THERMODYNAMIC FORMALISM OUT OF
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ABSTRACT. We study the thermodynamic formalism of systems where
the potential depends randomly on an exterior system. We define the
pressure out of equilibrium for such a family of potentials, and prove a
corresponding variational principle. We present an application to ran-
dom dynamical systems. In particular, we study an open condition for
random dynamical systems where the randomness is driven by a Gibbs
process, and prove hyperbolicity estimates that were previously only
known in the i.i.d setting.
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1. INTORDUCTION

Given an ensemble of particles and a finite collection of states, the Helmholtz
free energy is the difference between the potential energy of a distribution,
and its entropy scaled by the inverse temperature. Minimizing the Helmholtz
free energy is equivalent to maximizing the difference between the entropy
and the potential energy scaled by the temperature. In Ruelle’s thermo-
dynamic formalism ([Rue67]), the variational principle states that given a
potential —1¢ € H51(X) (7 > 0 is the temperature), where ¥ is a one-sided
compact and topologically transitive topological Markov shift,

max{h,(T) + /qﬁdy : v is T-inv. and erg.} = P(¢),

1



2 S. BEN OVADIA, F. RODRIGUEZ-HERTZ

where T : ¥ — ¥ is the left-shift, and

P(¢) := limsup 1 log Z eXico 9oT* (wwa) (1)
nvee T lw|=n,wn-1=a

for any [a] € ¥ and w, € [a]. Indeed, the value of P(¢) is independent of
the choice of [a] C ¥ and w, € [al, as ¢ is Holder continuous. That is, Ruelle
showed that minimizing the free Helmholtz energy over invariant measures
(that is over steady states) can be achieved, and that the minimal value can
be expressed as the logarithm of the reciprocal of the spectral radius of an
associated operator (called the Ruelle operator).

The variational principle is an optimization problem over a collection of
measures, with deep physical motivation. Since the pioneering work of Ru-
elle, several important extensions have been studied, with different related
optimization problems. An important extension is in the study of extensions.

In [LW77] Ledrappier and Walters study the following optimization. Let
X and Y be two compact metric spaces, let T : X - X and S:Y = Y be
two continuous maps, and let 7 : X — Y be a surjection s.t 7oT = SoT7.
Then, given an S-invariant v and a potential ¢ € C(X), Ledrappier and
Walters optimize

sup{h,(T|S) + / ¢dp : i is T-invariant and po7 ! = v},

where h,(T'|S) is the relative entropy. That is, they optimize the contri-
bution of the potential together with the entropy coming from the fibers
alone, under the constraint where the invariant measures project to a fixed
measure v on the base.

In [DKSO08|, Denker, Kifer, and Stadlbauer study a notion of random
topological pressure, and prove that it satisfies a relative variational prin-
ciple as well (see also [Kif01] for a definition of random pressure). In their
setting, the fibers are countable Markov shifts, and they study the asso-
ciated composition of random Ruelle operators w.r.t to a probability pre-
serving transformation on the base dynamics (see [BG95] for results in the
compact-shift fibers setting). This is a somewhat opposite approach to the
one we are taking, as we study randomness given by a shift space, but the
fibers are a general compact metric space; In particular, our fiber dynamics
are not given by the random composition of Ruelle operators. In addition,
we do not fix a probability measure on the base (nor fibers), but instead
seek an optimization over all probabilities. A full description of our setting
appears below.

Another extension of Ruelle’s variational principle is studied in [BKL23],
where the authors study an exponential growth rate as in (1), where Zz;é ¢o
T* is generalized to n - G(+ Zz;é ¢ o T*) where G is a continuous function.

In this paper we study another extension of Ruelle’s variational principle,
with applications to random dynamics (in particular to Gibbs processes).
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We consider a compact metric space X, and a Holder continuous skew-
product over 3 F: ¥ x X — % x X, F(w,t) = (Tw, F,(t)), together with
a family of Holder continuous potentials ¢; : ¥ — R, which depend in a
Holder continuous way on t € X. Let m : ¥ x X — ¥ be the projection
(w,t) = w. Then we study the following optimization problem:

sup{hpor—1(T)+ / o1(w)dv(w, t) : VU is an F-invariant probability on ©x X }.

In other words, we optimize while allowing the potential to be random. We
introduce the corresponding pressure out of equilibrium:

. 1 n—1 oTk

P({¢1}1ex) := limsup sup — log Z k=0 T (wwa)
n—oo teX T

|g|=n,wn,1:a

where F¥ := Fpi_1,0---0F,. Our variational principle assets that (Propo-
sition 3.4 and Theorem 3.8),

P({¢t}tex) = max{hpor—1(T) + /(]ﬁt(w)dﬁ(w,t) . ¥ is an F-inv.}.

