-Gibbs measure which satisfies also,

for p̂-a.e. ϖ, for µϖ-a.e. x, lim
p→∞

χAk,p(x, Txϖ) > a,

where Ak,p is a linear cocycle over (M, f,∧kTM) which induces λk,p (see
Definition 2.3).

(3) Our main theorem is optimal in the sense that it applies to the example
which is illustrated in the second-to-last paragraph of §1.1. While that
example does not admit an SRB measure, nor a u-Gibbs measure, it
admits a G-u-Gibbs measure.

(4) The condition in the main theorem is sufficient, but not necessary. To see
this, consider the skew-product on S1×T2 given by F (t, x) = (g(t), ft(x)),
where g : S1 → S1 is a North-South dynamics, fixing 0 and 1, where 0 is an
indifferent repelling point (0 Lyapunov exponent) and 1 is an attracting
fixed point (negative exponent). Let f0 be an Anosov map, and ft be
a homotopy to f1, which is a DA map with an attracting fixed point p
and a repeller (see for example [47]). Thus almost every point w.r.t. to
the volume converges to δ1 × δp, and hence has no positive exponents.
However, the system admits the SRB measure δ0 × µSRBf0

.
(5) While the condition of the main the theorem is not necessary, the proof

quickly reduces to finding a disk with a positive disk-volume of points
which see some expansion tangent to the disk. Such a “leaf condition” is
clearly necessary, and through our construction also sufficient.

(6) u-Gibbs measures (and in particular G-u-Gibbs measures) do not have to
be physical, as can be observed by f = A× Id : T2×T2 → T2×T2, where
A is a linear Anosov map. The diffeomorphism f admits SRB measures,
and satisfies the condition of our main theorem, but admits no physical
measures.

(7) Our proof uses tools from Yomdin theory. Yomdin theory is sufficiently
robust, as it applies to the dynamics of a disk under a sequence of maps,
rather than a single map (with uniform regularity bounds). This implies
potential applications to the setting of random dynamics.
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Conjecture (G-u-Gibbs rigidity). Given an ergodic generalized u-Gibbs measure
µ̂ =

∫
µϖdp̂(ϖ), either µ̂ is a u-Gibbs measure, or for some k, for p̂-a.e. ϖ, for

µϖ-a.e. x, Im(ϖ) is tangent to a sum of Oseledec directions of dimension k at
x, and the conditional measures on the stronger unstable leaves are atomic.

The idea is to study the distribution of the tangent spaces to ϖ within the
projective tangent space of a larger unstable leaf. The invariance of the measure
should imply that either the distribution of directions is atomic (hence allowing
an invariant integration, or the larger unstable leaf is absolutely continuous “in
the direction of ϖ” where these directions are well spread (hence implying that
the conditionals on the large unstable lead should be absolutely continuous as
well).2

The example which is illustrated in the second-to-last paragraph of §1.1
falls within the case where the conditionals on the stronger unstable leaves are
atomic.

Remark: Given the G-u-Gibbs measure µ̂ =
∫
µϖdp̂(ϖ) which is constructed in

Theorem A, we describe the following measure:

µ⋆ :=

∫
µ⋆ϖdp̂(ϖ) with µ⋆ϖ =

∫
δ(x,Txϖ)dµϖ(x)

is an Fk-invariant lift of µ̂, where Fk : Ck(M) → Ck(M) is the map induced by f
on the the k-th contact bundle Ck(M).

In the case where the Lyapunov spectrum of µ̂ is simple we get that any
ergodic component of µ⋆ gives full weight to a direct sum of Oseledec unstable
subspaces. Thus, in this case, for p̂-a.e. ϖ, for µϖ-a.e. x, Im(ϖ) is tangent to a
sum of Oseledec directions of dimension k at x.

In [19], the author conjectures the following:

Conjecture ([19]). Let f : M → M be a C∞ diffeomorphism of a closed man-
ifold. If Vol([Σk(x) > Σk−1(x) ≥ 0]) > 0, then there exists an ergodic measure
with at least k positive Lyapunov exponents, such that its entropy is larger than
or equal to the sum of its k smallest positive Lyapunov exponents.

In the conjecture above, Σk(x) := lim sup 1
n
log ∥ ∧k dxfn∥.

We prove that almost every ergodic component of the measure µ̂ from the
main theorem satisfies the following (recall, almost every ergodic component of
a G-u-Gibbs over k-disks is a G-u-Gibbs over k-disks):

2In [14] the authors study a related notion of “generalized u-Gibbs measures”: if the unstable conditionals
are invariant under the action of an adapted group (given by the normal forms), then either the conditionals
are invariant under the action of a larger group, or the QNI condition [32] is violated.
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Theorem B. Let µ̂ be an ergodic generalized u-Gibbs measure over k-disks. Then

hµ̂(f) ≥
∑

k-smallest positive χi(µ̂)

χi(µ̂).

Remark:

(1) Note that this statement is optimal, as can be seen by the example which
is illustrated in the second-to-last paragraph of §1.1, where the inequality
is an equality.

(2) In particular, this implies that µ̂ has positive entropy (by the affinity of
entropy), and that µ̂ admits also at least 1 negative Lyapunov exponent
a.e. (by the Ruelle inequality for f−1).

1.2.2. The Strong Viana Conjecture. Finally, as an application to the main the-
orem of §1.2.1, we prove a strong version of Viana conjecture in any dimension.

Definition 1.3 (Negative exponents). For k ∈ {1, . . . , d− 1} we set

κ−
k+1(x) := lim

∆→0
lim sup
q→∞

lim inf
n→∞

κ−
k+1,q,n,∆(x),

where

κ−
k+1,q,n,∆(x) := min

L⊆{1,...,n}
∆n≤#L≤n

1

#L
∑
ℓ∈L

Φ
(q)
k+1 ◦ f

ℓ(x),

and

Φ
(q)
k+1(x) :=

1

q
log+

∥ ∧k dxf q∥
∥ ∧k+1 dxf q∥

.

Remark:

(1) For an f -invariant probability ν, for ν-a.e. x,
κ−
k+1(x) = max{0,−χk+1(x)}, where χk+1(x) is the (k + 1)-th Lyapunov

exponent (with multiplicity) at x. For proof, see Lemma 9.6.
(2) κ−

k+1(x) ≤ max{−βk+1(x), 0}, where

βk+1(x) := sup
ν∈pω(x)

ess supν χk+1,

where pω(x) denotes the set of empirical measures of x and ess supν χk+1

is the essential supremum of y 7→ χk+1(y) w.r.t. ν. For proof, see Lemma
9.4.
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Definition 1.4 (Points with non-zero Lyapunov exponents). For χ ≥ 0 and
k ∈ {1, . . . , d− 1}, we let

Hypkχ :=
{
x ∈ M : λk(x),κ−

k+1(x) > χ
}
.

Theorem C (Strong Viana Conjecture). Let f ∈ Diff∞(M) and let χ > 0. Then
Vol-a.e. x ∈ Hypkχ lies in the basin of attraction of an ergodic χ-hyperbolic SRB
measure with exactly k positive Lyapunov exponents.

Remark:

(1) We do not know if the number of SRB measures whose basins cover Hypkχ
is finite or not (see also the last item of the remark following Theorem
D).

(2) In fact, Vol
(
Hypkχ

)
> 0 if and only if there exists a χ-hyperbolic SRB

measure with exactly k positive Lyapunov exponents.

(3) Moreover, our proof shows that if for some χ > 0, Vol
(
[λk > χ ≥ α ≥

βk+1]
)
> 0 implies that there exists a u-Gibbs measure (i.e. absolutely

continuous conditionals along strong unstable manifolds of dimension k),
whose (k + 1)-th Lyapunov exponent (with multiplicity) is less or equal
to α (note, α may be non-negative).

Corollary 1.5. Let f be a C∞ system with a partially hyperbolic attractor Λ of
the form TΛM = Eu ⊕ Ec ⊕ Es with dim(Ec) = 2. Moreover, assume that

∀x ∈ Λ, lim sup
n→∞

1

n
log Jac(dxf

n|Ec(x)) ≤ 0.

Then Lebesgue a.e. x in the topological basin of Λ with lim supn
1
n
log ∥dfn|Ec(x)∥ >

χ > 0 lies in the basin of a χ-hyperbolic ergodic SRB measure.

In particular, Corollary 1.5 applies to the examples by Viana from his
celebrated paper [49].

1.2.3. Hyperbolic SRB measure for co-dimension 1. In the case where k = d− 1
(i.e the co-dimension 1 case), we do not need any condition on the exponent κ−

d :

Theorem D. Let f be a C∞ diffeomorphism of a closed manifold of dimension d.
Then Vol-a.e. x with λd−1(x) > 0 lies in the basin of a hyperbolic SRB measure
which admits exactly d− 1 positive Lyapunov exponents almost everywhere.
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Remark:

(1) Moreover, this is an “if and only if”, as the existence of a hyperbolic SRB
measure with d − 1 positive exponents implies Vol([λd−1 > 0]) > 0, as
a classical application of Pesin’s absolute continuity theorem for stable
leaves.

(2) In particular for d = 2 we recover the main result of [19] for C∞ surface
diffeomorphisms.

(3) In dimension 2, the number of SRB measures with entropy larger than
a > 0 is finite. This follows from the finiteness of homoclinic classes with
entropy larger than a > 0 which is proved by using a Sard argument
(firstly appeared in [42]). We hope that by a similar approach one could
show that Vol-a.e. x with λd−1,p(x) > 0 lies in the basin of finitely many
SRB measures (see Definition 2.1 for the definition of the exponent λd−1,p).

1.2.4. Cr statements with 1 < r < +∞. The results stated in the above §1.2.2
and §1.2.1 for C∞ diffeomorphisms follow immediately from the following general
Cr version of our Main Theorem. Fix 1 < r < +∞. We let

∀n ∈ N, Mfn := max{∥d·fn∥, ∥d·f−n∥}

then

R(f) = lim
n→∞

1

n
logMfn .

Theorem E (Cr version). Let f be a Cr diffeomorphism of a closed manifold.

Then if Vol([λk >
3k2

r−1
R(f)]) > 0, then there exists a generalized u-Gibbs measure

over Cr−1,1 k-disks, µ̂.

Remark:

(1) We write Cr−1,1 (see definition in §3.1) for the case where r ∈ N, and for
simplicity we keep this assumption throughout the paper. However, for
r /∈ N, the proof easily adapts by using C⌊r⌋,r−⌊r⌋.

(2) By the aforementioned examples in dimension two, one can not expect to

replace the lower bound 3k2

r−1
R(f) by 0. However we do not claim that the

lower bound in the above statement is sharp.
(3) The Cr smoothness property together with the assumption

Vol([λk >
3k2

r−1
R(f)]) > 0 is used in §5 to construct a disk with a posi-

tive density of geometric times on a subset of positive disk-volume, using
Yomdin theory. Given such a disk, the construction of the G-u-Gibbs
measure and its properties is done in §6, §7, and §8. All arguments in
those sections assume only f ∈ Diff1+(M).
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(4) In §9, by using the construction of the SRB measure from the previous

sections we show in addition that Vol-a.e. x ∈ [λk >
3k2

r−1
R(f)]∩[κ−

k+1 > χ]

lies in the basin of a min{χ, 3k2

r−1
R(f)}-hyperbolic SRB measure. The

proofs in this section assumes only C1+ regularity as well. In addition,
Vol-a.e. x ∈ [λd−1 > 3k2

r−1
R(f)] lies in the basin of a hyperbolic SRB

measure.

1.3. Key steps of proof. The proof is composed of seven key steps, which we
describe below.

(1) A disk with positive disk-volume for expanding points: The first
step is reducing the dynamics to dynamics of an “almost expanding”
map. This is achieved by an embedded k-dimensional disk D, such that
the induced Riemannian volume VolD gives a positive measure to points
whose expansion of λk(·) is achieved on T·D. In particular it requires
using an iterative power of the dynamics of f , to observe the expansion
more directly.

(2) Refined high-dimensional Yomdin theory: The second key step is
developing a quantitative approach to Yomdin theory which applies to
high-dimensional disks. We expand here a bit about this step, as it is
crucial.

Yomdin theory allows to partition and reparameterize semi-algebraic
sets into components whose image under the dynamics of a smooth map
remain with a bounded derivative. The idea is that if the image of a disk
has to “bend” a lot, it forces the number of components to be larger. The
strength of Yomdin theory is controlling the number of such components
under a C∞ map, by approximating the map with its Taylor expansion,
and proving that the number is exponentially small. The usefulness of
Yomdin theory is demonstrated for example in [50, 37, 20, 18].

In [19] the second author develops an alternative approach, which allows
to better control the geometry of curves. The geometry of a curve is
simple, as it entails of only its derivative and length. The geometry of
high-dimensional disks is much more complicated, as they could be very
narrow in some directions, but large in other direction, or even wind above
themselves like a staircase. Moreover, the volume of the disk can increase
under the dynamics, while some directions demonstrate contraction.

In this paper we develop an applicable high-dimensional quantitative
approach to Yomdin theory, which allows us to control the geometry of
the image of a disk under a smooth map. Moreover, we are able to do so
in a manner where the reparameterized disks (called Yomdin charts) form
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a partition. We call this partition the Yomdin partition, and it serves
an important role later when we construct and compare measures by the
atoms of this partition.

(3) Tree dynamics of the disk, and positive frequency of “good”
times: The third key step is to construct the tree of the dynamics of the
disk D. This refers to the tree structure which is achieved by applying the
Yomdin subdivision iteratively to the images of D under the dynamics.
In particular, this tree description is crucial in order to study the points
on the disk D whose corresponding position on the tree at time k has
the bounded geometry property, for a uniformly positive portion of k ≤ n.
This is the only part in the paper where we require the regularity of the
diffeomorphims to be possibly greater than C1+. The notion of bounded
geometry is how we keep enough control of the geometry of the Yomdin
subdivision, without being too restrictive so the tree structure becomes
insufficient. Here we makes use of the quantitative Yomdin theory for
high-dimensional disks.

(4) A limiting measure on the space of Measured Disks: In the fourth
step, we use the positive density of times with bounded geometry for a
subset of positive Lebesgue measure on D in order to construct a mea-
sure on the space of Measured Disks- that is the space of embedded k-
dimensional disks in M, endowed with a probability measure on them.
The positive density of times with bounded geometry allows us to restrict
to a pre-compact subset of the space of Measured Disks, in which we can
take limits.

The main idea here is to construct a sequence of measures which are
not invariant, but correspond to the restriction of the desired invariant
measure onto increasing subsets (similarly to Pesin blocks). The subsets
are parameterized by the bounded geometry of the disks.

(5) Absolutely continuous conditionals: In the fifth step, we prove that
the invariant measure which we construct in the fourth step is given by
a disintegration into absolutely continuous measures on disks which are
subordinated to the unstable foliation. In fact, we prove that these condi-
tional measures are equivalent to the induced Riemannian volume on the
disks.

We decompose each conditional measure in the limiting process into
atoms of the Yomdin partition, and bound the total mass of all atoms
on which the conditional measure does not compare with the respective
disk volume. The idea is to make sure that the conditional measure and
the respective disk volume compare over finer and finer atoms, as we take
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the limit, guaranteeing that the limiting measures will coincide over all
continuous functions.

Such analysis, and a choice for an increasing degree of atoms which still
cover a big portion of the measure, relies on the sub-exponential decay of
the measure of sets which we push forward.

(6) Dynamical properties of the invariant measure: In the sixth step,
we prove the variety of dynamical properties which the invariant measure
holds. That is, we prove the estimates of the exponents, the entropy; And
we prove the fact that the limiting measures on the space of Measured
Disks concentrate on disks which are contained in unstable leaves. This
gives an indirect construction of disks which are contained in unstable
leaves, and an indirect construction of their densities. By “indirect”, we
mean without the constructive approach of a graph transform or a Perron-
Hadamard method.

(7) Controlling the transverse Lyapunov exponents: In the seventh
and final step, we estimate the Lyapunov exponents of the G-u-Gibbs
measure which we construct, in the direction transverse to the disks on
which it disintegrates with absolutely continuous conditionals.

In general Lyapunov exponents may not be continuous, and using the
fact that our G-u-Gibbs measure is constructed by pushing forwards sets,
we are able to prove that the negative exponents for the empirical mea-
sures translate to the limit. In fact, our methods allow to control the
Lyapunov spectrum of the limiting measure, through the spectrum of the
emprical measures. Controlling the spectrum of a measure which is con-
structed this way is meaningful even in the Anosov setting.

2. Setup and definitions

2.1. Lyapunov exponents.

2.1.1. Standard Lyapunov exponent. For a dynamical system T : X ⟲ and a
normed vector bundle π : V → X, a linear cocyle A : V ⟲ is a map satisfying
π ◦ G = T such that the restriction of A to the vector space Vx := π−1(x) to
VTx is a linear isomorphism. Then one defines the Lyapunov exponent of A at
v = (x, vx) ∈ V as follows

χA(v) = lim sup
n

1

n
log ∥An(v)∥.

We may define the Lyapunov exponent χA on the projective bundle PV by letting
χA([v]) = χA(v) for any 0 ̸= v ∈ V with its associated class [v] ∈ PV . Consider a
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C1 diffeomorphism f on a compact smooth Riemannian manifold M of dimension
d. For any x ∈ M we let (χk(x))1≤k≤d be the usual Lyapunov exponent associated
to the derivative cocycle of f . It is well-known that

χ1(x) = χ(x) = lim sup
n

1

n
log ∥dxfn∥.

When ν is a f -invariant probability measure on M we let χk(ν) =
∫
χk(x) dµ(x)

for any 1 ≤ k ≤ d.

2.1.2. New positive exponents. We introduce now the new positive exponents λk,
1 ≤ k ≤ d.

Definition 2.1. For a point x ∈ M and k ∈ {1, . . . , d}, we let for all p ∈ N\{0},
λk,p(x) := lim supn→∞ λk,p,n(x), where

λk,p,n(x) :=
1

n

(
log ∥ ∧k dxfn∥ −

1

p

n−1∑
ℓ=0

log+ max
1≤j≤k−1

∥ ∧j dfℓxfp∥
)
.

Remark:

(1) For k = 1 and for all p, we have
λ1,p(x) = λ1(x) = lim supn

1
n
log ∥dxfn∥ = χ(x).

(2) We always have χ(x) ≥ λk,p(x).
(3) When x is a typical point for an ergodic measure ν, then

λk,p(x) =
∑
1≤l≤k

χl(ν)−
1

p

∫
log+ max

j≤k−1
∥ ∧j dxfp∥dν(x).

Lemma 2.2. For any x ∈ M and 1 ≤ k ≤ d the sequence (λk,p(x))p is converging

to λk(x) := supp λk,p(x).

Proof. Fix x ∈ M and 1 ≤ k ≤ d. For all n ∈ N \ {0}, we set

αp(n, x) :=
n−1∑
ℓ=0

log+ max
j≤k−1

∥ ∧j dfℓxfp∥.

We also let Cf := log+ max1≤j≤k−1 supy∈M ∥ ∧j dyf∥. Observe that

∀p, n ∈ N \ {0} ∀t ∈ N, αp(n, f
tx) ≤ αp(n, x) + tpCf .(2)
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Fix ϵ > 0. Take q0 such that λk,q0(x) > supq λk,q(x) − ϵ/2 and let p0 =

⌈2
ϵ
q0Cf⌉. Let us show that λk,p(x) ≥ λk,q0(x) − ϵ/2 > supq λk,q(x) − ϵ for any

p ≥ p0. Observe that for p = tq0 + r, 0 ≤ r < q0, we have

αp(n, x) ≤
n−1∑
ℓ=0

(
log+ max

1≤j≤k−1
∥ ∧j df tq0+ℓxf r∥

+
∑

0≤t′<t

log+ max
1≤j≤k−1

∥ ∧j df t′q0+ℓxf
q0∥
)

≤nrCf +
∑

0≤t′<t

αq0(n, f
t′q0x)

≤nq0Cf + tαq0(n, x) + tq0Cf by using (2)

≤np ϵ
2
+ tαq0(n, x) + tq0Cf according to the choice of p0(≤ p).

