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Abstract

Our goal in this paper is to construct optimal topological generators for compact
unitary Lie groups, extending the works of [Sar15b, PS18] on golden and super-golden
gates to higher dimensions. To do so we state and prove a variant of the Sarnak—Xue
Density Hypotheses [Sar90, SX91] in the weight aspect for definite projective unitary
groups.
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1 Introduction

In [Sar15b,PS18], motivated by applications to quantum computation, the notions of golden
gate sets and super-golden gate sets for PU (2) were introduced. These are topological
generating sets which possess optimal covering properties as well as an efficient algorithm
for navigation and approximation (see the definition below). In [PS18] and [EP18], golden
and super-golden gate sets were constructed for PU (2) and PU (3), respectively. The main
goal of this paper is to construct golden and super-golden gate sets on PU (2b) for b =2,3.

We begin by defining the notions of golden and super-golden gate sets for a general
compact Lie group. Let L be a compact Lie group equipped with a probability Haar
measure p = pr, and a bi-invariant metric d = dr. Fore >0,z € Land X C L, let B (z,¢)
be the ball around z of volume €, and let B (X,¢) := ,cx B (z,¢). For S C L and ¢ € N,
let S C L (resp. S ONe L) be the set of words with shortest representation of length at
most (resp. precisely) £ in S, and let (S) (resp. (S),,) be the group (resp. semigroup)
generated by S.

Definition 1.1. A finite subset S C L (resp. also generated by elements of finite order)
is said to be a Golden Gate Set (resp. Super Golden Gate Set) if it satisfies the following
conditions:

(1) Covering: The covering rate of S in L is optimal up to a polylogarithmic factor;
namely, there exists a fixed ¢ > 1, such that

(2) Growth: The size of S() grows exponentially in £.

(3) Navigation: There is an efficient algorithm such that, given g € (S),, C L, the

algorithm writes g as a word of shortest possible length in S.
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(4) Approximation: There exists N > 1 and a (heuristic, randomized) efficient algorithm
such that given g € L, € > 0, and ¢ satisfying B (g, £)NS®) # @, the algorithm outputs
an element from B (g,¢) N SEN).

For the motivation behind this definition and its connection to quantum computation,
we refer the interested reader to [Sarl5b, PS18]—see in particular §4.2.2 for details on the
analogy to [PS18]. Following our main interest in quantum computation, in this paper,
we shall only concern ourselves with the case where the compact Lie group is the group of
unitary or projective unitary 2° x 2° matrices:

U@2°):={g€GLy (C) | g*g =1} , PUE2Y):=U2"/{c I|ceU1)}.



Following [Sar15b, PS18, EP18], our constructions of golden and super-golden gate sets
for PU(n) come from certain arithmetic groups of unitary matrices that we call “golden
adelic groups”:

Theorem 1.2. Let n = 2° = 4,8 and K’ be a golden adelic group of a rank-n, definite
arithmetic unitary group that is golden (resp. super-golden) at some prime p as in Definition
4.1. Then there is a corresponding set Sy of golden (resp. super-golden) gates of PU(n).

By finding an explicit example of a golden adelic group for n = 4:

Theorem 1.3. Define the following Hermitian positive definite 4 x 4 matriz,

B I, A V=3 1 1
H_2'<—A 12>’ A= 3 '(1 —1>’

and let B € GL4 (C) be such that H = B*B. For any prime p # 2,3, denote

- - * = ,- =
Sp:—{g€M4<Z[1\/73]> (g Hg=p - H g=1 mod2}

2 g s not a scalar matric

2

, P p=1 mod 3
where p =
P p=2 mod 3

Then the set, S}, = {BgB_1 |g € Sp}, is a golden gate set of PU (4).

The paper [MSG12] provides examples of golden adelic groups for n = 2° = 8 and shows
that no such exist for larger n. We leave to later work both the determination of the p at
which these groups are golden or super-golden and the computations of the resulting gate
sets.

The key property of golden adelic groups we use is that they determine lattices acting
simply transitively on Gj-orbits in a Bruhat-Tits building. For example:

Theorem 1.4. In the notations of Theorem 1.3, let A, be the group generated by S, in
PU (4). Then Ay is a p-arithmetic subgroup and for p # 2 and A, acts simply transitively
on the Gp-orbit of a hyperspecial vertex of the corresponding Bruhat-Tits building.

Theorem 1.4, combined with the Ross-Selinger algorithm [RS15] (see Subsection 4.3),
yields gate sets for PU(4) that satisfy the properties of growth, navigation and approxi-
mation (Theorem 4.13). The optimal covering property would follow if we could prove the
naive Ramanujan conjecture for the underlying algebraic group of A, (this was the method
of proof used in [PS18, EP18]). However, one can construct counterexamples for the naive
Ramanujan conjecture for n > 4 (see Theorem 1.4 in [LSV05]).

To overcome this obstacle, we proceed according to the strategy suggested in [PS18§]
of replacing the naive Ramanujan conjecture with a variant of the Sarnak-Xue Density
Hypothesis ([Sar90,SX91]) in the weight aspect. We consider certain automorphic families
F: weighted subsets of the discrete automorphic spectrum AR gisc(G) defined by assigning
numbers F(7) to each m. We also consider for any representation m, of G,, the matrix
coefficient decay

o(my) :=inf{p : p > 2, 7, has matrix coefficients in L”(G,) mod center}.

Then:



Theorem 1.5. Let G be a definite, F-algebraic unitary group for some number field F' and
let v be a prime such that G(F,) is not compact. For the automorphic families Fs for small
6 > 0 defined in §7 roughly representing the decomposition over the automorphic spectrum
of the indicator function of a ball of volume § in G, denote

Fol = D Fs(m), Fslov) = ) Fs(m).
7TE-A7?»disc(G) We"%Rd)iSC(G)
O(Ty ZU

Then, for any € > 0, there exist cc > 0 such that for any o > 2 and small enough J:
2_ _2_
[Fs(0,0)] < ce| Fol 7| Fa(o0, 0) 1777
(where we note that both numbers under the exponents are < 1).

Theorem 1.5 is proven through the heavy use of recent advances in the Langlands
program, especially Arthur’s work on the endoscopic classification of automorphic repre-
sentations of classical groups.

