INVARIANT FAMILY OF LEAF MEASURES AND THE LEDRAPPIER-YOUNG
PROPERTY FOR HYPERBOLIC EQUILIBRIUM STATES

SNIR BEN OVADIA

ABSTRACT. M is a Riemannian, boundaryless, and compact manifold with dim M > 2, and f is a C1158
(B > 0) diffeomorphism of M. ¢ is a Holder continuous potential on M. We construct an invariant
and absolutely continuous family of measures (with transformation relations defined by ¢), which sit on
local unstable leaves. We present two main applications. First, given an ergodic homoclinic class Hy (p),
we prove that ¢ admits a local equilibrium state on H, (p) if and only if ¢ is “recurrent on Hy(p)” (a
condition tested by counting periodic points), and one of the leaf measures gives a positive measure to a
set of positively recurrent hyperbolic points; and if an equilibrium measure exists, the said invariant and
absolutely continuous family of measures constitutes as its conditional measures. An immediate corollary is
the local product structure of hyperbolic equilibrium states. Second, we prove a Ledrappier-Young property
for hyperbolic equilibrium states- if ¢ admits a conformal family of leaf measures, and a hyperbolic local
equilibrium state, then the leaf measures of the invariant family (respective to ¢) are equivalent to the
conformal measures (on a full measure set). This extends the celebrated result by Ledrappier and Young
for hyperbolic SRB measures, which states that a hyperbolic equilibrium state of the geometric potential
(with pressure 0) has conditional measures on local unstable leaves which are absolutely continuous w.r.t
the Riemannian volume of these leaves.
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1. INTRODUCTION

When studying a complex system of many states and its dynamics, one approach is to find a measure
on the space of all states of the system which is invariant under its dynamics, to represent a distribution
of possible events when the system is in equilibrium. The collection of all possible such invariant measures
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could be very big, and the field of thermodynamic formalism offers canonical ways to single out specific
invariant measures of importance.

One way to single out measures of importance, is by the notion of equilibrium states: probability measures
which maximize a dynamic quantity w.r.t some potential (function) on the system. More explicitly, let M be
the space of states of the system (a compact boundaryless Riemannian manifold), let f € Diff'™ (M) be the
dynamics of the system, and let ¢ : M — R be a bounded measurable potential on M; then an equilibrium
state of ¢ maximizes p — hy(f) + [, ¢dp, where hy,(f) is the metric entropy of yu w.r.t f.

Two important instances of this notion are measures of maximal entropy (when ¢ = 0), and SRB measures
(when ¢ is the geometric potential, i.e minus the logarithm of the Jacobian of f when restricted to the
dynamics on unstable leaves). The fact that equilibrium states of the geometric potential (when sup{h,,(f)+
f wdu} = 0) are SRB measures is highly non trivial, and it is due to Ledrappier and Young, [LY85a]. It is
an instance of their more general formula to compute the entropy of general measures, via local dimension
of conditional measures on unstable leaves (see also [LY85b]). When f preserves a smooth measure, the
entropy formula is due to Pesin, [Pes77].

SRB measures are measures which have conditional measures which are absolutely continuous w.r.t the
induced Riemannian volume on unstable leaves, when disintegrated by a measurable partition subordinated
to the foliation of unstable leaves (see Rokhlin’s disintegration theorem). SRB stands for Sinai, Ruelle, and
Bowen, due to their pioneering work in the field. Hyperbolic and ergodic SRB measures are of physical
importance, as the set of points which satisfy the forward-time Birkhoff’s ergodic theorem are of positive
Riemannian volume (and thus, by convention, are observable in an experiment or a simulation). This
property is due to Pesin’s absolute continuity theorem (see [Pes77, KSLP86, PS89]). Tsujii showed a converse,
a condition via Lyapunov exponents on orbits such that a physical measure must be an ergodic hyperbolic
SRB, see [Tsu9l].

While SRB measures are important, it is not clear in what generality systems admit them. Sinai had shown
their existence in Anosov systems, and Bowen and Ruelle in Axiom A systems. The dual characterization
through conditional leaf measures, and as an equilibrium state, by Ledrappier and Young, offered a new way
to test if a system admits an SRB measure.

Singling out measures of importance through their conditional leaf measures, is another important tool in
thermodynamic formalism, in addition to the notion of equilibrium states. Some important examples of this
are the Margulis construction for the measure of maximal entropy through its leaf measures ([Mar70]), and the
extension of the horocyclic flow to high dimension variable negative curvature manifolds (see [Mar75, BM77]).
Unstable leaves can be viewed as the equivalence class of an equivalence relation on orbits. The notion of
defining measures by conditional measures on unstable leaves, has been further generalized and studied as
an equivalence class of orbits on manifolds (see [Ser80]) and symbolic spaces (see [Ser80] and [PS97]).

Given a Holder continuous potential, the idea of an equilibrium state is well defined, but it is not clear how
to generally define the leaf measures corresponding to a potential. The Margulis leaf measures are conformal-
i.e when pushed forward they remain invariant up to a factor of e "r(f) where hiop(f) = sup{h,(f) :
1 is an invariant probability measure}. Similarly, the conditional leaf measures of SRB measures are the

induced Riemannian volume, which gains a factor of exp (geometric potential). We therefore are looking

for a family of conditional leaf measures which are conformal w.r.t our potential. More explicitly, if ¢ is
a bounded measurable potential, and V* is a local unstable leaf, we wish to find measures which satisfy
myw o f71 = e¥~Plo) . myyu), where P(p) is the pressure of ¢ (the quantity which an equilibrium state
maximizes), which acts as a calibrating factor. In [CPZ19, CPZ], Climenhaga, Pesin, and Zelerowicz give
a construction using Carathéodory dimension. Their construction works for a general Holder continuous
potential, in the partially hyperbolic setup with some restrictions on the central stable foliation and on the
transitivity of the system (see the remark after Definition 2.15 for more details).

The result of Ledrappier and Young connects the two approaches of singling out measures of impor-
tance as equilibrium states and through conditional measures on unstable leaves. This naturally raises
the question of extending their result for more potentials than just the geometric potential. Given a
Grassmann-Holder continuous potential, we give a construction of an invariant and absolutely continuous
family of leaf measures which give a necessary and sufficient condition for the existence of a hyperbolic local
equilibrium state via a leaf condition, and which act as the conditional leaf measures of the equilibrium state
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when it exists. We prove a Ledrappier-Young property, such that if the potential admits a hyperbolic local
equilibrium state, and a conformal system of measures, then the conditional measures of the equilibrium state
are equivalent to the conformal measures on a set of full measure, and in particular the conformal measures
give a positive measure to the hyperbolic points. For the definitions of a hyperbolic local equilibrium state,
the leaf condition, and a Grassmann-Hoélder continuous potential, see §2. In particular, Grassmann-Hoélder
continuity applies to the family of potentials {t-©};c[0,1], Where ¢ is the geometric potential, and this family
varies continuously between the 0 potential and the geometric potential.

2. BASIC DEFINITIONS AND MAIN RESULTS

Throughout this paper M is a Riemannian, boundaryless, and compact manifold of dimension d > 2, and
f € Diff'*P(M1), B > 0. Fix x > 0.

2.1. Basic Definitions.

Definition 2.1 (x-summable points). A point x € M is called x-summable if there is a unique splitting
T.M = H*(z) ® H%(x) s.t

ad o0
Sup Z ‘dzfm§5|2e2xm < 00, sup Z |dzf_m€u|2€2xm < 00.
SocHt (@) lte 1=t m=0 €L EH" (2),|€u|=1 ;20

Let x-summ define the set of x-summable points. An f-invariant probability measure carried by x-summ is
called x-hyperbolic.

For each z € y-summ, write s(z) := dim(H?*(x)),u(z) := dim(H"*(x)). Notice, x-summ is f-invariant,
and H*(-), H"(-) are invariant under d. f.

Theorem 2.2 (Pesin-Oseledec Reduction Theorem). For each point x € x-summ, there exists an in-
vertible linear map Cy(z) : R? — T, M, which depends measurably on x, such that C,(z)[R*® x {0}] =
H*(z), Cy, (2)[{0} x R¥®)] = H"(z). C\ () are chosen measurably on x-summ, and the choice is unique up
to a composition with an orthogonal mapping of the “ stable” and of the “unstable” subspaces of the tangent
space. In addition,

O (f(@)) 0 dof 0 Cylar) = (DM Dum) ’

where Dg(z), Dy (x) are square matrices of dimensions s(x),u(z) respectively, and |Ds(x)|, || Dy (x)]| <
e X, || D7 (@), [|Du(z)|] < Kk for some constant k = k(f,x) > 1.

The Pesin-Oseledec reduction theorem has many different versions, which are suitable for different setups.
We use the version which appears, with proof, in [BO18, Theorem 2.4].

It is possible to show that [|C ! (z)[|* = sup 2 3 |du fTEPeX ™ +2 3 |dy fTEPe2X™ }

€5 +&ul=1, m>0 m>0
§s€H*(2),Eu€H (2)

In addition, [|Cy(-)|| < 1. See [BO18, Theorem 2.4, Lemma 2.9] for details. ||C!(x)|| serves a measurement

of the hyperbolicity of z- the greater the norm, the worse the hyperbolicity (i.e slow contraction/expansion

on stable/unstable spaces, or small angle between the stable and unstable spaces).