Therefore,

λk,p(x) = lim sup
n

1

n

(
log ∥ ∧k dxfn∥ −

1

p
αp(n, x)

)
≥ lim sup

n

1

n

(
log ∥ ∧k dxfn∥ −

t

p
αq0(n, x)

)
− ϵ

2

≥ lim sup
n

1

n

(
log ∥ ∧k dxfn∥ −

1

q0
αq0(n, x)

)
− ϵ

2

≥ λk,q0(x)−
ϵ

2
.(3)

□

Remark:

(1) Lemma 2.2 together with the remark following Definition 2.1 implies
that for a typical point x for an ergodic measure ν, λk(x) = χk(ν) +∑
1≤l≤k−1

min{χl(ν), 0}. In particular, when χk(x) = χk(ν) > 0, one gets

λk(x) = χk(x).
(2) for a C1 partially hyperbolic splitting of the form Eu ⊕Ecs the exponent

λk+1(x) for k = dim(Eu) is equal to the top Lyapunov exponent of df |Ecs .
Indeed, for an adapted metric, we have max{maxl≤k ∥∧ dxfm∥, 1} = ∥∧k
dxf

m|Eu∥ and ∥ ∧k+1 dxf
m∥ = ∥ ∧k dxfm|Eu∥ × ∥dxfm|Ecs∥ for all m ∈ N,
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so that we get for any p ∈ N:

λk+1,p(x) =

= lim sup
n

1

n

(
log ∥ ∧k+1 dxf

n∥ − 1

p

n−1∑
ℓ=0

log+ max
1≤j≤k

∥ ∧j dfℓxfp∥
)

= lim sup
n

1

n

(
log ∥ ∧k+1 dxf

n∥ − 1

p

n−1∑
ℓ=0

log ∥ ∧k dfℓxfp|Eu∥
)

= lim sup
n

1

n

(
log ∥ ∧k+1 dxf

n∥ − log ∥ ∧k dxfn|Eu∥
)

= lim sup
n

1

n
log ∥dxfn|Ecs∥.

(3) Observe that λd(x) ≤ lim sup 1
n
log Jacx(f

n). In particular Vol([λd > 0]) =
0. If not, then there would exist a χ > 0 and sets Enj s.t. Vol(Enj) ≥
1
n2
j
with Enj := {x : Jacx(f

nj) ≥ enjχ}, nj ↑ ∞ (by the Borel-Cantelli

lemma). Then 1 ≥ Vol(fnj [Enj ]) ≥ eχnj

n2
j
, which is a contradiction.

2.2. A disk and a positive disk-volume subset.

Definition 2.3. Fix p ∈ N and let k ≤ dimM, we consider the linear cocycle
Ak,p on ∧kTM over f defined as

∀x ∈ M, v ∈ ∧kTxM, Ak,p(x, v) :=
∧kdxf(v)

max{1,maxj≤k−1 ∥ ∧j dxfp∥
1
p}
.

Remark:

(1) The top Lyapunov exponent of Ak,p is equal to λk,p.
(2) When p divides q, we have χAk,q(v) ≥ χAk,p(v) for all v ∈ ∧kTxM.

Definition 2.4 (k-Volume).

(1) For a smooth embedded k-disk D, we denote by VolD the restriction of the
Riemannian volume form to the tangent space of D normalized to induce
a probability measure.

(2) For a subset E of a smooth embedded k-disk D we denote by Volk(E)
the measure of E w.r.t. the k-volume of D induced by the Riemannian
structure of M.3

3The notation does not mention the dependence on the disk D, as two C1 embedding disks, intersect
transversely on at most a set of zero measure with respect to the volumes on these disks.
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Let ι be the Plücker embedding of the Grassmanian Grass(TM) to the
projective space of the exterior bundle P ∧∗ TM.

Lemma 2.5. Write E := [λk > a] with a > 0, then if Vol(E) > 0, then ∃χ > a,
p0 ∈ N, and a k-disk D s.t. ∀p ∈ p0N,

VolD([χAk,p(x, ι(TxD)) > χ]) > 0.

Proof. Fix χ > a and p0 ∈ N s.t. Vol(E ′) > 0 where we set

E ′ := {x ∈ E : λk,p0(x) > χ} .

Let {0} = F0 ⊂ F1 ⊂ . . . ⊂ Fs = ∧kT·M, s ≥ 1 be the Lyapunov flag associated
to Ak,p0 . By definition the Lyapunov space Fs−1(x) is given by Fs−1(x) = {v ∈
∧kTxM : χAk,p0 (x, v) < λk,p0(x) := supw∈∧kTM χAk,p0 (x,w)}. The map x 7→
Fs−1(x) is measurable (for the Borel algebra associated to the usual topology
on Grassmanian), and so it is continuous on a subset E ′′ ⊆ E ′ with Vol(E ′′) > 0.
We may choose a Lebesgue density point x of E ′′. Let U be a small neighborhood
of x, such that Fs−1(y) is almost constant for y ∈ U ∩ E ′′.

We may disintegrate the volume by a family of affine k-planesH (in some lo-
cal chart at x which can be assumed containing U) satisfying ι(H) /∈ {Fs−1(y), y ∈
U ∩E ′′}. By Fubini’s theorem, there is a k-disk disk D contained in one of these
planes with VolD(E

′′) > 0. This completes the proof as we have for all x ∈ D∩E ′′,

χAk,p0 (x, ι(TxD)) > χ.

□

2.3. Sequence of finite-time expanding subsets with a sub-exponential
volume.

Lemma 2.6. Let D and p0 be given by Lemma 2.5, and let p ∈ p0N. There exist
χ′ > χ > a, N ⊆ N with #N = ∞ and subsets of D, (Bp

n)n∈N , s.t. for all
n ∈ N ,

(1) VolD(B
p
n) ≥ 2

n2 ,

(2) ∀n ∈ N , ∀x ∈ Bp
n, |Ank,p(x, ι(TxD))| ≥ eχ

′n.

Proof. This is a consequence of the Borel-Cantelli lemma applied to the set E ′′

from the proof of Lemma 2.5. □
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3. The tree description of the dynamics of a disk

In this section we aim to describe the dynamics of a disk using a tree
associated with its Yomdin partitions. In [19] it was done for curves, and here we
introduce an extension to high-dimensional disks (which may exhibit much more
complicated geometry, lack of conformality, and non-trivial boundary). We first
generalize the notion of bounded geometry to higher-dimensional disks.

3.1. Bounded geometry.

Notation: By a Cr−1,1 map F , we mean a Cr−1 map F with Lipschitz Cr−1

derivatives and we define the following semi-norm for k ≤ r:

∥dk· F∥ := max
|α|=k−1

Lip(|∂α· F |),

where Lip(·) denotes the Lipschitz constant. We also denote ∥F∥r = max
1≤k≤r

∥dk· F∥.

Definition 3.1 (Bounded couple). A couple of Cr−1,1 map (σ, θ), where σ :
[0, 1]k → M is a Cr embedding and θ : [0, 1]k → [0, 1]k is a Cr−1,1 map, is called
a bounded couple if

∀s = 1, · · · , r − 1, ∥ds·
(
t 7→ ∧kdθ(t)σ

)
∥ ≤ 1

10k
sup
t

| ∧k dθ(t)σ|.

Lemma 3.2. Let (σ, θ) be a bounded couple, then

∀t, t′ ∈ [0, 1]k, | ∧k dθ(t)σ − ∧kdθ(t′)σ| ≤
1

10
| ∧k dθ(t)σ|.

Proof. Let t∗ be such that | ∧k dθ(t∗)σ| = sups′ | ∧k dθ(s′)σ|. Then for any t, t′ ∈
[0, 1]k, ∣∣∣| ∧k dθ(t′)σ| − | ∧k dθ(t)σ|

∣∣∣ ≤∣∣∣ ∧k dθ(t)σ − ∧kdθ(t′)σ
∣∣∣

≤|t− t′| · sup
ζ

∥dζ
(
· 7→ ∧kdθ(·)σ

)
∥

≤|t− t′| · 1

10k
| ∧k dθ(t∗)σ|

≤
√
k · 1

10k
| ∧k dθ(t∗)σ|.(4)

Then, by letting t′ = t∗, we obtain

(5)

(
1− 1

10
√
k

)
| ∧k dθ(t∗)σ| ≤ | ∧k dθ(t)σ| ≤ | ∧k dθ(t∗)σ|.
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Therefore, by bootstrapping (5) and plugging it back into (4), we get that for
every t, t′ ∈ [0, 1]k,

(6)
∣∣∣ ∧k dθ(t)σ − ∧kdθ(t′)σ

∣∣∣ ≤ |t− t′| · | ∧k dθ(t)σ| ·
1√

k(10
√
k − 1)

.

□

We may control the oscillation of the tangent space of a bounded couple as
follows. We refer to Appendix B for the definition of the angle ∠H,H ′ between
two vector spaces H and H ′.

Lemma 3.3. Let (σ, θ) be a bounded couple. Then for any x, y ∈ Im(θ) we have

∠Txσ, Tyσ < π/6.

Proof. It follows directly from Lemma 3.2 and Lemma B.2 in the appendix. □

Lemma 3.4 (Bounded distortion property). Let (σ, θ) be a bounded couple. Then
for any x, y ∈ Im(θ) we have

| ∧k dxσ|
| ∧k dyσ|

<
√
2.

Proof. By (5), we have for all t, t′ ∈ [0, 1]k

| ∧k dθ(t)σ|
| ∧k dθ(t′)σ|

≤ 1

1− 1
10

√
k

<
√
2.

□

Definition 3.5 (strongly ϵ-bounded couple). Let ϵ > 0. A bounded couple (σ, θ)
is called a strongly ϵ-bounded couple if ∥σ ◦ θ∥r ≤ ϵ√

k
.

Definition 3.6 (Admissible family). Let ϵ > 0 and let (σ, θ′) be a bounded couple.
A finite family Θ of maps

{
θ : [0, 1]k ⟲

}
θ∈Θ is said to be a (σ, θ′, ϵ)-admissible

family when

(1) (σ, θ) is a strongly ϵ-bounded couple for any θ ∈ Θ,

(2)
∐k
θ∈Θ Im(θ) ⊂ Im(θ′), where

∐k denotes a union of k-manifolds which is
disjoint up to to their boundaries,
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(3) There is x ∈ Im(σ◦θ′) and a 1-Lipschitz map ψ : H → H⊥ with H ⊂ TxM
being the tangent space of σ at x such that

Γψ(ϵ) ⊂ σ(Θ) :=
∐k

θ∈Θ
Im(σ ◦ θ) ⊂ Γψ(2ϵ),

where Γψ(δ) := expx{(v, ψ(v)) ∈ H ⊕H⊥ : |v| ≤ δ} for δ > 0 with expx
being the exponential map at x (such a set Γψ(δ) is called a δ-graph).

Remark: There is a constant Cd > 1 such that:

(1) For any strongly ϵ-bounded couple,

Volk(Im(σ ◦ θ)) ≤ Cdϵ
k.

(2) For any (σ, θ′, ϵ)-admissible family Θ of a bounded couple (σ, θ′),

C−1
d ϵk ≤ Volk(σ(Θ)) ≤ Cde

k♯Θ.

3.2. The tree of the disk dynamics and the Yomdin partitions. We con-
sider a Cr smooth diffeomorphism g : M ⟲ and a Cr smooth embedded disk
σ : [0, 1]k → M with N ∋ r > 1. We state a global reparametrization lemma to
describe the dynamics on the image of σ by generalizing the case k = 1 which
was established in [19]. We will apply this lemma to g = fp for large p with f
being the Cr smooth system under study.

Notation:

(1) We denote the image of σ by D.
(2) For any n ∈ N we let σn (resp. Dn) be the Cr embedded disk defined as

σn = gn ◦ σ (resp. Dn = gn[D]).
(3) For two maps θ, θ′ : [0, 1]k ⟲ we write θ > θ′ when there is a map ϕ :

[0, 1]k ⟲ with ∥d·ϕ∥ < 1/2 and θ′ = θ ◦ ϕ.
(4) We denote by G (resp. F ) the map induced by g (resp. f) on the projec-

tive space P ∧k TM of the k-th exterior tangent bundle.
(5) For x̂ = (x,wx) ∈ P ∧k TM we also write wx for a representative with

unit norm. Then we let l(x̂), l′(x) be the following integers:

l(x̂) :=⌊log | ∧k dxg(wx)|⌋,
l′(x) :=⌈log+max

k′<k
∥ ∧k′ dxg∥⌉.

(6) For x ∈ D, we let x̃ ∈ P ∧k TxM denote the class of the tangent space to
D at x, formally x̃ = ι(TxD).
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The tree description. We code the dynamics of g on the image of σ by a directed
rooted tree T , with all edges pointing away from the root. Moreover, the nodes
of our tree will be colored, either in blue or in red. The level of a node is the
number of edges along the unique path between it and the root node. We let Tn
(resp. T n, T n) be the set of nodes (resp. blue, red nodes) of level n. For all
ℓ ≤ n− 1 and for all in ∈ Tn, we also let Tℓ ∋ inℓ be the node of level ℓ leading to
in. We assign to each node in ∈ Tn a family of maps Θin such that we have for
some constant Ar,d depending only on r and d, which is specified afterwards:

• either in ∈ T n, then Θin is a (σn, θ
′
in , ϵ)-admissible family with #Θin <

Ar,d where θ
′
in satisfies θin−1 > θ′in > θin for some θin−1 ∈ Θinn−1

and for all
θin ∈ Θin ,

• or in ∈ T n, then Θin = {θin} is a singleton with (σn, θin) being a strongly
ϵ-bounded couple with θin−1 > θin for some θin−1 ∈ Θinn−1

. In this case we

put θ′in = θin .

Choice of the scale ϵ. Recall that expx denotes the exponential map at x and let

Rinj be the radius of injectivity of (M, ∥ · ∥). For
Rinj

2
> ϵ > 0 we let gx2ϵ = g ◦

expx(2ϵ·) : {w ∈ TxM, ∥w∥ ≤ 1} → M. Then ∥dsgx2ϵ∥∞ ≤ (2ϵ)s supw∈TxM,

|w|≤2ϵ
∥dsw(g ◦

expx)∥. In particular there is ϵ0 = ϵ0(g) <
Rinj

2
depending only on M and ∥ds· g∥∞,

s = 1, . . . , r, such that ∥ds· gx2ϵ∥∞ ≤ 3ϵ∥dxg∥ and ∥ds′· ∧k dgx2ϵ∥∞ ≤ 3ϵk∥∧k dxg∥ for
all s = 1, . . . , r (resp. s′ = 1, · · · , r − 1), all x ∈ M and all ϵ ≤ ϵ0(g). We may
also choose ϵ0(g) > 0 sufficiently small so that for any j = 1, . . . , d,

(7)
∥ ∧j dxg∥
∥ ∧j dyg∥

≤ 2

whenever x and y are ϵ0(g)-close.

Proposition 3.7. Let ϵ0(g) ≥ ϵ > 0 and let σ : [0, 1]k → M such that (σ, Id[0,1]k)
is a strongly ϵ-bounded couple. Then there is a tree T as above such that we have
for some other universal constant Cr,d:

(1) Θi0 = {θi0} = Id[0,1]k and for any in−1 ∈ Tn−1 we have

σn (Θin−1) =
∐k

in∈Tn, inn−1=in−1
σn (Θin) .

In particular ∐k

in∈Tn
σn(Θin) = Im(σn).



GENERALIZED u-GIBBS MEASURES FOR C∞ DIFFEOMORPHISMS 25

(2) ∀in−1 ∈ Tn−1 and for all (ln, l
′
n) ∈ Z × N we have

#
{
in ∈ T n : inn−1 = in−1 and

∃x ∈ σ(Θin), s.t. l(G
n−1x̃) = ln

}
≤ 2C2

de
ln ,

#
{
in ∈ T n : inn−1 = in−1 and

∃x ∈ σ(Θin), s.t. l
′(gn−1x) = l′n

}
≤ Cr,dM

3k2

r−1
g el

′
n .

This statement is a global version of Proposition 7 of [18]. The proof is the
content of §4.
Definition 3.8 (Yomdin partition). For x ∈ D and 0 ≤ ℓ ≤ n we let ϖℓ(x) be
the unique set of the form Im(σℓ ◦ θiℓ), θiℓ ∈ Θiℓ, containing g

ℓx. When it is clear
we also write ϖℓ(x) for the map σℓ ◦ θiℓ.

Remarks:

(1) The Yomdin partition is in fact only a partition up to a set of zero disk vol-
ume, as charts may intersect on their boundaries, a subset of co-dimension
at least 1. This is enough for us, as the only reference measure which we
will use will be the disk volume. We will continue to treat it as a partition
henceforth.

(2) By applying Lemma 3.4 to the bounded couples (σ0, θi0) = (σ, Id[0,1]k) and
(σℓ, θil) we get the following bounded distortion property for any x ∈ D
and any ℓ ∈ N:

(8) ∀y, z ∈ g−ℓ[ϖℓ(x)] ⊂ D,
| ∧k dgℓ(ι(TyD))|
| ∧k dgℓ(ι(TzD))|

≤ 2.

Lemma 3.9. For every ℓ ≤ n and x ∈ D,

diam(g−(n−ℓ)[ϖn(x)]) ≤ ϵ2ℓ−n.

Proof. Let θinℓ ∈ Θinℓ
(resp. θin ∈ Θin) with x ∈ Im

(
σ ◦ θinℓ

)
(resp. x ∈

Im (σ ◦ θin)). We have θinℓ > θ′inℓ+1
> · · · > θ′in > θin . Therefore there is ϕ :

[0, 1]k ⟲ with ∥d·ϕ∥ ≤ 2ℓ−n such that θin = θinℓ ◦ϕ. Observe that g−(n−ℓ)[ϖn(x)] =
Im(σℓ ◦ θin). In particular

diam(g−(n−ℓ)[ϖn(x)]) ≤
√
k∥d·(σℓ ◦ θin)∥

≤
√
k∥d·(σℓ ◦ θiℓ)∥ · ∥d·ϕ∥

≤ ϵ2ℓ−n.
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□

4. Proof of Proposition 3.7

Proposition 3.7 follows by induction on n from the following lemma.

Lemma 4.1. Let (σ, θ) be a strongly ϵ-bounded couple. Then there are maps

ϕ : [0, 1]k ⟲, disjoint families Θϕ and Θϕ (maybe empty) of maps θ̃ : [0, 1]k ⟲
such that

(1) (g ◦ σ, ϕ) is a bounded couple for any ϕ,

(2) (g ◦σ, ϕ◦ θ̃) is a strongly ϵ-bounded couple for any ϕ and any θ̃ ∈ Θϕ∪Θϕ,

(3) θ̃ < ϕ < θ for any ϕ and any θ̃ ∈ Θϕ ∪Θϕ,

(4) Θϕ is a disjoint union of (g ◦ σ, ϕ, ϵ)-admissible families, each with cardi-
nality less than Ar,d,

(5)
∐k
ϕ, θ′∈Θϕ∪Θϕ

Im(ϕ ◦ θ̃) = Im(θ),

(6) #
(⋃

ϕΘϕ

)
≤ Br,dM

3k2

r−1
g max0≤l<k ∥ ∧l d·g∥Im(σ◦θ), for some universal con-

stant Br,d > 0.

Proof of Proposition 3.7 assuming Lemma 4.1. The proof is by induction, where
the case n = 0 is trivial. Assume that the statement holds for the index n, and
we prove it for n + 1. Let in ∈ Tn and let θin ∈ Θin . We apply Lemma 4.1
to the strongly ϵ-bounded couple (σn, θin). Let ϕ, Θϕ, Θϕ be the corresponding

reparametrizations. Then the red children of in (i.e., nodes in+1 in T n+1 with
in+1
n = in) are given by the (σn+1, ϕ, ϵ)-admissible families in Θϕ and, in this case,
we set θ′in+1 = ϕ. Then, to any θ′ ∈ Θϕ, ϕ, we associate a blue child in+1 of in with

Θin+1 = {θ′}. Note that diam(σn(Θin)) < ϵ, in particular el
′(gnx) ≥ ∥ ∧l dgnxg∥ ≥

∥∧l d·g∥Im(σn(Θin )/2 for any l ≤ k and for any x ∈ σ(Θin). It follows from the last
item of Lemma 4.1 that

#
{
in+1 ∈ T n+1 : i

n+1
n = in and

∃x ∈ σ(Θin+1), s.t. l′(gnx) = l′n+1

}
≤

∑
θin∈Θin,

maxl<k ∥∧ldg∥Im(σn◦θin )≤2e
l′n+1

#

 ⋃
ϕ(θin )

Θϕ(θin )



≤ 2Ar,dBr,dM
3k2

r−1
g el

′
n+1 .
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The upper bound on the number of red children in+1 in Proposition 3.7 follows
from the fact that the volume of σn+1(Θin+1) is bounded from below by C−1

d ϵk as
it contains an ϵ-graph in this case (see the remark after Definition 3.6).

□

The proof of Lemma 4.1 involves the following form of Yomdin-Gromov
algebraic lemma. Recall ∥ϕ∥r = max1≤k≤r ∥dk· ϕ∥.

Lemma 4.2 (Algebraic Lemma). [27, 16, 41, 10] Let P : [0, 1]k → Rd be a
polynomial map with total degree less than or equal to r and let Y be a bounded
semi-algebraic set of Rd. Then there is a constant Br,d depending only r, d, deg(Y ),
and diam(Y ), and there are semi-algebraic analytic injective maps θi : (0, 1)

ki →
[0, 1]k, ki ≤ k, i ∈ I, such that

(1) #I ≤ Br,d,
(2) ∥θi∥r, ∥P ◦ θi∥r ≤ 1

100d
,

(3)
∐k
i∈I Im(θi) = P−1[Y ].