This paper is organized as follows: In Sections 2 and 3, we collect some basic facts
about arithmetic unitary groups and Bruhat-Tits buildings while pointing out specific de-
tails particularly important to this application. In Section 4, we define the notions of golden
and super-golden adelic groups and show how they give rise to gate sets that satisfy the
last three properties of Definition 1.1. In Section 5, we review material about automorphic
representations of general reductive groups, the Generalized Ramanujan Conjectures, en-
doscopic classifications, automorphic families, and the Sarnak-Xue density hypothesis. We
also make a key definition of the shape of an automorphic representation m. In Section
6, we relate the shape of m to the local matrix coefficient decay o(m,) at finite places v.
We combine this with a bound on counts of m with a given shape to prove Theorem 1.5 in
Section 7. Finally, in Section 8, we use Therorem 1.5 to prove that gate sets coming from
golden adelic groups satisfy the optimal covering property, thus proving Theorem 1.3.

Acknowledgments

We would like to thank Yiannis Sakellaridis for pointing out the importance of Kirilov’s
orbit method, Alexander Hazeltine and Alberto Minguez for help with §6, and Mathilde
Gerbelli-Gauthier for help with §7. We would also like to thank David Schwein and Jiandi
Zou for helpful conversations.

2 Arithmetic unitary groups

In this section, we collect some facts about arithmetic unitary groups and their class number.

Let F be a totally real number field and let O be its ring of integers. Let V be the set of
places of F' and let V; and oo be the subsets of finite and infinite places, respectively. For
any p € V, let F}, be the p-completion of I and, if p € V}, let O, be the ring of integers of
F, and ¢, be the residue degree of F,. For any S C V, let O[1/S] = Fﬂpevf\s Oy be the
ring of S-integers of F. When S = {p} | Voo, we abbreviate O [1/p] = O [1/95], called the
ring of p-integers of F'. Note that for S = V,, we have O [1/S] = O, the ring of integers of
F.

Let E be a totally imaginary quadratic extension of F' and let Of be its ring of integers.
Let 3 < n € N and let H € GL,, (F) be a non-degenerate, Hermitian, totally positive-
definite matrix. Assume for simplicity that H € M, (Og) and that ged (H;;) € Oj. Denote



by UEH the unitary group scheme over O with respect to E and H defined for any O-
algebra A by
UM (A)={9€GL,(A®0 Og) : g"Hg=H}.

Define the special unitary and projective unitary group schemes SUEH and PUEH over
O with respect to F and H by:

SUPH = {ge UM - det(9) =1},  PUPH =UPUf,

where UF (A) = {z € (A®p Op)™ : Tz = 1} is identified with the scalar matrices of Ut
Finally, define

GU,={9€GL,(A®0OF) : g*Hg=aH,a € (A®p O)*}.

We have equalities on points PU,(R) = U,(R)/U;(R) and PU,(S) = GU,(S)/(S ®o
Op)* for local and global fields S. However, this does not hold for general O-algebras.

Remark 2.1. In our final construction, we will exclusively use UPH since it is the only
case where we have access to the endoscopic classification and can prove optimal covering.
However, the endoscopic classification is expected to be true for the other groups as well and
these may be better suited to the construction of super-golden gates at non-split primes.
We therefore present a more comprehensive overview for future-proofing.

2.1 Basic Structure

Let G be either Uf’H, suPt, pulbt or GUEH. For any v € V, denote G, := G (Fy),
and for any p € Vy, denote K, := G (Oy) and I'y := G (O[1/p]). Call I'y the principal p-
arithmetic subgroup of G; any finite index subgroup of it is called a p-arithmetic subgroup.
Denote G = [[ ey, Gv and K := G (0O). Call K the principal arithmetic subgroup of G;
any finite index subgroup of it is called an arithmetic subgroup.

Lemma 2.2. The following hold for G # GUPH .
(1) Any arithmetic subgroup of G is finite.
(2) Any p-arithmetic subgroup of G is a cocompact lattice of Gy.
(3) Any p-arithmetic subgroup of G is a dense subgroup of G .

Proof. First note that, since H is totally positive-definite, we get that for any v € V,
G, = U (n), SU (n) or PU (n), the unitary, special unitary, or projective unitary compact
Lie groups; hence, G is a compact Lie group. By Borel-Harish-Chandra theory [BHC62],
we get that any finite arithmetic subgroup of G is a cocompact lattice of Go, and any
p-arithmetic subgroup of G is a cocompact lattice of G, X Gy.

Claim 1 follows from the fact that a discrete subgroup of a compact group is finite.
Claim 2 follows from the fact that the projection of a cocompact lattice of G x Gy onto
the second component remains a cocompact lattice of G} (since G is compact). Claim 3
follows from the fact that, since rankg, (Gy) > § — 1 > 0 (since n > 3), Gy is non-compact
and therefore projecting a cocompact lattice of G, X Gy to the first component is dense. [

Let A := H;ev F, be the ring of adeles of F, let 0= H%evf Oy, let Foo = [[,ev, Fos
and consider F' embedded diagonally in A. Then A is a locally compact ring, I’ (embedded
diagonally) is a discrete subring, O and F», O (embedded coordinate-wise) are compact and
open subrings, respectively, and A = F' - Foo@.



Lemma 2.3. Let E be of class number one. Then

Uf (&) =UF (F)- [] UF (&) [] UF (00).
VEVoo LEVy

Proof. Let x = (x,) € UF (A), i.e. Tyw, = 1 for any v and 2y € U (Oy) for almost all
finite places £. Note that if £ is non-split in E, then U¥ (Fy) = UF (O). If £ = {145 is split
in E, then F; ® E = Ey, X Ey, so we can write x; = (xy,, zy4,) for z,, € Ey,.

Let S be the finite set of split primes ¢ such that |z, |¢, # 1. By the class-number-one
hypothesis, there exists a € E such that |a|y, = |24, and |ag,| = 1 for all £ € S and
laly, = 1 for all £ ¢ S. Then a/a € UEF(F) and satisfies |ay,| = |x,|p, for i = 1,2 and all
split .

Putting it all together, z € (a/a&) [[,ey., UE (F,) HEEVf UE (0Op). O

Lemma 2.4. Let G be either UE’H, SUTJZJ’H, PUf’H, or GUf’H. If G # SUE’H assume
that E is of class number one. Then for any prime p,

G(A)=G(F) GuG, [] K.
P#ZEVf

Proof. If G = SUF* | then by the strong approximation property we get that G' (F') Gy is
dense in G (A), so since K = G Héevf Ky is open, we get the claim. If G = UEH | then
by the claim for SUL"™ | we get that G (F) - GGy Hp#evf K contains SUZ™ (A). Then,
since U, = SUY ’HUF , the claim follows from Lemma 2.3.

