THERMODYNAMIC FORMALISM OUT OF EQUILIBRIUM
PART I: AZUMA INEQUALITY AND GIBBS PROCESSES
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ABSTRACT. We study the thermodynamic formalism of topological
Markov shifts where the potential varies by a random walk on an exterior
system. We define the pressure out of equilibrium which is associated
to such a family of potentials, and prove a corresponding variational
principle. We present an application to random dynamical systems. In
particular, we study an open condition for random dynamical systems
where the randomness is driven by a Gibbs process, and prove hyper-
bolicity estimates via an Azuma inequality which were previously only
known in the i.i.d. setting.
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1. INTRODUCTION

Given an ensemble of particles and a finite collection of states, the
Helmholtz free energy is the difference between the potential energy of
a distribution, and its entropy scaled by the inverse temperature. Minimizing
the Helmholtz free energy is equivalent to maximizing the difference between
the entropy and the potential energy scaled by the temperature. In Ruelle’s
thermodynamic formalism ([Rue67]), the variational principle states that
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given a potential —1¢ € H51(X) (7 > 0 is the temperature), where ¥ is a
two-sided compact and topologically transitive topological Markov shift,

max {hl,(T) + /qﬁdu : v is T-inv. and erg.} = P(¢),
where T : ¥ — ¥ is the left-shift, and

i 1 SR $oTH (6)

P(o) : 11£S£p - log wz:ne , (1)
where 6, € [w] maximizes Zz;é ¢ o TF(w). Indeed, the value of P(¢) is
independent of the choice of 8, € [w]. That is, Ruelle showed that minimizing
the free Helmholtz energy over invariant measures (that is over steady states)
can be achieved, and that the minimal value can be expressed as the logarithm
of the reciprocal of the spectral radius of an associated operator (called the
Ruelle operator).

The variational principle is an optimization problem over a collection
of measures, with deep physical motivation. Since the pioneering work of
Ruelle, several important extensions have been studied, with different related
optimization problems. An important extension is in the study of extensions.

In [LW77] Ledrappier and Walters study the following optimization. Let
X and Y be two compact metric spaces, let T : X — X and S:Y — Y be
two continuous maps, and let 7 : X — Y be a surjection s.t. ToT = SoT.
Then, given an S-invariant v and a potential ¢ € C(X), Ledrappier and
Walters optimize

sup {hM(T|S) + /qﬁdu . pu is T-invariant and po 7 1 = u},

where h,(T'|S) is the relative entropy. That is, they optimize the contribution
of the potential together with the entropy coming from the fibers alone, under
the constraint that the invariant measures project to a fixed measure v on
the base.

In [DKSO08], Denker, Kifer, and Stadlbauer study a notion of random
topological pressure, and prove that it satisfies a relative variational principle
as well (see also [Kif01] for a definition of random pressure). In their
setting, the fibers are countable Markov shifts, and they study the associated
composition of random Ruelle operators w.r.t. to a probability preserving
transformation on the base dynamics (see [BG95] for results in the compact-
shift fibers setting). This is a somewhat opposite approach to the one we
are taking, as we study randomness driven by a random walk on a fiber
which is a general compact metric space. In particular, the notion of pressure
which we associate to the random walk on the fiber is not given by a random
composition of Ruelle operators by the random walk. In addition, we do
not fix a probability measure on the base (nor fibers), but instead seek an
optimization over all invariant probabilities. A full description of our setting
appears below.
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Another extension of Ruelle’s variational principle is studied in [BKL23],
where the authors study an exponential growth rate as in (1), and ZZ;S poT*
is generalized to n - G(% ZZ;& ¢ o T*) with G being a continuous function.

In this paper, we study another extension of Ruelle’s variational principle,
with applications to random dynamics (in particular to Gibbs processes).

We consider a compact metric space X, and a Holder continuous skew-
product over $: F: ¥ x X — ¥ x X, F(w,t) = (Tw, F,(t)), together with
an equi-Holder continuous family of potentialsAgbt : 2 — R, which depend
in a Holder continuous way on t € X. Write ¢(w,t) := ¢¢(w). We study
an optimization problem (i.e. a variational principle) where we allow the
potential to be random- depending on the (X, F,)-random walk.

We introduce the corresponding pressure out of equilibrium (POE for
short):

1
P(¢) :=limsupsup — log Z e 0 ) (2)

n—oo teX N
|w|=n

where FF := Fri_1,0---0 F,, and 0, € [w] maximizes Y 7_; Pk (r) © TF(w).
In fact, the limit superior in (2) is a limit; And in addition, we sum over all
words of length n in our compact setting, however for a possible extensions
to non-compact setting, we may restrict to summing over words which begin
or end with a fixed letter (see Lemma 2.3). Indeed, when ¢;(w) = ¢(w), and
so the potential does not depend on the (X, F,,)-random walk, the POE ﬁ(qAS)
coincides with the usual pressure P(¢).

Our POE variational principle (Theorem 6.7) asserts that when assuming
Fo = Flu;),-, and a—holonomies (which can be verified by an open condition,
see Definition 6.1 and Remark 6.2), we have

A~ A~

P(¢) = max {ﬁg(ﬁ) + /(Edi/\ . ¥ is an F-inv. prob. on ¥ X X}, (3)

where ﬁ;(ﬁ) is the metric entropy out of equilibrium (see §3 and Remark 3.8).
Some special cases of measures maximizing the POE variational principle
are u-Gibbs measures and generalized u-Gibbs measures (see Remark 6.8).

One can think of the entropy out of equilibrium as entropy along an
unstable direction (from the base dynamics). Moreover, we show that it is
dominated by the metric entropy of the projection of the measure to the
base dynamics, and the two quantities coincide if and only if the respective
measure is future independent (Theorem 4.3). The future independence
property is defined in Definition 4.1.

In addition, we prove that when F,, = F,,, any measure 7 € P(X) is
vo-stationary if and only if 7 is the projection to X of a POE maximizer
in (3) with ¢(w,t) = >, logro(a) - 14 xx- This means that measures which
maximize the POE offer a potential extension of the notion of stationary
measures for Gibbs processes rather than just Bernoulli i.i.d. processes, and
allow for F, = F{,,,.,- See Theorem 7.3 and Remark 7.4.
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We show that ]39(5) < Pg(é\) for all F-invariant measures, and equality
holds if and only if 7 is future independent and admits no fiber entropy. In
particular, we always have P(¢) < P(¢). See Theorem 4.3 and Remark 4.4.

When (E(w,t) = ¢(w), we show that every POE maximizer is future
independent (see Theorem 7.1). In contrast, in §A we construct an example
where no POE maximizer is future independent, and in fact there is a unique
maximizer.

See Remark 8.11 and Lemma B.1 on how to arrange that F,, = F{,,), -
Moreover, without the additional assumption of g—holonomies and F,, =
Fli),<0» We still establish the “<” in (3) (Theorem 5.1), with the entropy
out equilibrium being replaced by the metric entropy of 7o w1,

The notion of pressure out of equilibrium arises naturally in the study of
skew-products (where we are removing the fiber entropy from the optimization
process). The terminology is motivated by the heuristic where the potential
on ¥ keeps varying depending on the random walk on X. This leads to a
notion of pressure on ¥ when the potential is “out of equilibrium”.

The pressure out of equilibrium also arises naturally when studying random
dynamical systems. In the recent years significant progress has been made
in the study of smooth dynamical systems, where the diffeomorphism is
composed randomly. See for example [BQ16, BRH17, DD].