Remark:

(1) The maps θi may be continuously extended on [0, 1]ki as θi satisfies ∥d·θi∥ ≤
∥θi∥r ≤ 1.

(2) In the following we may only focus on the reparametrizations θi with
ki = k as the image of the others have zero k-volume.

(3) By the invariance of domain theorem the image of each map θi : (0, 1)
k →

Rk is open and each θi is a homeomorphism onto its image.
(4) The boundary of a semi-algebraic set has zero Lebesgue measure, therefore

so does θi(∂[0, 1]
k) = ∂θi

(
(0, 1)k

)
.

We will make use of the two following well-known multivariate formulas
for the derivatives of a product and a composition of Cr functions on Rd. For
positive integers m, p, q we let Mp,q(R) be the set of real valued p × q matrices
and we denote A · B ∈ Mp,m(R) the product of two matrices A ∈ Mp,q(R) and
B ∈Mq,m(R). We have with the standard multi-index notations:

• General Leibniz rule: Let u : Rd → Mp,q(R) and v : Rd → Mq,m(R) be Cr

maps, then for any α = (α1, · · · , αd) ∈ Nd with |α| :=
∑

i αi ≤ r, we have

∂α(u · v) =
∑
β:β≤α

(
α

β

)
(∂βu) · (∂α−βv).(9)
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• Faà di Bruno’s formula: Let u : Rd → R and v = (v1, · · · , vd) : Re → Rd

be Cr maps, then for any α ∈ Ne with |α| ≤ r, we have

∂α(u ◦ v) =
∑

β∈Nd, |β|≤|α|

(∂βu) ◦ v × Pβ
(
(∂γvi)γ,i

)
,(10)

where Pβ
(
(∂γvi)γ,i

)
is a universal polynomial, in ∂γvi for i = 1, · · · , d

and γ ∈ Ne with |γ| ≤ |α|, of total degree less than or equal to |α|.

Lemma 4.3. Let (σ, θ) be a bounded couple. There is a constant Er,d > 1 such
that for any Cr map ψ : [0, 1]k ⟲ with ∥ψ∥r ≤ 1

Er,d
, the pair (σ, θ◦ψ) is a bounded

couple.

Proof. By Faà di Bruno’s formula, we have for some constant Er,d > 1 when
∥ψ∥r ≤ 1

∥ ∧k dϕ◦ψ(·)σ∥r−1 ≤
Er,d√
2
∥ ∧k dϕ(·)σ∥r−1∥ψ∥r

≤ Er,d

10k
√
2
∥ ∧k dϕ(·)σ∥∥ψ∥r.

By Lemma 3.4 we have

∥ ∧k dϕ(·)σ∥ ≤
√
2∥ ∧k dϕ◦ψ(·)σ∥

Therefore (σ, θ ◦ ψ) is a bounded couple whenever ∥ψ∥r ≤ 1
Er,d

□

Proof of Lemma 4.1. Without loss of generality we may assume M = Rd, ∥g∥r ≤
∥d·g∥, ∥ ∧k d·g∥r−1 ≤ ∥ ∧k d·g∥ and ϵ = 1 by an appropriate rescaling, namely
g → ϵ−1g(ϵ·) and σ → ϵ−1σ.

Step 1 : We first explicit a family of maps ϕ such that

(1)
∐k
ϕ Im(ϕ) = Im(θ),

(2) (g ◦ σ, ϕ) is a bounded couple,
(3) ∥dr· (g ◦ σ ◦ ϕ)∥ ≤ 1/4,

(4) #{ϕ} ≤ Cr,dM
3k2

r−1
g .

In the next computations we write a ≲ b to mean a ≤ Cr,d b for some constant
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Cr,d depending only on r and d. Let Γ : t 7→ ∧kdθ(t)(g ◦ σ) and let s with
|Γ(s)| = inft |Γ(t)|. We have

∥dr−1
· Γ∥ ≤ ∥dr−1

· (∧kdσ◦θ(t)g · ∧kdθ(t)σ)∥
≲ ∥ ∧k dσ◦θ(·)g∥r−1∥ ∧k dθ(·)σ∥r−1 by Leibniz rule (9)

≲ ∥ ∧k dσ◦θ(·)g∥r−1| ∧k dθ(s)σ|, ∵ (σ, θ) is a bounded couple

≲ ∥ ∧k d·g∥r−1max{1, ∥σ ◦ θ∥r}r−1| ∧k dθ(s)σ| by (10)

≲ ∥ ∧k d·g∥r−1| ∧k dθ(s)σ|, ∵ (σ, θ) is a strongly 1-bounded couple

≲ ∥ ∧k d·g∥| ∧k dθ(s)σ| by the choice of ϵ

≲ ∥d·g∥k| ∧k dθ(s)σ|
≲ ∥d·g∥k∥d·g−1∥k| ∧k dθ(s)(g ◦ σ)|
≲M2k

g inf
t
|Γ(t)|.

We partition [0, 1]k into subcubes of size ≲
(
M2k

g

) −1
r−1 . By composing θ with

an affine reparametrization of one of these sub-cubes, we get maps ψ satisfying
∥dr(g ◦ σ ◦ ψ)∥ ≤ 1/4 and ∥dr−1(Γ ◦ ψ)∥ ≲ inft |Γ(t)|. Let P be the interpolation
polynomial of Γ ◦ ψ at 0. Note that

∥Γ ◦ ψ − P∥r−1 ≲ inf
t
|Γ(t)|.

We apply the Algebraic Lemma (Lemma 4.2) to each Pl :=
P (t)

el∥∧kdψ(·)σ)∥
,

l ∈ N∗, with Y = B(0, 1) \B(0, 1/e) (recall B(0, a) denotes the Euclidean ball of
radius a > 0). Let θli be the obtained reparametrizations. We have

∥(Γ ◦ ψ − P ) ◦ θli ∥r−1 ≲ ∥Γ ◦ ψ − P∥r−1max{1, ∥θli∥r}r−1(11)

≤ inft |Γ(t)|
100d

(12)

and

∀t, el−1∥ ∧k dψ(·)σ∥ ≤ |P ◦ θli(t)| ≤ el∥ ∧k dψ(·)σ∥.(13)

From (11) we get

∀t, 10

11
|P ◦ θli(t)| ≤ |Γ ◦ ψ ◦ θli(t)| ≤

10

9
|P ◦ θli(t)|



30 S. BEN OVADIA, D. BURGUET

then by using (13)

∀t, el−2∥ ∧k dψ(·)σ∥ ≤ |Γ ◦ ψ ◦ θli(t)| ≤ el+2∥ ∧k dψ(·)σ∥.

Finally we obtain

∥Γ ◦ ψ ◦ θli∥r−1 ≤ ∥P ◦ θli∥r−1 + ∥(Γ ◦ ψ − P ) ◦ θli∥r−1

≤ el
∥ ∧k dψ(·)σ∥

100d
+

inft |Γ(t)|
100d

≤ ∥Γ ◦ ψ ◦ θli∥e2

100d
+

inft |Γ(t)|
100d

≤ ∥Γ ◦ ψ ◦ θli∥
10k

.

This proves (g ◦ σ, ψ ◦ θli) is a bounded couple. Finally we check:

∥dr· (g ◦ σ ◦ ψ ◦ θli)∥ ≲ ∥g∥rmax{1, ∥σ ◦ θ∥r}r by (10)

≲ ∥g∥r, ∵(σ, θ) is a strongly 1-bounded couple

≲ ∥d·g∥ by the choice of ϵ.

By composing θli with affine contractions ρ of rate ⌈∥d·g∥−
1
r ⌉ as above, we

get maps ϕ = θ ◦ ψ ◦ θli ◦ ρ satisfying the three first items of Step 1. Finally
observe that

#{ϕ} ≤ #{ψ} ·#{θli} ·#{ρ}

≲M
2k2

r−1
g ⌈∥d·g∥

1
r ⌉k

≲M
3k2

r−1
g .

Step 2: We construct the families Θϕ and estimate their
cardinality.

We set σ̃ = g ◦ σ ◦ ϕ. Let C be the partition of Rd into cubes of size 1
with vertices in Zd. We may assume that there is a k-face Fk(C) of each cube C
which is tangent to Im(dϕ(xC)(g ◦σ)) with xC being the center of C. Without loss
of generality we may assume this face is given by [0, 1]k × {0}d−k + a for some
a ∈ Zd. For C ∈ C and q ∈ N we let Cq be the cube of size 2q + 1 centered at C.

Let Q be the interpolation polynomial of σ̃ at 0. Recall ∥drσ̃∥ ≤ 1/4. Then
∥σ̃ −Q∥ ≤ 1, in particular for any C ∈ C we have

σ̃−1C ⊂ Q−1C1 ⊂ σ̃−1C2.
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We apply now the Algebraic Lemma to Q with Y being each cube C in C. Let ΘC

be the family of reparametrizations obtained in this way. Note that ∥σ̃◦θ∥r ≤ 1/4.
Without loss of generality we may also assume ∥θ∥r ≤ 1

Er,d
so that (g ◦ σ, ϕ ◦ θ)

is a strongly 1-bounded couple for any θ ∈ ΘC by Lemma 4.3.
We let ∂Im(σ̃) be the boundary of the disk Im(σ̃). Note that ∂Im(σ̃) =

σ̃(∂[0, 1]k). Then we have

#{C ∈ C : C ∩ Im(σ̃) ̸= ∅ and C3 ∩ ∂Im(σ̃) ̸= ∅}
≲ Cov(Im(σ̃|∂[0,1]k), 1)
≲ max

0≤l<k
∥ ∧l d·σ̃∥, by Lemma C.1

≲ max
0≤l<k

∥ ∧l d·g∥Im(σ◦ϕ), ∵ ∥d·(σ ◦ ϕ)∥ ≤ 1.

We let Θϕ be the union of ΘC over C ∈ C with C ∩ Im(σ̃) ̸= ∅ and
C3 ∩ ∂Im(σ̃) ̸= ∅.

Step 3: for ΘC ∋ θ /∈ Θϕ, the intersection Im(σ̃)∩C is con-
tained in graphs of 1-Lipschitz maps ψj, j ∈ JC over Fk(C).

Let C ∈ C with C ∩ Im(σ̃) ̸= ∅ and C3 ∩ ∂Im(σ̃) = ∅. Recall that
σ̃ = g ◦ σ ◦ ϕ with (g ◦ σ, ϕ) being a bounded couple. By Lemma 3.3 and Lemma
B.3, the disk Im(σ̃) is locally at x ∈ Im(σ̃) ∩ C a graph of a 1-Lipschitz map
g : U ⊂ Rk → Rn−k, which may be extended on Fk(C) as C

3∩∂Im(σ̃) = ∅. Then
Im(σ̃) ∩ C is contained in the disjoint union of such graphs. These graphs are
not contained in C a priori but in C3.

Step 4: We construct the admissible families in Θϕ.

We enumerate the cubes C satisfying C3∩∂Im(g◦σ◦θ) = ∅ as C1, C2, · · · , CN .
For any i, we let ψj, j ∈ Ji be the Lipschitz maps over Fk(Ci) given by the pre-
vious step whose disjoints graphs cover (and intersect) Im(σ̃) ∩ Ci.

We continue to construct the admissible families by induction on i =
1, ..., N . For any j ∈ J1 we let Θ′

j,1 be the union of θ ∈
⋃
C ΘC with Im(σ̃ ◦ θ) ∩

Γψj ̸= ∅. Assume for simplicity that C1 = [0, 1]d. Then σ̃(Θ′
j,1) is contained in

[−1/4, 5/4]k×Rd−k. The number of such θ’s is bounded by
∑

C∈C, C∩C3
1 ̸=∅#ΘC ≤

7dBr,d =: Ar,d. The families Θ′
j,1 are (g ◦ σ, ϕ, ϵ)-admissible family.

Then for any j ∈ J2 we let Θ′
j,2 be the union of θ ∈

⋃
C ΘC \ (

⋃
j∈J1 Θ

′
j,1)

with Im(σ̃ ◦ θ) ∩ Γψj ̸= ∅ and so on. Observe that for j ∈ J2, the graph Γψj
may intersect the image of the previously built admissible family Θ′

j′,1, j
′ ∈ J1
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(assume for example C2 = [1, 2] × [0, 1]d−1). However σ̃(Θ′
j,2) still contain the

graph of ψj over [5/4, 7/4] × [0, 1]k−1 × {0}d−k. One may continue this way by
induction to construct the required (g ◦ σ, ϕ, ϵ)-admissible families Θ′

j,i, j ∈ Ji,
i = 1, · · · , N .

□

5. Positive density of geometric times

We consider a Cr diffeomorphism f : M ⟲ with Vol([λk >
3k2

r−1
R(f)]) > 0

(as assumed in Theorem E). Let p, D and χ > a = 3k2

r−1
R(f) given by Lemma

2.5. Without loss of generality we can assume that D = Im(σ) where (σ, Id[0,1]k)
is a strongly ϵ-bounded couple (by composing σ with an affine contraction if
necessary). We consider the tree T associated to g = fp and to the k-disc D
given by Proposition 3.7.

Definition 5.1. For all n ∈ N∗ ∪ {∞} and for all x ∈ D we define:

ln(x) = (li(x̃), l
′
i(x))0≤i<n = (l(Gix̃), l′(gix))0≤i<n.

Lemma 5.2. For any in ∈ Tn we have

(1) If x, y ∈ Im(σ ◦ θ′in), then |ln−1(x̃)− ln−1(ỹ)| ≤ 1,
(2) if x, y ∈ σ(Θin), then |li(x̃)− li(ỹ)|, |l′i(x)− l′i(y)| ≤ 1 for all 0 ≤ i < n.

Proof.

(1) There is θinn−1
∈ Θinn−1

such that θ′in < θinn−1
. Observe that (σn, θ

′
in) and

(σn−1, θinn−1
) are bounded couples. Therefore, by the bounded distortion

property, we have for any t, s ∈ Im(θ′in)

| ∧k dtσn|
| ∧k dsσn|

<
√
2 and

| ∧k dtσn−1|
| ∧k dsσn−1|

<
√
2,

therefore we get with x = σ(t), y = σ(s)

(14)
| ∧k dg(Gn−1(x̃))|
| ∧k dg(Gn−1(ỹ))|

≤ 2 (< e),

finally

|ln−1(x̃)− ln−1(ỹ)| ≤ 1.

(2) For any x, y ∈ σ(Θin), the points g
ix and giy are ϵ-close for any 0 ≤ i < n.

According to the choice of ϵ in (7), we have
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maxj<k ∥ ∧j dgixg∥ ∨ 1

maxj<k ∥ ∧j dgiyg∥ ∨ 1
≤ 2,

therefore

∀i < n, |l′i(x)− l′i(y)| ≤ 1.

The inequalities |li(x̃)−li(ỹ)| ≤ 1 follows from item (1) as we have θin < θ′ini
for any θin ∈ Θin .

□

Definition 5.3. For a parameter χ̂ > 0, n ∈ N∗ ∪ {∞} and a sequence ln =
(li, l

′
i)0≤i<n ∈ R2n, an integer ℓ ∈ [0, n] is said to be a (χ̂, ln)-hyperbolic time when

∀0 ≤ i ≤ ℓ,
∑
i≤j<ℓ

lj − l′j ≥ (ℓ− i)χ̂.

Lemma 5.4. Let x ∈ D and χ̂ > 0. For any (χ̂, l∞(x))-hyperbolic time ℓ, we
have

∀v ∈ TgixDi ∀0 ≤ i ≤ ℓ, |dgixgℓ−iv| ≥ e(ℓ−i)χ̂|v|.
Proof. We have for all 0 ≤ j < ℓ (recall §3.2),

el(G
j x̃)−l′(gjx) ≤

| ∧k dgjxg(Gjx̃)|
maxk′<k ∥ ∧k′ dgjxg∥ ∨ 1

(15)

≤
| ∧k dgjxg(Gjx̃)|

maxk′<k ∥ ∧k′ dgjxg∥

≤
| ∧k dgjxg(Gjx̃)|

∥ ∧k−1 dgjxg|TgjxDj∥
≤ inf{|dgjxg(u)| : u ∈ TgjxDj and |u| = 1}.

Observe then that

|dgixgℓ−iv| ≥ |v| ·
∏
i≤j<ℓ

inf{|dgjxg(u)| : u ∈ TgjxDj and |u| = 1}

≥ |v| ·
∏
i≤j<ℓ

elj(x)−l′j(x), ∵ (15)

≥ |v| · e(ℓ−i)χ̂, ∵ ℓ is a (χ̂,l∞(x))-hyperbolic time.(16)

□



34 S. BEN OVADIA, D. BURGUET

Remark: By Lemma 5.2, if x, y ∈ σ(Θin) for some in ∈ Tn, then |li(x) −
li(y)|, |l′i(x) − l′i(y)| ≤ 1, for all i < n. Therefore, if ℓ ∈ [0, n] is (χ̂, l∞(x))-
hyperbolic then ℓ is (χ̂ − 2, l∞(y))-hyperbolic. We apply this remark later with
χ̂ = pχ+ 2.

We recall Pliss Lemma in this context.

Lemma 5.5. Let ln = (li, l
′
i)0≤i<n be a sequence with

∑
0≤i<n li − l′i ≥ nχ̂′ > 0.

Then for any 0 < χ̂ < χ̂′ we have for A = supi(li − l′i) ≤ log ∥ ∧k d·g∥,

1

n
#
{
0 ≤ ℓ < n : ℓ is (χ̂, ln)-hyperbolic

}
≥ χ̂′ − χ̂

A− χ̂
.

Definition 5.6. For all x ∈ D and all n ∈ N we define:

un(x) = 1 if x ∈ σ(Θin) with in ∈ T n,

= 0 if not.

Given n ∈ N, we set

un(x) = (ui(x))0≤i<n .

Notation:

(1) For two sequences ln and un and for 0 ≤ ℓ < n we denote by lnℓ and unℓ
respectively the sequence of suffices given by the n−ℓ last terms of ln and
un. Note that ln0 = ln and un0 = un.

(2) To simplify the notations, we write σiℓ for σ(Θiℓ) and σ̃iℓ for gℓ (σiℓ) =
σℓ(Θiℓ).

(3) We also denote by Volσ the normalized volume probability measure on a
disjoint finite union σ of disks.

Definition 5.7. For a 2n-tuple of integers ln = (li, l
′
i)0≤i<n and for 0 ≤ ℓ < n we

consider then

H(lnℓ ) := gℓ ({x ∈ D : lnℓ (x) = lnℓ }) .

Definition 5.8. For a n-tuple un = (ui)0≤i<n ∈ {0, 1}n and for 0 ≤ ℓ < n we
consider

B(unℓ ) := gℓ ({x ∈ D : unℓ (x) = unℓ }) .

The following lemma is a key estimate in the proof of Proposition 5.18.
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Lemma 5.9. Given ln and un, we consider a triple of integers (ℓ0, ℓ1, ℓ2) with
0 ≤ ℓ0 < ℓ1 ≤ ℓ2 < n satisfying :

(1) uℓ0 = 1,
(2) ℓ1 is (χ̂, ln)-hyperbolic,
(3) uℓ = 0 for any ℓ ∈ [ℓ0 + 1, ℓ1].

Then, for some universal constant Dr,d > 0 we have

sup
iℓ0

Volσ̃
iℓ0

(
H(lnℓ0) ∩ B(unℓ0)

)
≤ Dℓ1−ℓ0

r,d M
3k2(ℓ1−ℓ0)

r−1
g e−(ℓ1−ℓ0)χ̂ sup

iℓ2

Volσ̃
iℓ2

(
H(lnℓ2) ∩ B(unℓ2)

)
.

Proof. Observe that

Volσ̃
iℓ1

(
H(lnℓ1) ∩ B(unℓ1)

)
≤

∑
iℓ2 : i

ℓ2
ℓ1
=iℓ1

Volk(g
ℓ1(σiℓ2 ))

Volk(σ̃iℓ1 )

Volk
(
gℓ1(σiℓ2 ) ∩H(lnℓ1) ∩ B(unℓ1)

)
Volk(gℓ1(σiℓ2 ))

.

It follows from the bounded distortion property that for all iℓ2 we have

Volk
(
gℓ1(σiℓ2 ) ∩H(lnℓ1) ∩ B(unℓ1)

)
Volk(gℓ1(σiℓ2 ))

≤ 4
Volk

(
gℓ2(σiℓ2 ) ∩H(lnℓ2) ∩ B(unℓ2)

)
Volk(gℓ2(σiℓ2 ))

.

Therefore,

Volσ̃
iℓ1

(
H(lnℓ1) ∩ B(unℓ1)

)
≤ 4

∑
iℓ2 : i

ℓ2
ℓ1
=iℓ1

Volk(g
ℓ1(σiℓ2 ))

Volk(σ̃iℓ1 )
Volσ̃

iℓ2

(
H(lnℓ2) ∩ B(unℓ2)

)
≤ 4 sup

iℓ2

Volσ̃
iℓ2

(
H(lnℓ2) ∩ B(unℓ2)

)
.