If G = GUE’H, then we similarly use GUE’H = SUE’H Resgi G,, and that E has

class number one. Finally, the result for G = PUPH follows from that for GU#LLJ /A, by
Shapiro’s lemma, we have surjections GUE/H(S) — PUE/H(S) for S = A, F,,, F under
which PUZH (OF,) contains the image of GUZ " (Op, ). O

Lemma 2.5. Let E be of class number one. Then for any prime p, there is a bijective map

from Ty\G, /K, to G (F)\G (A) /K. In particular, ¢, (G) = c¢(G), for any prime p.
Proof. The map from G} to G (A), defined by

g v=p

L v#p

induces a well defined map from I')\Gy/K, to G (F)\G (A) /K. This map is obviously
injective, so the claim boils down to proving it is surjective, which follows from the strong
approximation type result of Lemma 2.4. ]

g (gv)v€V7 Jv = {

Corollary 2.6. Let E be of class number one. The following are equivalent:
o There ewists p such that Gy, = T'py K.

o Foranyp, Gy = I, K,.



2.2 Class Number of (¢

Let G be either Uﬁ’H, SUﬁ’H, or PUFP. By [BHC62], G (F) is a cocompact lattice of
G (A) and note that K := GocG(0O) < G (A) is a compact open subgroup. Hence the double
quotient space G (F)\G (A) /GG(0O), is finite.

Definition 2.7. Let G be either Uf’H, S’UT}LE’H, or PUEH . Define the class and p-class
numbers of G to be

c(G) =G (F)N\G(A) /K], ¢ (G) = [[p\Gp/ K|

For any CM field E/F and any Hermitian form H € M, (E), denote by disc (E) and
disc (H) the discriminants of E and H and by Ram (E) and Ram (H) the sets of primes
which divide these discriminants, respectively. Denote by (r (s) and L (s, XE/ F) the (an-
alytic continuations of the) Dedekind zeta function of F' and the Dirichlet L-function of
XE/F, the quadratic Dirichlet character associated to £ /F by class field theory.

We now specialize to the case of G = Uq;E/H.

Definition 2.8. Let G = U2 Define the set of ramified primes of G to be
Ram (G) := Ram (E U Ram (H

define the A-constant of G to be

1/2 24n, £ € Ram (E)
@ +1)/(ge+1)  24n, £ &Ram (E)

G):= , _
M EeRla_r[n(G) o (q}n/zj - 1)/(q+1) 2| n, { ¢ Ram (F)
(E)

(qgm/zJ —1)/2(qe + 1) 2|n, { € Ram(E
define the L-special value of G to be

n /2] nt1/2)
L(G) ::2_"+1-HL< TXE/F)_Q (R HCF 1—2r) H L(2—2rxg/r),
r=1

and finally, define the mass constant of G to be

R(G):=L(G) \(G).

The next lemma give us a computable criterion for determining whether a group has
class number one:

Lemma 2.9. Let G = UE’H. Then
c(G)=1 & IG(O)|' =R(G).
Proof. Let pigam be the Tamagawa measure of G (A) and denote the mass of G by

Mass (G) := Htam (Mtaf().;? (A))

On the one hand, Propositions 4.4 and 4.5 in [GHY01], yields

Mass (G) = R(G) .



On the other hand, by Siegel mass formula, the mass of G is equal the sum over the
representatives of the genus of G weighted by the reciprocal of the size of the associated
arithmetic finite group:

-1 _
Mass (G) = Z |G (F)ngKyg 1‘ = |G(O) '+ Z
9gEG(F\G(A)/K 1#geG(F\G(A)/K

Since each member in the sum is positive rational number, comparing both estimates shows

that |G (0)|~! = R(G) if and only if ¢(G) = 1. O

Remark 2.10. The are only finitely many values of n, disc (F), and disc (H) such that the
definite unitary group G = Uﬁ’H has class number one (see [BP89]). In fact, Mohammadi
and Salehi-Golsefidy in [MSG12] showed that n = 8 is the threshold for definite unitary
groups of class number one; namely, for any n > 8, there are no class number one definite
unitary groups of the form G = Uﬁ’H and for any 4 < n < 8, there exists class number one
definite unitary groups of the form G = Uﬁ’H.

3 Bruhat-Tits buildings

This subsection contains a quick introduction to the theory of Bruhat—Tits buildings, focus-
ing on unitary and general linear groups. The standard reference summarizing the theory
is [Tit79]. A modernized textbook treatment of the full details can be found in [KP23].

3.1 Description

Let F be a non-Archimedean local field, O C F its ring of integers, wrp € O a choice
uniformizer and ¢r = |Op/wrOF| its residue degree (e.g. F = Qp, O = Z,, wr = p
and gqr = p). Let H be the group of F-rational points of an F-almost-simple, connected
reductive group H. Then Bruhat-Tits theory constructs a pure, simplicial, infinite, locally-
finite, contractible complex B := B (H) called the Bruhat-Tits building of H such that H
acts simplicially on B(H) and transitively on its maximal faces (called chambers). The
dimension of B (H) is equal to the semisimple rank r = ranky (H%").

The building is equipped with a natural type function from its O-simplices to [r] :=
{0,1,...,r}, which is a bijection on the vertices of each chamber. We say the type of a
k-simplex is the set consisting of the k types of its vertices. If H = H(FF) for H semisimple
and simply connected, then the H-orbit of a simplex of type 7 is the set of all simplices of
type 7. In general, it might be bigger.

Call H unramified if H = H(F), where H is quasi-split over F and splits over an
unramified extension of F. In this case, there is known to be a reductive model of H over
Op; then Ky = H (Op) is called a hyperspecial maximal compact subgroup of H. Such a
Ky is the stabilizer of a particular kind of vertex vy in B (H) called hyperspecial. We fix
a choice of vy and without loss of generality assume to be of type 0.

We now give two important examples of the Bruhat-Tits buildings of unramified groups:

Example 3.1. Let H = PGL, (F) be the projective general linear group of F-points.
The Bruhat-Tits building B = B (PGL,, (F)) is the (n — 1)-dimensional simplicial complex,
whose vertices are homotetic classes [L] = {aL|a € F*} of Op-lattices L in F” and a
collection of vertices o = {wp,..., v}, forms a face in B if there exists representatives
Li €v;, 0 <i<ksuchthat Lo C ... C Ly C wp ' Lo.

The group PGL, () acts on the homotetic classes of lattices by matrix multiplication
and this action extends to the entire complex. The subgroup PGL,, (Or) is the stabilizer of



the hyperspecial vertex vg = [Op]. The group PGL,, (F) acts transitively on the vertices of
the building, hence all vertices are hyperspecial. The degree of (i.e. the number of chambers
containing) any (n — 2)-dimensional face is gp + 1.

