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Abstract We compute the Grothendieck group of the category of abelian varieties
over an algebraically closed field k. We also compute the Grothendieck group of
the category of A-isotypic abelian varieties, for any simple abelian variety A, as-
suming k has characteristic 0, and for any elliptic curve A in any characteristic.
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1 Introduction

The purpose of this note is to determine the Grothendieck groups of various cate-
gories of abelian varieties. If C is an exact category, then the Grothendieck group
K0(C ) is the quotient of the free abelian group generated by isomorphism classes
in C modulo the relations [X ]° [Y ]+ [Z ], for any exact sequence 0 ! X ! Y !
Z ! 0 in C .

Let A be the category of abelian varieties over an algebraically closed field k.
The morphisms in A are homomorphisms of abelian varieties. Kernels do not nec-
essarily exist in A , but cokernels do exist, and A is an exact category.

To compute the Grothendieck group K0(A ), it is helpful to consider the simpler
category Ã of abelian varieties up to isogeny. This category has the same objects
as A , and

HomÃ (A,B) = Hom(A,B)≠ZQ,
for A,B 2 Ob(Ã ). The category Ã is semisimple by Poincaré’s complete reducibili-
ity theorem, so that

K0(Ã ) ª=
M
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where the direct sum is over representatives of simple isogeny classes of abelian
varieties. We have a surjective map ∂ : K0(A ) ! K0(Ã ) which sends an abelian va-
riety to its isogeny class. In fact:

Theorem 1 The map ∂ is an isomorphism. In particular, any additive function
Ob(A ) ! G to an abelian group G is an isogeny invariant.

The proof of Theorem 1, which was suggested to us by Julian Rosen, uses a
trick involving non-isotypic abelian varieties to reduce to showing the following
fact: for every finite group scheme G over k of prime order, there is an abelian
variety A over k with an endomorphism whose kernel is isomorphic to G . This fact
is easily proved using the arithmetic of elliptic curves. Thus, the proof of Theorem
1 exploits the fact that certain elliptic curves have extra endomorphisms, and does
not shed much light on the structure of the category A .

For example, one consequence of Theorem 1 is that an abelian variety A and
its dual Â determine the same class in K0(A ). It is then natural to ask whether we
can witness the relation [A] = [Â] in K0(A ), using only short exact sequences that
are intrinsic to A. In other words, we ask for short exact sequences involving only
abelian varieties that can be constructed from A or Â in some natural way, and
that don’t involve auxiliary abelian varieties such as CM elliptic curves. One way to
formalize this question is as follows.

Let A be a simple abelian variety of dimension g . Write CA for the category of
abelian varieties B isogenous to An for some n ∏ 0, with morphisms as usual. We
will write K0(A) for K0(CA), but notice that this group depends only on the isogeny
class of A. One can then ask whether it is true that [A] = [Â] in K0(A). It will follow
from our main result below that the answer is typically no.

Write G(A) for the kernel of the map dim: K0(A) ! Z sending [A] to dim A.
The group G(A) measures the difference between the category CA and its isogeny
category C̃A . We will describe G(A) in terms of the endomorphism algebra D =
End(A)≠Q, assuming k has characteristic 0. So let us assume char k = 0 until fur-
ther notice. Let F be the center of D , and write e = [F :Q] and d 2 = [D : F ]. Also let
F+ be the set of non-zero elements of F which are positive at all the ramified real
places of D . Then our main result is:

Theorem 2 LetQ+ be the group of positive rational numbers under multiplication.
Then there is a canonical isomorphism

deg: G(A) 'Q+
±

NmF /Q
°
F+¢2g /de ,

which, for any two simple A1, A2 2 Ob(CA), sends the class of [A1]° [A2] to the class
of the degree of any isogeny A1 ! A2.