The motivating model where the dynamics (and the potential) depend
randomly on an exterior system is an important model, as every physical
system in fact interacts with a larger system (hence the laws of motion
themselves may depend randomly on a larger system). In this setting, it is
natural to assume that the typical behavior of the larger system is given by
a physical measure (e.g. SRB) or a measure of maximal entropy- both of
which are equilibrium states and are Gibbs measures. Consequently, we are
interested in random dynamical systems where the randomness is driven by
a Gibbs process. However, almost all previous results treat the i.i.d. case,
where the random composition is taken over a finite set of diffeomorphisms.

An important open class of random dynamical systems is the class of
systems which satisfy the uniform expansion on average condition: Yw™,

inf 10g |y ool dptey- (w) > x > 0, 4
L 0g |dz fus|dp,~ (w) = x (4)

where f,, € Diff'**(M) (w ~ f., may not be constant on partition sets), M
is a closed Riemannian manifold, u is a Gibbs measure on a two-sided shift of

a Hoélder continuous potential ¢, w™ := (w;)i<—1, and p,- is the conditional
measure of x4 on the unstable leaf associated with w™ (i.e. {w e X : Vi <
—1,w; = w; }, not local in [wy] := {w' = (w})icz € ¥ : wj = wp}, but the

push-forward of the local leaf in [w_1]). The prevalence of similar conditions
has been studied for example in [DKO07, Pot22, ES23, BEFRH, BC14].
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In that setting, we prove the following hyperbolicity estimates (Theorem
8.12): 3C > 0 s.t.

Vn >0,  sup /|dxf£§|_5du(w) < CenPW)=Bx-0@)n, (5)
(z,£)eTt M

where f!} := frn-1,0---0 f,. Moreover, under the assumption that f,, = f.,,
we may omit the O(f) term, thus having a large 5 regime, which is new even
for the i.i.d. case (Proposition 8.15). The way to think of this bound is as a
global Lipschitz bound for the pressure, rather than a precise derivative near
B =0.

In addition, we prove that (4) implies an iterated version of (4) (Corollary
8.14): Yw™,

: n
(ngw log |dg f5€|dp,- (w) = nP(¥) + (x — on(1))n. (6)
One can think of the estimate in (5) as a “non i.i.d. version of the Azuma
inequality” (often also referred to as Hoeffding’s lemma), as we provide also
a more general form: 3C > 0 s.t.

vn >0, sup (e 20 erb () < P00 (7)
teX

and (4) translates into
inf E((ps|(w¢)i§_1) > X > 0 a.s., (8)
seX

where {¢;}sex is a family of Holder continuous potentials ¢s : ¥ — R which
depend in a Hoélder continuous way on s € X, and w ~ u. We also prove an
iterated form of (8), similarly to (6) (see Corollary 8.14). The sequence w is
sampled w.r.t. p, and {wg}r>0 is neither i.i.d. nor a Markov chain. We note
that applying the Markov inequality to (7) yields exponential tail estimates
for Zz;é CFE() (T*w). When p is a Gibbs measure, sampling the sequence
w w.r.t. to p is called a Gibbs process.

In this setting, even a Markov process is a non-trivial extension of the
iid. case (i.e. Bernoulli process). We note that an essential challenge
here is that the map w — F(z) is not uniformly Hoélder over all n, and
so standard techniques which apply to martingales do not apply here, even
for non-stationary systems (see for example [DH24, CG12]). An additional
key challenge is the fact that already Markov measures (let alone Gibbs
measures) no longer enjoy the product-structure that Bernoulli measures
enjoy.

2. PRESSURE OUT OF EQUILIBRIUM

Setup:

(1) Let X be a compact metric space.
(2) Let ¥ be a two-sided compact topological Markov shift, endowed
with the left-shift T': ¥ — 3.
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(3) Let F : ¥ — Cq(X,X) be a Holder continuous map, denoted by
w +— F,, where F,, is a a-Holder homeomorphism of X.

(4) Given = Hol(¥ x X), we denote ¢y(w) = qAb(w,t). We view the
family {¢;}1ex C HOL(X) as a equi-Holder family of potentials:
sup;ex ||¢tl|Hs1 < 00, and ¢y depends in a Hélder continuous manner
onteX.

(5) We denote F¥ := Frx_1,0---0 F, for k> 1, and FO = Id.

Definition 2.1 (Pressure out of equilibrium). We define the pressure out of
equilibrium, or POE for short, as

~ o~ 1 ~ o~
P(¢) := limsup — logsup Z,, (¢, t,a),
n—oo N teX
where
~ A 20 Spk (1) (T*(0w))
Zn((b,t,a) — Z . k=0 Feﬂ(t) :

|w|=n,wn—1=a
[a] € %, and 0, € [w] mazimize w > Y7 ) (TF(w)).

Remark 2.2.

(1) Note, since X is compact and topologically transitive, the definition of
the POE does not depend on a. Under an assumption of $—holonomies
(see Definition 6.1), the definition of the POE also does not depend on
the choice of 0, € [w]. The condition of (;AS—holonomies can be satisfied
via an open condition of bunching for many interesting examples.

(2) Note, Zn(a, t,a) is not of the composite form Ly, oo Ly 11! For
each word of length n, the sequence of potentials in its corresponding
weight depends on the word.

Lemma 2.3. The following limit exists:

ﬁ(qﬁ) lim flogsupZ (gb,t,a).
n—oon teX

Proof. First, since ¥ is compact and topologically transitive, there exists
N € N s.t. for all [a], [b] C 3, for all n € N,

n 1 Tk
d), t,a) E e

wnla

n+N-—1
= ¢Fé<&(t) (Tk(gﬂ))

<Ml 5

|w|=n+N,
WptN-1=b
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Then, for all [a'] C X,

sup Zn(d,t,a) <sup > Zn(,t,a) (9)
! >

SeNHa;HOO sup Z Z\HJFN((Z’ ta CL/)
t
[a]lCZ

<#{la) € £} - Nl< sup Z,, n (8,1, ).
t
Then,
1 ~ o~ 1 ~ o~
— logsup Z,(¢,t,a) converges < — log Z,,(¢) converges,
n t n

where
P P ko Pk () (TF(0w))
Zn(¢) :=sup ¥ Zy(¢,t,a)=sup > e Pu :
¢ t
[a]CE lw|=n
Moreover, the two sequences share their set of limits points.
Then we notice that for all n,m € N,

log /Z\n-i-m((g) < log 271(‘% + log Z\m((};)v
since the collection of admissible words of length n 4+ m is smaller or equal

to the concatenation of all words of length n and all words of length m, and
sup,{A; - B;} < sup, A; - sup; B;. Then by Fekete’s lemma, we are done. [J

3. ENTROPY OUT OF EQUILIBRIUM

Definition 3.1. ¥7 := {(w;)i<—1 : w € X}. Elements of ¥~ are often
denoted by w™. Given w™ € X, its associated unstable leaf is

V(™) ={weX: Vi< ~1, w=w }.

Definition 3.2. We define the following partitions:
(1) C:={la] : [a] € X},
(2) C:={[a] x X : [a] C X},
(3) ForgeN, C, =\, T7'C,
(4) For g €N, Cy:= \/i_y F~'C.

Remark 3.3. Note, F preserves the fiber structure, and so elements of éq
are saturated by fibers.