For example, B (PGLs (IF)) is the infinite (gr + 1)-regular tree, and B (PGLs (F)) is the
infinite 2-dimensional simplicial complex, all of whose edges are of degree gr + 1 and all of
whose vertices are contained in 2 (q% + qr + 1) edges.

Example 3.2. Let E be the unique unramified quadratic extension of F and let ¢ — ¢
be the non-trivial element in Gal (E/F). Let H = PU, (F) be the unramified projective
unitary group, where

PU, (F)={g€ GL,(E) : g*Jg=J}/{cl, : cc=1,c € E*},

where g* = g' and J = (5i,n+1—j)i]’ is the anti-diagonal Hermitian form. Let § be the

involution on PGL,, (E) defined by gf = J (¢*) ' J. Note that PU, (F) is the subgroup of
#-fixed elements of PGL,, (E):

PU, (F) = PGL, (E)* := {g € PGL, (E) : ¢ = g} .

Similarly, define the order 2 automorphism f on B (PGL,, (E)) as follows: on the Og-lattices
L of E™, define
L* :={veE" |vJuec O, YuecL},

on the homothetic class of Og-lattices (i.e. the vertices) v = [L], define v* = [L*], and on

the faces o = {vg, ..., v;}, define of = {vg, .. 702}.

Then the Bruhat-Tits building of PU, (F) is the subcomplex of f-fixed faces of the
Bruhat-Tits building of PGL,, (E): i.e,

B (PU, (F)) = B(PGL, (E))! := {a € B(PGL, (E)) : of = 0} .

The group PU, (F) = PGL, (E)* acts naturally on B (PU, (F)) = B(PGL, (E))". The
vertices of the buildings of B (PU,, (F)) are either f-fixed vertices, which are the hyperspecial
vertices, or edges whose endpoints are swapped by f, which are non-hyperspecial. Note
that vo = [Op] € B(PGL, (E))* is a hyperspecial vertex and its stabilizer in PU,, (F) is
PU,, (OF), the subgroup of elements with coefficients in Op. The dimension of B (PU,, (F)),
which is equal to the F-rank PU, (F), is |%].

For example, B (PUs (F)) is the infinite (qf; +1,qr + 1)—biregular tree, where the hyper-

special vertices are those of degrees are q% + 1.

Example 3.3. For G = GL,, the building B is that same as that of PGL,. Since the
center intersect a maximally split torus is in this case connected, the action of GL, on B
factors through PGL,,.

Example 3.4. For G = U, the building B is the same as that of PU,. However, when
n is even, the natural map U, (F) = GL,(E)* to PU,(F) is not a surjection so the action
might be smaller.

These are the examples that will come up for G = Ut

Remark 3.5. For H = PGL, (F), H = PU, (F), or H = Usj,4+1(F), the group acts
transitively on the hyperspecial vertices of B (H). However this is not true in general.



Lemma 3.6. Let G = UL and letp € Vi \ Ram (G). Then

- | GL, (F) p split in E
G (Fy) = { '

Un (Fp) p inert in B

Forthermore, K, = G (Oy) is a hyperspecial mazimal parahoric subgroup of Gy.

Proof. If p splits in E , then E, = F, x F, with (a,b) = (b,a). Therefore GL, (E,) =
GL, (Fy) x GLy, (Fy), so we get

1 w1y T2
Gy = {9 = (91,92) € GLy, (Ep) lg1=H (93) H} = GLy (Fp)-

Since p ¢ Ram (H), then (up to similarity) H € GL, (Og), and we therefore get that
K, = GL, (Oy).

If p inert in E , then E,/F}, is an unramified extension and we get that G, = U, (F})
by the classification of Hermitian forms over p-adic fields [Jac62]. Since p ¢ Ram (H ), then
(up to similarity) H € GL, (Og,), and we get that K, = U, (Oy). O

3.2 Cartan Invariants

Assume H is unramified and K is the stabilizer of the hyperspecial vertex vy of B (H). Let
Ap = (FX)" be a maximally split torus of H and let X, (Ag) be a positive Weyl chamber
in the cocharacter lattice X,(Ag). Then the following Cartan decomposition holds:

H = KH . X+(AH) . KH = |_| KH(I(WF)KH. (31)
a€X 4 (Am)

For any h € H, define aj, € X (Ap) to be the unique element such that h € Kya (h) Kg.
To resolve a technicality when H has non-anisotropic center, let

AH = AH/ZZ]?I = AH/(AH N ZH)O,

where Z;}’l is the maximal split torus in Zp. Define ap, to be the image of ay, in this quotient.
There is a dominance ordering on X (Ag) given by

a=b <= b—ac X (Ag).

Let ¥ be the set of minimal non-zero elements of (X, (Ag), <). Then X, (Ay) is exactly
the non-negative integer linear combinations of elements of 3. In general, |X| might be
larger than the semisimple rank r(H) (e.g. H = SL,, n > 3). However, when they are
equal, X (Ay) = ZZ, as semigroups. In this case, index a dual basis to ¥ by elements
o, that we will call modified simple roots. These are the same as the (non-multipliable)
simple roots a; when Zy N Ag is connected. Otherwise, they are scalings of the «;.

We can now make the key definition that will let us construct gate sets.

Definition 3.7. Define the Cartan norm on H to be:

I-llo=1-lw: H—=No  lhllmo=llanllmo= Y nilai(an)l.

1<i<s

where n; is the coefficient of «; in the highest root of H.
In the case where X, (Ag) = Zgo, define the modified Cartan norm to be:

=015 H—=No o ol = llanllz = Y lei(an)].

1<i<s
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Given two points vi,v9 € %, we can also define norms of ||vg — v1]|, where vy — vy is
always interpreted as an element of X (Ay) in a common apartment. Note also that

S = {a € X (An) : llally = 1}. (3.2)

The Cartan norm ||a]| has a clean interpretation in terms of B. Let dist be the graph
metric on the vertices in the 1-skeleton of 5.

Lemma 3.8. For any h € H, its Cartan norm n = ||h||g satisfies the following:
dist (h.vg, vo) = ||h] 1.
Proof. Note that for any h € H and any ki, ks € Kp, we get
dist (k1 hks.vo, vo) = dist (h. (ka.vo) , ky '.vg) = dist (h.vg, vo) .