Definition 2.3. Let ¢ > 0, and let x € x-summ, then

Q@) = max {Q € e b @ < P I @) F

Definition 2.4 (Recurrent e-weak temperability). Let € > 0. A point * € x-summ is called e-weakly
temperable if g : {f™(x) }nez — {e%k}geN s.t
(1) L = e,
(2) Vne Z, q(f"(z)) < Qc(f"(x)).
If in addition to (1),(2), q¢ : {f™(z)}nez — {6_%}gen\| can be chosen to also satisfy,
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(3) limsup g(f"™(x)) > 0,

n—=+oo
then we say that x is recurrently e-weakly temperable. A function q : {f™(x)}nez — {6_7“}een\1 which satis-
fies (1),(2), is called an e-weakly tempered kernel of z. Define WT, := {z € x-summ : z is e-weakly temperable},
and RWTS, := {z € x-summ : = is recurrently e-weakly temperable}.

Remark: Every point x € WTY (for sufficiently small € > 0) admits a global unstable manifold W"(z) =
{ye M:d(f"(z), f~"(y)) — 0}, and a global stable manifold W*(z) = {y € M : d(f"(x), f"(y)) ——
n—oo

n—oo

0}. See [BS02][§5.6] for more details. In Definition 3.12 we give an alternative (yet equivalent) notion of
global stable/unstable manifolds.

Claim 2.5. Ve > 0 and € € (0, 2¢], RWTS C RWTS, and WTS C WT%.
For proof, see [BO20, Claim 2.6].

Lemma 2.6. Je, > 0 which depends on M, f, and x s.t Ve € (0, €] RWT; has a Markov partition and a
finite-to-one coding with a Hélder continuous factor map, where the induced coding space is locally-compact.

See [BO20] for full details.

Definition 2.7.
RWT, := {x € x-summ : = is recurrently e, -weakly temperable} .

Remark: RWT,, carries all x-hyperbolic f-invariant probability measures; and its definition depends only
on the quality of hyperbolicity of the orbits of its elements. In the following parts of this paper, when x > 0
is fixed, the subscript of €, would be omitted to ease notation.

Definition 2.8 (Pesin set). VN > 1, the set
1
Ay = {x € WT, : Je-weakly tempered kernel of x s.t q(x) > N},

is called the Pesin set of level N (also sometimes called level set, or Pesin level set ).

Definition 2.9 (Positively recurrent points). VN > 1, denote by An the Pesin set of level N. Let

1 n—1
RWTYR = {x €RWT, : 3N € N s.t limsup — > 1, (f¥(x)) > o} :
n—oo N =0
For the next definition, we assume w.l.o.g that 3s € {1, ...,d—1} s.t for all points z € RWT,,, dimH*(z) =
s. This is possible, since we may simply split RWT,, into d — 1 disjoint sets, and all results apply to each
subset.

Definition 2.10 (Grassmann-Hélder continuity). Let TM be the tangent bundle of M, and let x,y € WTY,.
Let ds(H®(x), H*(y)) be the Grassmannian distance (of subspaces of dimension s, over TM ) between the
stable space of x and stable space of y. Similarly, let d,,(H"(x), H*(y)) be the Grassmanian (of subspaces of
dimension d — s, over TM ) distance between the unstable space of x and stable space of y. The Lyapunov
distance on WTS is dou(z,y) = d(v,y) + ds(H*(z), H*(y)) + du(H"(x), H"(y)). A function ¢ : WT, — R
is called Grassmann-Holder continuous if it is Hélder continuous w.r.t dgm (-, -).

Let E 2 WT, be a measurable subset of | {W"(x) : » € WT}. A function p : E — R is called
unstable-Grassmann-Holder continuous on E if it is Holder continuous w.r.t d(-,-) +dy(-,-) on E, where for
veU{W(z) :x € WTS } H"(z) is defined as T,W"(x) (which is well-defined).

Since f € Diff'*#(M), Vt > 0, the scaled geometric potential oy (z) = —t - log Jac(dy f| () is unstable-
Grassmann-Holder continuous. Every Holder continuous potential is unstable-Grassmann-Ho6lder continuous,
and every unstable-Grassmann-Holder continuous potential on WT;, is Grassmann-Holder continuous.

Notice also that a Grassmann-Hoélder continuous potential must be bounded, since M has a finite diameter.

Definition 2.11 (Ergodic homoclinic class). The ergodic homoclinic class of a hyperbolic periodic point p

(w.r.t x) is
Hy(p) = {& € RWTy : W(z)  W*(o(p)) # 2, W*(x) th W(o(p)) £ 2}
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Here o(p) = {f*(p)}, M denotes transverse intersections of full codimension, and W*/*(-) are the global
stable and unstable manifolds of the point, respectively.

See Definition 3.12 for the definition of global stable and unstable leaves. Definition 2.11 was introduced
in [RHRHTU11], with a set of Lyapunov regular points replacing RWT,. By a well-known argument, using
the Inclination Lemma (see [BS02, Theorem 5.7.2]), every two ergodic homoclinic classes are either disjoint
modulo all conservative measures, or coincide. We caution the reader that H,(p) is not closed, and that
this definition is different from the definition in [New72].

Every ergodic x-hyperbolic probability is carried by a unique ergodic homoclinic class (see Claim 3.15).

Definition 2.12 (Local equilibrium state). Let o : WIS, — R be an Grassmann-Hélder continuous potential.
Let 11 be a x-hyperbolic f-invariant ergodic probability measure. Let H, (p) be the unique ergodic homoclinic
class which carries p. p is called a hyperbolic local equilibrium state of ¢ on H, (p), if

hu(f) + /g@du = sup {h,,(f) + / wdv : v is an f-invariant probability measure on HX(p)} .

Notice, [ ¢dp < oo since ¢ is bounded since it is Grassmann-Hélder continuous.

Definition 2.13 (Local pressure). Let p be a periodic x-hyperbolic point, and let H,(p) be its ergodic
homoclinic class. The local pressure of ¢ on H, (p) is

PHX(p)(SO) := sup {hl,(f) + /apdu 1 v is an f-invariant probability measures on Hy (p)} .
The boundedness of ¢ implies Py () () < oo. Let E as in Definition 2.10.

1
Definition 2.14. Given a sequence of C' embedded submanifolds, V,*, we write V,* AN V*, where V"

n— oo

is an embedded submanifold, if sup,cyw infyev{d(z,y) + drm (T Vy', T, V") } — 0.

Definition 2.15 (¢-conformal system of measures). Let ¢ : E — R be an unstable-Grassmann-Hélder continuous
potential. Let H, (p) be the ergodic homoclinic class of a x-hyperbolic and periodic point p. A p-conformal
system of measures on H, (p) is a collection of non-zero Radon measures on local’ unstable leaves of points

in Hy(p) such that

(1) Vi %) V¥ implies m“’;#(l) — mi. (1),
(2) for every local unstable leaf of a point in H, (p), V",

¥ -1 _ p—P ® %
Myu O fT=e Hy (p) (P) . M,

where m$,.., m?[vu] are the @-conformal measures on the local unstable leaves V¥, f[VY], respectively.

An example of a conformal family of measures, is the Riemannian volume on unstable leaves. It is ¢-
conformal with ¢ being the geometric potential —log Jac(df [unstable leaves); When the pressure is 0 (e.g when
an SRB exists).

It is not clear a-priori when do conformal families exist. In [CPZ], Climenhaga, Pesin, and Zelerowicz give
a construction of such families in the partially hyperbolic setup using the Carathéodory dimension structure
(which extends their result in the uniformly hyperbolic setup [CPZ19]), under the assumption that ¢ has the
Bowen property (i.e uniformly summable variations on stable and unstable leaves, under a certain regularity
assumption).

Definition 2.16 (p-invariant family of leaf measures). Let ¢ : WTS — R be a Grassmann-Hélder continuous
potential. Let H,(p) be the ergodic homoclinic class of a periodic x-hyperbolic point p s.t Py (p)(p) < oo. A
¢-invariant family of leaf measures on H,(p), is a family Fy (,)(¢) of non-zero and finite measures s.t
(1) Vi € Fu, p) (), i is carried by WTy, and its support is contained in a local unstable leaf of a point
LS HX (p);

LConservative measures are measures which satisfy Poincaré’s recurrence theorem: for any set of positive measure, almost
every point in it returns to it infinitely often.
24pcal” here means diffeomorphic to a ball, in the induced metric.
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(2) 3 amap A : U{Supp(ul)}u’efo(m(W — R which is measurable when restricted to measurable sets,
$tVu € Fi, ) (),
po f7t = e P @ oM 0™ () yhere p(®) e F,(p)(®) for all 1 <i < N(u) < oo, and
&(uD) is a constant s.t p(uD) = p(x) + A(x) — A(f 1 (x)) for pD-a.e x € M where ¢ is defined.

(8) 3 o-compact metric space X s.t Fy (p)(¢) = {ptatzex and xn =y = g, Lweakr, Ly -
The measures in F, Hx(p)(go) are not required to be mutually singular.
One cannot expect uniqueness of such a family, as the Radon-Nikodym derivative of the push-forwards
can always be changed by a coboundary.

2.2. Main Results.

Theorem (A). Let ¢ : WIS — R be a Grassmann-Hélder continuous potential. Let H, (p) be the ergodic
homoclinic class of a periodic x-hyperbolic point p. Then H, (p) admits a @-invariant family of leaf measures,

]:HX (p) (90) ‘

While conformal families of measures are generally a simpler object for calculations, their general existence
is a hard problem which is only solved in a few setups (we mention a few in §1). The main advantage of
invariant families, is that they exists with (almost) no preceding assumptions. Furthermore, when a conformal
family does exist, and so does an equilibrium state for the respective potential, the invariant family measures
must coincide in measure-class with the conformal family. See the last result of this section.

Definition 2.17 (p-leaf condition). Let ¢ : WT — R be a Grassmann-Holder continuous potential. Let
H, (p) be an ergodic homoclinic class of a x-hyperbolic periodic point p. We say that the o-leaf condition is
satisfied for Hy (p), if 3p € Fp (p)(p) st ,u(RWTiR) > 0.