This shows that even though ∂ : K0(A ) ! K0(Ã ) is an isomorphism, the
Grothendieck group of the A-isotypic part of A is very far from isomorphic to the
Grothendieck group of the A-isotypic part of Ã . Indeed:

Corollary 1 The group G(A) is an infinite torsion group.
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Proof The group Q+
±

NmF /Q
°
F+¢2g /de is torsion since every integer has a power

which is a norm from F . If Q+
±

NmF /Q
°
F+¢2g /de is finite, then we must have 2g =

de. By the classification of endomorphism algebras of abelian varieties in charac-
teristic 0, this implies that F is a CM field of degree e > 1. But then NmF /Q(F£) has
infinite index in Q£, which contradicts the assumption that Q+

±
NmF /Q

°
F+¢

is fi-
nite. ut

Duality fits nicely into this picture as well:

Theorem 3 The automorphism [B ] 7! [B̂ ] of K0(A) is inversion on G(A).

Remark 1 Note that duality does not induce inversion on all of K0(A), as the map
[A] 7! °[A] does not preserve dimension.

This lets us exhibit many cases where [A] 6= [Â] in K0(A).

Example 1 If A is an abelian surface with End(A) =Z, then Theorem 2 gives

G(A) 'Q+/Q4
+ '

M

`

Z/4Z,

with the direct sum over all primes `. Suppose A admits an isogeny A0 ! A of de-
gree ` from a principally polarized surface A0; in particular A0 ' Â0. Then [A] = [Â]
in K0(A) if and only if [A0]° [A] = [A0]° [Â] in G(A). By Theorem 3, this would
mean that the class of [A0] ° [A] in G(A) is its own inverse. But the inverse of
deg([A0]° [A]) = ` in Q+

±
Q4
+ is `3 and not `, so we must have [A] 6= [Â] in K0(A).

On the other hand, Theorem 3 immediately yields the following positive result,
giving a canonical class in degree two in K0(A):

Theorem 4 If A1, A2 2 Ob(CA) are simple, then [A1]+[Â1] = [A2]+[Â2] in K0(A). In
other words, the class [A]+ [Â] is independent of the choice of A in its isogeny class.

Theorem 2 and Corollary 1 can fail quite dramatically in characteristic p. The
next two results show that G(A) need not be infinite nor torsion in positive char-
acteristic.

Theorem 5 Suppose char k = p > 0 and let A be a supersingular elliptic curve. Then
G(A) = 0. In particular, K0(A) 'Z.

Theorem 6 Suppose char k = p > 0 and let A be an elliptic curve with End(A) =Z.
Then G(A) contains an element of infinite order.

For general A in characteristic p, determining the structure of G(A) is some-
what subtle, and we hope to return to this question in future work. It would also be
interesting to compute the groups G(A) when k is a finite field. The answer should
be related to Milne’s computation [8] of the size of the Ext group of two abelian
varieties over a finite field. When A is an elliptic curve over a finite field, one can
presumably deduce the answer from the results of the recent paper [5].

The plan for the rest of the note is as follows. In Section 2, we produce certain
relations in Grothendieck groups of abelian varieties. In Section 3, we prove The-
orem 1. In Section 4, we define the map deg in Theorem 2. In Section 5, we prove
that deg is an isomorphism in characteristic 0. In Section 6, we determine G(E) for
any elliptic curve E , in any characteristic.
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2 Relations in the Grothendieck group

Recall k is an algebraically closed field and A is the category of abelian varieties
over k. We will assume basic facts about commutative group schemes over alge-
braically closed fields, such as can be found in [10].

The first result is elementary:

Lemma 1 Suppose A and B are abelian varieties, each containing an embedding
of a finite group scheme G. Let C be the quotient of A £B by a diagonal copy of
G Ω A£B. Then there are exact sequences

0 ! A !C ! B/G ! 0,

0 ! B !C ! A/G ! 0.

In particular, there is the relation

[A]° [A/G] = [B ]° [B/G]

in K0(A ).

Now fix an abelian variety A, not necessarily simple. Recall from the introduc-
tion the category CA of abelian varieties isogenous to An for some n, and let K0(A)
be the Grothendieck group K0(CA).

Lemma 2 Suppose º1 : A ! A1 and º2 : A ! A2 are isogenies and suppose that
kerº1 \kerº2 = 0. Then

[A] = [A1]+ [A2]° [A3],

in K0(A), where A3 is the quotient A/(kerº1 +kerº2).