Hence by the Cartan decomposition, it suffice to assume that h = a € Ag. The split torus
Ap acts by translation on the apartment of B corresponding to it, which we assume to vy.
As a fact about buildings, one chamber of this apartment is the convex hull of 0 and the
Ai/n; where \; are the (non-divisible) fundamental coweights corresponding to the «;.
Therefore, dist(h.vg,vp) is the sum of the coordinates of h.vg — vy in the basis of \;/n;.
This is exactly Y, ;<. nilai(h)]. O

Similarly, the modified Cartan norm is a weighted graph distance whenever it can be

defined.

Example 3.9. Let H = PGL,, (F) or GLN(F) and Ky = PGL,, (Or) or GLN(Op), re-
spectively. Then Ay is a quotient of the group of diagonal matrices diag (x1, ..., z,) where
x; € F*.

The relative root system is the absolute root system which is type-A,,_1, so

Xy (Ag) ={(my,...,my) €Z"/{(1,...,1)) | m1 > ... >my,}.
The Cartan norm is the same as the modified Cartan norm and is defined on X (Ag) by
[(ma,....mn)|la = Z (mi —migp1) = my — M.
1<i<n—1
The set ¥ is the set of standard fundamental weights.

Example 3.10. Let H be quasisplit U, (F) with respect to the unramified quadratic ex-
tension E and Kp = U,(Or). Then we can choose a maximal torus consisting of elements
diag(z1,...,2,) with z € EX and 2,7, ;51 = 1. Inside this, Ay = Ay is those elements
with x; € F*. Then,

Xo(An) ={(m1,...,mpn) € Z" [ m; = —mip_i11}.

The relative root system is the restriction of the absolute root system type-A,,_1 to Ag
which is type-C|,, /2] if n is even and (non-reduced!) type-BC|,,/2) when n is odd. Either
way,

Xi(Ag)={(my,....,my) € Xu(Ag) |m;i €Z, m1 > ... > M n /2] >0}

and Cartan norm is defined on X (Ag) by

ln/2)—1
[(ma,...omp)llo=H = Z 2(m; —mit1) | +2my ) = 2ma.
=1

11



The set 3 is the all elements of the form (1,...,1,0,...,0,—1,...,—1) € X,(A) which is
of the correct size to define modified Cartan norm:

[n/2]-1

|(ma,...,m) |y = Z (mi — mig1) | +myya) = mi.
i=1

Then ¥ is exactly the elements of modified Cartan norm 1.
In this specific case, we get a clean replacement for lemma 3.8: the modified Cartan
norm is exactly half the graph distance.

3.3 Discrete Actions and General Gate Sets

Our construction of gate sets will have to do with an analysis of discrete subgroups acting
on B. Fix A C H such that AKy = H. Recall the set X of minimal non-zero elements of
(X4 (Ag),=). We will make two technical assumptions for this section (that will always be
satisfied in our applications):

o |X| = ranks H so we can define a modified Cartan norm || - ||.
e For when H has non-anisotropic center, A N Ky N ZZ},)I =1.

As more technicalities when Zy isn’t anisotropic, let A = A/(AN Zg’l) and note that v — a,
is well-defined on A and the action of A on % factors through A.

Also, for each o € %, choose once and for all a lift & € X,(Ay) and let 3 be the set
of lifts. Since under our assumptions, X, (Ay) = Zgo, we can extend this to well-defined
map -

X+(121H) — X+(AH) e Q.

Definition 3.11. Let discrete subgroup A < H such that H = A - K. Then the corre-
sponding Gate set is: B
Sh={yeA :a, e}

The corresponding lifted Gate set is
Syn={veA :a, e}

Finally, let B
Cr=0Cp =ANKgy

(this is the same as its image in A since AN Ky N Z5P' = 1).

Since AN Ky N Z;?l =1, the map A — A restricted to a fiber of v — a is a bijection.
In particular, we can choose a bijection

Yy S; —> S;.
such that as, = ag,. Then:
Proposition 3.12. In the notation of definition 3.11,
(1) All v € A are of the form csy--- sy, for c € Cy and s; € Sy.

(2) Let S/[\Z] = CAS/(f) be v € A for which the minimum possible k in an expansion as
above is exactly £. Then,

l < _
SO = {yed:|a) =0,

where ||a,|| is the modified Cartan norm.
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(8) Let §/[f] ={cs1-+-Sp : cs1- 84 € S/(\Z)}. Then
§/[f] ={y€A:a,=a for some ||a|| = (}.

Proof. Let v € T', and pick a common apartment A of vy and yvg. Choose an isomorphism
A ~ X,.(Ap) by setting vo = 0 and orienting it in some way such that yvy corresponds to
the point v; = @y € X.(Apn).

If v1 # 0, then there is 0 < v} € X.(Ay) such that vy — v} € ¥. Since H = A - Ky,
without loss of generality, there is 4" € A such that v; = v'.vg. Then, A(yy—1y = Gy —0y € .
In total, we have produced s € Sy such that 7's =+, 7 € A, and @ < a,.

Inductively reducing a., further, we can find s1,...,s, € Sy such that v = s1--- s,
y(s1...5:)"t € A, and Gr(sy..5,)1 = 0. Since a; = 0 if and only if x € Ky (Zy N Ap)?,
this implies that v(s1 ...s,) "' € Cy which proves (1)

For (2), the induction for (1) and equation (3.2) also gives that the claimed set is
contained in S/(\e). Containment the other way follows from the triangle inequality a;, =
Qg + ay.

For (3), the inequality-squeezing for (2) forces that if v = csy---sp € Sm, then a, =
s, + - -+ as,. Therefore, a, =az, +---+az, = 5.,. O

Remark 3.13. Proposition 3.12(1) holds even if we only allow the s; to be chosen from
amongst a single distinguished element in each coset Cp\A.

4 Golden adelic subgroups

In this section we introduce the notions of golden and super-golden adelic groups, use them
to construct gate sets of U(n), and prove that these gate sets satisfy the first three properties
of Definition 1.1; namely, growth, navigation and approximation (Subsection 4.3). We end
this section by giving examples of golden and super-golden groups for n = 4 (Subsection
4.4) and noting that all previous constructions comes from such golden and super-golden
groups ([Sarl5b,PS18] for n = 2 and [EP18] for n = 3).

4.1 Definition and First Properties
Let G = UPT, sUP™ or PUEH.

Let K' = ][, K, < G(O) be a finite index subgroup. Denote by Ram (K’) O Ram(G)
the finite set of primes ¢ such that K, # K;. For any ¢ € Ram (K') let n, (K’) € N be the

minimal n such that K contains the level @} principal congruence subgroup

Ky(wp)={9€ Ky : g=1 modwy}

and let ¢ (K') = HzeRam(K’) wge(K/) € O, be the conductor of K.