Here ¢n(q) == Y1 , Y o(f*(g)), and Fh, (p) () is given by the theorem above. That is, in the theorem
above we construct an invariant family, and the leaf condition applies to any invariant family as constructed
by that theorem; We remind the reader that the invariant family need not be unique, as the leaf measures
can always be changed by a coboundary factor.

Theorem (B). Let ¢ : WT| — R be a Grassmann-Hélder continuous potential. Let H,(p) be an ergodic
homoclinic class of a x-hyperbolic periodic point p s.t p belongs to a Pesin level set A;. Then ¢ admits a x-
hyperbolic local equilibrium state on H, (p), if and only if anl Zf"((Z):iLqEHX(p)ﬂAl e#n (D=1 P, ) (9) — oo
and the p-leaf condition is satisfied for H, (p). If the local equilibrium state exists, then it is unique and the
p-invariant family is its conditional measures.

Note that if the assumption above holds for one I, then it holds for all I’ > [, since Ay D A;.

Corollary (C). Local equilibrium states of Grassmann-Hélder continuous potentials have local product struc-
ture.

This follows from the absolute continuity property of the ¢-invariant family we construct. This extends
previous results for the Axiom A setup (see [?, ?]).

Corollary (D). (M, f) admits a x-hyperbolic equilibrium state for ¢ if and only if there exists an ergodic
homoclinic class H ( ) which satisfies the assumptions of the previous theorem, and in addition Py () () =
Piop(¢) (=sup{h,(f) + [@dv : v is an f-inv. probablity on M}).

Theorem (E). Let ¢ : WTY — R be a Grassmann-Hélder continuous potential. Let H,(p) be an ergodic
homoclinic class of a x-hyperbolic periodic point p which admits a (unique) x-hyperbolic equilibrium state
for ¢, v,. Assume that H,(p) admits a p-conformal system of measures. Let Fy () (¢) be any p-invariant
family of conditional leaf measures as in Theorem (A), then there is a sub-family F' which disintegrates v,
(as in Theorem (B)), and for which the following holds: For any p € F', given a local unstable leaf V¥,
which carries p, and a corresponding @-conformal measure on V2., m“‘p,lgc, there exists a measurable set of

. PR
full p-measure, E,,, s.t p~ m(‘f,lgc|Eu. In particular, m‘“;lzc (RWT,™) > 0.
6



The last property holds in particular when ¢ is unstable-Grassmann-Ho6lder continuous and is defined on
unstable leaves, and thus we a-priori have no reason to know that its conformal measures “see” the hyperbolic
points.

If ¢ is the geometric potential then the (p-conformal measures exist and are the induced Riemannian
volume of the unstable leaves, and this theorem proves that every y-hyperbolic equilibrium state of the
geometric potential with pressure 0, has absolutely continuous conditional measures (and thus is an SRB
measure). This is a new proof to the result by Ledrappier and Young in [LY85a], when restricting to
hyperbolic measures; and extends it to additional potentials.

Remark: In several of the main results, we use the assumption 3 > (D= Pry ) (9)

n>1 fr(q)=q,q€Hy (p)NA\,
= oo for some hyperbolic periodic point p which belongs to a level set A; (where ¢ : WT; — Ris a
Grassmann-Holder continuous potential). This assumption is used in order to show that ¢ is recurrent (see
§4.2) when lifted to an irreducible component which codes H, (p) (see §3.3). This assumption is always used
together with the leaf condition (see Definition 2.17). We do not know if the first assumption can be omitted
(i.e does the leaf condition imply recurrence of the lifted potential). We were not able to prove that using the
methods of this paper. The difference between this paper and [BO], where the leaf condition is sufficient, is
the overlapping property of leaf measures (i.e the Lebesgue measures of two unstable leaves which intersect,
coincide on the intersection). Here, we use a coding to construct our @-invariant family of leaf measures, and
in order to gain a bound on the overlapping of measures, we must use the bound on the multiplicity of the
coding map 7; which in turn is only bounded on the recurrent part of the symbolic space in our construction;
hence the need for recurrence. There are other constructions of codings with better multiplicity bounds for
the coding map (e.g [Buz20]), though those multiplicity improvements come on expense of other properties
which are necessary for this paper.

3. PRELIMINARY CONSTRUCTIONS

3.1. Symbolic Dynamics. Sinai [Sin68] and Adler and Weiss [AW70] constructed Markov partitions and for
Anosov diffeomorphims and linear toral automorphisms, respectively. In [Sarl3] Sarig constructed a Markov
partition for non-uniformly hyperbolic surface diffeomorphisms. We extended his results to manifolds of
any dimension greater or equal to 2 in [BO18]. In [BO20] we modify the codings from [BO18, Sar13] and
introduce the set RWT,. RWT, is defined canonically, and still consists of all recurrently-codable points
(see Proposition 3.8) in the modified symbolic dynamics. In the following section we review those results.
Since M is compact, Ir = r(M) > 0,p = p(M) > 0 s.t the exponential map exp, : {v € T, M : |v]| <
r} — By(x) ={y € M :d(x,y) < p} is injective.
Definition 3.1 (Pesin-charts). When e < r, the following is well defined since Cy/(-) is a contraction (see
[BO18, Lemma 2.9]):

(1) Y :=exp, oCy(z) : {v e TyM : |v] <n} = By(x), n € (0,Qc(z)] is called a Pesin-chart.

(2) A double Pesin-chart is an ordered couple P P := (YB" 42", where Y2 and YP" are Pesin-charts.
Theorem 3.2. Vx > 0 s.t there exists a x-hyperbolic periodic point p, 3 a countable and locally-finite®
directed graph G = (V, E) which induces a topological Markov shift ¥ = {u € V% : (u;,uir1) € E,Vi € Z} s.t
3 admits a factor map m: % — M with the following properties:

(1) o:X —= % is defined by (ou); := u;y1, @ € Z (the left-shift); and satifies oo = fom.

(2) m is a Holder continuous map w.r.t the metric d(u,v) := exp (—min{i > 0 : u; # v; or u_; # v_;}).

(3) Let ©# = {u € X : Ing,mp T 00 8.t Up,, = Ung,U—m, = U_my, Yk >0}, then 7[S#] carries all f-

mwvariant, x-hyperbolic probability measures.

This theorem is the content of [BO18, Theorem 3.13] (and similarly, the content of [Sar13, Theorem 4.16]
when d = 2). V is a collection of double Pesin-charts (see Definition 3.1), which is discrete.

Definition 3.3.
(1) YVu eV, Z(u) = n[{u € X% 1 uy = u}], Z:={Z(u) : u € V}.

3Finite out-going and in-going degree at each vertex.



(2) R is defined to be a countable partition of |J Z(v) = n[X#] s.t
veY
(a) R is a refinement of Z: VZ € ZZ R€e R, RNZ#@=RC Z.

(b)) YoeV, #{R€ R: RC Z(v)} < oo ([Sarl3, § 11]).
(c) The rectangles property: VR € RNz,y € R Iz = [z,y]lr € R, st Vi > 0,R(f'(2)) =
R(fi(y)), R(f~%(2)) = R(f~%(x)), where R(t) :=the unique partition member of R which con-
tains t, for t € w[S#].
(3) VR,S € R, we say R — S if RN f~1[S] # @, and let € := {(R,S) € R? s.t R — S}.
(4) £ :={ReRZ:R; — Ri;1,Vi € Z}.
Remark: Given Z, the definition of R is proper, since such a refining partition as R exists by the Bowen-
Sinai refinement, see [Sar13, § 11.1]. By property (2)(b), and since ¥ is locally-compact (see Theorem 3.2,

~

local-finiteness of G implies local-compactness of ), ¥ is also locally-compact.

Definition 3.4.

(1) S# :={R €S : Ing,my T 0 5.t Rn, = Ryy, Ry, = Ry, Vk > 0}.
(2) Two partition members R, S € R are said to be affiliated if Ju,v € V s.t R C Z(u),S C Z(v) and
Z(u) N Z(v) # @ (this terminology is due to O. Sarig, [Sarl3, § 12.3]).
Claim 3.5 (Local finiteness of the cover Z). VZ € Z#{Z' € Z:Z'NZ # @} < 0.

This claim is the content of [BO18, Theorem 5.2] (and similarly [Sar13, Theorem 10.2] when d = 2).
Remark: By Claim 3.5 and Definition 3.3(2)(b), it follows that every partition member of R has only a
finite number of partition members affiliated to it.

Definition 3.6. Let R € R, N(R) := #{S € R: S is affiliated to R}.

Theorem 3.7. Given 3. from Definition 3.3, there exists a factor map 7 : S M st
(1) 7 is Holder continuous w.r.t the metric d(R,S) = exp (—min{i > 0: R; #5; or R_; # S_;}).
(2) foT =7 oo, where o denotes the left-shift on 2.
(3) T|gy is finite-to-one.
(4) VR € %, T(R) € Ro.
(5) ®[X#] carries all x-hyperbolic invariant probability measures.

This theorem is the content of the main theorem of [BO18], Theorem 1.1 (and similarly the content of
[Sar13, Theorem 1.3] when d = 2). Notice, the fibers of 7 being finite in £# does not imply being uniformly
bounded.

Proposition 3.8. #[S#] = 7[S#] = R = RWT,,.
This is the content of [BO20, Proposition 4.11, Corollary 4.12].

3.2. Maximal Dimension Unstable Leaves.

Definition 3.9. An unstable leaf (of f) in M, V", is a C1+5 embedded, open, Riemannian submanifold
of M, such that Vz,y € V*, limsup % logd(f~"(x), f~"(y)) < 0. Similarly, a stable leaf is an unstable leaf
n—oo

of f~1.
Definition 3.10. An unstable leaf is called an unstable leaf of maximal dimension, if it is not contained in
any unstable leaf of a greater dimension.