Definition 3.4 (Metric entropy out of equilibrium). Given an F-invariant
Borel probability i on ¥~ x X, we define its metric entropy out of equilibrium
by

~ . 1 = _

h5(F) := hrlliis;l)p/an(w_’t) (Cq)dT(w 1), (10)
where ] = [ n,- ydr(w™,t) is the disintegration of 7] into conditional mea-
sures by the measurable partition {VZ_;(w™) X {t}}y-ex-1ex-
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Definition 3.5 (Metric pressure out of equilibrium). Given an F-invariant
Borel probability n on X x X, and a potential ¢ : ¥ x X — R, we define its
metric pressure out of equilibrium by

~

Pa(9) == ha(F) + / pdn.

Definition 3.6 (Local entropy out of equilibrium). Given an F-invariant
Borel probability 1, the local entropy out of equilibrium of 7 is defined for
T-a.e. (w,t) as,

hal(, 1)) = imsup ~log - (o], (1)

n—o0

where (W] = [wo,...,wn—-1], W~ = (Wi)i<—1, and ] = f?’](w—i)dT(t) 15 the
disintegration of 1 into conditional measures by the measurable partition
(V2 (™) x {t}}o-es—ex-

Lemma 3.7. Assume that F, = F{,,),_,, and let ) be an ergodic F-invariant

Borel probability. Then the limit superior in (10) is in fact a limit, and for
n-a.e. (w,t),

~ 1
o) = lim M logn- ([,
N = [ 1w 4dr(t) is the disintegration of 7) into conditional measures by the

measurable partition {VZ_(w™) x {t}},-exn- tex-

Proof. When F,, = F(wi)igo, the partition &% := {V%Ql(w_) X {t}}w*EZ*,teX
is an increasing partition:
Fle" > ¢* and \/ F~"¢" = partition into points.
n>0
Indeed, for (w,t) € ¥ x X and n € N, we have
§((w, 1)) N [w]n = & ((w, 1)),
where £¥ := Fngu,

Therefore, hz((w,t)) is precisely the conditional entropy of F' along the
measurable and increasing partition of £“. In this case, the limit superior in
(11) is in fact a limit (by the point-wise ergodic theorem, and for integrability
note that H%r t)(Fflfu) < log #C), and it is an invariant function and

thus constant almost everywhere. It then follows easily from the dominated
convergence theorem that for -a.e. (&', s),

o~ o~

1
ha(F) =lim / Hy, - (E0dr( 1)

.1 u _ .
:/hTan EHW(M—J)(&n)dT(w 1) = /hﬁ(w,t)dn = hy(w', s).
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Remark 3.8. Under the assumptions of Lemma 3.7 (i.e. I, = F{y,),,), the
entropy out of equilibrium is in fact the conditional entropy corresponding the
increasing measurable partition of strong unstable leaves (i.e. the unstable
direction of the symbolic part).

Definition 3.9 (Entropy out of equilibrium). We define the entropy out of
equilibrium:

h(F) == P(0).
Remark 3.10. In the setting of Theorem 6.7, we get that

~ o~

h(F) = max {Bﬁ(ﬁ) T is ﬁ_inv.}.
By Proposition 7.1, we get in addition that,
W(F) = hiop(T).

4. FUTURE INDEPENDENCE, STATIONARITY, AND ENTROPY OUT OF
EQUILIBRIUM

Definition 4.1 (Future independence). Let v be a Borel probability measure.
Write

V= /ﬁw_du_(w_),

a disintegration by conditional probabilities w.r.t. the partition {Vé‘fl(w) X
X}wesn, where V2 ((w) = {w' € ¥ 1w = w;,Vi < —1}, and v~ is the
projection of v to 7.

We say that v is future independent if for v~ -a.e. w™,
Up— = Op X Uy,

where v = [v,-dv™ is the disintegration of v by symbolic one-step-longer
local unstable leaves Vg_l(-), and o _, 1s a Borel probability measure on X.

Remark 4.2.

(1) We will frequently impose the standing condition that the generator
of our cocycle w — F,, is constant along sets of the form V*(w). That
is, we assume

Fo = Flu)cor
The generators of the inverse cocycle F~! are w + (Fp-1,,)"! are
then constant on sets of the form

VE(w) ={w €X:w =w;forall i <—1}.

That is, if w — G, = (Fpr-1,,) ! generates the inverse cocycle, then
G, is of the form

G, = G(wi)ig—l'
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(2) We note that the collection of measures which are future independent
can be identified with the collection of G-invariant measures, where
G:Y" xX ¥ xXand ¥ := {(w)ic_1:w € T}

Also, note that a measure is future independent if and only if its
fiber conditional measures are invariant under holonomies by unstable
strong leaves.

(3) An i.i.d. random walk on a space X and a stationary measure v
on X naturally induce a skew-extension over a full shift > with an
invariant measure v. In this case, the base measure u = 7,V is always
a Bernoulli measure.

The stationarity of vy induces geometric properties of the disinte-
gration 7,,. The family of measures w — 7, is constant along local
unstable manifolds (i.e. elements of ¥7), hence independent of the
future, as in the choice of terminology “future independence”.

(4) The future independence property can also be described as the
product-structure of unstable-fiber conditional measures.

(5) The same notion can be viewed geometrically as a type of stationarity:
The conditional measures on the fiber X are stationary when varying
the stable leaf. Indeed, when v is a Bernoulli measure, and f, = f.,,
the standard notion of a v-stationary measure (i.e. ¢ = [(fu,)«odv(w)
where o is the projection of 7 onto the fiber) coincides with the notion
of future independence. See Theorem 7.3.

(6) Notice that if f,, = fu,, the condition on o, o = [(f.,)+cdv(w), only
takes into account the v-measure of cylinders of length 1 and treats
v as a Bernoulli measure. Thus, it does not truly extend the notion
of stationarity well for Gibbs processes.

Theorem 4.3. Given an F-invariant Borel probability 7 on ¥ x X,
hi(F) < hy(T),

where n:=no7n ! and 7 : X x X — X is the projection. Moreover, equality
holds if and only if 0 is future independent.

Proof. Let 7) = [ 7),-dn~ be the disintegration of 7 w.r.t. the measurable
partition {{w™} x X :w™ € ¥}, Given 7,- on V¥_;(w™) x X, disintegrate
further into 7,- = [ 1~ »dr,-(t). Write ®(z) = —xlogz. Then & is
concave, and so by Jensen’s inequality,

(€)= 30 8l (4) = Yo [ n o (A)dn- (1)

AeC AeC
>Z/ (- (A))dr- (t /Z(I)n(wt) ))dr,- ()
AeC AeC

- / Hy -, (C)dr-(®),
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and equality holds if and only if 7~ +(A) is constant for 7,,--a.e. ¢, for all

A € C. Since this needs to hold for 1N -a.e. w~, otherwise we get a strict
drop in entropy: We get that

ha(F) = / / Hy. (CA)dTw_(t)dn_ < / Hy (é)dn— = hy(T),

and equality holds if and only 7),,~ coincide on the o-algebra generated by C
for 7,,--a.e. t, for n~-a.e. w~. By the invariance of 7, the conditionals must
coincide on the o-algebra generated by \/72, ﬁ_"CA, which refines into points
in local unstable leaves. (]

Remark 4.4. From Theorem 4.3 the following statement follows: Given an
F-invariant probability 7, we always have P;(¢) < P5(¢) := hy(F) + [ ¢dn
and equality holds if and only if 7 is future independent, and the fiber entropy
is zero.