Definition 4.1. The adelic subgroup, K’ < G(@), is said to be golden if
G(A)=G(F) GooK' and G(F)NK' ={1}.
We say it is golden at p if p ¢ Ram(K'). We say it is super-golden at p if p € Ram(K")

such that K; is a proper parahoric subgroup of K, (i.e. stabilizer of a facet 7 of dimension
> 0 in the building).
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Beware that the first condition is much harder to satisfy—in particular, it requires G
and therefore E to have class number one. Remark 2.10 therefore makes golden adelic
subgroups quite rare.

Given K’ < G(O) and prime p, define

Ap = AK = G(F)n (K')P.
As the key properties we will use:
Lemma 4.2. If K' < G(@) is a golden adelic group, then:
(1) We have an isomorphism of G -sets

Goo — G(F)\G(A) /K', g G(F)(g,1,1,...) K’

inducing the following isomorphism of G -representations

!

L* (Goo) = L* (G () \G (A)" .

(2) For primes p, we have an isomorphism of Goo X Gp-sets:
Ap\Go X GP/K{, — G (F)\G(A) /K, (goos Gp) — G (F) (goos Gpy 1y, ) K’
inducing the following isomorphism of G X Gp-representations

L2 (A\Goo x Gyp)"% 2 L2 (G (F)\G (A)".

Proof. For both claims, surjectivity follows since G(A) = G(F)Go K’ and injectivity since
G(F)NK' =1. O

Lemma 4.3. Let K' < G(@) be a golden adelic subgroup and let p be a prime. If K' is
golden at p (resp. super-golden stabilizing ), then:

(1) Ay acts simply transitively on Gy /K,

(2) Ay acts simply transitively on Gpvg (resp. GypT).

(3) Ay Zér;l acts simply transitively on the fibers of Ay — A,.
Proof. Since K| is a stabilizer of vg or 7, respectively, (1) follows from the set equalities

which in turn follow from the assumption on the group K’ (similarly to lemma 2.5).
(2) follows since 7 is has stabilizer exactly K{JZZPP "and (3) follows from (1) and (2). O

4.2 Golden Gate Sets

We now discuss how to construct gate sets from golden adelic subgroups. The first assump-
tion from §3.3 holds since we only consider G, = GL,, or U,,.
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4.2.1 Golden Case

Definition 4.4. Let K’ be a golden arithmetic subgroup of UEH that is golden at p. Then
define the gate set and lifted gate set

— oK' . _ g . oK ._ ¢
Sp = Sp = A{)(/7 Sp = Sp = Ag(/

as in Definition 3.11. Note that since K is golden, the lifts s5; are uniquely defined for any
choice of 3.

Proposition 3.12 immediately gives that

e S, generates Ay,
S(Z) — A . A
S ={ved : ol =€}

Example 4.5. If pg, is split, then by example 3.9, || - H/Gpspl is the graph distance on the
1-skeleton of B so

Spe = {7 € ]\pspl : dist(y.vp,v9) = 1}.
If pps in non-split, then by example 3.10, |- H/Gpns is half the graph distance on the 1-skeleton

of B. In addition, Zg’p ! ~ =1 so we can ignore center technicalities. Therefore,
Spns = gpns ={y €A, : dist(y.v9,v0) = 2}.

4.2.2 Super-golden Case

Moving on to the super-golden case, first note that any parahoric Ky, K;NZ, Sppl =K, ﬁZzpp b

so if K’ is super-golden at p, then A, automatically satisfies the second assumption of Section
3.3.

If v1 € B is in the Gp-orbit of vy and A = X, (Ap) is an apartment containing vg and
vy, then there is a finite order automorphism r,, of A realized by an element of H acting
on A such that r,, (v9) = vy (this is a rotation of a chamber when p is split and a reflection
when p is inert). We also restrict our choice of 7:

Assumption 4.6. If p is non-split, then 7 is a full chamber.

Definition 4.7. Let K’ be a golden arithmetic subgroup of UEH that is super-golden at
p stabilizing facet 7. Then, following definition 3.11, set

Cp = C’f{, =

K’
Ay

For any set of representatives v; of the orbits Cy\{v € Gvg : |[v — vo||’Gp = 1}, define
T, == TPK/ ={y €A : y7 =ry(7) for some i}.

Finally, let
— oK' _ o ._ QK ._ ¢
and, given i make the unique (by lemma 4.3) choice of lifts s; such that s;7 = s;7.
As some quick properties:

Lemma 4.8. The following hold
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(1) Cy is a finite group.

(2) For eachv;, there is exactly one t; € Ty, with t;7 = r,,(7) by lemma 4.3. By assumption
4.6 on T, there is some minimal o; > 1 such that that t}'T = 7:

o Ifp is split, t; stabilizes a chamber containing T setwise, so o;|n.

o Ifp is non-split, t; fives a vertex x € T, so o; divides the order of automorphism
group of the spherical building at x.

(3) Each t; € T, has order o; by lemma 4.5.

(4) Sp = {clcgtcgl : c1,60 € Cy,t € Ty}, In particular, S, U Cy is generated by finite-
order elements.

(5) By lemma 4.3, there is unique set Tp of lifts t; € Ay for each t; € T, such that
Sy = {clcgfcgl D, € Gyt €Ty}

We reduce to a set containing a choice of coset representatives for Cp\Sp:
08, := {ctc™ : c€ Cy,t €Ty}, ng = {ctc™t 1 c€Cy,t €Ty}
Proposition 3.12 and remark 3.13 then give that
e 0S, U C, generates Ay,

« G5\ ={y e, llally, =1}

4.2.3 Sizes

To understand the sizes of gate sets S, and S,gé)

well-known fact about buildings:

for golden K’, we recall the following

Proposition 4.9. The degree deg(vg) of a hyperspecial vertex in the 1-skeleton of the
building B for group H/F is the number of maximal proper parabolics in H (kr).

We also recall

Proposition 4.10 ([Cas95, Prop. 1.5.2]). Let A € X (A). Let By be the number of points
v € B such that v — vy = X for the invariant v — vy € X (Ag). Then

Clqé‘)\ng) S B}\ S C2q]§?>‘:2pG>

for some constants C1,Co depending on H and where pg is the half-sum of positive roots.