Notice that if z € RWT, belongs to an unstable leaf of maximal dimension V*, then dimH"(z) = dimV™.
This can be seen using the following claim.

Claim 3.11. Yu € X, there exists a mazimal dimension unstable leaf V*(w), which depends only on (u;)i<o,
and a mazimal dimension stable leaf V*(u), which depends only on (u;)i>o0, s.t {m(w)} = V*(w)NV?*(w), and
V@) C V*(ou) and f~HV*(w)] C V(o™ u).

This is the content of [BO18, Proposition 3.12,Theorem 3.13, Proposition 4.4] (and similarly [Sarl3,
Proposition 4.15,Theorem 4.16,Proposition 6.3] when d = 2). By construction, V*(u), V¥*(u) are local, in

the sense that they have finite (intrinsic) diameter.
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3.3. Ergodic Homoclinic Classes and Maximal Irreducible Components.

Definition 3.12. Let x € RWT,, and let u € %% s.t m(u) = x. The global stable (resp. unstable) manifold
of & is W (@) i= Upno /" [V*(0"0)] (resp. W(@) i= Upso SV (0 "0)] ):

This definition is proper and is independent of the choice of u, by the construction of V*(u). For more
details see [BO18, Definition 2.23, Definition 3.2]. Recall the remark after Definition 2.4.

Let p be a periodic point in x-summ, i.e hyperbolic periodic point. Since p is periodic, |C ! (-)|| is bounded
along the orbit of p, and therefore p € RWT,.

Definition 3.13. Let ¥’ be a topological Markov shift. A cylinder [Ro, ..., R,], n >0, is the set {R' € ¥/ :
R, = RVi=0,...,n}. An element of a topological Markov shift is called a chain.

Definition 3.14. Consider the Markov partition R from Definition 3.3.

(1) For any a, b € R, n e N, we write a = b if there exists a non-empty cylinder (W, ..., W,] s.t Wy = a
and W,

(2) Define NC R XR by R~ S <= 3Inps,nsg € Ns.tR 2% 5.8 258 R The relation ~
is transitive and symmetric. When restricted to {R € R : R ~ R}, it is also reflexive, and thus
an equivalence relation. Denote the corresponding equivalence class of some representative R € R,
R~ R, by (R).

(8) A maximal irreducible component in i, corresponding to RE€ R st R~ R, is {R € S:Re (R)Z}.

(4) If a topological Markov shift is a mazimal irreducible component of itself, we call it irredcible.

If ¥ is a maximal irreducible component of i, then %[i#] is a subset of an ergodic homoclinic class, where
Y# =3 N3
Recall Definition 2.11.

Claim 3.15. Let p be an f-invariant ergodic probability measure which is carried by RW'T,. Then there
ezists a unique ergodic homoclinic class H, (p), where p is a x-hyperbolic periodic point, which carries j.

For proof, see  RHRHTU11].

Proposition 3.16. Let p be a periodic x-hyperbolic point. Then, there exists a mazimal irreducible compo-
nent, ¥ C ¥, s.t 7[X#] D Hy(p) N 7[S##], where

S## —{ReS:3R st #{i > 0: Ry =R} = #{i <0: R; = R} = co}.
In particular, F[S#] = H, (p) modulo all conservative measures.

This is the content of [BO20, Theorem 5.9], and is based on the result of Buzzi, Crovisier and Sarig in
[BCS] for homoclinic classes of the type of Newhouse [New72], and the f-invariant, x-hyperbolic, probability
measures which they carry.

3.4. The Canonical Part of The Symbolic Space.
Definition 3.17.
S ={(Ri)ico € RN :Vi<0,Ri_1 — R;}, or: S — iL70R((Ri)igo) = (Ri—1)i<o-

Notice, o is the right-shift, not the left-shift. In order to prevent any confusion, we will always notate
or with a subscript R (for “right”), when considering the right-shift.

Definition 3.18 (The canonical coding R(-)). Recall that R(x) is the unique R-element which contains x.
Given ‘
z € m[S#] =R, let ( i = R(fi(x)),i € Z.
One should notice that 7#(R(z)) = z, R(z) € £° (see Definition 3.21 for £°).
Definition 3.19.

VReX, W“R ﬂ FIIR_j]



W*(R) might be empty, and is not expected to be an immersed submanifold. It is a subset of RWT,.
We have the following important property.

Corollary 3.20. VR € f]L,
@ = J wew).

orS=R
See [BO, Corollary 3.19] for proof.

Definition 3.21.
Y :={ReX:VneZ f"(7(R)) € R.},
¥5 = {ReX} : WYR) # 2},
where f)f = {(Ri)i<o : (Ri)icz € f]#} We call f)o,flz the canonical parts of the respective symbolic
spaces.
Notice that R(:) is the inverse of 7|, ; and that i‘i = (2°), = {(Ri)i<0 : (Ri)ez € f)o}
Claim 3.22.
7% = 7[2#] = #[2#] = [ R.
See [BO, Corollary 3.21] for proof.

Lemma 3.23. If Ry — Ry, where Ry, Ry € R, and Ry C Z(ug), ug € V then Ju; € V s.t ug — w1 and
Ry C Z(uy). Analogously, if Ry — Ry and Ry C Z(v1), then Jvg s.t vog — v1 and Ry C Z(vg).

See [BO, Lemma 4.1] for proof.

Definition 3.24. Given a chain R € i\]L we say that a chain u € VN covers the chain R if u is admissible
and R; C Z(u;) for alli < 0. We write u ~ R.

By Lemma 3.23, for every chain R € 5 L, the collection of chains which cover R is not empty.
Definition 3.25. ¥, := {(u;)i<0 : u € X}.

Proposition 3.26. VR € S, 3 a local unstable leaf of mazimal dimension V*(R) s.t f~'[V*(R)] C
V¥(orR), and V¥(R) is an open submanifold of M, with finite and positive induced Riemannian volume. In
addition, V*(R) C . [{v : [v]eo < p*}] for allu = 2P €V s.t Z(u) 2 Ry, and R+~ V*(R) is continuous
in Ct-norm in any local choice of coordinates. Moreover, V*(R) C V¥(u) Vu € ¥p, s.t u ~ R.

See [BO, § 4.1] for proof.

4. A MARKOVIAN AND ABSOLUTELY CONTINUOUS FAMILY OF MEASURES ON THE SYMBOLIC SPACE

4.1. The Ruelle Operator and Sinai’s Theorem.

Definition 4.1 (Ruelle operator). Let §~JL be a one-sided irreducible locally compact topological Markov shift

(of negative chains), and let ¢ : X1, — R be a Hélder continuous potential. The associated Ruelle operator
Ly:C(2L) — C(XL), is defined by

(Leh)(R) = Y e*En($),

ocrS=R
where h € C(EL), and Gr: X1 — X, is the right-shift.

Definition 4.2. Let X be a topological Markov shift (either one-sided or two-sided). A function ¢ : X — R
is called weakly Holder continuous, if 3C > 0,a >0, s.tVa,y € X s.td(z,y) < e™1, we have |p(x) -2y <
C-d(z,y)*.

This notion is introduced in [Sar09], with the weaker assumption of d(z,y) < e™2.

Recall Definition 2.10. -
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Claim 4.3. Let ¢ : WIY — R be a potential which is Grassmann-Hélder continuous. Let @ : I R,
@ :=@oTm, be the lift of ¢. Then @ is weakly Holder continuous on s,

This follows from [BO18, Proposition 6.1].

Theorem 4.4 (Sinai). Let ¢ : RWT, — R be a Grassmann-Hélder continuous potential. Then there exist
two functions ¢*, A : [JR — R such that p*(z) = ¢*((R(f~(z)))i>0) depends only on the past of the
itinerary of x, o* = p+A— Ao f~1, A is bounded, and A := AoT, ¢ := ©* o7 are weakly Hélder continuous.

This theorem appears in Sinai’s fundamental paper [Sin72]. He proves it in the context of a topological
Markov shift with a finite alphabet (for the countable case see [Daol3]). We give the proof in the case when
a countable Markov partition exists.

Proof. First, Va € R, fix a point y, € a. Vo € [JR, define 2" := [z, yp(s)|r(z) € R(x), where R(x) is unique
partition element of R which contains z, and [, -| g(;) denotes the Smale bracket of two points in R(x) (the
right-hand term yields its future, and the left-hand terms yields its past). Define A : [JR — R,

)=y @(f (@) = e(f " (x)).
n>0

By Claim 4.3, ¢ := @ o 7 is weakly Holder continuous. In addition, d(R(f~"™(x)), R(f " (x*))) < e ™. Let
C > 0,60 € (0,1) be the weak Hélder constants of 3 s.t d(R™Y, R 2)) <e = |a(RY) - 3R < C-om.
Then A4 is a uniformly convergent series with uniformly bounded and equicontinuous summands, and so A
is bounded and continuous. In particular, A is also bounded.

Let o* ==+ A— Ao f~! and ¢ := ¢* o 7. The weak Holder continuity of A=Ao7 and of ¢ follows
from the weak Holder continuity of @ and the proof of the finite alphabet case in [Sin72].

It remains to show that ¢(x) = p((R(f~"(x)))i>0)-

¢ (x) = p(z) + A(z) = A(f ™ (2))
2) + Y e(f (@) —e(f @) = Y e(f (T @)) = elf @)

@ Yo () o (5 (U @))).

The last expression depends only on (R(f~%(z)))i>0-
([

Remark: Although ¢, 2,¢ are defined on i", they extend continuously to $3 because of their uniform
moduli of continuity and the fact that %° is dense in 3. Thus ¢ : 35, — R is well defined and weakly Hélder
continuous.

4.2. Recurrence, Harmonic Functions, and Conformal Measures. As before, ¥, is a maximal irre-
ducible component of ) L,and ¢ : ¥ 1 — R is a weakly Hoélder continuous potential.