The notion of pressure out equilibrium rises naturally in the study of skew-
products (where we are removing the fiber entropy from the optimization
process).

The pressure out of equilibrium also rises naturally when studying random
dynamical systems. In the recent years significant progress was made in the
study of smooth dynamical systems, where the diffeomorphism is composed
randomly. See for example [BQ16, BRH17, DD].

This model is important as every physical system in fact interacts with
a larger system, and so the laws of motion themselves may depend ran-
domly on a larger system. In this setting, it is natural to assume that the
typical behavior of the larger system is given by a physical measure (e.g
SRB) or a measure of maximal entropy- both of which are Gibbs measures.
Consequently, we are interested in random dynamical systems where the
randomness is driven by a Gibbs process. However, almost all previous re-
sults treat the i.i.d case, where the random composition is taken over a finite
set of diffeomorphisms.

An important open class of random dynamical systems is systems which
satisfy the uniform expansion on average condition:

inf log |d., f.€|d 0,
(x’nglM/E 0g |dg fu§ |dpi(w) >

where f,, € Diff!™*(M) (w + f,, may not be constant on partition sets) and

M is a closed Riemannian manifold. The prevalence of this condition has
been studied for example in [DK07, Pot22, ES23, BEFRH].
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In that setting, we prove the following hyperbolicity estimates (Theorem
4.6): 36,v,C >0 s.t

w20 s [ ) < 0 @
(z,£)eT'M

where f := fra-1,0---0 fw. One can think of the estimate in (2) as a “non

i.i.d version of Azuma’s inequality”. In this setting, even a Markov process

is a non-trivial extension of the i.i.d case (i.e Bernoulli process).

2. PRESSURE OUT OF EQUILIBRIUM

Setup:

(1) Let X be a compact metric space.

(2) Let ¥ be a one-sided compact topological Markov shift, endowed
with the left-shift 7": ¥ — 3.

(3) Let F: ¥ — Cu(X,X) be a Hélder continuous map, denoted by
w +— F,, where F}, is a a-Holder homeomorphism of X.

(4) Let {¢¢}iex C HOL(X) be a equi-6lder family of potentials:
sup;ex || 0t Hs1 < oo

(5) Set F¥ := Fpr1,0---0F,,.

Definition 2.1. We define the pressure out of equilibrium as

P({(bt}tex) —hmsup logsupZ (¢r,a),

n—oo N

where

~ n—1 oTk Y
In(dna)i= 35 =0 Prbua )

|lw|=n,wp—1=a

and [a] C X and w, € [a].

Remark:

(1) Note, since ¥ is compact and topologically transitive, the definition
of the POE does not depend on a. Since the family {¢;}iex is equi-
Holder, the definition of the POE also does not depend on the choice
of w, € [a].

(2) Note, Zn(¢1,a) is not of the composit form Ly, o --- o Ly, 1jq)! For
each word of length n, the sequence of potentials in its corresponding
weight depends on the word.

(3) The notation of Definition 2.1 is abused, as Z, (¢, a) should in fact
be Zn({¢s}sex,t,a). However, in order to not have too heavy of a
notation, we keep the abused, yet clear notation of Definition 2.1.

Lemma 2.2. The following limit exists:

§ 1 .
P({¢t}tex) Z,}ggoglogfél)r;Zn(qﬁt,a)-
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Proof. First we note that since ¥ is compact, as in the remark following
Definition 2.1, there exists a constant Cy. 4 > 1 so we can write

2 1 o oT* (wwq
P({¢i}tex) =limsup sttlp . log (Ci%b Z Z ezkz() ¢Fﬁwa(t) T (w ))
n—oo

[a] cx leznﬂunf 1=a

. 1 S0 bpk 0T (wwa)
=1 —1 ( k=0 " Fiuq () )
im sup sup - og E E e

noeo [a]CS w|=n,wn_1=a
) 1

=limsup — log Z,,({#¢ }+),
n—oo T

ShZ0 bk (1) °TF(Bw)
0" and 0, € [w] maximizes

where Zp, ({¢}1) 1= sup; 3= €
ZZ;é ¢F(§w(t) © Tk(eg)-
Then we notice that for all n,m € N,

log Znym({¢e}t) < log Zn({¢t}t) +1og Zm ({bt}e),

since the collection of admissible words of length n 4+ m is smaller or equal
to the concatenation of all words of length n and all words of length m, and
sup;{A; - B;} < sup,; A; - sup; B;.Then by Fekete’s lemma, we are done. [

3. VARIATIONAL PRINCIPLE

The proof of the variational principle for Holder continuous potentials
on TMSs goes through Ruelle operators. We cannot use the techniques of
Ruelle operators in this setting, as the POE is not the spectral radius of a
Ruelle operator, nor of a random composition of Ruelle operators!