5. VARIATIONAL PRINCIPLE: UPPER BOUND

The proof of the variational principle for Hoélder continuous potentials
on TMSs goes through Ruelle operators. We cannot use the techniques of
Ruelle operators in this setting, as the POE is not the spectral radius of a
Ruelle operator, nor of a random composition of Ruelle operators given by
the random walk.

Theorem 5.1 (Upper bound).

A~ o~

P(¢) < max {hl/)oﬂ.—l(T) + /q;;dl//\ .U is an F-inv. Borel prob.},

where w: 3% x X — X is the projection.

This proof borrows ideas from [Wal75].

Proof. First we note that it is enough to bound P (qg) by a single element in
the set on the L.h.s. as by expansiveness the maximum exists. Let n € N,
and let ¢, € X s.t. Z,(o,t,) = max; Z,(¢,t). Set,

3 (G stn)

e w

Vp = E ,\7/\591”. (12)
lw|=n Zn(¢) a
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Then,
>~ logTu(fw]) - Fu([w]) 1)
jwl=n o
%_:nlog 7 ([)) /¢ (@, ) AT ()
lw|=n
<(1u1)1a}t<10gZ( )—n- /cbdvn,
where

1 - ~
Uni=— Y (Unxd,)0F "

n
k<n—1

To bound the L.h.s. of (13) from above, we first notice that it can be
written as follows:

> ~logn([w)) - Fa(lw]) = Hy, (Ca). (14)
|w|=n
We continue to bound from above the r.h.s. of (14). Fix 1 < ¢ <n, and
for any 0 < j < ¢ —1 set a(j) := [*?]. Then,

a(j)—

\/ Tritic, v \/ T7'c,

leR
where #R < 2q. And so,

Hy, (Ca) < a%l Hy, (77749, ) + 5, (\/ T7'¢)
= leER
a(J

Z Hy or-(rats) (Cq) + 2qlog #C. (15)
Summing (15) over 0 < j < g — 1 and dividing by n - ¢, we get

2¢1
n qlog #C
n
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Then, sending n; — oo, then taking limit superior on ¢ — oo, we get

1 1
limsup —Hy, (Cm) <limsuplim -Hj .. (Cq)
. (2 7 q (3

i—oo 1Y q

. 1
= hmqsup 5Hgoﬂ—1 (Cq> = hpor—1(T), (17)

where 7 is continuous and so U, or ! — Dom L. O
6. VARIATIONAL PRINCIPLE

Definition 6.1 (¢-holonomies). We say that (¥ x X, ﬁ) admits ¢-holonomies,
if 3C > 0 s.t.

sup sup 6" (w, 1) — (W, 1)] < C.
n>0,teX ww'eX:w;=w},i€0,n]
Remark 6.2.

(1) We will mostly discuss Definition 6.1 in the context of Hélder contin-
uous potentials, as in our setting.

(2) Stable and unstable holonomies (see Definition 8.8) together imply
a—holonomies. One can verify this by adding and subtracting the
Birkhoff average over the word [w,w'] (i.e., the Smale bracket). In
particular, stable and unstable holonomies are an open condition for
a large class of partially hyperbolic systems (see Remark 8.9).

Definition 6.3. Given w™ € ¥~ andt € X,
/Z\n(gg,w_,t) = Z 6$(n)(w_'0ﬂ’t),

|w|=mn,

w:l—>’ll)0
Similarly, for w € 3, we define
Zn(dw t) = > (@ 0ult)

w|=n

w‘fl—mbo
where here [-,-] denotes the Smale brackets over the —1-th position.

Remark 6.4. In Theorem 6.7 below we assume g—holonomies. This assump-
tion is used only in order to compare the following growth rates:

1 ~ o~ 1 ~ o~
— max log Z,(¢,w™,t) < —log Z,(¢).
n (w—,t) n

To avoid this assumption, one may study the quantity on the l.h.s.

Definition 6.5 (Space of measured leaves). We define the following space

of measured leaves:

S:= {(w*,t, V) €57 x X x P(3 x X) : Supp(v) € V2 (w™) % {t}}.

Remark 6.6. Note that S is compact. This fact becomes important for us
in the proof of Theorem 6.7.
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Theorem 6.7 (POE variational principle). Assume that (X x X, F) admits

a—holonomies. Assume further that F, = F{,,) Then,

i<0”
ﬁ(&ﬁ\) = max {ﬁﬁ(ﬁ) + /(Zdﬁ: 7 is an F-inv. Borel prob.}.

Proof.

Step 1: Using the additional assumptions, we prove a tighter upper bound
of the POE than Theorem 5.1.

Let n € N. Fix w™™ € 3~ which is not periodic and s.t.

0wt > 1 5 (3

max Z e > g Zn(9).
\Q\:n@:’ln—)wg

Let t,, € X which maximizes ¢ — Zl(a,fu_’”, t). Note, by (E—holonomies we

have that Z,(¢,& ", 1) = e£C . Z‘w‘ " (0u:ln) We define the

following (probability) leaf measure which is supported on VZ_;(@w™) x {t,}:
]//\(TL) — 1 Z 6$(—n) (W_7t)59 X 6~

I o= %%
(@="mtn) Zn(qS,OJ ’nvtn) Fn((w=)=@ ")

=nw_{"—wo

where 0,,- € F7[V¥_ (w™)] C V(@ ).
We define the following ambient measure as an average over leaf measures:

PR (D) Sk
Up i= — 1/(&_7%) o %,
k<n

Recall Definition 6.5 and Remark 6.6, and note that we can write

U :/VdEn((w,t, v)),

where Z,, € P(S) is a Borel probability measure on the (compact) space of
measured leaves.

The map II : (w™,t,v) — v is continuous (as a projection), and so if
En; — £, then

Un; = /VdE((w_,t, v)) =7,

which is an F-invariant probability measure. Moreover, v — H, (CA> is

continuous as C is a clopen partition, and so
/HV(CA>dEnj((w_,t, V) — /H (€)az(tw.t0))

Claim:

/Hl, (€)=l 1)) > - /adan + %log Za@.a ). (18)
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Proof: Since w™" is not periodic, for every (w™,t,v) in the support of =,
there exists a unique k = k, < n and (w;,t,) s.t. F~*((w;,t,)) = (@ ", t,)

and s.t. F(—(n—k))
R (W) 5
VX Z ¢ ( )5Fk(9mvfn)’
F=0n=h) ((w 1)) =(wy )

Indeed, the normalizing quantity for v must be En_k(ngS, w™',t'). Then, let
v € Supp(E, oII) and let k = k,, and so

PR ea(w”_ ’t”)zn,kfl (Q/Zg, w, t) e$(w; ’t”)Z\nfkfl ((Za wo, t)
H, (c) =Y - log

F((w— 1) Zn—k((ga le—atl/) Z\n—k(¢7wljat1/)
=(wu stv)
- —ggdy—/log Zn-k-r(@: 1) dv
n k(¢awva V)

Znei o F¥(, T *w, 1,
/ (bdy—i-/log = kO (¢’ @, tn)
n k—1© Fk+1(¢7T kwatn)

Integrating both sides by =,,, we get

/ (c)dun t / —$dD,,

n—1 =~ Sk T -~
Zn_j o F* th)  n
4= /log H _“n k © - (va(ﬁ, ?v dI/(N)

" ' T k1 0 FRFL(Gw By @)

~ 1 .
= _¢d’/n IOgZ ((b:w_’nytn)

log C' + log #CA
n

> [ Gdm, + 10 Z,(9) - . (19)

This concludes the claim.