Corollary 4.11. Let K’ < G* be golden atp (resp. super-golden) and Sy the corresponding
gate set (resp OS,). Let M = maxqex (o, 2pg,). Then |S,§£)| = qé‘“ (resp. \CPOS]SK)]).

Proof. By lemma 4.3 and the versions of Proposition 3.12 as used above,
4

(resp. ]CPOSéZ)| is |Cy| times this). By Proposition 4.10, this is

~ Z q<0472PG> = q<£0¢072pG>7

a€X(Agy)
llall’=e

where ag realizes the maximum value of (a, 2pq). O
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Example 4.12. If p is split. then G, = GL,/F,. If K’ is golden at p, then |S,| = deg(vo).
This is the sum of the sizes of the Grassmanians G(n, k) for 1 <k <n —1 over the residue
field of F} giving

n—1 n—1 n et ]
n (T—gq)--- (=g (n2 /4] a1
= - —(1+1 0 .
| P| Zz; (k?)qp Zz; (1 _Qp)"'(l _Q;];) ( + nodd)Qp 4 (Qp )

In comparison, 2pg = (n —1,n—3,...,—n+ 1), which has maximized pairing with the
middle fundamental weight in ¥. This gives

TL2
5501 a1

4.3 Growth, Navigation, and Approximation

Next we summarize how the gate sets that correspond to golden adelic groups satisfy the
last three properties in the Definition 1.1 of golden gate sets; namely, growth, navigation
and approximation.

Theorem 4.13. Let G = UPH | let K' < G(@) be a golden adelic subgroup, let p be
a prime at which K' is golden (resp. super-golden satisfying assumption 4.6), and let
Sy (resp. %Sy U Cy which is generated by elements of finite order by 4.8(4)) be the gate
set corresponding to K' as in definition 4.4 (resp. 4.7). Then S, satisfies the following
properties:

(1) Growth: \Sée)\ grows exponentially in €.

(2) Navigation: The group generated by Sy is Ay 1= Ag{/ and it has the following efficient
solution for its word problem: Given 1 # g € ./_Xp, find an element s € S, (resp. OSP)
such that asg < ag, and proceed by induction on ay. The algorithm will terminate in
O(|Sy! - llagll")) time (resp O(|Cy|-|Ty|-|lagll’) time) which (for a fixed p) is polynomial
i the input g.

(8) Approzimation: If O is Euclidean, there exists a heuristic polynomial algorithm such
that given g € PU(n), € > 0, and £ € N, if B(g,e) N S® £ O, then the algorithm
outputs an element in B (g,e) N SN where N = dim PU (n).

Proof. In order:
Growth:

This follows from Corollary 4.11.
Navigation:

Both termination and run time follow by the proof of 3.12(1). By uniqueness of the
Cartan decomposition 3.1, we can compute a, at each step by the integer normal form
algorithm on G, = GL,(F,) when v is split or on the bigger group GL,(F,) D G, when
w lies over v and v is unramified non-split.

Approximation:

This follows as a consequence (Corollary 4.15) of the algorithm of Ross and Selinger
[RS15,PS18] for approximating elements in U(2) by matrices with integer coefficients. We
sketch this in the subsequent lemmas.

To apply these lemmas, by examples 3.9 and 3.10, we can find ¢ so that Sék) C
wy gk / H((’)F) if and only if k¥ < ¢. Furthermore, by Gram-Schmidt, we can find a di-
agonal H' such that UZY /F =~ UF A /F so we can find r € N with only ramified factors
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such that U,?/H((’)F) Cr 1M, (Og) ﬁUH/(n). These two together provide the inputs m, H’

in the lemmas. ‘

Since Fég) is then a finite fraction of wp_lrfan(C’)E) NUH' (n), sampling enough outputs
will heuristically generate one in Fff) with high probability. O
Theorem 4.14 ([RS15], [PS18, Thm 2.6, §2.3]). Let K be a totally real number field such
that its ring of integers O is Fuclidean and let d € N. Let H' be a diagonal definite
Hermitian form for K[/—d]/K. Then there is a randomized, heuristic efficient algorithm,
such that given € > 0, k,m € N, and a diagonal unitary matrix

1 + 179
g:

it finds up to k different

heMy(Og[vV—d)) : h=m2 -heUf'(©Q) , 1

if that many exist and all such h otherwise.

Proof. The original statement of the Theorem 2.6 in [PS18] is with d =1 and H = I, but
their arguments works just as well for any fixed d by modifying the lattices studied and
any fixed diagonal H' by the discussion after (3.13) therein. O

The above algorithm can be generalized to arbitrary elements of higher dimensional
unitary groups:

Corollary 4.15. K be a totally real number field such that its ring of integers Ok is
Euclidean and let d € N. Let H' be a diagonal definite Hermitian form for K[v/—d|/K.
Then, there is a heuristic efficient algorithm such that given € > 0, k,m € N, and a unitary
matriz, g € U(n), it finds k different tuples of matrices

| Trace(g” - (hy---hy))|

hi,...,hy € Mo(Z[V—d]) : hi=m=? -h;eUn) , 1 .

<e€

if that many exist and all such tuples otherwise.

Proof. The claim follows from the fact that for each, g € U(n), there exists N unitary
matrices, ¢i,...,gy which are l-parameter elements (namely, g; € H; < U(n), where
H; =2 U(1)), such that g = g1 - ... - gn (see also [NC11] section 4.5.1, for a similar though
longer decomposition and the discussion after (3.13) in [PS18]). Using the fact that

| Trace(g* - h)|

d: U(TL) X U(?’L) - REO ) d(gvh) =1- Ta

is a bi-invariant metric on U(n), we get that it is enough to approximate each g; individually,
which is done by Theorem 4.14. O
4.4 Explicit Construction of Golden Adelic Groups

Let us present several examples of golden and super-golden adelic groups.

Example 4.16. In dimension n = 2, several constructions were given in [PS18, Sar15b].
Let us present just one example of a golden adelic group which is super-golden at p = 3:

[v=1]

G:U;Q ’I/Q, K'z{gEG(Z)wEI mon}.
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Example 4.17. In dimension n = 3, several constructions were given in [EP18, BEFT18].
Here are two such examples of golden adelic groups:

[v=1]

G:Ui? ,I/Q7 K/:{geG(z)’Vi,gm‘El mod2+2z’},

[v=3]

G =V Mg, K’:{gee(i)m,gma m0d2+2i}.

Furthermore, as a consequence of the work of Mumford [Mum79] (see [BEF*18] for the
details), one get that for the 3 x 3 Hermitian positive definite matrix

3 A A
2 14 /=
H=| X 3 X where A= %7,

A A3
the following is a golden adelic group which is super-golden at p = 2:

[v=7]

G=u""0 K ={geG(2)IVi>j g;=0 mwod2}.