3.1. Upper bound.

Definition 3.1 (Maximal asymptotic instability). Let F:SxT'M —
ExX, F((w,1)) := (Tw, Fu(t)), and let ¢ := Ex X = R, ¢((w, 1)) := ¢ (w).
Then ¢ : ¥ — 3,

n—1

~ 1 ~ -
w) := limsup sup — o F*(w, ),
¢(w) := lim sup tp"kzz()¢ (w, 1)

is called the maximal asymptotic instability potential of {¢¢}iex .

Remark: The terminology stems from the comparison between 5 and ¢
(i.e the case where {¢;}+cx is a singleton).

Definition 3.2. If substituting the lim sup sup, by a lim inf inf; in Definition

3.1 does not change gfor v-a.e w, then we say that {¢; }rex is asymptotically
stable w.r.t v.

Theorem 3.3.
P({¢:}1) < sup {hy(T) +/$(w)du(w)}.

v erg. inv. prob.
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This proof follows the ideas of Walters in [Wal75].

SrZo bpk (py°T*(0w) Sro bpk gy oTF (Ow)
Proof. Let t, s.t sup, > e 0w = e o (')
lw|=n |w|=n

for some 6, € [w]. Set

ZZ;S ¢F(§w (tn)OTk (Ow)

Z € 69& 1 n—1
~ lw|=n ~ —j
Uy 1= — ,and vy, = — vpoT ™7,
Z €Zk:é ¢F§H(tn)oTk(0£) n ]Z—:O
lw|=n
n; -1
>lo Ok G, T*(0w)
Choose n; T oo s.t v, — v, and note n— log > e —
|w|=n;
P({#¢}¢) (recall Lemma 2.2).
It is enough to show that h, (T) + [ qb (w) > P({¢¢}¢) since the Lh.s

respects the ergodic decomposnslon and 1t is clear that v is invariant. Let
C be the partition into cylinders of length one. Then,

n—1 n—1
iz, \,/ 7)) + /Z Oy, © T’ (@)din

= 2 "n({fu})- Z%a (1) © T/ (0w) — log T({0.}))

lezn
=log Z eZZ;& ¢Fk (T ) = log Z ¢Sn(0w), (3)
|w|=n |w|=n
Fix 1 < g < n, and for any 0 < j < ¢ — 1 set a(j) := [%] Then
Visdreife) = e T rrati VL TC) v Ve TUC), where #R < 2g.
Then,

n—1

log »  en(w) :H%( \/ T‘j[C]> + / Sy (w)d, (w) (4)
Jwl=n i=0

a(j)-1

<3 H, (T‘Tq“q\_/lT"'[C])‘
1=0

r=0

+ Hz, (\/ 770]) + / SudD,

leR

a(j)—1 q—1
< Y Hy or-ard ( \ T"[C]) + 2¢log #C + / Spdiy,.
r=0 =0
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Summing (4) over 0 < j < ¢ — 1 and dividing by n, we get

qlogze5"(9w< Z oTp(\/T‘Z )+—log#C+q/ —S,dv,

lw|=n

gHVn(i\:/()T_i[C]> + ¥log#c+q/%5ndﬁn

- (éHl,n(q\/lT_i[C]) + %mg#c

=0

+/M1M $d(%Zﬁnoﬁk)), (5)

where Uy, 1= vy, X dy,,.
Let m: 3 x X — X be the projection onto the first coordinate, then 7 is
continuous and 7y, o 7! = 7,. Moreover, m o F' = T o, and hence

-1
e =
(—ZynoF_k)ow_l = Up. (6)
iz
We may assume w.l.o.g that ni Zl 0 . DpoFk — v, and so
J Jj—o0
vor l=u. (7)

Dividing by ¢, sending n; — oo, and then sending ¢ — oo, on both sides
of (5), we conclude that for all n € N,

n—1

P({de}e) <hu( / ddv=h / N GoFdp (co=p0F)
k=0

1 e~
<hy(T) + {= w,) pdo, 8
@)+ [sun { Z 3o z ®)
and in fact since n is arbitrary,

P({gch) <hy(T) +limsup / sup{ = S" G0 Fw.) }do (9)

t
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Proposition 3.4.

max {hgoﬂ1(T)+/ Gdv 1 v erg. F\—im}.} = max {hl,(T)+/ ddv : v ery. T—z'm}.},
where m: 3 X X — X is the projection onto ¥. In particular the mazimum

s attained.