To conclude the desired statement, we are only left to show that for some constant
Dr,d

sup
iℓ0

Volσ̃
iℓ0

(
H(lnℓ0) ∩ B(unℓ0)

)
≤
Dℓ1−ℓ0
r,d

4
M

3k2(ℓ1−ℓ0)
r−1

g e−(ℓ1−ℓ0)χ̂ sup
iℓ1

Volσ̃
iℓ1

(
H(lnℓ1) ∩ B(unℓ1)

)
.
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For any ℓ ∈ [ℓ0 + 1, ℓ1] and for any gℓ0x ∈ B(unℓ0), we have uℓ(x) = 0.
Therefore by Proposition 3.7,

#{iℓ1 : iℓ1ℓ0 = iℓ0 and gℓ0(σiℓ1 ) ∩H(lnℓ0) ∩ B(unℓ0) ̸= ∅}

≤
(
Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
e
∑
ℓ0<j≤ℓ1

l′j .

Then, in particular,

Volk
(
σ̃iℓ0 ∩H(lnℓ0) ∩ B(unℓ0)

)
≤

∑
iℓ1 : i

ℓ1
ℓ0
=iℓ0

Volk(g
ℓ0(σiℓ1 ) ∩H(lnℓ0) ∩ B(unℓ0))

≤ 4

(
2Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
e

∑
ℓ0<j≤ℓ1

l′j
sup
iℓ1

Volk(g
ℓ0(σiℓ1 ) ∩H(lnℓ0) ∩ B(unℓ0))

≤ 4

(
4Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
e

∑
ℓ0<j≤ℓ1

l′j−lj

sup
iℓ1

Volk
(
σ̃iℓ1 ∩H(lnℓ1) ∩ B(unℓ1)

)
≤ 4

(
4Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
e(ℓ0−ℓ1)χ̂ sup

iℓ1

Volk
(
σ̃iℓ1 ∩H(lnℓ1) ∩ B(unℓ1)

)
,

∵ ℓ1 is χ̂-hyperbolic.

As uℓ0 = 1, we have iℓ0 belongs to T ℓ0 . By the remark following Definition 3.6,
we have Volk(σ̃iℓ0 ) ≥ C−1

d ϵk ≥ C−2
d Volk(σ̃iℓ1 ) for some constant Cd, so that we

finally get for any iℓ0 :

Volσ̃
iℓ0

(
H(lnℓ0) ∩ B(unℓ0)

)
=

Volk
(
σ̃iℓ0 ∩H(lnℓ0) ∩ B(unℓ0)

)
Volk(σ̃iℓ0 )

≤ 4Cdϵ
−k
(
4Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
· e(ℓ0−ℓ1)χ̂ sup

iℓ1

Volk
(
σ̃iℓ1 ∩H(lnℓ1) ∩ B(unℓ1)

)
≤ 4C2

d

(
4Cr,dM

3k2

r−1
g

)ℓ1−ℓ0
· e(ℓ0−ℓ1)χ̂ sup

iℓ1

Volσ̃ℓ1
(
H(lnℓ1) ∩ B(unℓ1)

)
.

This concludes the proof with Dr,d = 43C2
dCr,d. □
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Definition 5.10. For all sequences ln and un, we set with χ̂ := pχ+ 2

H(ln) := {ℓ ∈ [0, n) : ℓ is (χ̂, ln)-hyperbolic}

and

BG(un) := {ℓ ∈ [0, n) : uℓ = 1}.

Lemma 5.11. For all sequences ln and un, we have

Volσ (H(ln) ∩ B(un)) ≤ 4Dn
r,d

(
M

3k2

p(r−1)
g e−χ

)p#(H(ln)\BG(un))

.

Proof. Fix sequences ln and un.

Claim: There are integers 0 ≤ ℓ0 < ℓ′0 < ℓ1 < ℓ′1 < · · · < ℓ′q < n such that :

• ∀i = 0, · · · , q, ℓi ∈ BG(un),
• ∀i = 0, · · · , q, ℓ′i ∈ H(ln) \ BG(un),
• H(ln) \ BG(un) ⊂

⋃
0≤i≤q(ℓi, ℓ

′
i] ⊂ [0, n) \ BG(un).

Proof of the Claim. Let ℓ′−1 = −1. We set inductively for all i:

ℓi = max
{
ℓ ∈ BG(un) : ℓ < ℓ′ ∀ℓ′i−1 < ℓ′ ∈ H(ln) \ BG(un)

}
and

ℓ′i = max {ℓ′ ∈ H(ln) \ BG(un) : ℓ′ < ℓ ∀ℓi < ℓ ∈ BG(un)} .

We let q be the last integer for which ℓ′q is well defined. □

By applying Lemma 5.9 successively to the triplets (ℓ0, ℓ
′
0, ℓ1), (ℓ1, ℓ

′
1, ℓ2),

(ℓ2, ℓ
′
2, ℓ3), · · · , (ℓq, ℓ′q, n− 1) it follows that

sup
iℓ0

Volσ̃
iℓ0

(
H(lnℓ0) ∩ B(unℓ0)

)
≤
(
Dr,dM

3k2

r−1
g e−pχ−2

)∑q
i=0 ℓ

′
i−ℓi

≤ Dn
r,d

(
M

3k2

p(r−1)
g e−χ

)p∑q
i=0 ℓ

′
i−ℓi

≤ Dn
r,d

(
M

3k2

p(r−1)
g e−χ

)p#(H(ln)\BG(un))

.
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Then by using again the bounded distortion property we get

Volσ (H(ln) ∩ B(un)) ≤ 4 sup
iℓ0

Volσ̃
iℓ0

(
H(lnℓ0) ∩ B(unℓ0)

)
,

≤ 4Dn
r,d

(
M

3k2

p(r−1)
g e−χ

)p#(H(ln)\BG(un))

.

□

Definition 5.12. For all x ∈ D, all β ∈ (0, 1) and all n ∈ N we define:

uβn(x) = 1 if x ∈ σ(θin) with in ∈ T n and Volk(σn ◦ θin) ≤
βC−1

d ϵk

400Ar,d
,

= 0 if not.

Given n ∈ N, we set

unβ(x) =
(
uβi (x)

)
0≤i<n

.

Remark: In particular uβn(x) = 1 implies un(x) = 1.

Definition 5.13. For an n-tuple un = (ui)0≤i<n ∈ {0, 1}n and for 0 ≤ ℓ < n we
consider

Bβ(unℓ ) := gℓ
({
x ∈ D : unβ(x) = un

})
.

Lemma 5.14. Given un, for any 0 ≤ ℓ0 < ℓ1 < n, with uℓ1 = 1, we have

sup
θ
iℓ0

Volσℓ0◦θiℓ0 (B
β(unℓ0)) ≤

β

25
sup

θ
iℓ1

: θ
iℓ1
<θ

iℓ0

Volσℓ1◦θiℓ1 (B
β(unℓ1)).

Proof. By the bounded distortion property, recall that

sup
θ
iℓ0

Volσℓ0◦θiℓ0 (B
β(unℓ0)) ≤ 4 sup

θ
iℓ1−1 : θiℓ1−1<θiℓ0

Volσℓ1−1◦θiℓ1−1
(Bβ(unℓ1−1)).

Therefore it is enough to show that

sup
θ
iℓ1−1

Volσℓ1−1◦θiℓ1−1
(Bβ(unℓ1−1)) ≤

β

100
sup

θ
iℓ1

: θ
iℓ1
<θ

iℓ1−1

Volσℓ1◦θiℓ1 (B
β(unℓ1)).
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We have for all θiℓ1−1 :

Volk
(
Im (σℓ1−1 ◦ θiℓ1−1) ∩ Bβ(unℓ1−1)

)
≤

∑
θ
iℓ1

: iℓ1∈T ℓ1 , θiℓ1
<θ

iℓ1−1

Volk(σℓ1◦θiℓ1 )≤
βC−1
d

400Ar,d
ϵk

Volk
(
Im (σℓ1−1 ◦ θiℓ1 ) ∩ Bβ(unℓ1)

)

≤
∑

θ′
iℓ1

: iℓ1∈T ℓ1 ,

θ′
iℓ1
<θ

iℓ1−1


∑

θ
iℓ1

: θ
iℓ1

<θ′
iℓ1

Volk(σℓ1◦θiℓ1 )≤
βC−1
d

400Ar,d
ϵk

Volk
(
Im (σℓ1−1 ◦ θiℓ1 ) ∩ Bβ(unℓ1)

)
 .

Let x′ℓ1 ∈ Im(σ ◦ θ′
iℓ1
). By Equation (14) we have

Volk
(
Im (σℓ1−1 ◦ θiℓ1−1) ∩ Bβ(unℓ1−1)

)
≤

∑
θ′
iℓ1

: iℓ1∈T ℓ1 ,

θ′
iℓ1
<θ

iℓ1−1

2| ∧k dg(Gℓ1−1(x̃′ℓ1))|
−1

·


∑

θ
iℓ1

: θ
iℓ1

<θ′
iℓ1

Volk(σℓ1◦θiℓ1 )≤
βC−1
d

400Ar,d
ϵk

Volk
(
Im (σℓ1 ◦ θiℓ1 ) ∩ Bβ(unℓ1)

)

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≤
∑

θ′
iℓ1

: iℓ1∈T ℓ1 ,

θ′
iℓ1
<θ

iℓ1−1

2| ∧k dg(Gℓ1−1(x̃′ℓ1))|
−1 β

400
Volk(Im(σℓ1 ◦ θ′iℓ1 ))

· sup
θ
iℓ1

: θ
iℓ1
<θ

iℓ1−1

Volσℓ1◦θiℓ1 (B
β(unℓ1))

≤
∑

θ′
iℓ1

: θ′
iℓ1
<θ

iℓ1−1

β

100
Volk(Im(σℓ1−1 ◦ θ′iℓ1 )) sup

θ
iℓ1

: θ
iℓ1
<θ

iℓ1−1

Volσℓ1◦θiℓ1 (B
β(unℓ1))

≤ β

100
Volk(σℓ1−1 ◦ θiℓ1−1) sup

θ
iℓ1

: θ
iℓ1
<θ

iℓ1−1

Volσℓ1◦θiℓ1 (B
β(unℓ1)).

□

Applying Lemma 5.14 inductively yields the following lemma.

Lemma 5.15. For any un

Volσ(Bβ(un)) ≤
(
β

25

)#BG(un)

.

Definition 5.16. For x ∈ D we define

Eχ̂,p,β(x) := {m : m is (χ̂, l∞(x))-hyperbolic,

um(x) = 1 and uβm(x) = 0}.

Definition 5.17. Given a set B ⊆ N and n ∈ N∗, we set

dn(B) :=
1

n
#(B ∩ [0, n− 1]) .

Recall Lemma 2.6 and the definition of χ′ > χ > 3k2

r−1
R(f).

Proposition 5.18. For all β ∈ (0, 1), for all p ≥ 8
χ′−χ and for all n, we have

Volσ
({
x : dn(Epχ+2,p,β(x)) < β and |Anpk,p(ι(TxD))| ≥ enpχ

′
})

≤ Cr,d,f (p)
n

(
e

3k2

r−1
R(f)e−χ

)np·( χ′−χ
4k logMf

−2β

)
+ e−βn,

where Cr,d,f (p) satisfies limp→∞
logCr,d,f (p)

p
= 0.
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Proof. First, note that if |Anpk,p(ι(TxD))| ≥ enpχ
′
, then there is 0 ≤ q < p such that

n−1∏
i=0

| ∧k df ip+qxfp(F ip+qx̃)|
max{1,maxj≤k−1 ∥ ∧j df ip+qxfp∥}

≥ enpχ
′
.

Without loss of generality we can assume that q = 0. Then we get that,

n−1∑
i=0

li(x)− l′i(x) ≥ n(pχ′ − 2).

Set

Eβn :=

{
x ∈ D : dn(Epχ+2,p,β(x)) < β and

n−1∑
i=0

li(x)− l′i(x) ≥ n(pχ′ − 2)

}
.

Since the entries of l and l′ belong to [−k logMg − 1, k logMg + 1], the
number of sequences (ln, un, un) with H(ln) ̸= ∅, B(un) ̸= ∅, B(un) ̸= ∅ is
bounded from above by (2k logMg + 3)2n4n.

Fix such sequences ln, un and un with H(ln)∩B(un)∩Bβ(un)∩Eβn ̸= ∅ and
#BG(un) ≤ βn. Let q∗ ∈ N with β ∈ [ 1

q∗+1
, 1
q∗
). By Lemma 5.15 the volume of

the union of B(un) over the others un is less than (up to a multiplicative constant
independent of n)

n∑
q=q∗

(
n

[n/q]

)
·
(

1

25q

)⌈n
q
⌉

≲
n∑

q=q∗

en(
1
q
log q−(1− 1

q
) log(1− 1

q
)) ·
(

1

25q

)n
q

≲
n∑

q=q∗

e
n
q
(2−log 25)

≲ eβ(2−log 25)n ≤ e−βn.

By Pliss’s lemma (Lemma 5.5) applied to the sequence (li − l′i)i<n with

χ̂ = pχ + 2 and χ̂′ = pχ′ − 2, we have #H(ln) ≥ np(χ
′−χ)−4

2k logMg
. Therefore, for

p ≥ 8
χ−χ′ and for all x ∈ H(ln) ∩ B(un) ∩ Eβn we get

# (H(ln) \ (BG(un) \ BG(un)) ≥#H(ln)− ndn(Epχ+2,p,β(x))

≥n ·
(

χ′ − χ

4k logMf

− β

)
.
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Then,

# (H(ln) \ BG(un)) ≥ #(H(ln) \ (BG(un) \ BG(un))−#BG(un)

≥ n ·
(

χ′ − χ

4k logMf

− 2β

)
.

By Lemma 5.11 we get

Volσ (H(ln) ∩ B(un)) ≤ 4Dn
r,d

(
M

3k2

p(r−1)
g e−χ

)−pχ′n·
(

χ′−χ
4k logMf

−2β

)
.

Therefore, for all n,

Volσ
({
x : dn(Eχ̂,p(x)) < β and ∥Anpk,p(ι(TxD))∥ ≥ enpχ

})
≤ (2pk logMf + 3)2n(4Dr,d)

n

(
M

3k2

p(r−1)
g e−χ

)pn·( χ′−χ
4k logMf

−2β

)
.

This concludes the proof with

Cr,d,f (p) := 4Dr,d(2pk logMf + 3)2
(
Mfp

epR(f)

) 3k2(χ′−χ)
4k(r−1) logMf

−2β

.

□

Definition 5.19. For x ∈ D, we set

BGβ
n(x) :=

{
0 ≤ ℓ < n : uℓ(x) = 1, uβℓ (x) = 0

and ℓ is (pχ, l∞(y)) for any y ∈ ϖℓ(x)
}
.

Definition 5.20. For any β ∈ (0, 1) and any p ∈ N∗ we let

Ep,β
n :=

{
x ∈ Bp

n : dn(BG
β
n(x)) ≥ β

}
.

Corollary 5.21. For any β ∈ (0, χ′−χ
8k logMf

) there is p, such that for all n ∈ N
large enough,

VolD(E
p,β
n ) ≥ 1

n2
.
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Proof. Recall the set Bp
n given in Lemma 2.6 satisfies VolD(B

p
n) ≥ 2

n2 for n ∈ N .

As observed after Lemma 5.4, we have Epχ+2,p,β(x) ⊂ BGβ
n(x) for x ∈ D. By

Proposition 5.18, for β < χ′−χ
8k logMf

we may choose p so large that the set of points

x in Bp
n with dn(Epχ+2,p,β(x)) < β and |Anpk,p(ι(TxD))| ≥ enpχ

′
has exponentially

small measure in n, in particular measure less than 1
n2 for n large enough. □

Remark: From now on, we fix some β ∈ (0, χ′−χ
8k logMf

) and we choose p as in

Corollary 5.21. The set Eβ,p
n and BGβ

n(x) will be then simply denoted by En and
BGn(x) respectively. The integers in BGn(x) are referred to as BG times.

6. Invariant measure given by disintegration on disks

In this section we construct an invariant measure which is given by a disin-
tegration on Cr−1,1 embedded k-disks. To achieve that, we wish to first construct
a probability measure on the space of Measured Disks- which is a space of disks
endowed with a probability measure. We restrict to BG times where the elements
of the Yomdin partition belong to a pre-compact subset of the space of Measured
Disks, where we can take limits.

6.1. Space of Measured Disks.

Definition 6.1 (Space of Measured Disks). Let

S := {(ϖ, ϱ) : ϖ : [0, 1]k → M is Cr−1,1 and ϱ ∈ P([0, 1]k)},

endowed with the product topology of the Cr−1,1 topology and the weak-∗ topology,
be the space of Measured Disks.

Definition 6.2.

(1) For x ∈ D and ℓ ∈ N, we say that the atom ϖℓ(x) of the Yomdin partition
containing gℓ(x) is BG, when ℓ belongs to BGn(x) for some (any) n > ℓ.

(2) Let P ℓ be the Yomdin partition of D into elements of the form
g−ℓ[Im(ϖℓ(·))].

6.2. Sequence of measures on the space of Measured Disks.

Recall Lemma 2.6 and the definition of the set N .

Definition 6.3. For n ∈ N , and for 0 ≤ ℓ ≤ n,

(1)

Eℓ
n :=

⋃
{g−ℓ[Im(ϖℓ(x))] : x ∈ En} ⊂ D,
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(2) Let P ℓ
n be the restriction of P ℓ to elements centered at En points,

(3) Given x ∈ En
n , write

BGM
n (x) := {ℓ ≤ n : ∃ℓ′ ∈ [ℓ, ℓ+M ], y ∈ ϖℓ(x) ∩ En s.t. ϖℓ′(y) is BG},

(4)

P ℓ,M
n := {P ∈ P ℓ

n : ℓ ∈ BGM
n (x) for some (any) x ∈ P ∩ En},

(5) We denote VolD by λ, λ(F ∩ ·) by λF for any F ⊂ D and 1
λ(Enn)

λEnn by λn.

Remark: In the above definition, ϖℓ(x) denotes the map σℓ ◦ θiℓ with x ∈
Im(σ ◦ θiℓ) (see Definition 3.8). According to the Remark following the Algebraic
Lemma (Lemma 4.2), θiℓ , thus σℓ ◦ θiℓ is a (topological) embedding, therefore we
may push the measure 1

λ(P ℓn(x)∩Enn)
λP ℓn(x)∩Enn ◦ g

−ℓ on M by the inverse of ϖℓ(x) to
get ϱℓ,n,x.

Definition 6.4 (The subspace SM). Given M ∈ N, we write

SM := {(ϖℓ(x), ϱ) ∈ S : ℓ ∈ BGM
n (x), x ∈ En

n}
S
⋐ S,

where ⋐ denotes “compactly contained”.

Definition 6.5 (The measures pMn on SM).

pMn :=

∫
1

n

∑
ℓ∈BGMn (x)

δ(ϖℓ(x),ϱℓ,n,x)dλn,

where ϱℓ,n,x :=
(

1
λ(P ℓn(x)∩Enn)

λP ℓn(x)∩Enn ◦ g−ℓ
)
◦ϖℓ(x).

Lemma 6.6. Given x ∈ En and y ∈ P n
n (x),

(1) For all M , BGM
n (x) = BGM

n (y),
(2) For all n large enough and for all h ∈ Lip(M),∣∣∣ 1

n

∑
ℓ≤n

δgℓ(x)(h)−
1

n

∑
ℓ≤n

δgℓ(y)(h)
∣∣∣ ≤ ∥h∥Lip√

n
.
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Proof. The first item is clear by the definition of BGM
n (·), which is saturated by

partition elements. We continue to show the second item. Let η > 0. By Lemma
3.9, ∣∣∣ 1

n

∑
ℓ≤n

δgℓ(x)(h)−
1

n

∑
ℓ≤n

δgℓ(y)(h)
∣∣∣

≤
∣∣∣ 1
n

∑
ℓ≤n(1−η)

δgℓ(x)(h)−
1

n

∑
ℓ≤n(1−η)

δgℓ(y)(h)
∣∣∣+ 2η∥h∥∞

≤Lip(h) · 1

2nη
+ 2η · ∥h∥∞.

Then if we choose η = 1
3
√
n
, the desired result is following, for all n s.t. 1

2

√
n
3

≤
1

3
√
n
. □

Remark: From here onwards, we saturate the set En into En
n , and associate the

two sets (recall Definition 5.20). Lemma 6.6 above justifies it.

Proposition 6.7. For all n ∈ N and M ≥ 0,

pMn (1) ∈ [β, 1].