From (19) we get that,

/HV<5)dE((w_,t, V) > /$d3+13($)

Let T' : ¥~ x X x P(¥ x X) = X7 x X be the projection map. Write
§:=EZ0T"! Then, U= [y~ ydé((w™,t)), where for -ae. (w,1),

Viw—t) = /VdE(w—,t)(V)a
where
== [ e pdsl@ 0.

Now notice, for &-a.e. (w™,t),

Hyez, (€)= / H, (C)dZ - (v).
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Integrating both sides by &, we get

/hmwxaﬁ:/hp£<wM@Waw:m (20)
> [ [ 1,(€)aze o wids(.0)
- [1,(C)iz= - [ G+ P@)

We now notice that the Lh.s. of (20) equals ffg(w,t)dﬁ, where T is the
information function of the conditional entropy on unstable leaves of the
base dynamics (recall Theorem 3.7). Therefore,

Py(¢) > P(¢).
Step 2: We continue to bound the POE from below by the metric POE
for all F-invariant probability measures. In this case,
Py(9) = P() = sup{P;(9)},
and so the supremum is in fact a maximum.

Proof: Let 77 be an Finvariant Borel probability measure. Let i =
J Nw—#d7(w™,t) be the disintegration of 7 into conditional measures by the

measurable partition {Vé‘_l(w*) X {t}}w_ez_ﬂfeX.

Y —lognee ([l e (w)dr(w™, ) (21)

|w|=n

w_{—wo

$<n) ("Jw’w*,tvt)

S/( Z logw "M (w— t) /¢ Wtd??w t)( ))d

lawl=n,
W —wo
S/(log Z " o ))dT 1) —mn- /¢d77
w%3@
<(r£1a>t< log Zy, ( )—n- /qﬁdn,

where w,, ,,- ; maximizes ™ on (V& 1(w™) Nfw]) x {t} the and the second
inequality is due to Jensen. And so,

n—1
/ %Hn(mt>( \/ FiC)dr(w,t) < —logZ / $di.

By the definition of the metric entropy out of equilibrium, the limit superior
on the Lh.s. equals to hj(F). By Lemma 2.3 the r.h.s. converges to

P(¢) — [ odi. =



THERMODYNAMIC FORMALISM OUT OF EQUILIBRIUM 17

Remark 6.8.

(1) To compare Theorem 6.7 with Theorem 5.1, in §A we construct an
example where

~

P(¢) < max {hﬁoﬂq (T) + /quﬁ: 7 is ﬁ—invariant}.

(2) A special case of measures which obtain the maximum in the varia-
tional principle of Theorem 6.7 are u-Gibbs measures, and generalized
u-Gibbs measures (see [BOB25]). Consider two toral Anosov diffeo-
morphisms A, B : T2 — T2. Let F, : T? = T2, 2 € T?, be a family
of perturbations of B which preserve a cone family s.t. x — F} is
constant on local unstable leaves of A. Let F:T2xT2 5 T2xT2be
defined by F(z,y) = (Ax, F;(y)), then F is a uniformly hyperbolic
map. Let gg(x,y) = —logJac(dzAlgu(y)). We may code the base
dynamics and think of the base as a topological Markov shift. In
this case, every measure which obtains the maximum in Theorem 6.7
is a generalized u-Gibbs (as its conditionals on the unstable leaves
corresponding to the base dynamics are smooth). To see that the
POE is 0 in this case, one carries out the construction of the lower
bound in the proof of Theorem 6.7 with a smooth leaf measure rather
than 5.(n), as in [PS82]. If we assume further that A dominates all
the hyperbolic maps on the fiber (by, for example, speeding up the
base map), then in this case any maximizer in the POE variational
principle is a u-Gibbs measure. In both cases the system is uniformly
hyperbolic and so it admits an SRB measure, which will be a POE
maximizer. Below, in Theorem 7.1, we prove that such measures
must be future independent.

7. POE MAXIMIZERS, AND FUTURE INDEPENDENCE AND STATIONARITY

Theorem 7.1. In the setting of Theorem 6.7, if qg(w,t) = ¢(w) then ﬁ(@ =
P(¢), and any measure which obtains the maximum in the POE variational
principle is future independent.

Proof. If gg(w,t) = ¢(w), then
~~ 1 5 .1 (n)
P(3) = lim — 1 Y 0D —lim —log Y ) = P(g).
(p) im ogmtax‘ - e im 0g| - e (¢)

Then, by Theorem 4.3, it follows that for any maximizer 77 in the POE
variational principle,

(1) + [ oy = (P + [ oy = P(3) = P(6) = max {hy(1) + [ o'},
and so ha(F) = hy(T).

Finally, by Theorem 4.3 once more, it follows that 7 is future independent.
O
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Remark 7.2. Note, ]3(&5) = P(¢) < P(&E) The inequality may be strict,
depending on whether or not the fiber dynamics admit positive entropy.

Theorem 7.3 (POE maximizers and stationary measures). Let vy € P(C),
and write ¢ = 3 1, logvo([a]). Assume that F, = F,. Then,
(1) Every vy-stationary measure can be obtained as the projection of a
POE mazimizer to X,
(2) Every POE mazimizer projects to a vy-stationary measure on X.

Proof.

(1) Let 7 be a vp-stationary measure. Let v be a 1-equilibrium state (i.e.
the associated Bernoulli measure 1}) on X7 := {(w;)i>0 : w € B}.
Then, v+ := vt x 7is Ft : ¥+ x X — £+ x X invariant. Let D
be the natural extension of 7" to an ﬁ—igvariant measure on the
two-sided system ¥ x X. We show that P;(1) = 0, and so V is a
maximizer.

Indeed, a consequence of the construction of 7 via Martingale
convergence (see [Wil91]) implies that

U= lim F\f(yoz X T).
n—oo

Each measure ﬁf(uoz x 7), while not F -invariant, is future indepen-
dent. The future independence property is closed among all measures
withAa fixed marginal v. Thus 7 is future independent. By Theorem
4.3, hp(F) = hy,(T), and so Ps()) = h,(T) + [ ¢dv* = 0.

(2) If ¥ is a maximizer in the POE variational principle, then by Theo-
rem 7.1 and Theorem 4.3, h,+(T) = /ﬂg(ﬁ), where v which is the
projection of 7 to ¥ . Therefore, T is a maximizer for the pressure
of 9. By the invariance of 7" (the projection of 7 to ¥ x X)), we get
that 7o Y ! is yy-stationary, where T : ¥ x X — X is the projection.

O

Remark 7.4. Theorem 7.3 implies that the terminology “vy-stationary”,
which is equivalent to “iy-stationary” when F, = F,, can be extended
to Holder continuous potentials and to allow for F, = F{,,,_,. Moreover,
Theorem 7.1 says that when ¢ € H6l(X), then any maximizer in the POE
variational principle is future independent. This fact adds structure to the
extended notion of stationary measures. In §A we construct an example
where no POE maximizer is future independent, when the potential depends
on both w and ¢.

8. HYPERBOLICITY ESTIMATES FOR UNIFORMLY EXPANDING ON AVERAGE
(GIBBS PROCESSES

In this section we apply the results of §5 in the setting of Gibbs processes.
Setup:
(1) Let M be a closed Riemannian manifold of dimension d > 2.
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(2) Let f: ¥ — Diff'**(M) be a Holder continuous map, denoted by
w = fu.