In this section we use the Gurevich pressure, and we begin by recalling its definition. For a weakly Holder
potential ( : iL — R, the local partition functions are for n > 1,

Zn(Ca R) = Z ezz;ol C(U§§)’

SeTLN[R],o}S=S

where the sum has finitely many terms since S 1, is locally compact. The Gurevich pressure of the potential
Cis
PG(C) = lim sup — IOg Z (Cv ) ( 00, OO]
n—oo T

When £ is irreducible, the limit is independent of the choice of the symbol R (see [Sar09, Proposition 3.2]).
We say that the potential ( is recurrent if for some symbol R,

Y e e Z,(¢ R) = oc.

n>1
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In this case the sum diverges for all R, see [Sar09, Corollary 3.1]. We say that the potential ¢ is positive
recurrent if it is recurrent, and for some symbol R,

Z n . e—"Pa(C) Z eZhIo CORS) < oo
n21 SeSLN[R], s.t opS=S5,
and VO<I<n,S_;#R
Again, this property turns out to be independent of R. For more details, see [Sar09, § 3.1.3]. For a detailed
review of the properties of recurrent potentials, see [Sar09].

Definition 4.5. Let ¢ : Y. = Rbea weakly Hélder continuous potential s.t Pg(¢) < oo, where Y. is a
mazximal irreducible component of ZL A positive and _continuous function 1 : . — RF zs called ¢-harmonic
if Lgyp = efe(@)y)y. A non-zero Radon measure p on EL is called ¢-conformal if L* = ePe@)p, where Ly is
the dual operator of L.

Notice, ¥ 1, may be non-compact, and thus p may be infinite.

Theorem 4.6. Let ¢ : Y. >R bea weakly Hoélder continuous potential, where Y1, is an irreducible locally
compact one-sided topological Markov shift. If Pg(p) < oo then there exist a ¢-harmonic function ¥, and a
¢-conformal measure p.

This theorem is due to work of Sarig [Sar99, Sar01], Cyr [Cyr10], and Shwartz [Shw19]. Sarig had proven
that when ¢ is recurrent, ¥ and p exist and are unique up to scaling. In the transient case, Cyr showed
the existence of a ¢-conformal measure, and Shwartz proved the existence of a ¢-harmonic function with a
weakly Holder logarithm. In the transient case, the ¢-harmonic functions and the ¢-conformal measures are
not always unique up to scaling. For the structure of the set of these objects, see [Shw19].

Lemma 4.7. Let ¢ : Y. > Rbea weakly Holder continuous potential, where S, is an irreducible locally
compact one-sided topological Markov shift. Let ¢ : ¥ — RT be a ¢-harmonic function. Then log) is
weakly Holder continuous.

In the recurrent case, Sarig proves it in [Sar09, Proposition 3.4]. In the transient case, it follows from the
proof of Theorem 5.7 in [Shw19]. Shwartz shows in the proof that logt) is uniformly continuous. A close
inspection of his argument tells that in fact, if ¢ is weakly Holder continuous, then so is log .

4.3. Recurrence and Periodic Orbits.

Lemma 4.8. Let ¢ : RWT, — R be a Grassmann-Hélder continuous potential, and let ¢ : f)L — R be a
corresponding weakly Hélder continuous one-sided potential given by Theorem 4.4 and the remark following
it. Let H,(p) be an ergodic homoclinic class of a periodic and x-hyperbolic point p, and let Y be a mazimal
irreducible component of & s.t %[i#] = H, (p) modulo conservative measures (see Proposition 3.16). Then
¢ : Y1 — R is recurrent if and only if

Z Z ePr(@=1-Pu, p)(p) — 00,

n>1 f"(q)=q,
gE€H (p)NAy

where Ay is a level set s.tp e A, 9: and ¢n(q) = > Ocp( % @)).

Proof. We start with the “if” part. Let ¢ € H, (p) N A; be a periodic x-hyperbolic point of period n. By
Proposition 3.16, ¢ has a (periodic?) coding in 3. Let S? be such a periodic coding.

By [BO, Claim 7.6], there is a finite collection of symbols R; C R, which depends only on I, and which
contains Sg.

By [BO18, Theorem 1.3] there exists C; = max{N(R)? : R € R;} € N s.t |7 ' [{g}] N S#| < C; (see
Definition 3.6 for the definition of N(R)). In addition, by Theorem 4.4, 3C := 2| A||oc < 00 s.t

On(S?) = +C + p,(q), Yn € N. (1)
iLet Re S#nN 77 1[{q}]. Then for any m > 0, #(c™ ™R) = q, whence by the finiteness of S# N 77 1{q}], Im1,m2 € N s.t

c™1I'MR =¢™2 "R, and so 0™ "R = R with m = max{m1,m2} — min{m1, ma}.
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Since ¢ is bounded (recall remark after Definition 2.10), so is ¢. By the spectral decomposition (see
[Sar15, Theorem 2.5]), we may assume w.l.0.g that (3, 0) is topologically mixing (otherwise apply the proof
to each mixing component of a suitable period of o). By the variational principle (see [Sar09, Theorem 4.4],
and [IJT15] when the potential is not bounded), the Gurevich pressure of ¢ on 5 L, Pa(9), satisfies

Pg(¢) =sup{h,(ocr) + | ¢dv: v is an invariant probability measure on S}
XL

Every invariant probability measure on 5 L, v, extends uniquely to an invariant probability measure on i, v,

st v/ or~t =vand h,(Gr) = h,(0), where 7 : ¥ — X1 is the projection onto the non-positive coordinates.
Thus,

Pa(¢) = sup{h, (o) + /~ ¢dv : V' is an invariant probability measure on %}
s

In addition, every invariant probability measure on H, (p), 4, lifts to a an invariant probability measure on
S, 1, st @ om™t = pand hy(f) = hy (o). Then, we get

Pa(¢) = Pu, (p)(¢)- (2)
By the Ruelle inequality the topological entropy of f is finite, and since ¢ is bounded, Py (,)(¢) < oco.
For every n € N Ja,,, b, € R; s.t

3 e |R1 2 3 oPn(ST)

n l n
" (@)=q,9€ Hy (p)NAy " (@9)=a,9€Hx(p)NA,
Ster {q}IN=#,S¢=an,SL=b, S%er ' [{g}In=#

Y

For every n > 1, Vg € H,(p) N A; st f*(q) = ¢, 7' [{qg}] N §#| < (). By assumption, co =

e#n (@)= Pr ) (@) Recall (1), then by the pigeonhole principle 3a,b € R; and ny, 1 0o
n21f*(q)=q,q€ Hy (p)NA
s.t a,, = a and b,, = b, and so that the following sum is infinite:

o0 = Z Z e¢nk(sq)_nk'PG(¢).

k20 "k (q)=q,9€Hx (P)N M
§‘Ze%—1[{q}]mz#,sg:a,sgk:b

Let C% > 0,7 € (0,1) be the Holder constant and Hoélder exponent of ¢, respectively. Let Cy :=
C Y onso " < 00

Let W be an admissible word s.t Wy = b and W,,,_1 = a, where m := |[W|. For every finite word W' s.t
Wi = VV\IW’l—lv let S™ denote the periodic extension of W’ to a bi-infinite chain (in ¥#).

For every n > 0, for every finite word W' s.t |[W'| = n, every extension of W’ to ># which codes a
periodic point in H, (p) N A; of period n, must code the same point, by the shadowing lemma (see [BO18,
Proposition 3.12(4)]). Therefore

o=%" 3 Py (8D =n1-Pa(6)

k>0 f"k(q)=q,9€ Hx (p)N N
Ster T {g}]NEF,5f=a,57, =b

<CreCnTin T 3 3 Oy ST~y Po (@)

>0~ o~ — —
20 3 W | =nx, Wo=a, W, 1=b

<Crem (Ielm+Pa(@)+C . 5 3 et () =(nutm) Ps(9)
k20 se5:0mktmS=5, So=a

<Crem (el tPo(@)+Cn . 5 3 e¥n(9)—n-Ps(9),
n21g5e$ionS=8,S0=a

Therefore ¢ is recurrent on X.
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It remains to show the “only if” part. Assume that ¢ is recurrent on i then Va € Ry,

S @) o,

n>1 Ses:
onS=5,5=a

Choose a € Ry s.t [a] N7 [{p}] N S# # @. Vn > 1, every periodic chain S € ¥ N [a] of period n, codes a
periodic point of period n in H, (p) N A; (see [BO18, Theorem 4.13]). There can be no more than C; chains
which code the same point, thus

0=3 Yoo @) < et Ny 3 (@) =n-Pir, () ()

n>1l gesionS=S5,S0=a n2>1 fn(q)=q,q€ Hy (p)NA;

5. ABSOLUTELY CONTINUOUS INVARIANT FAMILY OF LEAF MEASURES

The following theorem is a version of the Ledrappier theorem ([Led74],[LLS16, Theorem 3.3]). We give a
new proof here which is good for our needs, while the previous proofs provide a formula for the measures of
cylinders.