Proof. Recall Definition 5.20 and its following remark, then

1 ≥ pMn (1) =

∫
1

n
#BGM

n (x) dλn(x)

≥
∫
dn (BGn(x)) dλn(x) ≥ β.

□

Definition 6.8.

µMn :=

∫
S
ϱ ◦ϖ−1dpMn ((ϖ, ϱ)).

Claim 6.9. For every n,M , µMn (1) = pMn (1) ∈ [β, 1].

Proof. This is a direct corollary of Definition 6.8, as ϱ ◦ ϖ−1(1) = 1 for all
(ϖ, ϱ) ∈ S. □
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Lemma 6.10.

µMn =

∫
1

n

∑
ℓ∈BGMn (x)

δgℓ(x)dλn.

Proof. ∫
1

n

∑
ℓ∈BGMn (x)

δgℓ(x)dλn =
1

λ(En)

1

n

n−1∑
ℓ=0

∫
[ℓ∈BGMn (·)]

δgℓ(x)dλ

=
1

λ(En)

1

n

n−1∑
ℓ=0

λ[ℓ∈BGMn (·)] ◦ g−ℓ

=
1

λ(En)

1

n

n−1∑
ℓ=0

∑
P∈P ℓ,Mn

λEn∩P ◦ g−ℓ

=
1

λ(En)

1

n

n−1∑
ℓ=0

∑
P∈P ℓ,Mn

λ(En ∩ P )
λEn∩P ◦ g−ℓ

λ(En ∩ P )

=
1

λ(En)

1

n

n−1∑
ℓ=0

∑
P∈P ℓ,Mn

λ(En ∩ P )
∫
S
ϱ ◦ϖ−1dδ(ϖℓ(xP ),ϱℓ,n,xP )

=

∫
S
ϱ ◦ϖ−1d

(∫ 1

n

∑
ℓ∈BGMn (x)

δ(ϖℓ(x),ϱℓ,n,x)dλn
)

=

∫
S
ϱ ◦ϖ−1dpMn = µMn ,

where xP is any point in P ∩ En. □

Recall Lemma 2.6.

Proposition 6.11. There exists a subsequence N ∋ nj ↑ ∞ s.t. ∀M ≥ 0,

pMnj → pM ∈ [β, 1] · P(SM) ⊆ [β, 1] · P(S) and µMnj → µM ∈ [β, 1] · P(M).

Moreover,

µM =

∫
ϱ ◦ϖ−1dpM .



GENERALIZED u-GIBBS MEASURES FOR C∞ DIFFEOMORPHISMS 47

Proof. By Proposition 6.7, pMn is a sequence of bounded measures carried by SM ,
which is a pre-compact subset of S.

Therefore, using the diagonal argument, there exists a subsequence N ∋
nj ↑ ∞ s.t. ∀M ≥ 0, pMnj → pM ∈ [β, 1] · P(SM) ⊆ [β, 1] · P(S).

Then, given any continuous function h ∈ C(M), we define ĥ(ϖ, ϱ) :=
ϱ ◦ϖ−1(h) =

∫
[0,1]k h ◦ϖdϱ, which lies in C(S). Then,∫

h dµMnj =

∫
ϱ ◦ϖ−1(h) dpMnj(17)

=

∫
ĥ dpMnj −−−→j→∞

∫
ĥ dpM

Therefore

µM(h) =

∫
ϱ ◦ϖ−1(h) dpM .

□

6.3. Invariant measure with disintegration by a family of disks.

Lemma 6.12. For all n and M , pM+1
n ≥ pMn , pM+1 ≥ pM , µM+1

n ≥ µMn , and
µM+1 ≥ µM .

Proof. It is enough to check that for all n and M , pM+1
n ≥ pMn , and the rest

follows by Proposition 6.11. Indeed, by Definition 6.5, for any n, when increasing
M , we increase the sum in the definition of pMn . □

Corollary 6.13 (The measures µ and p). pM ↑ p and µM ↑ µ, where p(S) ∈ [β, 1]
and µ =

∫
ϱ ◦ϖ−1dp.

Proof. By Lemma 6.12, both limits must exist as bounded increasing sequences,
and µM =

∫
ϱ ◦ ϖ−1dpM for every M . Then as in (17), we conclude that µ =∫

ϱ ◦ϖ−1dp. □

Lemma 6.14. µ≪
∑

i≥0 µ
0 ◦ f−i.

Proof. Recall g = fp. For every M ∈ N,

µM ≤
∑

0≤i≤M

µ0 ◦ f−ip ≤ 2Mp
∑

0≤i≤Mp

1

2i
µ0 ◦ f−i < 2Mp

∑
i≥0

1

2i
µ0 ◦ f−i.

Hence µM ≪
∑

i≥0
1
2i
µ0 ◦ f−i ≡ η. Since µM+1 ≥ µM , we get that µ = limM ↑

µM ≪ η. □
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Remark: Lemma 6.14 implies that µ0 sees all ergodic components of the measure
µ.

Theorem 6.15. µ ◦ g−1 = µ.

Proof. For any n ∈ N , for any M ≥ 0,

µM+1
n ◦ g−1 =

∫
1

n

∑
ℓ∈BGM+1

n (x)

δgℓ(x) ◦ g−1dλn

=

∫
1

n

∑
ℓ∈BGM+1

n (x)

δgℓ+1(x)dλn

≥
∫

1

n

∑
ℓ+1∈BGMn (x)

δgℓ+1(x)dλn

≥
∫

1

n

∑
ℓ∈BGMn (x)

δgℓ(x)dλn −
1

n
= µMn − 1

n
.

By sending nj → ∞ and then M → ∞, we conclude µ ◦ g−1 ≥ µ. Since µ(1) and
µ ◦ g−1(1) have the same value, µ = µ ◦ g−1. □

Lemma 6.16. There exists a probability measure p̃ ∈ P(S) s.t.

1

p

p−1∑
j=0

(
1

µ(1)
µ

)
◦ f−j =

∫
S

ϱ ◦ϖ−1dp̃((ϖ, ϱ)).

Proof. For 0 ≤ j ≤ p− 1, let Fj((ϖ, ϱ)) := (f j ◦ϖ, ϱ) which is an invertible and

continuous map from S to S. Then set p̃ := 1
p

∑p−1
j=0(

1
p(1)

p) ◦ F−1
j (recall Claim

6.9). □

Definition 6.17.

µ̂ :=

∫
S

ϱ ◦ϖ−1dp̃((ϖ, ϱ)).

Corollary 6.18. µ̂ is an f -invariant probability measure on M.

Proof. It follows directly from Lemma 6.16 (recall that g = fp). □

Definition 6.19. Let W := {ϖ : [0, 1]k → M where ϖ is Cr−1,1} be the space of
disks.
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Theorem 6.20 (Invariant measure with disintegration by an invariant family of
disks). There exists a probability measure p̂ on W s.t.

µ̂ =

∫
W
ϱϖ ◦ϖ−1dp̂(ϖ),

where ϱϖ is a probability measure on [0, 1]k.

Proof. Let α be the measurable partition of S given by the atoms α((ϖ, ϱ)) :=
{ϖ} × P([0, 1]k), and disintegrate p̃:

p̃ =

∫
p̃α((ϖ,ϱ))dp̃ ≡

∫
p̃ϖdp̂,

where π : S → W , π((ϖ, ϱ)) := ϖ and p̂ := p̃ ◦ π−1. Then set ϱϖ :=
∫
ϱdp̃ϖ and

so,

µ̂ =

∫
ϱ ◦ϖ−1dp̃ =

∫ (∫
ϱ ◦ϖ−1dp̃ϖ

)
dp̂ =

∫
ϱϖ ◦ϖ−1dp̂.

□

7. Smooth Conditionals

In this section we study the invariant measure which we constructed in
§6, and prove that its disintegration by Measured Disks in fact is given by
smooth disk-measures (the “conditionals”). The proof is decomposed into two
sub-sections, where we first show that the conditionals are absolutely continu-
ous, and then prove also domination in the following sub-section. Proving that
the conditionals are absolutely continuous relies on finding a natural family of
smooth disk-measures to which we compare the conditionals. The comparison
is done by the atoms of finer-and-finer Yomdin partitions, where we are able to
get tight bounds on the number of atoms which “compare well”, and the total
measure they cover. The key idea which allows us to get these estimates is the
observation that if a certain point visits with some fixed positive density times
where a fixed portion of the atoms do not “compare well”, then the point belongs
to a set of exponentially small measure. Using the fact that 1

nj
log λ(Enj) → 0,

we can compute the portion of “bad points”. Note that the dynamics of the disk
is being used here, as for purely analytic reasons, one should not expect to bound
the λn-portion of a subset of En whose λ-measure “is large” relatively to En, as
these are morally two singular measures.
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7.1. Absolute Continuity of the Conditionals. For a C1 map ϖ : [0, 1]k →
M with a positive k-volume, i.e. λ(ϖ) :=

∫
[0,1]k | ∧

k dtϖ| dt > 0, we define λϖ by

(18) ∀h ∈ C(M),

∫
h dλϖ :=

∫
[0,1]k

h ◦ϖ(t) · | ∧k dtϖ| dt.

In addition, the tangent space to Im(ϖ) is well-defined λϖ-a.e. since the
set of points in Im(ϖ) where it intersects itself transversely is of measure zero.

In this section of the paper we prove that for p̂-a.e. ϖ, the probability mea-
sure ϱϖ ◦ϖ−1 is absolutely continuous w.r.t. λϖ, where µ̂ =

∫
W ϱϖ ◦ϖ−1dp̂(ϖ).

Definition 7.1. For any ϖ as above and h ∈ C(M), set for ℓ ≥ 0,

ν(ℓ)ϖ (h) :=

∫
ρ(ℓ)ϖ (x) · h(x)dλϖ(x),

where

ρ(ℓ)ϖ (x) :=
1∫ ∏

j≤ℓ e
Q

(j)
ϖ (y,x)dλϖ(y)

,

and

Q(j)
ϖ (y, x) := log | ∧k dg−jyg−1|g−j [ϖ]| − log | ∧k dg−jxg−1|g−j [ϖ]|.

Remarks:

(1) Q(j)
ϖ (y, x) is well-defined λϖ-a.e. by the preceding discussion.

(2) Note, ν(ℓ)ϖ =
λ
g−ℓ[ϖ]

◦g−ℓ

λ(g−ℓ[ϖ])
.

Proposition 7.2. For p̂-a.e. ϖ, the limit limℓ→∞ ρ(ℓ)ϖ = ρϖ exists (recall Defini-
tion 7.1), and converges uniformly exponentially fast. In addition, | log ρϖ| ≤ 1.

Proof. We prove that for p̂-a.e. ϖ, for all s, t ∈ [0, 1]k with |∧kdtϖ|, |∧kdsϖ| ≠ 0,

for all j ≥ 0, |Q̂(j)
ϖ (s, t)| ≤ 1

2j+1 , where

Q̂(j)
ϖ (s, t) := log

| ∧k dsg−j−1 ◦ϖ|
| ∧k dsg−j ◦ϖ|

− log
| ∧k dtg−j−1 ◦ϖ|
| ∧k dtg−j ◦ϖ|

.

It will conclude the proof as for λϖ-a.e. x and y, there are t, s with ϖ(t) = x and

ϖ(s) = y, and | ∧k dtϖ|, | ∧k dsϖ| ≠ 0, so that Q̂(j)
ϖ (s, t) = Q(j)

ϖ (x, y).
Given M ∈ N, aside for at most measure δ > 0, for pM -a.e. (ϖ, ϱ),

ϖ =
Cr−1,1

lim
n→∞

ϖℓn(xn),



GENERALIZED u-GIBBS MEASURES FOR C∞ DIFFEOMORPHISMS 51

where ℓn ≥ δn, and ϖℓn(xn) ∈ SM . Therefore, since for every j, Q̂(j)
ϖ depends

C1-continuously on ϖ, it is enough to show that for all n, |Q̂(j)
ϖℓn (xn)

(s, t)| ≤ 1
2j
.

Fix n. Given s, t ∈ [0, 1]k, write tj := ϖℓn−j(xn)
−1(g−j(ϖℓn(xn)(t))) and

sj := ϖℓn−j(xn)
−1(g−j(ϖℓn(xn)(s))). Then,

Q̂
(j)
ϖℓn (xn)

(s, t) = Q̂
(0)
ϖℓn−j(xn)

(sj, tj).

By arguing as in Lemma 3.9 we can write ϖℓn−j := ϖℓn−j(xn) = Im(σℓn−j ◦
θℓn−j) and ϖℓn := ϖℓn(xn) = Im(σℓn ◦θℓn) with θℓn = θℓn−j ◦ϕj where ∥dϕj∥ ≤ 1

2j
.

By the definition of sj and tj, we can write sj = ϕj(s) and tj = ϕj(t). Thus,

(19) |sj − tj| ≤
√
k

2j
,

and

Q̂
(0)
ϖℓn−j(xn)

(sj, tj) =

log
| ∧k dsjg−1 ◦ϖℓn−j|

| ∧k dsjϖℓn−j|
− log

| ∧k dtjg−1 ◦ϖℓn−j|
| ∧k dtjϖℓn−j|

=

log
| ∧k dθℓn−j(sj)g

−1 ◦ σℓn−j|
| ∧k dθℓn−j(sj)σℓn−j|

− log
| ∧k dθℓn−j(tj)g

−1 ◦ σℓn−j|
| ∧k dθℓn−j(tj)σℓn−j|

=

log
| ∧k dθℓn−j(sj)g

−1 ◦ σℓn−j|
| ∧k dθℓn−j(tj)g

−1 ◦ σℓn−j|
+ log

| ∧k dθℓn−j(tj)σℓn−j|
| ∧k dθℓn−j(sj)σj|

=

log
| ∧k dθℓn−j(sj)σℓn−j−1|
| ∧k dθℓn−j(tj)σℓn−j−1|

+ log
| ∧k dθℓn−j(tj)σℓn−j|
| ∧k dθℓn−j(sj)σℓn−j|

,

as g−1 ◦ σℓn−j is simply σℓn−j−1. By (6), we get

(20) |Q̂(0)
ϖℓn−j(xn)

(sj, tj)| ≤ 2 ·
√
k

2j
· 1

5k
≤ 1

2j+1
.

□

Remark: Note that Proposition 7.2 holds also for ϖ′ an embedded k-disk with
Im(ϖ′) ⊆ Im(ϖ).

Definition 7.3. For any ϖ ∈ Supp(p̂) s.t. ρϖ is well-defined (recall Proposition
7.2 and Definition 7.1) and h ∈ C(M), set

νϖ(h) :=

∫
ρϖ(x) · h(x)dλϖ(x),



52 S. BEN OVADIA, D. BURGUET

where

ρϖ = lim
ℓ→∞

ρ(ℓ)ϖ .

Remark: Note that in particular,
∫
ρϖ(x)dλϖ(x) = 1, and so νϖ is a probability

measure.

Definition 7.4. Given n,N ∈ N with N |n, and δ > 0 with δ n
N

∈ N, and x ∈ En
s.t.

1

n
#
{
ℓ ≤ n :

λ(P ℓ+N
n (x) ∩ En)

λ(P ℓ
n(x) ∩ En)

≥ 1

δ3
λ(P ℓ+N

n (x))

λ(P ℓ
n(x))

}
≥ δ,

set ct(x) ∈ {0, 1} n
N which has exactly δ n

N
-many 1’s to be the first chain in lexico-

graphic order such that for 0 ≤ t < N

cti(x) = 1 ⇒ λ(P (i+1)N+t
n (x) ∩ En)

λ(P iN+t
n (x) ∩ En)

≥ 1

δ3
λ(P (i+1)N+t

n (x))

λ(P iN+t
n (x))

.

For c ∈ {0, 1} n
N with exactly δ n

N
-many 1’s, set

[c]n,N,δ,t :=
{
x ∈ En : ct(x) = c

}
.

Let Cn,N,δ :=
{
c ∈ {0, 1} n

N : has exactly δ n
N
-many 1’s

}
. We often abuse nota-

tion, and omit the dependence on n,N and δ when it is clear from context. For
a lean notation, we write

[ct] := [c]n,N,δ,t and C := Cn,N,δ.

Remark: For a lean notation, from here onwards we assume that N |n and
δ n
N

∈ N. This can always be arranged by taking integer values which do not
affect the proof but carry notation.

Proposition 7.5 (Main estimate). Given n,N ∈ N and δ > 0 as in Definition
7.4, for all δ > 0 small enough, for all c ∈ C and 0 ≤ t < N ,

λ([ct]) ≤ e−3δ log 1
δ
n
N , and #C ≤ e2δ log

1
δ
n
N .

Proof. The bound on #C is standard (see e.g. [26, Lemma 16.19]). We continue
to bound λ([ct]) for c ∈ C and a fixed 0 ≤ t < N .
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Let Ei
ct :=

⋃
{P ∈ PNi+t

n : P ∩ [ct] ̸= ∅}. Note, this is a nested sequence of

sets in i. In addition, when ij is the j-th i so c
t
i = 1,

λ
(
E
ij+1

ct

)
λ
(
E
ij
ct

) =

∑
P∈P

Nij+t
n :

P∩[ct] ̸=∅

λ(P )
∑

P ′∈P
N(ij+1)+t
n :

P ′∩[ct]̸=∅,P ′⊆P

λ(P ′)
λ(P )∑

P∈P
Nij+t
n :

P∩[ct] ̸=∅

λ(P )

≤

∑
P∈P

Nij+t
n :

P∩[ct] ̸=∅

λ(P )
∑

P ′∈P
N(ij+1)+t
n :

P ′∩[ct]̸=∅,P ′⊆P

δ3 λ(P
′∩En)

λ(P∩En)∑
P∈P

Nij+t
n :

P∩[ct] ̸=∅

λ(P )
≤ δ3.

Then,

λ
(
E

n
N
−1

ct

)
λ
(
E0
ct

) =

n
N
−2∏

i=0

λ
(
Ei+1
ct

)
λ
(
Ei
ct

) ≤
∏
j≤nδ

N

λ
(
E
ij+1

ct

)
λ
(
E
ij
ct

) ≤ e−3δ log 1
δ
n
N .

Then since λ
(
E0
ct

)
≤ λ(D) ≤ 1, and since [ct] ⊆ E

n
N
−1

ct , we have

λ([ct]) ≤ e−3δ log 1
δ
n
N .

□

Definition 7.6. Given n,N ∈ N and ℓ ≤ n−N , set

Ěℓ,N,δ
n :=

{
x ∈ En :

λ(P ℓ+N
n (x) ∩ En)

λ(P ℓ
n(x) ∩ En)

≥ 1

δ3
λ(P ℓ+N

n (x))

λ(P ℓ
n(x))

}
.

Definition 7.7. Given δ ∈ Q+, set

(1) Nn := ⌊
√
n⌋,

(2) Ǎn,δ := En \
⋃
t<Nn,ct∈Cn,Nn,δ

[ct].

Lemma 7.8. For all δ > 0 and all n large enough,

λn(Ǎn,δ) ≥ 1− Nne
−δ log 1

δ
n
Nn

λ(En)
≥ 1− δ.
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Proof. By Theorem 7.5,

λ(Ǎn,δ) =λ
(
En \

⋃
t<Nn,ct∈Cn,Nn,δ

[ct]
)
≥ λ(En)−Nn · e−δ log

1
δ
n
Nn

≥ λ(En) ·
(
1−

√
ne−δ log

1
δ

√
n

λ(En)

)
≥ (1− δ)λ(En),

for all n large enough, since λ(En) ≥ 1
n2 .

4 □

Lemma 7.9. For all δ > 0 and n large enough,

1

n
#{ℓ ≤ n−Nn : λn(En \ Ěℓ,Nn,δ

n ) ≤ 1−
√
2δ} ≤

√
2δ.

Proof. Note that for x ∈ Ǎn,δ

1

n

∑
ℓ≤n−Nn

1Ěℓ,Nn,δn
(x) ≤ δ.

For all n large enough, by Lemma 7.8,

λn(En \ Ǎn,δ) ≤ δ

Therefore

1

n

∑
ℓ≤n−Nn

λn(Ě
ℓ,Nn,δ
n ) =

∫
1

n

∑
ℓ≤n−Nn

1Ěℓ,Nn,δn
dλn

≤λn(En \ Ǎn,δ) +
∫
Ǎn,δ

1

n

∑
ℓ≤n−Nn

1Ěℓ,Nn,δn
dλn

≤2δ.

Finally, by the Markov inequality,

1

n
#{ℓ ≤ n−Nn : λn(En \ Ěℓ,Nn,δ

n ) ≤ 1−
√
2δ} ≤

√
2δ.