(3) Let u be a T-invariant probability measure on ¥, and assume further
that p is a Gibbs measure for the potential ¢ € Hol(X).

(4) Given (x,€) =t € X where X := T'M, write p;(w) := log |dx f.€],
and note that sup,cx ||¢w||ns < co.

(5) Given w € X, set V¥ (w) ={w' € ¥ :Vi < —1,w, = w;}.

(6) Let X7 := {(wi)i<—1 :w € £}. We view X7 as a parametrization of
the collection of local unstable sets w — VZ_;(w). Given w™ € ¥7,
we write j,,— for the conditional measure of 1 on the local unstable
set associated with w™ (i.e., the set {w € ¥ : Vi < —1,w; = w; }).

(7) Assume w.l.o.g. that

(a) P(v)) = 0, where P(-) denotes the Gurevich pressure,

(b) P(w) = Y((wi)i<—1),

(c) Lyl =1, where Ly, is the associated Ruelle operator on C'(X7).
This can be arranged by considering the Holder continuous (1)— P (v)))-
cohomologue log . (VY (w)) < 0 where {,__,}wes are the
conditionals of ;1 on two-steps-longer local unstable leaves.

Definition 8.1 (Uniform expansion on average). We say that p is uniformly
p-expanding on average if:

Iy >0 st Yw €327, tin)f(/gow(t)duw— (w) > x.
€

Remark 8.2.

(1) We do not require w — f,, to be constant on partition sets.
(2) The random dynamical system f, ~ u is called a Gibbs process. It
naturally extends Bernoulli processes and Markov processes.

Gibbs processes translate naturally to the setting of thermodynamic
formalism out of equilibrium (recall §2):

Fu(w,€) = (fu(@)

dy fué >
" de fu€l )’
where X = T M.

We wish to prove that there exist 8,7 > 0 s.t. for all n sufficiently large, for
all (x,&) € T'M,

/Z (da fE] Pdu(w) < e (22)

Remark 8.3. By the Markov inequality, (22) implies that for all (z,&) €
T'M, every word w € ¥ expands uniformly, aside for an exponentially small
exceptional set of words. Such estimates have proved themselves to be the
fundamental estimates which are used in the study of statistical properties of
random dynamical system (see for example [DKO07, DD]). Previously, such
estimates were shown for i.i.d. dynamical systems (i.e. u is a Bernoulli
measure, and w — f,, is constant on partition sets). However, the physical
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motivation suggests that the randomness which drives our dynamics should
be given by a Gibbs measure, hence motivating our extension.

8.1. Reduction to thermodynamic formalism out of equilibrium.

Theorem 8.4. Assume that (X,T) is topologically transitive, and that (¥ X
T'M, F) admits @-holonomies where p(w, (x,€)) = log |dy f.&|. Then, for
all B € (0,1), for alln € N and all t = (x,£) € T'M,

[ etz Pl = CEL - 20,

where, ¢y =1 — By, aﬁ,@ > 1 is a global constant and [a] C X.

Proof. Let n € N and t = (z,£) € T'M. For all [a] C ¥ fix some w, €
[a], and let 6, € [w] be some element of the cylinder which maximizes

ShZ6 Sk (T*(w)). Then,

ne|— —B5™M) (w —Ban)
[lsze = [ 00— CE Y uul)eH0 (23

[w|=n
=(CypC,H)*! Z V™ (0u)—BE™ (8 t)
|wl|=n
~Ca0 Y
|lw|=n
SRR M SR
[a]CX |lw|=n,wn_1=a
where w, € [a] is any element of [a], and C, := N, - sup; ||¢¢|lcc Where
Vbl C X, a Zaby b 29y o with ngp, npg < Na.
O
Remark 8.5.
(1) The proof Theorem 8.4 in fact implies the following more general
statement:

n—1 ~ ~
Vit X’/eﬁzko et g (w) = CEL - Zn(4p — 83,1, 0).

(2) An uppr-bound alone in (23) with no lower-bound, holds without the
assumption of @-holonomies.

(3) Theorem 8.4 demonstrates that our definition of the pressure out
of equilibrium (recall §2) is in fact optimal. If one wishes to gain
hyperbolicity estimates such as in (22), then the POE is the optimal
quantity to study.

Corollary 8.6. Under the assumptions of Theorem 8.4,

1 ~(n ~
lim supﬁlog sup/e_ﬁg"( )(w’t)du(w) = P(¢).
t
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and in particular, when $(w,t) = log |dyg, fu&t| and X = T'M,
1 o
imsup ~ logsup [ [d, £36] Pd < P(G).
n t

Remark 8.7. By Corollary 8.6, proving that the POE is negative for all
B > 0 sufficiently small, would prove (22).

8.2. Bounding the POE.

Definition 8.8 (Stable and unstable holonomies). Given w,w’ € X, let
Iy i {w} x X — {w'} x X be the natural identification of the fibers. We say
that (32 x X, ﬁ) admits stable holonomies if Vw,w' € ¥ s.t. w; = w},Vi > 0,
the limit R N

lim F~* o Ipw qu,, o F* € HOI(X : X)

k—o0

exists exponentially fast uniformly in w,w’. Similarly, we say that (X x X, ﬁ)
admits unstable holonomies if Vw,w' € ¥ s.t. w; = w},Vi <0, the limit

lim F*o I ko T—kgy! © FF e Ho1(X : X)

k—o0

exists exponentially fast uniformly in w,w’.

Remark 8.9. Partially hyperbolic systems which are given by a perturbation
of a fibered system over a uniformly hyperbolic systems admit both stable
and unstable holonomies under an open condition of bunching. In turn, this
implies ¢-holonomies as well (see Definition 6.1).

Definition 8.10 (Weak unstable holonomies). We say that (X x X, F)
admits weak unstable holonomies if

sup sup d(Fjj‘ Jw( ) Fjj‘ Jw! ( )) = Oj(l)v
tEX wi=w! Vi<—1

where a sequence {a;}j>o is denoted as 0j(1) if it tends to 0 as j tends to co.
Remark 8.11. In particular, the condition of unstable holonomies implies

that one can conjugate Ftoa system F~ which admits weak unstable
holonomies (see §B).

Theorem 8.12. Assume that (X x X, F) admits weak unstable holonomies
and p-holonomies, and that u is uniformly @g-expanding on average (as in
Definition 8.1) with x > 0. Assume also that (3,T) is topologically transitive.
Then,

P(¢) < —B(x — O(B)).

We remind the reader that gg := 1 — fp, and so the 1.h.s. depends on /3
as well.

Proof. For every T—inv Borel probability v, P,(¢) < P(¢)) = 0 (recall §8).
Then, by Theorem 5

) < ﬂ/(pdu = 4 lim / (@, ty ), (@),
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where v, is given by (12), and nj 1 oc.
We continue to show that limy_, [ n—lkcﬁ(”k)(w, tng)dVn, (W) > x—O(B), by

showing that for all n, [ %@E:) dvy, > x —O(B). We make one more reduction,

and show that in fact for all j <n, [$o Fi(w, ty)dig (w) > x - e9OB).