Proof. Given an F-invariant probability 7, write v := Do 7~!. Then,

n—1
~ ~ 1 ~
/(;Sdﬁ:limsup/qﬁdﬁ:limsup/— g ¢o F/(w,t)dv(w,t) (10)
n n n -
j=0

i
L

¢ o F(w, t)dD(w, 1)

S|

<limsup / sup
n t

= lim sup / sup

n t

< / lim sup sup
n t

:/gdz/ (" Fatou’s lemma).

<.
_= O

3

SMH

¢ o Fl(w,t)dvon(w)

<
I
= O

3

¢ o Fl(w,t)dvon(w)
=0

3|'—‘
u

Hence it is clear that,

max{hgo7T /quV v erg. F-inv. } < sup /gbdu v erg. T—an}

where the maximum on l.h.s exists since 7 is continuous and ¥ is entropy
expansive.

We continue to show the other inequality. Let v, s.t P, ((E) — sup,, {hyz (T)+
Ik (,ZNSdV,}. Given w € X, set nj(w) to be the first integer larger than n;_;(w)
nj(w) 1¢0Fk(w tn;(w) (W) > limsupsup; = >~ qSoFk(w t)—%

1
nj(w)
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Then,
sup { / dav/} =tim (hy, () + / v,
=liTILn (hl,n(T)
Lo
+/li§nm kzzo qSoFk(w,tnj(w)(w))an)

(*.- dominated convergence) =lim (h,,n (T)

nj(w)—1
) 1 ~
+lim [ oo X oeF (@ iy ) (@)

—lim (hun(T) +lim / <$dﬁn,j), (11)
n J
~ i(w)—1 =
where 7y, ; = [ m ZJ:(SU) (0 X 5tnj(w)) o F~*dy,(w). Assume w.l.o.g
that v, ; = ¥, — U, and that v, — v.
Claim: v,on ! =y, and vorn ! = .

Proof: Let g € C(X), then by the point-wise ergodic theorem and dom-
inated convergence,

nj(w)—1

1
/gowdﬁn,j:/n( E godel/n.—>/gdUn
J

Hence 7, o 7~ = 1,. Therefore, by the continuity of 7, vor~! = v. QED

Since (3, T) is entropy expansive, limsup h,,, (1) > h,(T'). Plugging this
back in (11), we get

sup {hl,/(T)—}—/(ZdV'} < hpor-1(T )+/$dﬁ. (12)

1//

Then sup,/{ s (T) + f¢dv} = maxy {h;/WA(T) + f&dﬁ’}. We now

continue to prove that the supremum is attained over v. By (12) and (10),

since ¥ is F-invariant, and since 7o m~ 1 = v,

sup {hl,/ (T) + /adl//} < h,(T) +/$dz/.

O
Remark: Proposition 3.4 implies that the maximum of max, {h,,(T) +

i q~5du} is indeed attained, even though 5 is not continuous. Even when

{oe}e = {0}, g(w) still depends on the empirical measure of w. See also
Lemma 3.5 and the remark following it.
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3.2. Lower bound. The following proposition is our main statement, as
it effectively allows us to carry out the non-trivial operation of taking the
supremum of ¢ € X to be after taking the limit on n in almost all estimates.

Lemma 3.5. (ZO T = 5

Proof. For all w € 3, F, : X — X is a homeomorphism, hence

- 1=t
$(w) =limsupsup — Y ¢(T w, FE(t))
n tex N =0

n—2A Aw 1
zlimsup( sup lz¢(TkTw,F7’3w(Fw(t)))+ ¢w, £, (Fw(t))))

n Fu(ex =) n
n—1
=limsup sup 1 Z H(T*Tw, FF (Fu(t)) = ¢ o T(w). (13)

n o F.(tex "=

Proposition 3.6 (Main Proposition). For all w € X there exists a closed
L, CP(X) stVoeL,,