□

4The sub-exponential decay of λ(En) is enough, but then we may need to choose a more careful Nn ∼
1

−1
n

log λ(En)+ log n
n

→ ∞. We need to satisfy Nn
λ(En)

e
−cδ n

Nn → 0, while Nn → ∞.
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Lemma 7.10. For all δ > 0 and n large enough, for every ℓ ≤ n − Nn s.t.
λn(En \ Ěℓ,Nn,δ

n ) ≥ 1−
√
2δ,

λ

(⋃{
P ∩ En : P ∈ P ℓ

n,
λ(P ∩ (En \ Ěℓ,Nn,δ

n ))

λ(P ∩ En)
≤ 1−

√√
2δ

})

≤ λ(En)

√√
2δ.

Proof. By the Markov inequality, for every ℓ ≤ n − Nn s.t. λn(En \ Ěℓ,Nn,δ
n ) ≥

1−
√
2δ (recall Lemma 7.9),

λ

(⋃{
P ∩ En : P ∈ P ℓ

n, 1−
λ(P ∩ (En \ Ěℓ,Nn,δ

n ))

λ(P ∩ En)
≥
√√

2δ

})

≤ 1√√
2δ

∑
P∈P ℓn

λ(P ∩ En)− λ(P ∩ (En \ Ěℓ,Nn,δ)) =
λ(Ěℓ,N,δ

n )√√
2δ

=
λ(En)

(
1−

(
1− λ(Ěℓ,Nn,δn )

λ(En)

))
√√

2δ
≤ λ(En)

√√
2δ.

□

Definition 7.11. Given δ > 0, n, ℓ ≤ n−Nn, set

(1) P̌ ℓ,Nn,δ
n :=

{
P ∈ P ℓ

n : λ(P∩(En\Ěℓ,Nn,δn ))
λ(P∩En) ≥ 1−

√√
2δ
}
,

(2) Given x ∈ En,

ϱδℓ(x) :=
λP ℓn(x)∩(En\Ěℓ,Nn,δn ) ◦ g

−ℓ

λ(P ℓ
n(x) ∩ En)

◦ϖℓ(x),

(3)

p̌M,δ
n :=

∫
Ǎn,δ

1

n

∑
ℓ∈BGM

n−Nn
(x):

P ℓn(x)∈P̌
ℓ,Nn,δ
n

δ(ϖℓ(x),ϱδℓ (x))dλn.

Remark:

(1) The measures ϱδℓ(x) are well-defined, as ϖℓ(x) is invertible.
(2) The measures ϱδℓ(x) may not be probability measures, but are sub-probability

measures (which is a still a compact collection of measures).
(3) It is clear that 0 < δ′ ≤ δ ⇒ ϱδ

′

ℓ (x) ≥ ϱδℓ(x).
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(4) By the diagonal argument, we may assume w.l.o.g. that for any M ∈ N
and for any δ ∈ Q+ the measures {p̌M,δ

n }n converge to a limit on the same
subsequence {nj}j = N from Lemma 2.6.

Definition 7.12.

(1) Let P≤1([0, 1]
k) be the set of sub-probability measures on [0, 1]k,

(2) Let π : W × P≤1([0, 1]
k) → W be the projection onto W,

(3) Let p̌M,δ = limj p̌
M,δ
nj

and q̌M,δ = p̌M,δ ◦ π−1,

(4) Let p̌M,δ =
∫
p̌M,δ
ϖ dq̌M,δ(ϖ) be the disintegration of p̌M,δ w.r.t. the mea-

surable partition {π−1({ϖ}) : ϖ ∈ W},
(5) Set ϱM,δ

ϖ :=
∫
ϱdp̌M,δ

ϖ .

Lemma 7.13. For all 0 < δ′ ≤ δ, for all M ∈ N,

q̌M,δ′ ≥ q̌M,δ.

Proof. By Lemma 7.8,

p̌M,δ′

n ◦ π−1 − p̌M,δ
n ◦ π−1 =

∫
Ǎn,δ′

1

n

∑
ℓ∈BGM

n−Nn
(x):

P ℓn(x)∈P̌
ℓ,Nn,δ′
n

δϖℓ(x) dλn

−
∫
Ǎn,δ

1

n

∑
ℓ∈BGM

n−Nn
(x):

P ℓn(x)∈P̌
ℓ,Nn,δ
n

δϖℓ(x) dλn

≥− λn(Ǎn,δ′)− λn(Ǎn,δ)

+

∫
1

n

∑
ℓ∈BGM

n−Nn
(x):

P ℓn(x)∈P̌
ℓ,Nn,δ′
n \P̌ ℓ,Nn,δn

δϖℓ(x)dλn

≥− Nne
−δ′ log 1

δ′
n
Nn

λ(En)
− Nne

−δ log 1
δ
n
Nn

λ(En)

+

∫
1

n

∑
ℓ∈BGM

n−Nn
(x):

P ℓn(x)∈P̌
ℓ,Nn,δ′
n \P̌ ℓ,Nn,δn

δϖℓ(x)dλn

≥− 2
Nne

−δ′ log 1
δ′

n
Nn

λ(En)
≥ −2n

5
2 e−δ

′ log 1
δ′
√
n −−−→

n→∞
0.

□
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Lemma 7.14. For all M ∈ N and δ ∈ Q+,

0 ≤ pM ◦ π−1 − q̌M,δ ≤ 4

√√
2δ.

Proof. Recall that by Lemma 7.8, λn(Ǎn,δ) ≥ 1− δ for all n large enough. Then,
by Lemma 7.9 and by Lemma 7.10,

p̌M,δ
n ◦ π−1 ≥−

√
2δ −

√√
2δ − Nn

n
+

∫
Ǎn,δ

1

n

∑
ℓ∈BGMn (x)

δϖℓ(x)dλn

≥− 4

√√
2δ +

∫
1

n

∑
ℓ∈BGMn (x)

δϖℓ(x)dλn = −4

√√
2δ + pMn ◦ π−1.

Since π is continuous, q̌M,δ = p̌M,δ ◦ π−1 ≥ −4
√√

2δ + pM ◦ π−1. The inequality
p̌M,δ
n ◦ π−1 ≤ pMn ◦ π−1 is clear. □

Corollary 7.15.

lim
δ→0

↑ q̌M,δ = pM ◦ π−1.

Proof. It is a consequence of Lemma 7.14 and Lemma 7.13. □

Recall Theorem 6.20 and the definition of the conditional measures µ̂ =∫
ϱϖ ◦ϖ−1dp̂(ϖ).

Theorem 7.16. For p̂-a.e. ϖ,

ϱϖ ◦ϖ−1 ≪ νϖ.

Proof.
Step 1: Let h ∈ Lip(M) with 0 ≤ h ≤ 1. We show that for all M ∈ N, for
p̌M,δ-a.e. (ϖ, ϱ), ϱ ◦ϖ−1 ≤ 1

δ3
νϖ.
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We start by studying p̌M,δ
n . Recall Lemma 3.9. Then, for p̌M,δ

n -a.e. (ϖ, ϱ)
∃x ∈ En and

√
n ≤ ℓ ≤ n−Nn s.t. for P := P ℓ

n(x) = g−ℓ[ϖ],

ϱ ◦ϖ−1(h) =
λP ℓn(x)∩(En\Ěℓ,Nn,δn ) ◦ g

−ℓ

λ(P ℓ
n(x) ∩ En)

(h)(21)

=
∑

P ′∈Pℓ+Nnn :

P ′⊆P,P ′∩Ěℓ,Nn,δn =∅

λ(P ′ ∩ En)
λ(P ∩ En)

· λP
′∩En ◦ g−ℓ

λ(P ′ ∩ En)
(h)

=± Lip(h) · 1

2Nn
+

∑
P ′∈Pℓ+Nnn :

P ′⊆P,P ′∩Ěℓ,Nn,δn =∅

λ(P ′ ∩ En)
λ(P ∩ En)

· h(xgℓ[P ′])

≤Lip(h) · 1

2Nn
+

∑
P ′∈Pℓ+Nnn :

P ′⊆P,P ′∩Ěℓ,Nn,δn =∅

1

δ3
λ(P ′)

λ(P )
· h(xgℓ[P ′])(22)

≤Lip(h) · 1

2Nn
+

1

δ3
1

λ(P )

∑
P ′∈Pℓ+Nnn :

P ′⊆P

λ(P ′) · h(xgℓ[P ′])(23)

=± 2

δ3
Lip(h) · 1

2Nn
+

1

δ3
ν(ℓ)ϖ (h).

Recall, ℓ ≥
√
n. Therefore, for any τ > 0, the property ϱ ◦ ϖ−1(h) ≤

τ + 1
δ3
ν(ℓ)ϖ (h) is a closed property, hence for p̌M,δ-a.e. (ϖ, ϱ), for all τ > 0,

ϱ ◦ϖ−1(h) ≤ τ +
1

δ3
νϖ(h).

Since τ > 0 was arbitrary, and 0 ≤ h ≤ 1 is any Lipschitz function,

(24) for p̌M,δ-a.e. (ϖ, ϱ), ϱ ◦ϖ−1 ≤ 1

δ3
νϖ.

Step 2: By (24), for q̌M,δ-a.e. ϖ,

(25) ϱM,δ
ϖ ◦ϖ−1 =

∫
ϱ ◦ϖ−1dp̌M,δ

ϖ ≤ 1

δ3
νϖ

Recall, for p̌M,δ-a.e. (ϖ, ϱ), ϱ(1) ∈ [1− 2δ
1
4 , 1], and so for q̌M,δ-a.e. ϖ, ϱM,δ

ϖ (1) ∈
[1− 2δ

1
4 , 1].
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In addition, ϱM,δ
ϖ increases as δ decreases, and as M increases (recall the

remark following Definition 7.11). In particular, by Corollary 7.15, for p◦π−1-a.e.
ϖ,

lim
M↑∞

↑ lim
δ↓0

↑ ϱM,δ
ϖ =

∫
ϱdpϖ,

where p =
∫
pϖdp◦π−1 is the disintegration of p w.r.t. the measurable partition

{π−1[{ϖ}] : ϖ ∈ W}. Hence, since an increasing limit of absolutely continuous
measures which are bounded is absolutely continuous,

for p ◦ π−1-a.e. ϖ,

∫
ϱ ◦ϖ−1dpϖ ≪ νϖ.

Recalling the definition of p̃ from Lemma 6.16 and then of p̂ and ϱϖ from Theorem
6.20, we are done. □

By combining Theorem 7.16 and Theorem 6.20 one easily concludes the
proof of Theorem E.

Remark: In (21) we provide an estimate that a posteriori in §7.2 we are able
to improve and use to obtain additional properties. If one just wants to check
that µ̂ is G-u-Gibbs measure, then we may conclude from (23) without referring

to Proposition 7.2 by using the bounded distortion property in (8) : λ(P ′)
λ(P )

≤
2λϖ(gℓ[P ′])
λϖ(gℓ[P ])

= 2λϖ(gℓ[P ′])
λ(ϖ)

. Indeed

1

δ3
1

λ(P )

∑
P ′∈Pℓ+Nnn :

P ′⊆P

λ(P ′) · h(xgℓ[P ′]) ≤
1

δ3

∑
P ′∈Pℓ+Nnn :

P ′⊆P

λϖ(g
ℓ[P ′]) · h(xgℓ[P ′]),

≤ ± 2

δ3
Lip(h) · 1

2Nn
+

2

δ3
λϖ(h).

7.2. Dominating Conditionals. In this subsection we post-hoc revisit §7.1,
and conclude domination in addition to absolute continuity.

Proposition 7.17. We may assume w.l.o.g. that {Enj}j≥0 is a constant sequence
{E}, where E is closed.

Proof. Let D, and let (ϖℓ)ℓ∈N be the disks associated with the Yomdin partition.
Let (En)n∈N ⊂ D be as in the previous sections. We will show that there exists
another disk D′ and a subset E with λD′(E) > 0 such that the previous con-
structions hold for D′ and E ′

n = E for all n ∈ N large enough. By potentially
restricting to a subset, we may assume further w.l.o.g. that E is closed.
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Note, given M ∈ N, aside for at most measure δ > 0, for pM -a.e. (ϖ, ϱ),

ϖ =
Cr−1,1

lim
n→∞

ϖℓn(xn),

where ℓn ≥ δn, and ϖℓn(xn) ∈ SM . Fix m ∈ N, and write L := Lip(Ξ), where

Ξ(x) :=
1

p

p−1∑
i=0

log+ max
s≤k−1

∥ ∧s df i(x)g∥.

Let tn ∈ [0, 1]k and ℓ′n ∈ [ℓn, ℓn + M ] s.t. ϖℓ′n(yn) is BG and gℓn(yn) =
ϖℓn(xn)(tn).

By (16), for all n large enough so δn ≥ m,

(26)
1

m
log
∣∣∣C(−m)

k,p

(
gℓn(yn), Tgℓn (yn)ϖℓn(xn)

)∣∣∣ ≤ −χ̂+
2pkM

m
logMf ,

where

Ck,p(y, ω) :=
∧kdygω

maxs≤k−1 ∥ ∧s dyg∥
1
p ∨ 1

is a linear cocycle on ∧kTM over (M, g).
We continue to show that the estimate of (26) carries to all of ϖℓn(xn)

uniformly, and so, since n is arbitrary, it carries to every point in ϖ.
Given a, b ∈ [0, 1]k, write aj := ϖℓn−j(xn)

−1(g−j(ϖℓn(xn)(a))) and bj :=

ϖℓn−j(xn)
−1(g−j(ϖℓn(xn)(b))). Then |aj − bj| ≤

√
k

2j
(recall (19)), and since

∥ϖℓn−j(xn)∥r ≤ 1, we get that for all a, b ∈ [0, 1]k, for all j

(27) d(g−j(ϖℓn(xn)(a)), g
−j(ϖℓn(xn)(b))) ≤

√
k

2j
,

and so

(28)
m−1∑
j=0

|Ξ(g−j(ϖℓn(xn)(tn)))− Ξ(g−j(ϖℓn(xn)(a)))| ≤ 2L
√
k.

By the bounded distortion property (8) we have∣∣∣ log | ∧k dϖℓn (xn)(tn)g
−mTϖℓn (xn)(tn)ϖℓn(xn)|

| ∧k dϖℓn (xn)(a)g−mTϖℓn (xn)(a)ϖℓn(xn)|

∣∣∣ ≤ 2.

It follows that for all y ∈ ϖℓn(xn),
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1

m
log |C(−m)

k,p (y, Tyϖℓn(xn))| ≤ −χ̂+
2pkM

m
logMf +

2 + 2L
√
k

m
.

Since n was arbitrary, then for all x, y ∈ ϖ,

(29) lim sup
m→+∞

1

m
log d(g−m(x), g−m(y) ≤ − log 2.

and once Tyϖ is well defined

lim sup
m→+∞

1

m
log |C(−m)

k,p (y, Tyϖ)| ≤ −χ̂.

Recall the discussion in the beginning of §7.1, where we explain why the
tangent space is well-defined λϖ-a.e. on ϖ. Therefore, since δ is arbitrary, for
p̂-a.e. ϖ, for λϖ-a.e. x ∈ ϖ,

lim sup
m→+∞

1

m
log |C(−m)

k,p (x, ι(Txϖ))| ≤ −χ̂.

Since Ck,p : ∧kTM ⟲ is a linear cocycle over (M, g), by the Oseledec
theorem, we get that for p̂-a.e. ϖ, for µϖ-a.e. x ∈ ϖ,

(30) χCk,p(x, ι(Txϖ)) = lim
m→+∞

1

m
log |C(m)

k,p (x, ι(Txϖ))| ≥ χ̂.

By arguing as in the proof of Lemma 2.2, one easily checks that for every
x ∈ M, and for every ω ∈ ∧kTxM,

(31) χCk,p(x, ω) ≤ p lim
q
χAk,q(x, ω).

Therefore, by Theorem 7.16, for p̂-a.e. ϖ, for a λϖ-positive measure set

of x’s, limq→∞ limm→+∞
1
m
log |A(m)

k,q (x, ι(Txϖ))| ≥ χCk,p(x, ι(Txϖ)) ≥ χ̂
p
. We

can now choose D′ to be such a p̂-typical ϖ. Let B be a subset of D′ with
Volk(B) > 0 and N ∈ N such that for any x ∈ B and any m > N we have
1
m
log |C(m)

k,p (x, ι(Txϖ))| > pχ > p 3k2

r−1
R(f). Finally, in Definition 5.20 of En we

may replace Bp
n by B, so that the proof of Corollary 5.21 ensures now that we

can assume that the new subsets En in fact do not depend on n.
□
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Definition 7.18.

Êℓ,δ :=
{
x ∈ E : ∀ℓ′ ≥ ℓ,

λ(P ℓ′(x) ∩ E)
λ(P ℓ′(x))

≥ 1− δ
}
.

Claim 7.19. For all δ > 0 ∃ℓδ s.t. λ(Êℓδ,δ)
λ(E)

≥ 1−δ. In other words, λ(P
ℓ(x)∩E)

λ(P ℓ(x))

ℓ→∞−−−→
1 for λ-a.e. x ∈ E.

Proof. This is the Lebesgue density lemma, where instead of using a differentia-
tion basis of balls, we use the nested Yomdin partitions P ℓ :=

{
Im(σ ◦ θiℓ) : θiℓ ∈ Θiℓ , i

ℓ ∈ Tℓ
}
.

For the sake of completeness, we present a short proof. It is enough to

show that the set Ẽγ := {x ∈ E : lim infℓ
λ(P ℓ(x)∩E)
λ(P ℓ(x))

< 1− γ} has zero λ-measure

for some γ ∈ (0, δ). Let F̃ γ := {x ∈ E : lim infℓ
λ(P ℓ(x)∩E)
λ(P ℓ(x))

≤ 1 − γ}. We fix

γ ∈ (0, δ) s.t. λ(Ẽγ) = λ(F̃ γ). For any x ∈ Ẽδ and for any N we let ℓN(x) :=

min{ℓ ≥ N : λ(P ℓ(x)∩E)
λ(P ℓ(x))

< 1−γ}. Then the sets Ẽγ(N) :=
⋃
x∈Ẽγ P

ℓN (x)(x) satisfy

Ẽγ ⊆
⋂
N ↓ Ẽγ(N) ⊆ F̃ γ. To see the last inclusion, note that if a point x′ lies in all

of Ẽγ(N), then for infinitely many ℓ’s, it belongs to P ℓ(x) where λ(P ℓ(x)∩E)
λ(P ℓ(x))

< 1−γ.
Moreover as E is compact and the diameter of P ℓ is going to 0 with ℓ, we have
also x′ ∈ E. Hence x′ belongs to F̃ γ. However, it follows from definition that
λ(Ẽγ) < (1− γ)λ(Ẽγ(N)). Consequently λ(Ẽγ) = limN λ(Ẽ

γ(N)) = 0. □

Definition 7.20.

(1) Given ℓ ∈ N, set

P ℓ
E := {P ∈ P ℓ : P ∩ E ̸= ∅}.

(2) Let ℓδ to be the smallest natural number to satisfy Claim 7.19, and to

satisfy
λ(

⋃
P ℓE)

λ(E)
≤ 1 + δ for all ℓ ≥ ℓδ, then set

Êδ := Êℓδ,δ.

Remark: Definition 7.20 is proper, as since E is compact, E =
⋂
ℓ≥0

⋃
P ℓ
E.

Corollary 7.21. For all δ > 0, for all ℓδ ≤ ℓ, for all N ∈ N, for all x ∈ Êδ

λ(P ℓ(x) ∩ E)
λ(P ℓ(x))

=
λ(P ℓ+N(x) ∩ E)
λ(P ℓ+N(x))

= e±δ.

Definition 7.22.
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(1) Êℓ,N,δ :=
⋃
{P ∈ P ℓ+N : λ(P∩E)

λ(P )
≥ 1− δ},

(2) P̂ ℓ,N,δ :=
{
P ℓ(x) : λ(P∩Êℓ,N,δ)

λ(P )
≥ 1−

√
2δ
}
,

(3) Given x ∈ E, and ℓ,N ∈ N,

ϱ̂δℓ(x) :=
λP ℓ(x)∩Êℓ,N,δ ◦ g−ℓ

λ(P ℓ(x) ∩ E)
◦ϖℓ(x),

(4)

pM,δ
n :=

∫
E

1

n

∑
ℓδ≤ℓ∈BGM

n−Nn
(x):

P ℓ(x)∈P̂ ℓ,Nn,δ

δ(ϖℓ(x),ϱ̂δℓ (x))dλ.

Remark: Note, Êδ ⊆ Êℓ,N,δ, when ℓ ≥ ℓδ, by Corollary 7.21.

Lemma 7.23. For all δ > 0, for all ℓ ≥ ℓδ,

λ(Êℓ,N,δ) ≥ λ(Êδ) ≥ λ(
⋃
P ℓ
E)− 2δ.

This is a consequence of Claim 7.19.

Lemma 7.24. For all δ > 0, for all ℓ ≥ ℓδ and N ∈ N,

λ
(⋃

P ℓ
E \

⋃
P̂ ℓ,N,δ
E

)
≤

√
2δ.