Proof Let º̃1 : A2 ! A3 and º̃2 : A1 ! A3 be the natural quotient maps, satisfying

ker º̃1 =º1(kerº2) and ker º̃2 =º2(kerº1).

We have the commutative diagram:

A1

º̃2

!!
A

º1

>>

º2   

A3

A2.
º̃1

==

(1)

Since kerº1\kerº2 = 0, we have kerº2 ' ker º̃2. Now apply Lemma 1 to A, B = A1,
and G = kerº2. This gives short exact sequences

0 ! A !C ! A3 ! 0

0 ! A1 !C ! A2 ! 0,

with C in CA , so we conclude that [A]+ [A3] = [A1]+ [A2] in K0(A). ut
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Theorem 7 Let º1 : A ! A0 and º2 : B ! B 0 be isogenies in CA. If kerº1 and kerº2
have the same Jordan-Hölder factors (with multiplicity), then [A]° [A0] = [B ]° [B 0]
in K0(A).

Proof We factor º1 and º2 into isogenies whose kernels are the Jordan-Hölder fac-
tors and then apply Lemma 1. ut

Corollary 2 If º1 : A ! A1 and º2 : A ! A2 are isogenies of degree n, and n is in-
vertible in k, then [A1] = [A2] in K0(A).

Proof Since n is invertible in k, the Jordan-Hölder factors of kerº1 and kerº2 are
of the form Z/`Z, for primes ` not equal to the characteristic of k. As kerº1 and
kerº2 have the same rank, they must have the same Jordan-Hölder factors as well,
and so [A1] = [A2] by Theorem 7. ut

3 The Grothendieck group K
0

(A )

We compute the group K0(A ), where A the category of abelian varieties over k.

Theorem 8 There is an isomorphism K0(A ) ª=
L

AZ[A], where the sum is over rep-
resentatives A of simple isogeny classes of abelian varieties.

Proof By Poincaré’s complete reducibility theorem, it is enough to show that if
¡ : A ! A0 is an isogeny of abelian varieties, then [A] = [A0] in K0(A ). Set p = chark.
As k is algebraically closed, each Jordan-Hölder factor of ker¡ is of the form Z/`Z
for some prime `, µp , or Æp (if p 6= 0) [10, §I.2]. We therefore reduce to the case
where ¡ is an `-isogeny for some prime ` (possibly equal to p).

By Lemma 1, it suffices to find, for every prime ` and for every group scheme
G of order `, an abelian variety A and an endomorphism f 2 End(A) such that
ker f ' G . In fact, we will take A to be an elliptic curve E . If ` 6= p, then G ' Z/`Z,
and we may take E such that End(E) contains the quadratic ringZ[

p
°`]. Such an E

exists over any algebraically closed field k, by the theory of complex multiplication.
If `= p, then there are three group schemes G to consider, but for all three we

will take E with j -invariant lying in Fp . In this case, the Frobenius morphism

F : E ! E (p) ' E

is an endomorphism. If E is supersingular, then kerF ' Æp , while if E is ordinary,
then kerF ' µp and ker F̂ ' Z/pZ. So it is enough to show that there are both su-
persingular and ordinary j -invariants in Fp , for all primes p.

The number of supersingular elliptic curves over Fp is related to a certain class
number by a result of Deuring [2], and is always non-zero [1, Thm. 14.18]. On the
other hand, the number of supersingular j -invariants over F̄p is less than p/12+2,
and is equal to 1 for p = 2 [12, Thm. 4.1]. Since there are p total j -invariants in Fp ,
it follows that there is at least one ordinary j -invariant in Fp , for every p. ut

Corollary 3 Any additive function Ob(A ) !G to an abelian group G is an isogeny
invariant.
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Corollary 3 can be used to show that certain functions are not additive:

Example 2 If k = Q̄, then the stable Faltings height is additive under taking prod-
ucts of abelian varieties. If it were additive under short exact sequences, then it
would be an isogeny invariant, by Corollary 3. But it is easy to see from Faltings’
isogeny formula [3, Lem. 5] that the height sometimes changes under isogeny.