3w) = [ ol t)dor

and L1, = L. In particular, given an ergodic T-invariant probability v on
Y, there exists o, € P(X) s.t

oy, € Ly, for v-a.e w € X.
Proof. Given w € 3, let n;(w) 1 0o and tj(w) € X s.t
. -1 = ~
(1) Ty supey = Y05 G0 FH((w,8) = 3(w),

ni—1 7 N n.—1 - =
() & S0 o A (o5 (0) ~supren i X G0 P (@, 0) —— 0,

() s S ™ 8y () has & weak-* limit in P(X).

nj(w)

In total, there exists o, € P(X) s.t

nj(w)—1
~ 1 ’ ~
¢(w) = lim ¢0Fk w,tj(w))),
@ =tim s 3 de P (b))
1 nj(w)—1
and hjnlm Z 6F£(tj(w)) = Ow, (14)
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where o, is a probability measure on X. Then,

3(w) =lim —

i nj(w)

[~ 1
=lim / qsd(nj ® Z Sk 45 (w)) / d(w, t)doy(t (15)

Denote by L., = {0y, : achieved by n; and t; satisfying (I),(II),(III) above}.
By (13), for any admissible subsequence n;(w), we can choose n;(Tw) =
nj(w) — 1. Moreover, for all t € X,

njfl n;—1-1
1 ~
LS G0 Frwt) oY O(Tw, Fu(t) +0j(1).
nj k=0 nj = k=0

Hence, we can choose t;(Tw) = F,(t;(w)). By the definition of o, in (14),

nj—1-1 nj—1-1
=1 1 1) =1 5
O-T nn mn, Z F’ll?'w (tj (T(/J)) 1m n J— Z Fw t] ))
J j k=0 J
n;—1-1 njfl 1
=lim

] n] — 1 Z 5 TL/.) Fw(t )) = h§n n] — 1 Z 5Fk+1 ) o Uw

This provides us Wlth a one-to-one matching between all elements of £, and
those of Lp,.

To see that L, is closed, let o; € L, s.t 0; — o. For each oy, let {nz} s.t
¢(w) = lim; sup, n_1; Yoilo ¢o F*((w,t)) and ti st

ni—1 L1
1 &~ ~ ~ 1 )
sup 7 > do FH((w,t) - i Z $ o F¥((w, 1)) o
J k=0 J k=0

n.'_ . . .
Then consider n% Yoty Opk (i y» Where j; T 00 is a sequence of j’s so
Ji - WA

(1) d(;:

néi—l 1
ni. Zk:o 5Fj§(t'i,)70i) <%

nl- —
Ji k=0

1
(2) ’Sgpnl Z ¢ o FF((w, t))—hmsupsup Z¢0Fk((w t))‘ T

nt—1 ~ ~
wm%ZéomFWMW—%ZhomF«m@ﬂé%

i1
1 5, 5 /
. 7 k(i y ——> O
nj, Zk,O ES (t;z) i—00

(4)

Then ¢’ must coincide with o, and ¢’ € L.

We continue to prove that given an erg. T-inv. v, Jo, € P(X) s.t
€ L, for v-a.e w.
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Let i € N, and since P(X) is a metric separable space (hence Lindel6f), w
have a countable cover {B(07, 21)}]@\1 Define E_ i = {w: B(d}, 2,) N L, 75

@}, and note that E_ = = T7YE,] since L1, = E for all w. Then there
J
) =1

T ()
1

We cover B(o" ) 21) by balls of radius =i+ intersected with B(o? i) 57)s

exists o' i) St V(E

and continue this way, and we get that H{Uji(l,)}zzo s.t oy (V50 B (U;'i(u)’ 5)
while for any w € ﬂl>0 o) (which is a full v-measure set), and for all

i>0,d(o ji(y),ﬁw) Slnce L, is closed, 0, € L,,, and we are done. [

Definition 3.7. The invariant family of probability measures L, given by
Proposition 3.6 is called the instability kernel of w.

Theorem 3.8 (Variational Principle).

P(o) =, max {h(D)+ [ @)

v erg. inv. prob.

Proof. We already showed the upper bound in Theorem 3.3, and by Propo-
sition 3.4 we know that the maximum is attained. We are only left to show
the lower bound. Let v be an ergodic T-invariant probability measure.

Let o, be the probablhty measure given by Proposition 3.6. By (15), for

all k, [ p(w)dv(w) = [ ¢(TFw, FE(t))do, (t)dv(w). Then,
eXp /gbdy
=exp (n(h,(T) + =N "o F¥(w, t)do, (t)dv(w))
p< []is )
n—1
(.- Fubini) =exp (n(hl,(T) + // % Z ¢oFr(w, t)du(w)dal,(t))>

(. Jensen) §/exp / quoF’C w, t)dv(w )))da,,(t)
k=0

n—1

% §o F(w,)v(w))).