The first step of the proof is to provide a substitute to the measure v,
with which it is slightly easier to work, but which does not change the final
statement. We provide a substitute for the measure v, :

Z 1 _gs(m
= BE™ (B tn
I SIS () D a0 ().

|w|=n
lw|=n

We first observe that the new form is still a probability measure. Indeed, by
the Gibbs estimates for u, u([w]) = ¥ (Ow) qul. Therefore, since a global

multiplicative factor does not change the value of lim sup % log Zn(gg), we
may use the new form of v, in the proof of Theorem 5.1. It is useful, as it
provides an ad-hoc form in which one can view v, as given by a kernel over
1, with some additional nice properties.

Let K, be the u-kernel defined by

) = = R Gt )

[w|=n

One can check that indeed [ K,du = 1. Moreover, K, is constant on

sets of the form [w_,41,...,wp]. And finally, for all such cylinder [w] =
[W_pn+1, ..., wpl, we have (K, - u)([w]) = v ([w]). Therefore, for all n € N,
1 1 Cs
—3(, tn)d(Kpp) = | =3(- tn)dDy, + —2. 24
[ ettt = [ L5t £ (24

For any j < n, we continue to bound [$o Fi(w, t,)d(Ky - p): Notice
that K, is constant up to a factor of eFFUPl=+C3) on sets of the form
{we¥: 0 =w), Vi< -1}, w € X (i.e. one-step-longer local unstable leaves).
Then, we write K, (w) = Kp(w<—1)-(1+Ag(w)) where |Ag| < 25(||@]/cc+C3)
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for all 8 > 0 small enough, and so

[ 70 Filw ) Kn(w)dn(e) (25)
= [ BT, Fiftn) Knleo)diw)
= [ [ o Fita) Knlw)diia._, (@)dn(@<)
— [ [ Ka@en)1 + Bp(@)RT, Fltn) s, 0)du@e1)
— [ Ka@emn) [ BT, Bt s, (@)du(Ge)

4 [ Kal@e) [ Ba) - @TI0, Et)dpo. . ()du@e).
We bound the bottom summand in the last line, denoted by *:

| %

<28(|@lloo + C3) 1 lloo / Kon(@<1)dpu(@<1)

=26(|18llo + C)l|@l|cce™UIPlloe+C2) /Kndu < 38(18llse + C)1 Pl

for all 3 > 0 small enough w.r.t. @.
We continue to bound [ G(T7w, Fi(ty))dps, _, (w) from below for every
w<—_1. By the conformality of the conditional measures,

/ BT, F(tn))dcs._, ()

) (7o ~ j
= Z ¥ (< 1)/<P(W,F1]~jw(tn))dMT§1(w)

j o~
TRTS_l—UJS_l

G (e .
= Z P (r< 1)(/@(&)73”517”)61;1,751(w) - Oj(l))

j o~
TRTS—l_wS—l

> 3 - o)

]’ o~
TRTS_lwa_l

=(L1)(@<-1) - (x = 05(1)) = x — 05(1), (26)

where Tg is the right-shift, s;.__, n = F%_jw (tn), wr € Supp(uTéfl) is
constant up to a o;j(1) on the support of pro_, by the weak unstable

holonomies, and the inequality is by the uniform ¢-expansion on average
condition. Plugging this back in (25) yields (together with the observation
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that fKn(wgfl)d/,L = e:t/B(”@||oo+C$))’

/ B0 B9 (w, t) K () dpa(w) (27)

> AllPlletC2) (x —0;(1)) = 38(]| 3]l + C)[| Bl oo,

for all j < n. Recalling (24), averaging (27) over all j < n and letting ny —
00, we get that [ Gdv > e~ PPl R)x —35(||3]|c + Cp) 18] = x — O(B).
O

Remark 8.13.

(1) One can view Theorem 8.12 as providing a bound on the derivative of
the POE (in 8 > 0, when it is differentiable at 0), by the @-uniform
expansion on average condition.

(2) The condition of weak unstable holonomies is used in the proof of
Theorem 8.12 in (26). Note that this assumption can be omitted
when F, = F

wi)i<o®

Corollary 8.14. Under the assumptions of Theorem 8.12, for allw<_1 € X7,

. A~ An > _
tlg)f(/wop (@, )i, (@) > x — 0n(1),

and so also

1 .
i =N Go FY >y — .
tlél)f;/nj;LSDOF (w, t)dpw._, (W) > x — on(1)

This is a consequence of (26).

Proposition 8.15. In the setting of Theorem 8.12, if in addition p(w,t) =
?((wi)i<—1,t), then we have P(¢ — pp) < —Bx (i.e. no O(B) correction
term, and B may be large).

Proof. The error term in 3 in the proof of Theorem 8.12 comes from the fact
that K, (w) may depend on (w;);>0, and we need to reduce to K, (w<_1).
When ¢(w,t) = ¢((wi)i<—1,1t), we get that K, (w) = K, ((wi)i<—1) as well.
To verify this, we specify the choice of 6, € [w] as follows: Given [a] C X,
fix oy € [a]; Then for each w we choose 6, € V%(a - [w]). This guaranties
that for every two words w and @ s.t. for all i < —1 w; = W;, we have
that 6,1 ,..w) and OG_ .., .. 5 coincide on all indices < —1. Indeed, by
our assumption that @0, 1 . w)>t) = P((Ow_pi1,...c0))ii<—1,1), Wwe are
done. O

APPENDIX A. POE MAXIMIZERS AND FUTURE INDEPENDENCE

We saw in Theorem 7.1 that when $(w, t) = ¢(w), then any POE maximizer
is future independent. This suggests a possible extension of the notion
of stationary measures to Gibbs processes (see Remark 7.4). Below in
Proposition A.1 we show that in the general case POE maximizers need
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not be future independent. In fact, we show an example where no POE
maximizer is future independent.

Proposition A.1. Let ¥ = {O 1}2. There exists a L_compact sub-shift of
{0,1}4, (X,0), and a potential 6 c Hol(X x X)) with qb(w t) = gb(wg,to) s.t.
no POE maximizer is future independent, and in particular,

]3(5) < sup {hﬁoﬂq(T) + /(}Sdﬁ: n is erg. ﬁ—inv} < P(g/b\),

where w : ¥ x X — X is the projection, and ﬁ(w,t) = (Tw, ot) is simply
the product dynamics. In this setting, ¢ is trivially Holder continuous, and
trivially admits ¢-holonomies.

While the fiber dynamics and base dynamics are uncoupled, the potential
(which is locally constant) does the coupling for the POE maximizers. Also,
we in fact show that the maximizer in this example is unique.

Proof. By the Jewett-Krieger theorem ([Jew70, Kri72]) there exists a uniquely
ergodic sub-shift of {0,1}4, (X,0,7), where h,(c) > 0. Set $(w,t) =
C L=ty =C- (1[1]X[1] + 1[0]X[0}) where C' > 0 is a positive constant to
be determined later.

We continue to bound the POE from above for all F-invariant measures 7.
Note that we are in the setting of Theorem 6.7, and so it is enough to bound
the metric POE for every invariant measure. Note also that i must project
to 7 on X, as (X,o0) is uniquely ergodic and our dynamics is a product
dynamics.