4 Simple isogeny classes

Now let Ã be an isogeny class of simple abelian varieties of dimension g . Since k
is algebraically closed, we may choose A 2 Ã admitting a principal polarization [9,
Cor. p. 234], so that A ' Â. Our ultimate goal is to compute the Grothendieck group
K0(A) of the category CA , in terms of the division algebra D := End(A)≠ZQ and the
map deg : D£ !Q+ extending the degree map End(A) !Z.

Note that the group K0(A) depends only on Ã and not A itself. The same is true
for the division algebra D . For if f : A0 ! A is an isogeny, then there exists g : A ! A0

such that g ± f = [n] for some n 2 Z. The map h 7! 1
n f ±h ± g then gives a degree-

preserving isomorphism End(A0)≠ZQ' D ofQ-algebras. Via this isomorphism, we
may consider End(A0) as a subring of D .

Lemma 3 If f : A1 ! A2 is an isogeny in Ã of degree n, such that n is invertible in k
and n = deg(Ø) for some Ø 2 D£, then [A1] = [A2] in K0(A).

Proof Write Ø= ab°1 with a,b 2 End(A1)\End(A2), and with deg(a) invertible in
k. Here we are thinking of End(A1) and End(A2) as embedded in D , as above. Then
the composition

A1
f°! A2

b°! A2

has the same degree as a : A1 ! A1. By Corollary 2, [A1] = [A2]. ut

We write deg(D) for the submonoid deg(D£)\Z of the monoid Z+ of positive
integers under multiplication. Note that Z+

±
deg(D) is a group.

Remark 2 There may be elements of deg(D) which are not of the form deg(Æ) for
some Æ 2 End(A).

Lemma 4 Suppose f : An ! An is an isogeny. Then deg( f ) 2 deg(D).

Proof The isogeny f can be thought of as an element M 2 GLn(D). If D is commu-
tative then one has the formula

deg( f ) = deg(det M).

In the general case, there is no well behaved determinant map GLn(D) ! D£. In-
stead, we have

deg( f ) = (NmF /Q ±Nrdn(M))2g /de ,
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where F is the center of D , d = [F :Q], e2 = [D : F ], and Nrdn : GLn(D) ! F£ is the
reduced norm; see [9, §19]. On the other hand, for g 2 D , we have

deg(g ) = (NmF /Q ±Nrd(g ))2g /de ,

where Nrd : D£ ! F£ is the reduced norm. The lemma then follows from
Dieudonné’s result [4, Cor. 2.8.10] that Nrdn(GLn(D)) = Nrd(D£). ut

Lemma 5 Let B 2 CA and let f : An ! B be an isogeny. Then the class of deg( f ) in
Z+

±
deg(D) is independent of the choice of f .

Proof Let ¡L : B ! B̂ be a polarization on B . Then

deg(¡ f §L) = deg( f̂ ¡L f ) = deg( f )2 deg(¡L).

The isogeny ¡ f §L : An ! Ân ª= An has degree in deg(D) by Lemma 4. Hence

deg( f )2 deg(¡L) = 1 2Z+
±

deg(D). (2)

If g : An ! B is another isogeny, then the composite map

h : An f°! B
¡L°! B̂

ĝ°! Ân √°! An

also has degree in deg(D). Here,√ is any principal polarization. So modulo deg(D),
we have

1 = deg( f )deg(ĝ )deg(¡L) = deg( f )deg(g )deg(g )°2 = deg( f )/deg(g ),

and therefore deg( f ) = deg(g ) in Z+
±

deg(D). ut

Definition 1 If B 2 CA , then the class of deg( f ) in Z+
±

deg(D), for any isogeny f :
An ! B , is denoted distA(B) and is called the distance of B from A.

Lemma 6 If B 2CA, then distA(B̂) = distA(B)°1.

Proof From the sequence

An °! B
¡L°! B̂ ,

we obtain distA(B̂) = distA(B)deg(¡L), which is equal to distA(B)°1, by (2). ut

Lemma 7 Let B 2 CA and let g : B ! An be an isogeny. Then the class of deg(g ) in
Z+

±
deg(D) is independent of the choice of g and is equal to distA(B)°1.