Proof. By Lemma 7.23,∑
P∈P ℓE

λ(P ) · (1− λ(P ∩ Êℓ,N,δ)

λ(P )
) = λ(

⋃
P ℓ
E)− λ(Êℓ,N,δ) ≤ 2δ.

Then by the Markov inequality,

λ
(⋃{

P ∈ P ℓ
E :

λ(P ∩ Êℓ,N,δ)

λ(P )
≤ 1−

√
2δ
})

≤
√
2δ.

□

Lemma 7.25. For all M ∈ N, for all ℓ ≥ ℓδ, for every P ∈ P̂ ℓ,N,δ
E ∩ P ℓ,M

E , where

P ℓ,M
E is defined as P ℓ,M

n where En ≡ E, for all h ∈ Lip(M) with 0 ≤ h ≤ 1,

ν(ℓ)ϖ |Êℓ,N,δ(h) = e±2δϱδℓ(P )(h)± Lip(h)e−
χ
2
N ,

and νϖ(Ê
ℓ,N,δ) ≥ 1−

√
2δ.
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Proof. This lemma follows from the definition of P̂ ℓ,N,δ
E , when we follow the

scheme of proof of Theorem 7.16. □

Lemma 7.26. Let nj s.t. p
M,δ
nj

−−−→
j→∞

pM,δ for all M ∈ N and δ ∈ Q+. Then,

pM,δ ◦ π−1 −−→
δ→0

pM ◦ π−1.

Proof.

0 ≤ pMn ◦ π−1 − pM,δ
n ◦ π−1 ≤ ℓδ

n
+
√
δ.

□

Corollary 7.27. For p̂-a.e. ϖ,

ϱϖ ◦ϖ−1 = νϖ.

Proof. We may follow the proof of Theorem 7.16, where the only two inequalities
of (22) and (23) can now be reversed; While the constant 1

δ3
can be replaced

by e±δ. Indeed, when sending δ → 0, we conclude that for p ◦ π−1-a.e. ϖ,∫
ϱ ◦ϖ−1dpϖ = νϖ. □

Corollary 7.28. For every G-u-Gibbs measure µ̂′, µ̂′ can be written as µ̂′ =∫
µϖdp̂(ϖ) where for p̂-a.e. µϖ, µϖ = νϖ.

Proof. We may assume w.l.o.g. that µ̂′ is ergodic (recall the remark after Defini-
tion 1.2). Therefore, we may assume that the set E (recall Proposition 7.17) is a
subset of the µ̂′-generic points, and carry out the construction of µ̂ accordingly.
In particular, it follows that µ̂ ∝ limM limj

∫
E

1
nj

∑
ℓ∈BGMnj (x)

δgℓ(x)dλ ≤ µ̂′, where

∝ denotes proportionality. Since µ̂′ is ergodic and both µ̂ and µ̂′ are probability
measures, µ̂ = µ̂′. By Corollary 7.27, we are done. □

8. Ergodic and geometric properties of the invariant measure

8.1. Positive exponents tangent to disks, and disks subordinated to
unstable leaves. In this section we prove some of the geometric and ergodic
properties of the measure we construct in §6. Namely, we show that it admits at
least k-many exponents larger than χ almost everywhere. In addition, we prove a
lower bound on its entropy by the Lyapunov exponents, which is not given by the
standard entropy formula (as we do not assume that the measure is an SRB, nor
a u-Gibbs measure, and moreover its disintegration is not given by a measurable
partition).
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Corollary 8.1 (k positive exponents). For p̂-a.e. ϖ, Im(ϖ) is contained in an
unstable leaf, and µ̂ admits at least k exponents greater than χ.

Proof. By (29), for p̂-a.e. ϖ, for every x ∈ ϖ,

Im(ϖ) ⊆
{
y ∈ M : lim sup

1

m
log d(f−m(x), f−m(y)) ≤ − log 2

p

}
.

Hence it is a classical fact from Pesin theory that for µϖ-a.e. x ∈ ϖ,

Im(ϖ) ⊆ V u(x) :=
{
y ∈ M : lim sup

1

m
log d(f−m(x), f−m(y)) < 0

}
.

In particular,

dim(V u(x)) ≥ dim(Im(ϖ)) = k.

In addition, by (30), for µϖ-a.e. x, χCk,p(x, ι(Txϖ)) ≥ χ̂. One can easily check
as in Lemma 5.4 that for all m ∈ N,

|C(m)
k,p (x, ι(Txϖ))| ≤ ∥dxgm|ϖ∥co,

and so µ̂ admits at least k Lyapunov exponents (w.r.t. f) greater than χ̂
p
> χ

a.e., tangent to the disks. □

Remark: In particular, it follows from Corollary 8.1 that µ̂ is a G-u-Gibbs
measure over k-disks. By (31), we show further that for p̂-a.e. ϖ, for µϖ-a.e. x,

limq→∞ χAk,q(x, ι(Txϖ)) ≥ χ̂
p
> 3k2

r−1
R(f).

8.2. The invariant measure gives no weight to sources.

Definition 8.2. A point x is called a source if it is a periodic point with only
positive Lyapunov exponents.

Claim 8.3 (No sources). µ̂ gives 0 measure to sources.

Proof. It is a classical theorem that every ergodic measure with only positive
Lyapunov exponents is carried by a source. However, µ̂ has absolutely continuous
conditionals, hence gives zero measure to periodic orbits. Therefore almost all
ergodic components of µ are not sources. □
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8.3. Entropy and exponents. In this sub-section we prove a lower bound to
the entropy by the positive Lyapunov exponents. In particular this implies the
presence of negative Lyapunov exponents. Since our measure is not given by
a disintegration w.r.t a partition subordinated to an intermediate unstable foli-
ation, we cannot use conditional entropies. The proof relies on a technique of
Besicovitch-Bowen covers.

Definition 8.4 (Pesin blocks). Let ν be an f -invariant ergodic probability mea-
sure which admits a positive Lyapunov exponent. Denote by
χ = χ(ν) := (χ1,m1, . . . , χℓχ ,mℓχ) the positive Lyapunov exponents, and dimen-
sions of the corresponding Oseledec subspaces of ν in a decreasing order.

(1) Let 0 < τ ≤ τχ := 1
100d

min{χℓχ , χi − χi+1 : i ≤ ℓχ − 1}, and let Cχ,τ (·) be
the Lyapunov change of coordinates for points in
LRχ = {Lyapunov regular points with an index χ} (see [31]).

(2) Let PRχ = {x ∈ LRχ : lim supn→±∞
1
n
log ∥C−1

χ,τ (f
n(x))∥ = 0,∀0 < τ ≤

τχ}, the set of χ-Pesin regular points which carries µ. PR :=
⋃
χ PRχ is

called the set of Pesin regular points.
(3) Given x ∈ PRχ, let Ej(x) be the Oseledec subspace of x corresponding to

χj.

(4) A Pesin block Λ
(χ,τ)

ℓ is a subset of
⋃

|χ′−χ|∞<τ PRχ′ which is a level set

[qτ ≥ 1
l
] of a measurable function qτ :

⋃
|χ′−χ|∞<τ PRχ′ → (0, 1) s.t. (a)

qτ◦f
qτ

= e±τ , (b) qτ (·) ≤ 1

∥C−1
χ,τ (·)∥

d
β
. Often we omit the subscript ℓ when the

dependence on ℓ is clear from the context.

Definition 8.5. Let µ̂ =
∫
µ̂xdµ̂(x) be the ergodic decomposition of µ̂. Set

χ1(x) > . . . > χu(x)(x) > 0 to be the list of all positive exponents of µ̂x, for
µ̂-a.e. x.

Remark: Note, by Corollary 8.1, u(x) ≥ k for µ̂-a.e. x.

We are now in a position to prove Theorem B.

Theorem 8.6 (Entropy and exponents). Let µ̂ be a G-u-Gibbs measure over
k-disks. Then for µ̂-a.e. x,

hµ̂x(f) ≥
u(x)−k+1∑
i=u(x)

χi(x).

Proof. Let u ≥ k s.t. µ̂({x : u(x) = u}) > 0. Let h ≥ 0, and let χ1 > . . . > χu
s.t. for χ = (χ1,m1, . . . , χu,mu), and 0 < τ < τχ, we have µ̂(Ωτ ) > 0 where
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w.l.o.g. ℓ ≥ 1
τ
and (recall Definition 8.4),

Ωτ := {x ∈ Λ
(χ,τ)

ℓ : u(x) = u, hµ̂x(f) = h± τ}.

By [6, Lemma 3.1, Theorem 3.4], for µ̂-a.e. x,

hµ̂x(f) = lim
r→0

lim sup
n→∞

−1

n
log µ̂(B(x, n, e−nr))

= lim
r→0

lim inf
n→∞

−1

n
log µ̂(B(x, n, e−nr)),

where B(x, n, e−nr) := {y : ∀0 ≤ j ≤ n, d(x, y) ≤ e−nr} with d(·, ·) being the
Riemannian distance on M. Therefore, there exists nτ ∈ N and 0 < r < τ s.t.
µ̂(Kτ ) ≥ (1− τ)µ̂(Ωτ ) where,

Kτ := {x ∈ Ωτ : ∀n ≥ nτ , µ̂(B(x, n, e−nr)) = e−nhµ̂x (f)±nτ}.

Let ϖ ∈ W s.t. ϱϖ ◦ ϖ−1(Kτ ) > 0. Let x0 be a ϱϖ ◦ ϖ−1-density point
of Kτ . Recall that by Corollary 7.28, ϱϖ ◦ ϖ−1 = νϖ. Recall also that by the
definition of a G-u-Gibbs measure, for every x ∈ Im(ϖ) ∩Kτ ,

(32) Im(ϖ) ⊆ V u
loc(x).

For p̂-a.e. ϖ, let Lϖ := max dνϖ
dλϖ

, so for all x ∈ Kτ ∩ Im(ϖ),

(33) νϖ(B(x, n, e−nr)) ≤ Lϖ · e−n
∑u−k+1
i=u miχie3dτn,

by (32), and by bounding the λϖ-volume of a cross-section of the Bowen ball (in
a Pesin chart).

Let n ≥ n′
τ , and cover BIm(ϖ)(x0, e

−nτ ) ∩ Kτ by a cover Cn of balls of
the form B(·, n, e−nr), centered at elements of Kτ ∩ BIm(ϖ)(x0, e

−nτ ) and with a
multiplicity bounded by e3dτn. This is possible by [6, Lemma 2.2]. Then,

νϖ(B(x0, e
−nτ ) ∩Kτ )

Lϖ · e−n
∑u−k+1
i=u miχie3dτn

≤#Cn ≤ e3dτn

min
B∈Cn

µ̂(B)
(34)

≤enhµ̂x (f)+nτe3dτn.

Since x0 is a density point, we may assume w.l.o.g. that νϖ(B(x0, e
−nτ )∩Kτ ) ≥

1
2
νϖ(B(x0, e

−nτ )) ≥ 1
2

1
Lϖ
e−nτk. Thus in total,

1

2L2
ϖ

en
∑u−k+1
i=u miχie−3dτne−nτk ≤ enhµ̂x (f)+4dτn.
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We get hµ̂x(f) ≥
∑u−k+1

i=u miχi(x) − 10dτ , for µ̂-a.e. x ∈ Ωτ . Since τ > 0 was
arbitrary and χ was arbitrary, we are done.

□

Corollary 8.7. hµ̂(f) ≥
∫ ∑u(x)−k+1

i=u(x) χi(x)dµ̂(x).

Proof. It follows from the affinity of both sides of the equation in Theorem 8.6
w.r.t. the ergodic decomposition. □

8.4. Disintegration by embedded disks. Recall the definition of νϖ in Defi-
nition 7.3 for any ϖ, and the following remark.

Lemma 8.8. The measure µ̂ can be written as µ̂ =
∫
νϖdp̂

′, where p̂′ is a
probability on W s.t. p̂′-a.e. ϖ : [0, 1]k → M is a Cr−1,1 embedding.

Proof. First, by the definition of νϖ (for p̂-a.e. ϖ), if Im(ϖ′) ⊆ Im(ϖ), then

νϖ|Im(ϖ′) = νϖ(Im(ϖ′)) · νϖ′ .

This can be seen as both measures are given by the same density function, nor-
malized each over its respective domain.

By Sard’s lemma, νϖ(ϖ[Jac(ϖ) = 0]) = 0. We write the open set [Jac(ϖ) ̸=
0] ⊂ [0, 1]k as a countable disjoint (up to zero volume set) union of subcubes C
such that ϖ|C is a diffeomorphism onto its image. Then we let Pϖ := {ϖ|C , C}.

We consider the probability p̂′ on W defined as follows

∀h ∈ C(W), p̂′(h) =

∫ ∑
ϖ′∈Pϖ

νϖ(Im(ϖ′)) · h(ϖ′)dp̂(ϖ).

To take care of measurability of the integrand, the cubes can be chosen in
the following measurable way: We start by subdividing [0, 1]k into k-cubes C of
size 1

2
. We leave the cubes which do not intersect [Jac(ϖ) < 1

2
] and whose image

under ϖ is a “good graph”, where a “good graph” is the graph of a 1-Lipschitz
function over Im(dxCϖ) where xC is the center of C. We continue subdividing
the rest of the cubes by cubes of halved size, where we requires the cubes in the
N -th step to not intersect [Jac(ϖ) < 1

2N
]. We continue this way by attaining a

(possibly infinite) collection of cubes whose size is a power of 1
2
, and whose image

under ϖ is a local graph with a non-vanishing Jacobian. The set [Jac(ϖ) = 0]
is closed, and so any point outside of it is covered by our collection, as it admits
a small neighborhood where the image under ϖ is a good graph by the inverse
function theorem. For every possible cube in the collection which we describe,
the properties we require are a closed property in ϖ, and so the integrand is
measurable.
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We continue to show that p̂′ satisfies what we need. Indeed, since νϖ =∑
ϖ′∈Pϖ

νϖ(Im(ϖ′))·νϖ′ , we get µ̂ =
∫ ∑
ϖ′∈Pϖ

νϖ(Im(ϖ′))·νϖ′dp̂(ϖ) =
∫
νϖ′dp̂′(ϖ′).

□

9. The Strong Viana Conjecture

9.1. Hyperbolic SRB measures for co-dimension 1. As a first step towards
the proof of Theorem D, we prove the existence of a hyperbolic SRB measure in
the co-dimension 1 case.

Claim 9.1. If k = d− 1, then µ̂ from §6 is a hyperbolic SRB measure.

Proof. By Theorem 8.6 and Corollary 8.1, almost every ergodic component of
µ̂ has positive entropy, and hence by the Ruelle inequality it admits a negative
Lyapunov exponent. Therefore, there are at most (d−1)-many positive Lyapunov
exponents at almost every point. By Corollary 8.1, almost every point admits
at least (d− 1)-many positive Lyapunov exponents. Thus in total, almost every
point admits exactly (d−1)-many positive Lyapunov exponents, and one negative
exponent. By Theorem 8.6, a.e. ergodic component of µ̂ satisfies the entropy
formula, thus it is a hyperbolic SRB measure with exactly (d− 1)-many positive
Lyapunov exponents.

□

9.2. The strong Viana conjecture. In this last section we prove Theorem D
and Theorem C.

9.2.1. New negative exponents.

Definition 9.2. For k ∈ {1, . . . , d− 1} and x ∈ M, we set

κ−
k+1(x) := lim

∆→0
lim sup
q→∞

lim inf
n→∞

κ−
k+1,q,n,∆(x),

where

κ−
k+1,q,n,∆(x) := min

L⊆{1,...,n}
∆n≤#L≤n

1

#L
∑
ℓ∈L

Φ
(q)
k+1 ◦ f

ℓ(x),

and

Φ
(q)
k+1(x) :=

1

q
log+

∥ ∧k dxf q∥
∥ ∧k+1 dxf q∥

.
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Remark: The exponent κ−
k+1(x) does not depend on the choice of the norm on

∧lTM, l = 1, · · · , d. For an appropriate norm, the ratio ∥∧kdxfq∥
∥∧k+1dxfq∥ is just the

inverse of the (k + 1)-th singular value of dxf
q.

Definition 9.3. For x ∈ M we denote by pω(x) the limit set of the empirical
measures {ν(n)x }n≥0 where ν(n)x := 1

n

∑
0≤ℓ<n δfℓ(x). Given k ∈ {1, . . . , d− 1}, set

βk+1(x) := sup
ν∈pω(x)

ess supν χk+1.

Proposition 9.4.

κ−
k+1 ≤ max{−βk+1, 0}.

Proof. Let δ > 0. Let ∆ > 0 and q0 s.t. for infinitely many qi ≥ q0, κ−
k+1(x) ≤

lim inf
n

κ−
k+1,n,qi,∆

(x)+ δ
2
. For all qi ≥ q0, for all n ≥ ni, let Ln,qi which attains the

minimum s.t. #Ln,qi ≥ ∆ · n and κ−
k+1(x) ≤ 1

#Ln,qi

∑
ℓ∈Ln,q Φ

(qi)
k+1 ◦ f ℓ(x) + δ.

Then for any subsequence nt ↑ ∞ s.t. 1
nt

∑
ℓ≤nt δfℓ(x) → ν (that is for any

ν ∈ pω(x)), by a diagonal argument there exists a sub-subsequece {nj}j≥0 ⊆
{nt}t≥0 s.t. 1

#Lnj,qi

∑
ℓ∈Lnj,qi

δfℓ(x) → νqi for all qi ≥ q0.

We can fix qδ,ν ≥ q0 s.t. for all q ≥ qδ,ν ,

(35) ν([Φ
(q)
k+1 = max{−χk+1, 0} ±

√
δ]) > 1−∆ · δ.

Assume w.l.o.g. that qδ,ν ∈ {qi, i ∈ N}. Then, indeed, νqδ,ν · ∆ ≤ ν, and∫
Φ

(qδ,µ)

k+1 dνqδ,ν ≥ κ−
k+1(x)− δ.

Then νqδ,ν ([Φ
(qδ,ν)

k+1 ≥ κ−
k+1(x) −

√
δ]) ≥ δ; otherwise for all δ > 0 small

enough so δ · logMf −
√
δ < −δ,∫

Φ
(qδ,ν)

k+1 dνqδ,ν ≤ δ logMf + κ−
k+1(x)−

√
δ < κ−

k+1(x)− δ, a contradiction.

Therefore,

ν([Φ
(qδ,ν)

k+1 ≥ κ−
k+1(x)−

√
δ]) ≥ ∆δ,

and by (35), we get

ν([max{−χk+1, 0} ≥ κ−
k+1(x)− 2

√
δ]) > 0.
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Therefore, κ−
k+1(x) ≤ infν∈pω(x) ess infν max{−χk+1, 0} + 2

√
δ for all δ > 0

sufficiently small, so that

κ−
k+1(x) ≤ inf

ν∈pω(x)
ess infν max{−χk+1, 0}

=max{− sup
ν∈pω(x)

ess supνχk+1, 0} = max{−βk+1(x), 0}.

□

Lemma 9.5. When x is not a source we have

βd(x) ≤ 0.

Proof. If βd(x) > 0 there is ν ∈ pω(x) with an ergodic component ξ satisfy-
ing χd(ξ) > 0. Therefore ξ is the atomic measure at a source. Then we have
necessarily pω(x) = {ν} = {ξ} and x is a source. □

Recall that χk+1(x) denotes the (k + 1)-th Lyapunov exponent at x (with
multiplicity).

Lemma 9.6. For an f -invariant probability ν, for ν-a.e. x, κ−
k+1(x) = max{−χk+1(x), 0}

and χk+1(x) = βk+1(x).

Proof. ν-a.e. x is typical w.r.t. an ergodic component of ν, hence we may assume

w.l.o.g. that ν is ergodic. Let ∆ ∈
(
0, 1

4(max{logMf ,1})2

)
, and let 0 < τ ≪ ∆2.

Given x, let qx,τ ∈ N s.t. for all q ≥ qx,τ , Φ
(q)
k+1(x) = max{0,−χk+1(x)} ± τ .

Let qτ sufficiently large so ν([qx,τ ≤ qτ ]) ≥ 1− τ
2
. Let nτ s.t. ν(Ωτ ) ≥ 1− τ ,

where

Ωτ :=

{
x : ∀n ≥ nτ ,

1

n

∑
ℓ≤n

1[qx,τ≤qτ ] ◦ f ℓ(x) ≥ 1− τ

}
.

Then for any x ∈ Ωτ , for all n ≥ nτ , for all q ≥ qτ

κ−
k+1,q,n,∆(x) = (max{0,−χk+1(x)} ± τ)

∆− τ

∆
± τ

∆
· logMf .

Therefore limn κ−
k+1,q,n,∆(x) = max{0,−χk+1(x)} ±

√
∆, for all p ≥ pτ for

all x ∈ Ωτ . Then we are done as the measure of Ωτ can be made arbitrarily close
to 1, and we may send q to ∞ and ∆ to 0.