Theorem 5.1. Let ¢ : Y. > Rbea weakly Holder continuous potential s.t Pg(¢) < oo, where Y. is an
irreducible locally compact one-sided topological Markov shift. Let ¢ be a ¢-harmonic function on 39 Then,
3 a family Of probabzlzty measures on E {pR}ReE , .t VR € EL, Dr is carried by {v € Yo = R;, Vi < 0}
and ppoo~t =35 o (S)+log p(S)—log voTr(8) =P (P)fg  where G 1= orls, -

Proof. Fix [R] C Y., andlet R € ¥, N[R]. Let T IS S be the projection to the non-positive coordinates.
Write ¢ := ¢ + logy) —log oor — Pg(¢), and ¢, := Zk 0 (bo a%. It follows that L;1=1. Define,

=Y 6, g, (3)
53S=R
where dg+ is a Dirac measure with mass at the chain S*, and ST is some (any) choice of a chain in
T 1{S}n 5. We will show that the limit p A<n) ‘:Led—k> Dr exists, and is independent of the choice of the
representatives S* € 7~1[{S}] N .
Step 1: Vn >0, A(n)( 1) = (Lgl)(ﬂ) = 1. {Re XNIR]: R; = R;¥i <0} is a compact set which carries
P, ¥n > 1. Thus, 3ny 1 0o and a probability pr on {R € SN [R]: R; = R;,Vi < 0} s.t pig™ —— P
Step 2: Let [w], := 0%[wq, Wat1, ... Wp—1, Wy, where a,b € Z and a < b. Let n,m > 0. Observe:
(1) fb<o, ;5(;)( [w] ) =1if R € [w],, and p Py )(]l[y]a) = 0 otherwise.

(2) Ifa <0<, pR (Il[w} ) = Loefuwe,...,wo] (B) -ﬁ(g)(]l[w()w’wb]) (and in particular, this equals 0 if
wy # R).
(3) Assume w = R, w1, ..., wp, then [w], = [w]. If n > b,

ﬁg+m)<1[ﬂ]): Z ePm(S) Z ed)n(g)&a—”—mgi(ﬂ[@)

FpS=R TRQ=S

= Z e¢"" (5) Z 6¢7n (Q) 60'771Qi (]l[w] °© U_m)
FmS=R TRA=S

_ Z 6¢"L(§)]/9\(§)(]]-[Q] oo™™) = ePm(S) (ﬁ(ﬁ") o O'm) (]l[ﬂ])' (4)
S S—R TRE=R

Notice that (4) holds regardless of the choice of S*, Qi.
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Step 3: Letw:(R W,y ey Wp—1,Wp), b>1, 1> 1. Foralln =b+4+1>b:

ﬂ[w _ Z e¢b(s)(7 )(]1@]): Z e‘gb(g)]l@](ﬁ). (5)

FhS=R 5%,5=R

This is a constant sequence for all n > b.° Therefore, since the cylinders (and their shfits) generate the Borel

d I/)\(Enk) weak-* t /\(n) weak-*

sigma algebra, an —> DR, we get tha —> Dr; and the limit is independent of the choice
n—

of St e 77 1[{S} N for a chaln SeXpin (3). In addltlon it follows that, Vn > 0,
Proo™" = e ©ps. (6)
5%5—R
(]

This construction could a-priori depend on the choice of 1; and in the case that ¢ is transient, v may not
be unique. We will later show applications in setups which imply the recurrence of ¢, and thus remove the
need to choose .

Corollary 5.2 (Absolute Continuity). Let ¢ : Y1 — R be a weakly Hélder continuous potential s.t Ps(9) <
oo, where Xy, is an irreducible locally compact one-sided topological Markov shift. Let ¢ be a ¢-harmonic
function on Y. Let {ﬁE}ReiL be the measures constructed in Theorem 5.1. Let [R] C X, let R,R €

S N[R], and let

~

FRT?, {QEZ v; = Ri,Vi§O}—>{y€§]:vizéi,ViSO}

be the holonomy map v — (R; )i<o - (vi)i>0, where - denotes an admissible concatenation. Then fRT?, is a

continuous and invertible map s.t pr o F_ ~ o~ pR

Proof. Let 1 be the ¢- harmomc function which is used in Theorem 5.1, and write qb = ¢+ logy —logy o
or — Pa(¢) and qbn : Zk 0 qﬁ o O‘Z By Lemma 4.7 by the local compactness of EL, the weak Holder

continuity of ¢, implies that ¢ is weakly Holder continuous.
Let [w]q := 0%[wa, Way1, ..., wp—1,wp], where a,b € Z and a < b, and write g := 1, . Let j > 0, and fix an

extension S e 771[{S}] for each S € & s [{R}], where 7 : & — % is the projection to the non-positive
coordinates. Let {pr}s, be the measures constructed in Theorem 5.1. By steps 2 and 3 in Theorem 5.1,

7 Jlifgo Z 918 o—ig:) (9)- (7)
59 5-R

Moreover, by step 3 in Theorem 5.1, this limit is independent of the choice of {Qi’(j )} j>0. Thus, similarly,

Pr(go FEE)_JIHEO Z e S5y e n(o-is+0)(9); (8)

where Vj > 0, VS € 55/ [{R}], 7 (UJTEB (U—Jgi’(ﬂ)) -3
Let C > 0,7 € (0,1) be the Holder constant and Holder exponent of 25, respectively. Vj > 0, VS €
57 {R}], write 8 = 7 (UJI‘ (w‘giv@)) € 55/ [{R}). Write d(R,R) = ¢, n > 1. Then,

:U

ID:H

P (8) _ (ECT im0 v ,85(5)

Write C~'¢, =exp(C -3 15 7*) € (0,00). Then,

Vhe C({ue £:v; = Ry, Vi < 0}), pp(h) = (@) : (ﬁﬂo fgﬁ) (h). 9)

d

5Hawing a consistent explicit formula for the limit measure of shifted cylinders allows us to use it as a definition and apply the
Carathéodory extension theorem; however we choose to present the argument which uses weak-* limits for future computations.
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Remark: The proof of Corollary 5.1 shows something a little stronger than absolute continuity, it shows
that {pr} Res, is a continuous family with a uniform modulus of continuity for the holonomies.

Definition 5.3. Let S be a mazimal irreducible component of i, and let {Z/’\E}ReiL be the family of measures
given by Theorem 5.1, when Pe(¢lg, ) < oo. Define VR € YL, bR = Y(R) - pr, where 1 is the ¢-harmonic
function on Y1 which is fixed in Theorem 5.1.

Corollary 5.4. The family of measures {/’LR}REEL from Definition 5.3 satisfies:

fgpoo~! = —Pa(9) > e¢(s)u§. In addition, {“E}RezL is an absolutely continuous family of measures.

GrRS=R

The invariance follows from Definition 5.3 and from (6). The absolute continuity follows from Corollary
5.2.
Corollary 5.5. When ¢ is recurrent, the family {ﬁE}Ref)L is the unique (up to scaling) continuous family

of measures which satisfies i 0o~ = e~ Pal(®) ZaRgzg e¢(§)ﬁ§,

Pmof Let p and % be version of the (unique up to scaling) ¢-conformal measure and ¢-harmonic function

on X, respectively. Then, fi = [ Birdp(R) is a o-invariant measure on Y. By [Sar01, Theorem 1], the
recurrence ~of ¢ implies that p is conservative and finite on cylinders. Thus, i must be conservative as well.
Fix [R] C ¥, and let [R, R_p42,..., R_1, R] be an admissible cylinder. Then,

AR, Rons2y s R_1, R]) = /,7@([3, Reonioy s Ry, R))dp oc (¢ p)([R, Bonyos s R_1, R)).  (10)

This determines fig for p-a.e R (up to a scaling constant), and since p gives a positive volume to every
cylinder ([Sar99, Sar01]), the continuity of the family {fig} ReS, determines the family uniquely. O

Definition 5.6 (Leaf Measures). Let ¢ be a Grassmann-Hoélder continuous potential, and let . be a mazi-
mal irreducible component of X1, and let R € ¥1,. The corresponding leaf measure is pg := ﬁEO’ﬁ_l, where
IR s as in Definition 5.3.

Theorem 5.7. Let ¢ : RWT, — R be a Grassmann-Hélder continuous potential. Let H, (p) be an ergodic
homoclinic class of a periodic and x-hyperbolic point p. Then there exists a corresponding family of leaf
measures which is p-invariant, and is absolutely continuous, that is,

(1) Leaf measures: VR € $1, pg is carried by T[{v € ¥ : v; = Ry, Vi < 0}] C V*(R).
(2) @-invariance up to a bounded coboundary: VR € ¥y,

pro fTl = Pmw@) . N7 pAnAl T ey

where A : RWT,, — R is bounded and given by Theorem j.4.
(8) Absolute continuity: for any cylinder [R] C X, and for any two chains R, S € ¥, N [R], let

Trs:7{veX: v =R,Vi<0} = 7[{ves:v==5;,Vi<O0}

be the holonomy map along the stable leaves of 7[{v € ¥ : v; = R;, Vi < 0}] (it is well-defined on the
rectangle T[[R]]). Then (N@O I‘ég) (9) = C;H s (g) for every g € C(V*(S)), where Cy > 0 is a
global constant depending only on ¢ (and a fized corresponding harmonic function).

Fiy ) (@) = {lir} ges, s a p-invariant family of leaf measures (see Definition 2.16).

Proof. Let A, ¢ : RWT, — R be given by Theorem 4.4 s.t ¢ = ¢* + A — Ao f~!, where A is bounded and
= oT: S = R is well defined and weakly Holder continuous by the remark after Theorem 4.4; and ¢(R)
depends only on the negative coordinates of R.
Let 3 be a maximal irreducible component of 3 s.t 77[2#] H, (p) modulo all conservative measures (see
Proposition 3.16). Let [R] C X1, and let R, S € [R]N %y
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Since ¢ is bounded, so is ¢. W.Lo.g Ps(¢[5, ) = 0, otherwise replace ¢ by ¢ — P (¢l5, ). By the spectral

decomposition, we may assume w.l.o.g that (i, o) is topologically mixing (see [Sar1l5, Theorem 2.5]). Thus,
by the variational principle see [Sar09, Theorem 4.4] (and the fact that 7|5, is finite-to-one which allows to
lift probabilities while preserving the entropy®), Pa(dls) = Pp, ) (@) < 0.