Proof We have deg(g ) = deg(ĝ ), with ĝ : Ân ! B̂ the dual isogeny. Since Ân ª= An ,
the class of deg(g ) in Z+

±
deg(D) is independent of g and equal to distA(B̂). Now

use the previous lemma. ut

Definition 2 If B 2 CA , then the class of deg( f ) in Z+
±

deg(D), for any isogeny f :
B ! An , is denoted degA(B).

Remark 3 We have degA(B) = distA(B)°1 in Z+
±

deg(D). Context dictates which
invariant is most convenient to use.
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Remark 4 The map degA : Ob(CA) !Z+
±

deg(D) depends on the choice of A. But
note that if f : B1 ! B2 is an isogeny in CA , then

degA(B1)

degA(B2)

is equal to the class of deg( f ) 2Z+
±

deg(D) and hence is independent of the choice
of A. In particular, we deduce:

Corollary 4 If B 2CA and Æ 2 End(B) is any isogeny, then deg(Æ) 2 deg(D).

5 Determination of G(A) in characteristic 0

Now we connect the notion of degree with the Grothendieck group.

Proposition 1 The function degA : Ob(CA) !Z+
±

deg(D) is additive.

Proof Let

0 ! B1
j°! B

º°! B2 ! 0

be an exact sequence in CA . Let ¡M : B̂1 ! B1 and ¡L : B ! B̂ be polarizations and
define h : B ! B1 £B2 to be the map ¡M ĵ¡L £º. From the sequence of isogenies

B
h°! B1 £B2 °! An1 £ An2 ª= An ,

we conclude

degA(B) = degA(B1)degA(B2)deg(h) 2Z+
±

deg(D).

So it suffices to show that deg(h) is in deg(D). For this, note that kerh is iso-
morphic to the kernel of the isogeny ¡M ĵ¡L j 2 End(B1). Then by Corollary 4,
deg(h) 2 deg(D). ut

We therefore have a homomorphism degA : K0(A) !Z+
±

deg(D). By Remark 4,
the restriction of degA to the dimension 0 subgroup G(A) Ω K0(A) is independent
of A, so we write

deg : G(A) !Z+
±

deg(D).

This homomorphism is surjective, since for every positive integer n, we can find
an isogeny A1 ! A2 in Ã of degree n, so that the class [A1]° [A2] 2G(A) has degree
n. In fact, in characteristic 0, the degree homomorphism is injective as well:

Theorem 9 Suppose char k = 0. Then the degree map deg : G(A) ! Z+
±

deg(D) is
an isomorphism.
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Proof We write An for any An 2 Ã such that distA(An) = n. The class [An] 2 K0(A)
is independent of the choice of An by Corollary 2. For any m,n 2Z+, we have

[Anm]° [An] = [Am]° [A]. (3)

This follows from Theorem 7, since in characteristic 0 the Jordan-Hölder factors of
a finite group scheme are determined by its rank.

Note that K0(A) is generated by classes [A0] of simple A0 2 Ob(CA). Thus, any
Ø 2G(A), can be written as

Ø=
rX

i=1

°
[Ani ]° [Ami ]

¢
= [AQr

i ni ]+ (r °1)[A]° [AQr
i mi ]° (r °1)[A] = [A0]° [A00],

for certain A0, A00 2 Ã . If Ø is also in the kernel of the degree map G(A) !
Z+

±
deg(D), then

degA(A0)/degA(A00) 2 deg(D).

Equivalently, there is an isogeny f : A0 ! A00 of degree deg(Æ) for some Æ 2 D . By
Lemma 3, [A0] = [A00] and hence Ø = 0. This shows that G(A) ! Z+

±
deg(D) is in-

jective, and hence an isomorphism. ut

As a corollary, we obtain Theorem 3:

Corollary 5 The additive function B 7! B̂ induces the inversion homomorphism on
G(A).

Proof Since degA(B̂) = degA(B)°1, by Lemma 6 and Remark 3. ut

The following proposition gives a concrete description of Z+
±

deg(D).