Let o := {% x [0],2 x [1]} and N € N, and write ay = VY _y Fa.
Write C_y := \/? _N F~iC. Then by the Martingales theorem ([Wil91]),

1=

~

Py(9) = lim Hy(CICn van) +C- @([1] x [1]) + (0] x [0])) ~ (28)

N—00
<Hy(Cla) + € - (1) x (1)) +7(00] x [0]) (29)
S . (1 () 4 A XD
_be%;l} (1) - (113,(€) + ¢ A= % b)) )
= > (B - (Hp) +C - )
be{0,1}
H(p) +C-p, (30)
where H(z) := —zlogz — (1 — z)log(1l — z), pp := n(([g:[[b}])), M = m?[z];'] and

pi= 1«650 € (0, 1) is the unique maximizer of the last equality. Also, note that,

(29) is an equality if and only if C is independent of Vil o F=iCv Vizo Fig
(w.r.t. 1), as the limit in (28) is non-increasing. Also, (30) is an equality if
and only if p, = p for both =0, 1.
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Next, we construct a maximizer v for the POE which obtains the upper
bound in (30). Given t € X, we define a measure v, on ¥ x {t} by,

b {w([wi =t]) =p

Vt([u}i =1- tl]) =1 —p.
We then define v := [ 14d7(t). To see that v is indeed invariant, note that
l/toﬁfl = Uyt =DoF =1

We now verify that v obtains the upper bound in (30). First, for all N € N,
Hﬁ(aé\_N V aN) = Hg(aa),

as for every t, for v-a.e. w, wo is independent of (w;)i<—1 and of (;)io.
Therefore, Py(¢) = H(p) + C - p.

It is left to show that ¥ is the unique maximizer, and prove that it is not
future independent. To show that it is the unique maximizer, assume that we
have another maximizer 7. Then, equality must hold in both (29) and in (30).
That means, by the invariant of 7, that for all i € Z, §(w; = ti|t;) = py, 5 = -
Hence n = 1.

We now continue to show that 7 is not future independent. By Theorem
4.3, it is equivalent to showing that hp(F) < hpor—1(T). Indeed, by the fact
that C generates the g-algebra of 3, and « generates the o-algebra of X, we
have that

ho(X|%) + hpor-1(T) = hp(F) = ho(3|X) + hr(0), (31)
where hp(X|%) = lim %Hg(a}ﬁ}v) and hp(X|%) = lim %H;(@N]a;),
—00 —00

and a} = \/ﬁ\i_ol F~ia. First note that since w; depends only t;, and so for
all N € N,

N-1 N-1
Hy(Cxlat) =Hs( \/ FClaf) = Hy( \/ F'Clag)
=0 =0
N-1

!
!
(]

H, (ﬁ—ic?yﬁ—ia) — N -H(p) = N - hs(F).

0
Plugging this back in (31), we get that
hoor(T) = ho(F) = hg(F) + hr(0) = hp(X|)). (32)
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Since h. (o) > 0, if we can show that by choosing C' > 0 sufficiently large we
can make hy(X|X) arbitrarily small, we are done. We continue to bound
hs(X|X).

N-1 N-1

Hy (a1 ) =Hy( \/ F-alCy) =H5('\/ FalCy) (33)
N-1 = N-1 =

< ' H,’,\(F\_i(ﬂé\]v) < ' Hg(ﬁ_ia|ﬁ_ié\) =N- H,’)(O&’é\)

i=

Set § :=n(2 x [1]) = 7([1]) € (0,1), and note that ¢ is independent of
C, as every invariant measure project to 7 on X (by the unique ergodicity
of (X, 7) and the product dynamics). A simple computation shows that for
®(z) := —zxlogz,

Hy (0C) :‘I’(a - ;)1(1_—5);)1;(]91)_ 5)p) + (5(1(5(—119_)225;9)
(1-9) )
{1 —5)(11—p) 4]—9(1 - 5)p) ”’(5(1 _;) +5p)'

+<1>(

It is clear that p E———) 1, and so Hp (a|5) —— 0. This concludes the
— 00

C—o0
proof, by (32) and (33).
(]

Remark A.2. A slightly more detailed analysis could in fact guarantee also
that,

P(¢) < sup {hﬁoﬂ_l(T) + / odi : 7 is erg. ﬁ_mv} < P(¢).  (34)

To see that, we notice that for every F-invariant 7, for every N € N,
Hﬁ(O&Ew\N) = H(aﬁ V é\N) — Hﬁ(é}\]) > Hﬁ((yﬁ) — Hﬁ(é\N),

and so, h5(X|%) > hr(0) — hgor—1(T). Together with (31), assuming that

hr(o) > log2, we get that hﬁ(ﬁ) > hior—1(T) + (hr(0) —log2), and so (34)

holds. However, to allow for h,(c) > log2, we would have to choose X as

a sub-shift of {0, 1,2}#, which slightly complicates the already-complicated
analysis Proposition A.1.

APPENDIX B. REDUCTION TO A ONE-SIDED SHIFT

Lemma B.1. Assume that (£ x X, F) admits stable holonomies. That is, for
every w,w’ € X which lie on the same stable leaf, the limit lim,, o (F?)™ o
FP € Holy (X : X)) converges in a Hélder norm with a uniform exponential
rate. Then there exists a Holder continuous mapping w — F. s.t. F(:)_EZ =
F(:)_>O and FT is cohomologous to F,,, where the coboundary is a-bi-Holder

continuous and depends in a Holder manner on w.
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Proof. For every [a] C X, fix w, € [a]. Denote by [wg,w] the Smale bracket.
Define C,, := lim, oo (EF7) ! o F o € Hola(X : X). Note that C,, is
0’

[we

a-bi-Holder, as it admits an inverse C, 1 = lim,, o0 F[;" W] © F7. Then set
w s
Ff :=C;} o F,0C,, which is bi-Holder.

w w

We first show that w — Ff is Holder continuous. Let w,w’ € ¥ with
dw,w) = eV < 1, and write wyp = w) = a. It is enough to show that
w — C,, is a-Holder continuous. By the uniform exponential convergence,

let K >0 and and 6 € (0,1) s.t.
dHOla (CUJ? Cw,) S2K€79n + dHOla ((Fg)il °© F[Z)a,w]’ (F:}/)il °© F[Za,w’})' (35)

Choose n = r - N, where r € (0,1) will be specified later. Let K,7 > 0
s.t. w F, is (K',7)-Holder continuous. Then one can check by induction
that dgs, (F7) "' o F,Id) < B" - e W= for all N large enough so
B". e TW=n) <1 where B is a constant depending on

max,, {|| Fullms1., | o tHms ), K, and K. By choosing r > 0 sufficiently
small we can guarantee that

disy, (F™) Lo E Id) < K"e™ 3N,
Then, for all N large enough (and r > 0 sufficiently small),

dya,, (F2) ™o Flw ) (Fo) o Floww) < K"e 3N,
Finally, putting this together with (35), we conclude that w — C,, is Holder
continuous.
We continue to show that £} depends only the non-negative coordinates
of w:
Fr :C:Fionon =limF " oF%wono(F£+1)_1oF”+1
n

[Wewq ,Tw] [Wwo w]

L -1 +1
_hzn(F[ZwUTw]) oF[ZwO’w},

which depends only on (w;)i>o. O

The following lemma is proved similarly to Lemma B.1.

Lemma B.2. Assume that (X x M, F) admits stable holonomies, where
M is a closed Riemannian manifold, and ﬁ(w,t) = (Tw, fu(t)) with f, €
Diff'**(M). That is, for every w,w' € % which lie on the same stable
leaf, the limit lim, oo (f7)~' o f7 € Diff'**(M) converges in C1** norm
with a uniform exponential rate. Then there exists a Hélder continuous
mapping w — [T s.t. f(zi)iez = f(ti)po and f is conjugated to f,,, where
the conjugacy is a C1T diffeomorphism which preserves fibers and it depends
in a Holder manner on w.
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