(1)
pr(F{v € S :v; = Ry, Vi <0})) =fig o7 '(F[{v € & : v; = Ry, Vi < 0}))
>fip({v € ¥ :v; = Ry, Vi < 0}) = fig(1) = pr(1).

So T[{v € S =R, Vi< 0}] C V*(R) has full measure.
(2) By the relation 7 oo = f o7 and Corollary 5.4,

Il
—
=)
=
o
q\
N>
o
3
L
Il
o
b
&
=)
Q
o
)
L
|
ISy
BN
o
=
Q

pgo ™ =figoF o !

For a continuous test function g € C(V*(Q)),

* o~ ~ g~ * ~ g~ _ —1
e’ - nglg) = / e#" T gordliq = / (6"’ g) o 7dfig = (6“’+A Aot ~ug) (9).
Q’Gi: Q'Ei:
Qi=Qj,Vi<0 Qi=Q;,Vi<0

This completes the ¢-invariance up to a bounded coboundary.
(3) Let 'rg : 7[{v € S:iv =R, Vi<0} - 7{veX:v =S5;,Vi <0} be the holonomy map along
the stable leaves of points in #[{v € & : v; = R;,Vi < 0}]. Let Tpg: {v € ¥ :v; = R;,Vi < 0} —
{v e Y= Si, Vi < 0} be a continuous and invertible map s.t v — (S;)i<o - (vi)i>0, where - denotes
an admissible concatenation. Let g € C(V%(S)), and write §:= go7 € C({u € ¥ : v; = Sy, Vi < 0}).
It follows that [z go7 = 7o'z g, and so (ﬂﬁ o r;;s) (g) = (ﬁﬁ o f;,g) @) = ¥(R)- (ﬁﬁ o fgls) )
and ps(g) = ¥(S) - ps(9). By Lemma 4.7, Vary (log 1) < co. Thus, by (9), we are done.
(I

Remark: Absolute continuity implies a local product structure. Other related important properties of
hyperbolic equilibrium states of Hélder continuous potentials are true, such as being Bernoulli up to a period.
This has been proven when dim M = 2 in [?] and for the setup of countable Markov shifts in [Daol3]. Sarig’s
proof extends, as it only uses the fact that the equilibrium state can be coded as an equilibrium state on a
countable Markov shift, of a weakly Holder continuous potential. In [Daol3] Daon relaxes the assumption
on the regularity of the potential to the Walters property.

6. PROOFS OF MAIN RESULTS

6.1. Local Equilibrium States and the Leaf Condition.

Theorem 6.1. Let M be a compact Riemannian manifold without boundary and of dimension d > 2. Fix
X > 0 and € = €, as in Lemma 2.6. Let f € Diff1+B(M), B >0, let x >0, and let ¢ : M — R
be a Grassmann-Hélder continuous potential. Let p be a x-hyperbolic periodic point. Then, there exists a
x-hyperbolic local equilibrium state of ¢ on Hy(p) if and only if the following two conditions hold:

(1)
Z Z e (D=1 Pry ) () = o0,

n>1 fr(q)=q,9€ Hy (p)NA

where Ay is a level set s.tp € N, 42, and

6Every invariant probability measure can be decomposed into its ergodic components, and each component lifts to an
invariant probability measure. Then this lift is N-to-one for some N € N since the cardinality of fibers is an invariant function.
Finite extensions preserve entropy, and entropy is affine.
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(2) there exists a leaf measure p € Fy (p)(p) 5.t
PR
n(RWT ™) >0,

where Fpr, () () is any @-invariant family of measures given by Theorem 5.7.

If a x-hyperbolic local equilibrium state of ¢ exists on Hy (p), then its conditional measures on unstable leaves
are proportional to the members of the p-invariant family of measures; and it is unique.

Proof. The “only if” direction is straightforward: Let u be a x-hyperbolic local equilibrium state of ¢
on H,(p). Let ¥ be a maximal irreducible component which lifts all conservative measures on H, (p)

(see Proposition 3.16). Lift p to an ergodic, o-invariant, probability measure on f), o, stpom ! = pu,
and hp(o) + [ o7mdu = hu(f) + [@du. This is possible by choosing a suitable ergodic component of

J ﬁ >oven, dudp(x), where N, := 7' [{z}] N S#. Let ¢ : ¥ — R be given by Theorem 4.4 and the
remark which follows it, and let {{ir} .5 be given by Definition 5.3.

By the spectral decomposition (see [Sar1l5, Theorem 2.5]), we may assume w.l.o.g that (iL, OR) is topo-
logically mixing. It follows that

/ odp =supf{hy(o / ¢dv : U is an invariant probability measure on E}
=sup{hpor-1(0r) + /gbdz’]o 771 : 7 is an invariant probability measure on i},

where 7 : & — ¥ is the projection onto the non-positive coordinates. Every invariant probability v on S
can be lifted to an invariant probability measure on X, 7, s.t ¥ o7~ = v and h,(6r) = hy(0). So,

hjior-1(0R) + /¢dﬁ o1 ! =sup{hy(o) + / ¢dv : v is an invariant probability measure on 1}.

Therefore, by [BS03], ¢ is recurrent on $1. Thus, by Lemma 4.8, > > e (D=1 Pry ) (#) = o0,

n>1 fr(q)=
qeHy (P)QAL
By [Sar09, Theorem 4.5], fio 7= = 9 - p, where % is the ¢-harmonic function and p is the ¢- conformal
measure, scaled s.t ¢ -p(1) = 1, and 1, p are unique up to a scaling. Then, by (10), fz Hrdp(R). Thus,

p= [ prdp, where {pg} ses, is the p-invariant family of leaf measures as in Theorern .7. In addition, p is

carried by RWTiR since it is an invariant probability measure. This concludes the “only if” direction.

The “if” direction: ¢ is recurrent on ¥ 1 by Lemma 4.8. Let p be a ¢-conformal measure carried by if
and let {us}tg 5, be the ¢-invariant family of leaf measures given by Theorem 5.7. By [Sar01, Theorem 1],
p is ergodic and conservative. Let

W= /3E ) rdp(R).

It follows that y is an ergodic, f-invariant, and conservative measure on H, (p), and that p is finite on Pesin
level sets. This measure is finite if and only if ¢ is positive recurrent. For full details of the proof of these
properties, see [BO, Theorem 6.2]. (In that proof ¢ denotes the geometric potential, but the proof is identical
for general weakly Holder continuous functions).

Notice that p(1) = p(v)), where 1 is the unique (up to scaling) ¢-harmonic function on Y. By [Sar99,
Theorem 8] if hop(0), 00 then p(1) < oo if and only if ¢ - p is an equilibrium state of ¢ on S (and thus p
is a local x-hyperbolic equilibrium state of ¢ on H, (p)).

By assumption 3R € ¥, s.t ,uE(RWTiR) > 0. By [BO, Theorem 6.8], 4 is finite. This concludes the “if”
direction.

The proof shows that the local equilibrium state can always be disintegrated into conditional measures
on unstable leaves, where the conditional measures are {¢ig} s, -

We proceed to show the uniqueness of the x-hyperbolic local equilibrium state, when it exists. We saw
that u = fio7 ! where /i is an equilibrium state for ¢ on ¥. By [BS03], /i is unique and satisfies a variational
principle on 3. It follows that a x-hyperbolic local equilibrium states is unique on H, (p). O
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Remark: If 3p € A st 35 Zf"(Q)=q,q€Hx(p)ﬁAg o#n (D) =P, () (%) = oo, then
Zn21 Zf"(Q):qaqux(P)ﬁA o e D=Puy)(9) = oo, Similarly, if p € A, >3 then p € Ay. Then the

e2
condition in Theorem 6.1(2) can be relaxed so p € A;.

6.2. Ledrappier-Young Property for Hyperbolic Equilibrium States. In the celebrated results of
[LY85a, LY85b], Ledrappier and Young prove a general formula for the entropy of invariant probability mea-
sures of diffeomorphisms in terms of the local dimensions of their conditional measures. One very important
application of their theory, is the characterization of SRB measures as those which satisfy Pesin’s entropy
formula, extending the previous same result of Ledrappier for hyperbolic SRB measures [Led84]. That is, an
ergodic and hyperbolic invariant probability measure, p, which satisfies the following two properties must
have conditional measures on unstable local manifolds which are absolutely continuous w.r.t the induced
Riemannian volume measure: Let () := —log Jac(d, f|gu(z)) : RWT, — R (the geometric potential), then

(1)
erg.
hu(f) + /godu = sup{hu(f) + /godv :visan hyp. prob.}7
f-inv.
where the geometric potential in the integrand is well defined almost everywhere for every hyperbolic
invariant probability measure,
2) sup {h,(f) + [¢dv : v is an erg. hyp. f-inv. prob.} =0,
Note that Pg(¢lg, ) < 0 is always true, because of the Ruelle-Margulis inequality [Rue78]. The fact that
SRB measures satisfy (1),(2) is due to Ledrappier and Strelcyn [LS82]. A different way to write this char-
acterization, is the following: Let p be an ergodic hyperbolic invariant probability measure. Then p is an
SRB measure if and only if,

(1) ¢ is positive recurrent when lifted to an irreducible component YL CSL (see §4.2), where ¢ is given
by Theorem 4.4 applied to ¢(x),
(2) Pa(dls,) =0.
It follows that conditions (1) and (2) above are satisfied < pyw < myw, where pyw is a conditional measure
of u w.r.t a measurable partition of local unstable leaves {V*}, and myw is the induced Riemannian volume
of V* (the conformal measure of the geometric potential ¢ on V*).

In this section, we extend this result by replacing the geometric potential ¢ by a general potential which is
Grassmann-Holder continuous, and by replacing the induced Riemannian volume my« by any ¢-conformal
family. We obtain a new proof different to that of Ledrappier in the hyperbolic case [Led84], and to that of
Ledrappier and Young in the general case [LY85a).