Proposition 2 Let A be a simple abelian variety of dimension g and D = End(A)≠Q
its endomorphism algebra, with center Z (D) = F . Write e = [F :Q] and d 2 = [D : F ].
Then

Z+
±

deg(D) 'Q+
±

NmF /Q(F+)2g /de ,

where F+ is the set of non-zero elements of F which are positive at all the ramified
real places of D.

Proof We have seen already that deg : D£ ! Q+ is given by the map
(NmF /Q ±Nrd)2g /de . But the Hasse-Schilling-Maass theorem [11, Thm 33.15] states
that the reduced norm on D surjects onto F+. ut

Theorem 2 now follows from Theorem 9 and Proposition 2.
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6 The case dim A = 1

In this section we determine G(E), for any elliptic curve E over any algebraically
closed field k, of any characteristic. The characteristic 0 cases can be read off from
Theorem 2:

Theorem 10 Suppose k has characteristic 0 and E/k is an elliptic curve with endo-
morphism algebra D. Then the degree map induces an isomorphism

G(E) '
(
Q+/Q2

+ if D =Q,

Q+/NmK /Q(K £) if D = K is imaginary quadratic.

In the case D =Q, we have the concrete description Q+/Q2
+
ª=

L
`Z/2Z, where

the sum is over all primes `. We can make the group structure of G(E) more explicit
in the CM case D = K as well:

Proposition 3 If K is imaginary quadratic over Q, then

Q+/NmK /Q(K £) 'C /C 2 ©
M

` inert
Z/2Z,

where C = Pic(OK ) is the class group of K and the sum is over primes ` which are
inert in K .

Proof If ` = Nm(Æ) for some Æ 2 K £, then ` is not inert in K and (Æ) = laā°1 for
some ideal a of OK and some prime l above `. It follows that [l] is a square in C . We
therefore get a well defined map

Q+/NmK /Q(K £) °!C /C 2 ©
M

` inert
Z/2

by sending an inert prime ` to the generator of Z/2Z in the `th slot, and sending
a non-inert prime ` to the class of [l] in C /C 2, where l is any prime above `. This
map is clearly surjective, and to prove injectivity, we need to show that if [l] is a
square in C , then ` is a norm. If [l] is a square, then l = (Æ)a2 = (Ø)aā°1 for some
ideal a, so we see that Nm(Ø) = `. ut

Now suppose k has characteristic p > 0. There are three cases to consider, de-
pending on the dimension of D = End(E)≠Q over Q.

Theorem 11 If E is supersingular, then G(E) = 0.

Proof The isogeny class of E is the set of supersingular elliptic curves over k. It
is therefore enough to show that [E 0] = [E ] in K0(E) for all, supersingular elliptic
curves E 0. By [7, Cor. 77], we may choose a prime number ` 6= p such that there
exist `-isogenies E ! E and E ! E 0. Then [E 0] = [E ] in K0(E) by Corollary 2. ut

Theorem 12 If D is isomorphic to an imaginary quadratic field K , then the degree
map induces an isomorphism G(E) 'Q+/NmK /Q(K £).
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Proof Let E 0 be an elliptic curve isogenous to E . By a result of Deuring [2, p. 263],
the rings End(E) and End(E 0) have index prime to p in OK and p is split in OK .
Thus, by [6, Prop. 40], the rank two quadratic form deg: Hom(E ,E 0) ! Z, has dis-
criminant prime to p. It follows that there is an isogeny E ! E 0 of degree prime to
p. We may then write [E 0] = [En] for some n 2 Z prime to p, and where En is the
class of any elliptic curve isogenous to E with distE (E 0) = n (this is well-defined by
Corollary 2).

As in the proof of Theorem 9, we conclude that any Ø 2 G(E) has the form
[En]° [Em] with n and m prime to p. If Ø is also in the kernel of the degree map,
then deg(Ø) is the class of n/m and lies in deg(D). By Lemma 3, we have [En] = [Em]
and Ø = 0. Thus, the degree map is injective and hence an isomorphism onto
Q+/NmK /Q(K £). ut

Theorem 13 If D = Q, then G(E) is isomorphic to a subgroup of index 2 in
Z

L
Q+

±
Q2
+. In particular, G(E) is not a torsion group.