The assertion concerning βk follows easily from the definition as pw(x) =
{ν} for a typical point x for an ergodic measure ν. □
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Definition 9.7. For χ ≥ 0 and k ∈ {1, . . . , d− 1}, let

Hypkχ :=
{
x ∈ M : λk(x),κ−

k+1(x) > χ
}
.

Remark: Notice, in particular there is no condition on the angles between ex-
panding or contracting directions for points in Hypkχ.

9.2.2. Invariant measure with non-zero Lyapunov exponents. Recall the construc-
tion of the sets En ⊆ E from Definition 5.20. We will now consider them as a
sequence of subsets of Hypkχ, where we assume Volk(Hyp

k
χ) > 0.

Theorem 9.8 (Strong Viana Conjecture). If Vol(Hypkχ) > 0, then there exists
a χ-hyperbolic SRB measure with exactly k positive Lyapunov exponent almost
everywhere.

Proof. We provide a proof for a stronger statement, where we only use the fact
that for x ∈ Hypkχ, we have λk(x) > χ and βk+1(x) < −χ (recall Proposition 9.4).

For all N ∈ N∗ we let CN ⊆ B∥·∥Lip
(0, N) s.t.

⋃
h∈CN B∥·∥Lip

(h, 1
N
) is a finite

cover of B∥·∥Lip
(0, N) ⊆ Lip(M). Then

d(ν, η) :=
∑
N≥1

∑
h∈CN

1

2N#CN
|ν(h)− η(h)|

defines a convex metric on P(M) compatible with the weak-∗ topology, i.e. d(aη+
(1 − a)ν, aη′ + (1 − a)ν ′) ≤ ad(η, η′) + (1 − a)d(ν, ν ′) for any a ∈ [0, 1] and any
ν, ν ′ ∈ P(M).

Let K(P(M)) be the set of compact subsets of P(M) endowed with the
Hausdorff-Gromov distance.

Let E := {x ∈ M : βk+1(x) < −χ}. Since the map x 7→ pω(x) is Borel (see
for example [18, Appendix B]), there is a compact subset E ′ ⊆ E with a positive
measure such that x 7→ pω(x) is continuous on E ′. Then pω(E ′) :=

⋃
x∈E′ pω(x) is

compact. By Egorov’s theorem, there exists a compact subset of positive measure

E ′′ ⊆ E ′, s.t. d(ν(n)x , pω(E ′))
uniformly−−−−−→
n→∞

0 on E ′′. We carry out the construction

of µ̂ and µ as in §6 by the set E ′′, choosing Enj ⊆ E ′′. We prove now that
χk+1 < −χ µ̂-a.e.

It is enough to show that any weak limit of µ̃n :=
∫
ν(n·p)x dλn has its k+1-

exponent negative a.e., since ∀M , µMn ≤ p·µ̃n. By taking a subsequence of {nj}j≥0

we may assume that µ̃nj is converging to a probability µ̃. Hence, µ ≤ p · µ̃.
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Recall the measure λn is supported on En
n . By Lemma 6.6, for all x ∈ En

and y ∈ P n
n (x), we have d(ν

(n)
y , pω(x)) ≤ d(ν(n)x , pω(x))+ 1√

n

∑
N≥1

N
2N

. Therefore

supy∈Enn d(ν
(n)
y , pω(E ′))

n→∞−−−→ 0. We “discretize” the measure µ̃n : let αn be

a partition of En
n and fix xAn ∈ A ⊂ En

n , for all A ∈ αn, such that µ̃′
n :=∑

A∈αn λn(A) · ν
(n·p)
xAn

satisfies d(µ̃n, µ̃
′
n)

n→∞−−−→ 0.

Let ξAn ∈ pω(E ′), such that d(ν
(n·p)
xAn

, ξAn ) = d(ν
(n·p)
xAn

, pω(E ′)). Write ξn :=∑
A∈αn λn(A) · ξ

A
n . Then we have,

d(µ̃′
n, ξn) ≤

∑
A∈αn

λn(A) · d(ν(n·p)xAn
, ξAn ) ≤ sup

x∈E′′
d(ν(n·p)x , pω(E ′))

n→∞−−−→ 0.

Let ϑ ∈ P(pω(E ′) be a limit point of {
∑

A∈αn λn(A) · δξAn }n>0 (recall that
P(pω(E ′)) is compact). Then µ̃ =

∫
ξ dϑ(ξ), and so χk+1 < −χ µ̃-a.e., as ϑ-a.e.

ξ belongs to pω(E ′), where by the definition of βk+1, we have ξ-a.e. χk+1 < −χ.

Therefore, it follows that χk+1 < −χ µ-a.e., and so µ̂-a.e., as the Lyapunov
exponents are f -invariant functions. Since almost every ergodic component of µ̂
is also a G-u-Gibbs measure with a disintegration on disks of dimension k, and
it admits k exponents larger than χ almost everywhere, it follows that almost
every such an ergodic component is therefore a χ-hyperbolic SRB measure with
exactly k-positive Lyapunov exponents. □

Remark: The same proof applies to show that (note that βk+1 may be non-
positive),

(1) If the set [λk > χ ≥ α ≥ βk+1] has positive volume for some χ > 0 and
for some α ∈ R (α may be non-negative), there is a u-Gibbs measure µ
with exactly k Lyapunov exponents greater than χ, i.e. µ has absolutely
continuous conditionals along strong unstable manifolds of dimension k,
and whose (k + 1)-th Lyapunov exponent (with multiplicity) is less or
equal to α.

(2) If the set [λk > χ > 0 ≥ βk+1] has a positive volume, there is an SRB
measure (a-priori perhaps not hyperbolic) with exactly k positive Lya-
punov exponents, and they are greater than χ. In particular this provides
an alternative proof of Claim 9.1 which does not involve the entropic
characterization of SRB measures.

We conclude now the proofs of Theorem C and Theorem D by establishing
the basin property.
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Corollary 9.9. Vol-a.e. x ∈ Hypkχ (resp. Vol-a.e. x with λd−1(x) > 0) lies
in the basin of attraction of an ergodic χ-hyperbolic SRB measure with exactly k
positive Lyapunov exponent almost everywhere.

Proof. Assume for contradiction that there is a positive volume subset G of Hypkχ
s.t. no point in it belongs to the basin of attraction of a χ-hyperbolic SRB
measure with exactly k positive Lyapunov exponents. In particular, there is a k-
disk D, and a subset F of G∩D of positive disk volume s.t. χAk,p0(x, ι(TxD)) > χ
for all x ∈ F , for some p0 ∈ N (recall §2.2). By Claim 7.19, there is a subset E
of F with positive disk volume such that

λ(P ℓ(x) ∩ F )
λ(P ℓ(x))

ℓ→∞−−−→ 1,(36)

uniformly in x ∈ E. Carry out the construction of a hyperbolic SRB measure
µ with with exactly k positive Lyapunov exponents by this subset E (recall
Theorem 9.8). Recall that µ ≥ µ0 =

∫
ϱϖ ◦ϖ−1dp0(ϖ) with ϱϖ ◦ϖ−1 = νϖ being

equivalent to the induced Riemannian volume on ϖ.
Let Λ be a Pesin block with µ0(Λ) > β

2
. For p0 a.e. ϖ, for all n large

enough, there exist xn ∈ E and BGn(xn) ∋ ℓn
n→∞−−−→ ∞ such that ϖℓn(xn) goes

to ϖ in the Cr−1,1 topology. Fix such a ϖ with νϖ(Λ) >
β
2
.

Observe that νϖ-a.e. point lies in the basin of an ergodic component ν of µ
which is also a χ-hyperbolic SRB measure with exactly k positive exponents. This
is since ergodic components are saturated by unstable leaves, by the pointwise
ergodic theorem.

Set Λν := Λ ∩ B(ν), and so, in particular, νϖ(Λν) = νϖ(Λ) >
β
2
. For

a subset K of M we denote its stable set by V s(K) :=
{
x ∈ M : ∃y ∈

K s.t. lim supm
1
m
log d(fm(x), fm(y)) < 0

}
. For all ℓ ∈ N we have f−ℓ[V s(Λν)] ⊆

f−ℓ[V s(B(ν))] ⊆ B(ν).
The stable foliation is transversal to ϖ as this disk is contained in an

unstable leaf by Corollary 8.1; and ϖℓn(xn)
Cr−1,1

−−−−→ ϖ. Then, by the absolute
continuity of the stable foliation, there exists c > 0 such that,

lim inf
n

λϖℓn (xn) (ϖℓn(xn) ∩ V s(Λν)) ≥ c.

Thus, as ℓn lies in BGn(xn) (i.e. it admits a uniform lower bound on its
induced volume), we have for some c′ > 0,

lim inf
n

λϖℓn (xn) (ϖℓn(xn) ∩ V s(Λν))

λϖℓn (xn)(ϖℓn(xn))
≥ c′.
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By the bounded distortion property (8), we have

lim inf
n

λ
(
P ℓn(xn) ∩ B(ν)

)
λ(P ℓn(xn))

≥ lim inf
n

λ
(
P ℓn(xn) ∩ f−ℓn [V s(Λν)]

)
λ(P ℓn(xn))

≥ 1

4
lim inf

n

λϖℓn (xn) (ϖℓn(xn) ∩ V s(Λν))

λϖℓn (xn)(ϖℓn(xn))

≥ c′

4
.(37)

By combining (37) and (36) we get ∅ ̸= B(ν) ∩ F ⊂ B(ν) ∩ G. This
contradicts our assumption on G.

□

Finally, we sketch the proof of Corollary 1.5.

Proof of Corollary 1.5. Recall, we consider a partially hyperbolic attractor Λ of
the form TΛM = Eu ⊕ Ec ⊕ Es with lim supn

1
n
log Jac(dxf |Ec(x)) ≤ 0 for all

x ∈ Λ. Let k = dim(Eu). By Remark (2) following Lemma 2.2, we have
λk+1(x) = lim supn

1
n
log ∥dxfn|(Ec⊕Es)(x)∥ = lim supn

1
n
log ∥dxfn|Ec(x)∥. Assume

that lim supn
1
n
log ∥dxfn|Ec(x)∥ is larger than χ > 0 on a set of positive volume.

Following the construction in §6 we get a generalized u-Gibbs measure over (k+1)-
disks µ supported on the attractor Λ. In particular µ has at least one central
exponent larger than χ almost everywhere. By the assumption on the Jacobian
of the restriction of the dynamics to the central bundle (i.e. dissipative), µ also
admits a central exponent which is less than −χ almost everywhere. Therefore,
µ is a χ-hyperbolic SRB measure. Finally, the property of the basin is obtained
in the same way as in the proof of Corollary 9.9.

□

Appendix A. Ergodic components of generalized u-Gibbs measures

Claim A.1. Almost every ergodic component of a generalized u-Gibbs measure
over k-disks, is a generalized u-Gibbs measure over k-disks.

Proof. Let Px be the ergodic component of x w.r.t. f−1 :

Px :=
{
y ∈ M : ∀ϕ ∈ C(M),

lim sup
n→∞

∣∣∣ 1
n

∑
0≤k<n

ϕ(f−k(x))− ϕ(f−k(y))
∣∣∣ = 0

}
.
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It is well-known that the associated partition P = {Px}x∈M is a measurable
partition of the measured space (M, µ̂) and that the associated conditional mea-
sures {µ̂Px}x∈M are the ergodic components of µ̂. For p̂-a.e. ϖ ∈ W we have
Im(ϖ) ⊆ Pϖ(0), 0 ∈ [0, 1]k (where µϖ-a.e. x admits V u(x) ⊇ Im(ϖ)). Therefore
Q = Φ−1P is a measurable partition of (W , p̂) with Φ : W → M, ϖ 7→ ϖ(0).
Then, by denoting the associated conditional measures by p̂Qϖ we have for p̂-a.e.
ϖ′

µ̂ϖ′(0) =

∫
µϖdp̂Qϖ′ (ϖ).

Thus any ergodic component of the generalized u-Gibbs measure µ̂ is itself a
generalized u-Gibbs measure. □

Appendix B. Angle estimates

B.1. Exterior Powers. We endow Rd with the Euclidean norm ∥ · ∥ and denote
by ⟨·, ·⟩ the associated inner product. For each k = 1, . . . , d − 1, the induced
Euclidean norm on the k-th exterior power ∧k

(
Rd
)
is defined for indecomposable

vectors Z of ∧k
(
Rd
)
, i.e., Z = z1 ∧ . . . ∧ zk with zi ∈ Rd, by the determinant of

the Gram matrix of z1, . . . , zk:

∥Z∥2 = det (⟨zi, zj⟩)i,j ,

and then extended by bilinearity. The associated inner product will also
be denoted by ⟨, ⟩ and the corresponding operator norm on ∧kL

(
Rd,Rd

)
and

L
(
Rd,∧kL

(
Rd,Rd

))
by ∥ · ∥.

B.2. Grassmanian. The Grassmanian Grass(k, d) is the set of k-planes in Rd.
When Z = z1 ∧ . . . ∧ zk is an indecomposable vector of ∧k

(
Rd
)
, we denote by

g(Z) the k-plane spanned by z1, . . . , zk. Notice that a k-plane is defined, up to a
scalar, by a unique indecomposable vector of ∧k

(
Rd
)
. This is the so-called Plücker

embedding of the Grassmanian Grass(k, d) in the projective space P∧k
(
Rd
)
which

we denote by ι : Grass(k, d) → P ∧k
(
Rd
)
. This embedding with the Euclidean

norm on ∧k
(
Rd
)
induced a distance on Grass(k, d), called the Cayley distance,

as follows:

cos dc (ι(Z), ι (Z
′)) =

⟨Z,Z ′⟩
∥Z∥∥Z ′∥

.
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B.2.1. Stationary Angles Between Planes. Given two k-planes F andG, we define
the angle ∠F,G between F and G as follows:

∠F,G = max
u∈F

min
v∈G

∠u, v.

This angle is related to the orthogonal projectors onto F and G:

Lemma B.1.

sin∠E,F = ∥pE − pF∥ .
with pE and pF the orthogonal projector on E and F , and ∥∥ the operator norm
induced by the Euclidean norm.

In fact, one can define a sequence of k-angles (θk)k=1,...,d between F and G,
known as the stationary angles. They are built by induction as follows:

θ1 = min
u∈F

min
v∈G

∠u, v = ∠u1, v1.

and for all i = 1, . . . , d− 1:

θi+1 = min
u∈F,u⊥Vect(u1,...,ui)

min
v∈G,v⊥Vect(v1,...,vi)

∠u, v = ∠ui, vi.

This sequence does not depend on the choice of the vectors ui ∈ F and
vi ∈ G which realize the minima in the previous constructions. Observe that
θ1 ≤ . . . ≤ θd. The last stationary angle θd coincides with the angle ∠F,G. The
Cayley distance is related to the stationary angles and the angle ∠ as follows:

cos dc(F,G) =
d∏
i=1

cos (θi) ≤ cos∠F,G.

B.3. Estimates. For a linear map A : Rk → Rd we let VA = A(Rk) and by abuse
of notations we write ∧k(A) for ∧k(A)(e1 ∧ · · · ∧ ek) ∈ ∧k(Rd).

Lemma B.2. Let A,B be linear map from Rk to Rd. We assume that∥∥∧k(A)− ∧k(B)
∥∥ ≤ K

∥∥∧k(A)∥∥ with K ≤ 1
2
. Then,

dc (VA, VB) ≤ arccos

(
1− K2

2(1−K)

)
.

In particular for K = 1/10 we get ∠VA, VB ≤ dc (VA, VB) < π/6.
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Proof. We first remark that∥∥∧k(B)
∥∥ ≥

∥∥∧k(A)∥∥− ∥∥∧k(A)− ∧k(B)
∥∥

≥ (1−K)
∥∥∧k(A)∥∥ .

It follows that

∥∥∧k(A)− ∧k(B)
∥∥ ≤ K√

1−K

√
∥∧k(A)∥ ∥∧k(B)∥.

But the square of the left member can be rewritten as

∥∥∧k(A)− ∧k(B)
∥∥2 = ∥∥∧k(A)∥∥2 + ∥∥∧k(B)

∥∥2 − 2⟨∧k(B),∧k(A)⟩.

Therefore we conclude that

⟨∧k(A),∧k(B)⟩
∥∧k(A)∥ ∥∧k(B)∥

=

∥∥∧k(A)∥∥2 + ∥∥∧k(B)
∥∥2

2 ∥∧k(A)∥ ∥∧k(B)∥
−
∥∥∧k(B)− ∧k(A)

∥∥2
2 ∥∧k(A)∥ ∥∧k(B)∥

≥ 1− K2

2(1−K)
.

□

Lemma B.3. Let D be a C1 embedded k-disk of Rd an E be a vector subspace of
Rd of dimension k with ∠TxD,E < π

6
for all x ∈ D.

Then, for any x there is ϵ > 0 such that D ∩ B(x, ϵ) = Γψ where ψ : Ex ⊂
E → E⊥ is a C1 function with ∥d·ψ∥ ≤ 1.

Proof. It is enough to see that any vector v ∈ TxD writes as v = vE + vE⊥

with vE ∈ E, vE⊥ ∈ E⊥ where ∥vE∥ = ∥x∥(1 ± ∥pTxD − pE∥) and ∥vE⊥∥ ≤
∥x∥ · ∥pTxD − pE∥. □

Appendix C. Covering number of Cr smooth disks

For a subset E of Rd we let Cov(E,R) be the minimal number of euclidean
balls of radius R covering E.

Lemma C.1. Let σ : [0, 1]k → Rd be a Cr map witk k ≤ d. Then there is a
constant Cr,d depending on r and d such that

Cov (Im(σ), 1) ≤ Cr,dmax (1, ∥drσ∥)k/r max
0≤l≤k

∥ ∧l dσ∥.
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Proof. By Lemma 4 in [17] (or Chapters 5 and 7 of [53]) it holds for any polyno-
mial map σ of degree less than r. We deduce the general case by polynomial in-
terpolation. We first subdivide [0, 1]k into subcubes C of size max{1, ∥drσ∥}−1/r.
Let σC = σ ◦ θC with θC : [0, 1]l → C being an affine reparametrization of C.
Then ∥drσC∥ ≤ 1. Consider the Lagrange interpolation polynomial PC of σC at
the center of C. We have ∥PC − σC∥r ≤ 1. Moreover by Lemma 6.2 of [53] we
have for all x ∈ [0, 1]n, for all l = 1, ..., k and for some constant Cd depending
only on d with the convention ∥ ∧0 σC∥ = 1

∥ ∧l PC(x)∥ ≤ Cd

l∑
j=0

∥ ∧j dσC(x)∥∥dxσC − dxPC∥l−j,

≤ dCd max
0≤l≤k

∥ ∧l dσ∥.

Therefore we have for some constants Cr,d which may change at each step

Cov(Im(σC), 1) ≤ 2dCov(Im(PC), 2)

≤ Cr,d max
0≤l≤k

max ∥ ∧l dPC∥

≤ Cr,d max
0≤l≤k

max ∥ ∧l dσC∥.

Thus,

Cov(Im(σ), 1) ≤ Cr,d∥drσ∥k/rmax
l≤k

∥ ∧l dσC.

□
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[13] R. Bowen and D. Ruelle. The ergodic theory of Axiom A flows. Invent. Math., 29(3):181–202, 1975.
[14] A. Brown, A. Eskin, S. Filip, and F. Rodriguez-Hertz. Measure rigidity for generalized u-gibbs states and

stationary measures via the factorization method, 2025.
[15] D. Burguet. Cr counter-examples to viana conjecture for any finite r. In preparation.
[16] D. Burguet. A proof of Yomdin-Gromov’s algebraic lemma. Israel J. Math., 168:291–316, 2008.
[17] D. Burguet. Quantitative morse–sard theorem via algebraic lemma. C. R. Acad. Sci. Paris, Ser. I, 349:441–

443, 2011.
[18] D. Burguet. Entropy of physical measures for C∞ dynamical systems. Comm. Math. Phys., 375(2):1201–

1222, 2020.
[19] D. Burguet. SRB measures for C∞ surface diffeomorphisms. Invent. Math., 235(3):1019–1062, 2024.
[20] J. Buzzi, S. Crovisier, and O. Sarig. Continuity properties of Lyapunov exponents for surface diffeomor-

phisms. Invent. Math., 230(2):767–849, 2022.
[21] J. Buzzi, S. Crovisier, and O. Sarig. On the existence of SRB measures for C∞ surface diffeomorphisms.

Int. Math. Res. Not. IMRN, (24):20812–20826, 2023.
[22] V. Climenhaga, D. Dolgopyat, and Y. Pesin. Non-stationary non-uniform hyperbolicity: SRB measures for

dissipative maps. Comm. Math. Phys., 346(2):553–602, 2016.
[23] V. Climenhaga, S. Luzzatto, and Y. Pesin. SRB measures and Young towers for surface diffeomorphisms.
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