< sup exp (n(hu(T) + /

Let € > 0 and let n. € N s.t v(K¢) > 1 — ¢, where

K€ = {w €X:Vn > ’I’LE,V([LL)O, s ’wn—l]) = enhu(T):I:en}.
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Then,for all n > ne,
exp / (bdy

<Sup exp / Z¢o F’C (w, t)dv(w )))e€||$||wn

c€llBlloon n-1

<sup (KD /eXp (nh,,(T) + Z V(K)p o FF(w, t))du(w)

t
Ke k:O

(. Jensen)

<ee||¢||oon sup Z w))en@e 28 (KGO F* (Buwwt) +Cog,1,c

t
|w|=
[w]ﬂKE;éQ

< 2elllloontCro,y e sup Z e—nhV(T)+enenhu(T)ez;;gq?oﬁk(eﬂw,t)

o t
|w|=n

wlnK. A2

<eZelltllootIntCroy,c Zn({¢t}ex).

—1 k
k=0 ¢pgﬂ(o°T ()

where Zn ({d¢}¢) := sup; 32y =n € and 6, € [w] maximizes

Yriodo ﬁk(Gw,t)
Therefore, h,(T) + fgbdl/ < P({¢thiex) + €(1 + 2||@los) for all € > 0.
Then by sendlng € — 0, we are done. O

4. HYPERBOLICITY ESTIMATES FOR A UNIFORMLY EXPANDING ON
AVERAGE GIBBS PROCESS

In this section we apply the results of §3 in the setting of Gibbs processes.
Setup:

(1) Let M be a closed Riemannian manifold of dimension d > 2.

(2) Let f : ¥ — Diff'*®(M) be a Hélder continuous map, denoted by
w > fu.

(3) Let p be a T-invariant probability measure on ¥, and assume further
that p is a Gibbs measure for the potential ¢ € Hol(X).

(4) Assume w.l.o.g that P(¢)) = 0, where P(-) denotes the Gurevich
pressure (otherwise replaces ¥ by 1 — P(1)) which does not change
1)

(5) Given t = (z,£) € T'M, write ¢(w) := log|dsf.€|, and note that
sup;eri s [t Her < oo

(6) Assume that (M, f, u) admits uniform expansion on average: Ix > 0
s.t

inf dp(w) >
,Jof 2</9t(w) mw) = x

Remark:
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(1) Note that items (4) and (5) above hold when p is an SRB measure
on an Anosov system. This requires reducing the case of a two-sided
shift to a one-sided shift, see Lemma A.1.

(2) We do not require w — f,, to be constant on partition sets.

(3) The random dynamical system f,, ~ p is called a Gibbs process. It
naturally extends Bernoulli processes and Markov processes.

Gibbs processes translate naturally to the setting of thermodynamic for-
malism out of equilibrium (recall §2):
(1) X :=T'M,
(2) Fu(z,8) = (fu(z), %)

We wish to prove that there exist 8, > 0 s.t for all n sufficiently large, for
all (z,€6) € T'M,

/E Ao f1EPp(w) < e (16)

Remark: By the Markov inequality, (16) implies that for all (z,&) € T'M,
every word w € ¥ expands uniformly, aside for an exponentially small ex-
ceptional set of words. Such estimates have proved themselves to be the
fundamental estimates which are used in the study of exponential mixing
of random dynamical system (see for example [DD]). Previously, such esti-
mates were shown for i.i.d dynamical systems (i.e u is a Bernoulli measure,
and w — f,, is constant on partition sets). However, the physical motivation
suggests that the randomness which drives our dynamics should be given by
a Gibbs measure, hence motivating our extension.

4.1. Reduction to thermodynamic formalism out of equilibrium.
Theorem 4.1. Assume that (X,T) is topologically transitive. Then, for all
B € (0,1), for alln € N and all t = (z,£) € T*M,

[ szl P = CEL - Z,(0n,0),

where, ¢ = 1 + By, C*W > 1 is a global constant and [a] C X.