Theorem 6.2. Let M be a compact Riemannian manifold without boundary, and of dimension d > 2.
Let f e Diff'*™?(M), g > 0, let x > 0 and € = ¢, > 0 as in Lemma 2.6. Let ¢ : WIY — R be a
Grassmann-Hélder continuous potential (recall Definition 2.10). Let q be a x-hyperbolic pemodzc point. As-
sume that Hy(q) admits a (unique) x-hyperbolic equilibrium state of ¢, v. For any family of conditional
measures as in Theorem 6.1, fHX(q)(ap), there is a sub-family F' which disintegrates j as in Theorem 6.1,
and for which the following holds: Fix p € F' which is carried by a local unstable leaf V. Assume that
H,(q) admits a @-conformal system of measures C := {mi;,. : W* is a local unstable leaf of Hy(q)}. Then,
p << mi.. In particular, ms,. gives a positive measure to RWTiR.
Proof. Let ¢ : RWT, — R be given by Theorem 4.4. As in the proof of Theorem 5.7, let 3 be a maximal
irreducible component of & s.t #[X#] = H x(g) modulo conservative measures; and write Fp (q)(¢) =
{ur} ReS.-
Denote the lift of v to X by 7. As in the proof of Theorem 6.1, ¢ is positive recurrent on ¥ and
fz Hirdp(R), where p is the unique (up to scaling) ¢-conformal measure on ¥ L. In [Sar99], Sarig

showed that when ¢ is positive recurrent, p is conservative, and is carried by if Set F' := {UR} ges#-
= Lcay

Write i = pg, where R € if Let S € R be a symbol which repeats infinitely often in R.
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Let K € N be N(Ry) - N(S) (see Definition 3.6). This is a bound on the number of sequences in ~# which
code the same point and s.t this point can be coded by a sequence which has Ry repeat infinitely often in
the future and S repeat infinitely often in the past (see [BO18, Theorem 1.3]). Choose n > 1and S,Q € S
st opd = opQ = Rand Sy = Qo = Rp. Let §i,Qi € 3 which return to [Ro] infinitely often in the
future and s.t S’ii = 5;,Vi <0 and Qfﬁ = Q;,Vi < 0. Define z := 7(S%),y := %(Qi),z = %([ﬁi,gi]Ro),
where [S%, QF]r is the Smale bracket of S* and Q% in [Ro]. If V*(S) N V*(Q) # @, then by [BOIS,
Proposition 3.12] z = z = y. - -

Then for each S € 0" [{R}|N[Ro], the number of Q € o ;" [{ R} N[Ro] s.t V*(S)NV*(Q) # @ is bounded
by K. That is,

#{S' € Sp : 8) =Ry, 008" = R, VS )NV(S) # 2} < K.
Define on V*(R) the density function p,, := Za;ﬁ’:E,S{,:R Tyu(gry o f7, then for any n > 1,

0<pn <K, (11)
Let cp, = min{sup{m“";u(R,)(l) : R € [RO]}*I,inf{miu(R,)(l) : R’ € [Ro]}}. This is positive by the
continuity of C, since [Rp] is compact and R’ +— V*(R') is continuous in C*-norm (see Definition 2.15).
Let g € C(V*(R)) s.t g is L-Lipschitz, and ||g|lcc < 1. Write g := go 7, and so ur(g) = fir(9). Let

n—1

- 1

Wp = ; Z ]]'[RO] (e} O’k. (12)
k=0

Notice, |@,| < 1. By Birkhoff’s ergodic theorem, and the absolute continuity of {{ir} .5 W.r.t holonomies
(see Corollary 5.2), for fig-a.e RY, &, (RY) — 7([Ro)), and so G(RF) - &, (RY) — 7([Ro)) - G(RF).
- n o n—oo

Then, by Lebesgue’s dominated convergence theorem,

(G- 5) —— P([Ro)) - tn(3) = P(([Ral) - nals). (13)
Since 7 is Holder continuous, and g is L-Lipschitz, g is Holder continuous as well. Let Hy, > 0,60 € (0,1)
st d(R*,5%) <e™™ = [§(RY) —g(S*)| < Hp-6".
For every n > 1 and S € ¥ s.t 0}S = R, fix STeTst Sii = S; Vi <0. By [BO18, Proposition 4.4],
diamy gy (f " [V(S)]) < de™ 2", (14)
where diamy . g) denotes the diameter w.r.t the induced Riemannian metric on V*(R).

Let W = (Ro, Wh,...,Wys_2, Ry) be an admissible word of length n > 1. We estimate jig([W]): First we
write [W] = 0~ "0"[W]. Next, by Corollary 5.5,

Ar(W]) =fir(c™ """ [W]) = e~ nPa(®) Z e"’"(ﬁ)ﬂg(a"[ﬂ]) — e_"PG(‘j’)JF%(E'ﬂ)AE,E(l),
GRS=R
where - denotes an admissible concatenation. Recall that fig (1) = ¢(R'), where 1 is the unique (up to
scaling) ¢-harmonic function on Xz. Then for Cg, := maxr,{?, P,

ir(W]) = Cﬁol .o~ Pc(®)+én (B W) (15)

Since C is a gp-conformal family, we get that for all n > 1 and for every S € 65" [{R}],

My (VS = / P @ Ddm, ).

We wish to estimate ¢, () on V%(S). For that we need the non-trivial fact that dry(f~*(z), f~(y)) de-

creases exponentially fast in ¢ > 0. This is true since V*(S) is contained in the graph of a function with

a Holder continuous derivative (and d(f~%(z), f~i(y)) < 4e~2?), and the Holder constant and exponent

do not depend on the choice of S € [Ry]. For more details see [BO18, Definition 3.1]. Thus, since ¢

is Grassmann-Holder continuous, we get that 3C, > 0 s.t Va,y € V*(S), sup,>¢ |¢n(z) — @n(y)| < Co.
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Using the fact that V*(S) contains a point with a coding in $#, together with Theorem 4.4, where

p=¢+A— Ao f~! with ||A| s < 00, we get for all n > 1,
mf}u(ﬂ)(f_"[Vu(ﬁ)]) = ot (Cot2[All) gbn(8)—nPry (q)(#) “myasy(l) = (c}f%leCﬁ?HAH)ileaﬁn(ﬁ)—nPcw). (16)
In the last equality we used the fact that Po(¢) = Py (q)(p) (recall (2)).

The last identity we need before the main computation of the proof is the following: for any n > 1,

(Ipg oo™ Ar= Y.,  [rlw. (17)
Wl=n
WOZIWT‘L—1:R0

On the left-hand-side, 1jg,) o 0™ acts as a density for jig, and on the right-hand-side, fig|jw) is the

restriction of the measure to the respective cylinder.

We are now able to use the estimates and identities from (11), (14),(15), (16), and (17) to get Vn > 1,

(2 gisLip,(19) = +4LK e Fmfu )+ S mbu(f VS - g(f " 0 7(S*))
o S=R,So=Ro
(- (16)) =+4LK - 67¥01§; + (Cl_{;ec<‘0+2”’4”)ﬂ:1 Z e®n(8)—n-Pg(¢) .’g\(afn(ﬁi))
opS=R,So=Ro
(0 (15) =£4KL-cpe™ = + (e IACR )= 3" Ar(W])-glo™ (%))
|[W|=n,Wn_1=Ro
(g is Lip, (17)) ==+ 4LKC§; e eC*"””A“cIE;CRO -Hp 0™ + (c}i;ec"ﬂ'g”A”CRO)jEl “Br(Lpy 0 0™ - g).

Write 6y := max{0,e~ 2} € (0,1), Cg, := 4eCV’+2”A”c§;CRO D k>0 0% < 0o. Thus, Vn > 1,

K -m. g (9) = 2LK - Hp - Cro+ Chy - Bin(1igy 0 0™ - 3). (18)
By summing and averaging (18) N times, and by (13) (recall the definition of &y in (12)),

N
1 1 ~ ~ PN - ~
K -mf.p(9) = + Z_jl<pn “mi ) (9) = F 520K - Hy, - Cry + Cy - in(©ng) ——— P([Ro])C, a(9)-

Since Lip(V*(R)) is dense in || - ||o-norm in C(V*(R)), by the Riesz-Kakutani-Markov representation
theorem, g < D([Ro]) ™" - K - Cry - MY p)- O

Remarks:

(1) In fact, the proof shows that not only prp < m‘ﬁu(ﬂ), but that pr = (D([Re])™ - K - Cg,)*" -

Mgyl pro, where ER® = T[{R* € £ : Vi < 0,R = R; and #{j > 0: R} = Ro} = oo}] carries
PR a

(2) In addition, the proof shows that the ¢-conformal family of measures is unique up to equivalence
of the leaf measures, when restricted to sets like Eﬁo; and it works for a p-conformal family where

the transformation law is not exactly e#n Py <P)(“’), but merely up to a multiplicative constant
uniform in n.
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SPECIAL NOTATION
weakly temperable points (Definition 2.4)
recurrently weakly temperable points (Definition 2.4, Definition 2.7)
infinite-to-one Markov extension (Theorem 3.2)

finite-to-one Markov extension (Definition 3.3)
Markov partiton (Definition 3.3)

maximal irreducible component of & (Definition 3.14)
itineraries of orbits in the Markov partition (Definition 3.18)

X, X € {%,%,%,%°} {(zi)i<o : (xi)iez € X}

X# X e{%, %, g} {r € X :3a,b: 2; = a,x_; = b for infinitely many positive i and positive j}
Xf, X e{3%, 2%} {z € X1, : Ja: x_; = a for infinitely many positive i}
OR the right-shift (Definition 3.17)
OR the restriction of the right-shift to 3, (Definition 4.1)
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