Proof We define an additive map degp,E : Ob(CE ) !Z as follows. For any isogeny
f : B ! B 0 in CE , let e( f ) denote the number of Jordan-Hölder factors of ker f iso-
morphic to Z/pZ, let c( f ) denote the number of factors isomorphic to µp , and let
degp ( f ) = e( f )° c( f ). For B 2 Ob(CE ), we define degp,E (B) = degp ( f ), where f is
any isogeny f : B ! E n . To check that this is well-defined we use:

Lemma 8 If f : E n ! E n is an isogeny, then degp ( f ) = 0.

Proof The case n = 1 is clear since then f 2 Z and E [p] ' Z/pZ©µp . For n > 1,
we may think of f as a matrix M 2 Matn(Z). We may assume M is in Smith normal
form, at the cost of choosing a new product decomposition for E n . Then ker f is
the direct sum of kernels of endomorphisms of E and the lemma follows from the
case n = 1. ut

Now suppose f 0 : B ! E n is another isogeny. If we let g 0 : E n ! B be such that
f 0g 0 = [deg f 0]E n , then degp ( f 0)+degp (g 0) = 0 and

degp ( f )°degp ( f 0) = degp ( f )+degp (g 0) = degp ( f g 0) = 0,

by the lemma. So degp,E (B) is well-defined. We also conclude that degp ( f ) = 0 for
any f 2 End(B), just as in Corollary 4.

One now checks that degp,E is additive, exactly as in Proposition 1. We there-
fore get an induced map K0(E) ! Z which depends on E . But the restriction to
G(E) gives a canonical map degp : G(E) !Z sending [E 0]° [E 00] to degp ( f ), where
f : E 0 ! E 00 is any isogeny.

For any isogeny f , we write deg`( f ) for the prime-to-p part of deg( f ). Now
consider the composite map

tot : G(E)
(degp ,deg)

°! Z©Q+
±
Q2
+ °!Z©Hp

where Hp ' L
6̀=p Z/2Z is the prime-to-p part of Q+

±
Q2
+, and the map Q+

±
Q2
+ !

Hp is the canonical surjection. Then

tot([E1]° [E2]) = (degp ( f ),deg`( f ))
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for any isogeny f : E1 ! E2. It follows that tot is surjective, and we will show that it
is injective as well.

For every (a,n) 2 Z©Z+ with n prime to p, we let Ea,n be any elliptic curve
admitting an isogeny f : E ! Ea,n such that degp ( f ) = a and deg`( f ) = n. Then the
class of [Ea,n] in K0(E) is independent of the choice of Ea,n . Indeed, the isogeny
f : E ! Ea,n can be factored as

E °! Ea
g°! Ea,n ,

where g is an n-isogeny, and Ea is the unique étale (resp. connected) quotient of
E of degree pa if a ∏ 0 (resp. a ∑ 0). Thus the class of [Ea,n] is uniquely determined
by Corollary 2.

Using Lemma 2, we obtain the following relations in K0(E), for any integers a
and b, and any positive integers n and m coprime to p:

[Ea,n] = [Ea,1]+ [E0,n]° [E ]

[Ea+b,1] = [Ea,1]+ [Eb,1]° [E ]

[E0,nm] = [E0,n]+ [E0,m]° [E ].

It follows that any Ø 2G(E) can be written as

Ø= [Ea,1]° [Eb,1]+ [E0,n]° [E0,m]

for integers a and b, and positive integers n and m. If tot(Ø) = 0, then we must
have a = b and n = md 2 for some rational number d . By Lemma 3, we must have
[E0,n] = [E0,m], and so Ø= 0. Thus, tot is an injection, and hence an isomorphism.
Since Z©Hp embeds in Z©Q+

±
Q2
+ with index 2, Theorem 13 is proved. ut

Remark 5 An example of a non-torsion class in G(E) is [E ]° [E (p)], where E (p) is
the Frobenius-transform of E , i.e. the elliptic curve with j -invariant j (E)p .
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