Proof. Let n € N and t = (z,£) € T'M. For all [a] C ¥ fix some w, €
[a], and let 6, € [w] be some element of the cylinder. Set wgn)(w) =

S o (TFw), ™ = S=b g o TF, and ¢{™ (w) i= Y778 bk (THw)-
Then,

[lasze = [ A O = 03 gl 0

|w|=n

(n) _Bo™ (n)
:(CT/’CSO)il Z V" (Ow) =By (Ow) — (CT/’CW)il Z o1 (Ow)

lw|=n |lw|=n

—(CuCF Y Y e, (17)

[a]Cx |lw|=n,wn—1=a
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where w, € [a] is any element of [a], and C, := N, - sup; ||¢¢||cc Where
V[b] € =, a 2 b 2% o with ngy, npe < N,.

O

Remark:

(1) The proof Theorem 4.1 in fact implies the following more general
statement:

n—1 oTk ~ “
Vi € X, / & 20 erb 0 T Dy (o) = CFL - Zu (W + Bt a).

(2) Theorem 4.1 demonstrates that our definition of the pressure out
of equilibrium (recall §2) is in fact optimal. If one wishes to gain
hyperbolicity estimates such as in (16), then the POE is optimal
quantity to study.

Corollary 4.2.

. 1 _ -
hmsupﬁlogs%p/ |de fO€| 5d,u < P({o}e)-

Remark: By Corollary 4.2, proving that the POE is negative for all 5 > 0
sufficiently small, would prove (16).
Our plan to prove (16) is composed of three steps:

(1) Reducing the expression of (16) to an estimate of the POE (§4.1).

(2) Providing a bound to the POE in terms of topological pressure (§3,
§4.3).

(3) Perturbative theory of Ruelle operators to bound the topological
pressure (§4.2).

We start by recalling the perturbative theory of Ruelle operators, and
gaining the desired estimates for the spectral radius.

4.2. Perturbative theory of Ruelle operators.

Setup:
(1) For >0, ¢ := ¢ + B
(2) Ly, : Ce(X) — Co(X) is the associated Ruelle operator defined by
(Loh)(w) = Y e In(W).
Tw =w

(3) By assumption p is a Gibbs measure of ¢, hence p = hy, - py, where
Lyhy = eP(w)hw and Lypy = eP(¢)p¢. Recall that P(1)) = 0. Then
one can check that 3Cy > 1 s.t for every word |w| = n,

w([w]) = C’ilew(n)(eﬂ), for any 0, € [w].

Theorem 4.3 (Aaronson & Denker). Ruelle operators of Hélder continuous
potentials on compact TMSs are quasi-compact.
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Corollary 4.4. Ly, = P, + Ny where
(1) -Pth = eP((z’t)hd)t . fhdl/d)“
(2) NtPt = PtNt = 0,
(3) [Nl = O(p™), with p € (0,e7(?).

See [Sar09, § 5.2] for details.

Theorem 4.5. For all 8 > 0 sufficiently small, for all t € T'M, P(¢;) <

_X
50

Proof. Note, B +— P(1) — By¢) is analytic in a neighborhood of 0.
By the mean value theorem, for all 5y > 0 sufficiently small, there exist

& € (0,Bp) and & € (0,&) s.t

d d
P~ fop) =P) — og| _ P~ Bp0) = ~fogs| P~ Ben)
d
=~ Pogg|,_ P~ o)
d d
~ b0 (Gl yoe P = B = g5, P~ Bo0))
d d?
=~ Bogg|,_ Pl —Be) — o & | P~ Biu)
By the linear response formula,
LI pp— Boy) = du <
@‘ﬁzo e w)——/sot s =X
SO
d?
P~ fogpe) < —xfo—fo- & gog| Pl o)
d2
<= xbo+ 83| 3, PW— Ben) (18)
By the Green-Kubo formula, and since dd—;g  f@) = % _Of(as +a),
d? d?
G5 g, PO = o) =53 | P = &rp0) = B (19)
=Var,, .. (@7) +2 Z Covyy e, (@r. 710 TF),
k>1

where ©; := @y — f Ordpiy—g, o, -
Since

Sltlp |t || Hs1 < oo,

we get that for all Sy > 0 sufficiently small the r.h.s of (19) is bounded
uniformly in ¢, as it depends only on the rate of mixing of the opera-
tor e~ PW=81@) L, ¢, which is a perturbation of L, of multiplicative size
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eXrsupt lletlle where & < f3y. Therefore, there exists Ky >0s.t

— Py — <K,
Sl;p ‘dﬂ2‘5:§1 (d} /BSOt) = ()

whenever f3 is smaller than half the spectral gap of Ly, divided by sup; ||¢¢|]sc-
Plugging this back in (18), we get that for all 5y > 0 sufficiently small,

P~ Bopr) < ~XBo + B3 Ky <~ fo.
O

Remark: Theorem 4.5 is essential, as linear algebra (or functional analysis)
can estimate the difference between Ly, and Lg,, and consequently |P(v)) —
P(¢¢)|, but much finer analysis which relies on additional information is
needed in order to know the sign of P(1) — P(¢;), including a bound from
below. This makes Theorem 4.5 independent from the rest of the techniques
we use, and crucial. Its proof is where we use the assumption of uniform
expansion on average.

4.3. Bounding the POE by the topological pressure. Theorem 4.6
below relies on the variational principle proved in §3.

Theorem 4.6.
1
lim sup — log sup /|d fre|Pdp < — X
n (z6er'M
Proof. By Corollary 4.2, it is enough to show that the POE is bounded by
—%. Then,

P({¢}) = sup

v erg. inv. prob.

B

hy (T / d(w)dv(w . Theorem 3.8)

= sup
v erg. inv. prob.

et
{mut
— e {]]
{/1

hy (T //gzﬁ w, t)do,(t)dv(w )} (".- Proposition 3.6)

hy (T -I—/ngﬁ(w,t)du da,,}

v erg. inv. prob.

= sup
v erg. inv. prob.

< sup { / hy(T) + / ¢td77] day}
v,n erg. inv. prob.

:sup{sup/ hy(T') -l—/qﬁtdn da,,
v n

<sup{ / sup / qﬁtdn da,,

=sup /P o) dal, < sup /——day = —%{ (".- Theorem 4.5).

O



18 S. BEN OVADIA, F. RODRIGUEZ-HERTZ

APPENDIX A. REDUCTION TO A ONE-SIDED SHIFT
Let ¥* be a two-sided shift.

Lemma A.1. Assume that for every w,w’ € ©F which lie on the same stable
leaf, the limit lim, o f,;" o f1, converges in C'™ norm with a uniform
exponential rate. Then there exists a Holder continuous mapping w — f1 s.t
f(ti)iez = f(’;i)izo and fF is C1T%-cohomologous to f.,, where the coboundary
depends in a Hélder manner on w.

Proof. For every [a] C %, fix w, € [a]. Denote by [w,,w] the Smale bracket.
Define C,, := lim,,_,, f, ™0 f[?dwo - Note that C,, is a C'+ diffeomorphism,
as it admits an inverse C;! = lim, f[;ZO ) © fo. Then set f := C:F:) o
f.o 0 C,,, which is a C'** diffeomorphism.

We first show that w ~ fI is Holder continuous. Let w,w’ € ¥F with
dw,w) = e < 1, and write wp = w) = a. It is enough to show that
w +— C, is Holder continuous. By the uniform exponential convergence, let
K >0 and and 0 € (0,1) s.t

dCH—a (Cun Cw’) §2K6_9n + dC1+°‘ (fZ)L 0 f[;:,w]’ fz:}’ o f[;:#dl]) (20)

Choose n = r - N, where r € (0,1) will be specified later. Let K,7 > 0 s.t
w > f, is (K', 7)-Holder continuous. Then one can check by induction that
d(fhof ", Id) < B"- e~ "(N=") for all N large enough so B"-e~7(N=7) < 1,
where B is a constant depending on max,{||fl|cite, |5 |c1ta}, K, and
K’. By choosing r > 0 sufficiently small we can guarantee that

d(fo f", Id) < K"e 3V,
Then, for all N large enough (and r > 0 sufficiently small),

deoita (fg o f[;:w]’ fg/ o f[_n ) < Kllle—gN.

wa,w']

Finally, putting this together with (20), we conclude that w — C,, is Holder
continuous.

We continue to show that fI depends only the non-negative coordinates
of w:

+ _—1 1 -n n —n—1 n+1
fw —CTwOwa w_hglf[wwl,Tw]ofTwofwofw of[ww()’w]

I —-n n+1
- hTILn J Wy  Tw] © f [Wug W]’

which depends only on (wj)i>o. O
Remark:
[0 da g ¢hdn = [ o5 |dco . EZS:;
1 dafu 0 Cu§

+log|d.Cué| +1og |dy,0c, O,

Tw ’dsz o w§|
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Then if ({f,}, ) satisfies the uniform expansion on average property with a
constant x, and max,, d(C,,, Id) is sufficiently small w.r.t x and min,, ||d. f,|co
then ({fI},u) also satisfies the uniform expansion on average condition.
This can always be arranged by refining the alphabet of ¥* into all admis-
sible words of length m for some sufficiently large m.
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