Below we present our constructions of a golden groups. Proposition 4.18 produces the
example in Theorem 1.4.

Proposition 4.18. For the 4 x 4 Hermitian positive definite matriz,

I A v—=3 1 1
H—2-<_A I) where A—3-<1 _1>,

the following is a golden adelic group

[v=3]

G:U;@ ’H/Q, K’z{gGG(Z)]gEI mod2}.

Proof. A direct calculation with Bernoulli numbers shows that
R(G) = 155560 = |G (Z)| ",

so by lemma 2.9, G has class number one.

Since K' is the kernel of the reduction map ry : G(Z) — G(Z/2), it therefore suffices to
show that r2|g(z) is an isomorphism. The prime 2 is unramified in G, hence G (Z/2Z) =
Uy (Fo) and |Uy (Fo)| = 155560 = |G(Z)|. A computer check finally shows that G (Z) N
kerry = {1}. O

We end this section by discussing the well studied Clifford+T gates and their general-
izations from the point of view of arithmetic unitary groups and golden adelic groups (see
[Sar15b] and the references there).

The classical Clifford+T gates are a finite set of unitary 2 x 2 matrices with coefficients

in the ring Z [\/—1, ﬁﬂ]. By [KMM13], the set of elements in U (2) that are synthe-

sisable (i.e. generated by matrix multiplication and tensoring) by the Clifford+T gates is
precisely the full 2-arithmetic group A of unitary 2 x 2 matrices with coefficients in the ring

Z[V-1, \/iil]; ie. A= G(Z[ﬁil]) where
G = UV qlva).

The group G has class number one and moreover gives rise to super golden gate sets (see
Section 4.1.3 in [PS18]).
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The multiqubit Clifford+T gates are a finite set of unitary 2™ x 2™ matrices with co-
efficients in the ring Z[v/—1, \@il]. By [GS13], the group of element in U (2") that are
synthesisable by the multiqubit Clifford+T gates is A = G(Z[ﬁﬂ]), where

¢ = UGV gLyl

However, for n > 2, the group G is not of class number one—in particular A does not act
transitively on the special vertices of the corresponding Bruhat-Tits building of G(Q[v/2] V3)
The Clifford+cyclotomic gates are a finite set of unitary 2 x 2 matrices with coefficients
27
in the ring Ry, = Z [(m) [%], where (,, = em , m € N. These matrices sit inside the full
2-arithmetic subgroup of

By [FGKM15,1JK19], the group of elements in U (2) that are synthesizable by the Clif-
ford+cyclotomic gates is a 2-arithmetic subgroup of G if and only if m = 4,8,12,16 or 24.
Note that being a 2-arithmetic subgroup only implies that the class number is finite, not
necessarily that the class number is one ( it is one for m = 4,8 ).

5 Automorphic Representations Background

In this section we recall some basic facts and notations concerning automorphic represen-
tations.

5.1 Automorphic representations

Throughout this section, F' is a number field with ring of integers O = Op and adele ring
A = Ap. Let v denote a place of I, let F, be the v-completion of F', and, when v is
finite, let O, be the ring of integers of F,, with uniformizer w, and order of residue field
Gy = |Oy/pyOy|. We use standard upper and lower-index notation: if S is a finite set
of places and X a variety over F, then Xg := X (Fy) including only the places in S and
X9 := X(A%) including all places except those in S.

Let G be a connected reductive group over F'. For simplicity, assume that the max-
imal split torus in the center of the real group G is trivial so that G(F)\G(A) has fi-
nite volume. Fix a k-embedding G — GL,(k). For any place v, denote G, := G(ky).
When v is finite, denote K, = G(k,) N GL,(O,) and, for any m € N, denote K, (p}') :=
ker (Ky — GL, (O, /p'Oy)).

Consider the right regular G(A)-representation on L?(G(F)\G(A)). An F-automorphic
representation of G is an irreducible G(A)-representation 7 which is weakly contained in
L?(G(F)\G(A)) and whose central character is unitary. Denote by AR(G) the set of F-
automorphic representations of G. Consider the decomposition of AR(G) into its cuspidal
AR cusp(G), residual AR,es(G), discrete ARgisc(G), and continuous AR ont(G) parts:

AR(G) = AR cusp(G) & AR es(G) & AR cont (G),
-ARdisc(G) = ARcusp(G) D ARreS(G)'

Any m € AR(G) decomposes as a restricted tensor product 7 = ®, 7, where m,, called
the local-factor of 7 at v, is an irreducible admissible G,-representation (cf. [Fla79]). Let
o(my) be the infimum over o > 2, such that each K,-finite matrix coefficient of 7, is in
L¢(G,) for any € > 0. Say that 7 is tempered at v if o(m,) = 2. The Generalized
Ramanujan Conjecture for G = GL,, states the following (see [Sar05]):
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Conjecture 5.1. (GRC) Let F be a number field, N € N, and let 7 € AR¢ysp(GLy,). Then

the local component m, is tempered at every place v of F'.

The conjecture is open for any N > 2 and any number field F'. However, there are
special cases of cuspidal automorphic representations for which it is a theorem:

Definition 5.2. Let m € AR(n). Say that 7 is cohomological if, for an Archimdean place v
of F', the v-factor of 7 has an infinitesimal character of a finite dimensional representation.
When F' is totally real (resp. CM), say that 7 is F' self dual (resp. F-conjugate self-
dual) if it is isomorphic to its (resp. F-conjugate of its) contragredient representation

w(g) :==7((g") ")

Theorem 5.3. [Shill, Clo13] Let F be either a totally real or a CM field, n € N, and
let m € AR cysp(GLy,) be both cohomological and F'-conjugate self-dual (see Definition 5.2).
Then T, is tempered at every place v of F.

Remark 5.4. For F' = Q and n = 2, this Theorem was first proved by Eichler [Eic54], for
weight k& = 2, and by Deligne [Del74], for general weights.

According to the Langland functoriality conjecture, for any G with dual G < GL,,
the set AR(G) should be encoded in AR(GL,/F). We therefore begin by describing the
classification of automorphic representations of G = G L,, over a number field F'. Fix a global
field F' and, for any N € N, denote AR(n) := AR(GL,/F) and AR.(n) := AR.(GLy, k)
for x = cusp, res or cont.

Definition 5.5. Define an (unrefined) shape of n to be a sequence of pairs of positive in-
tegers, O = ((T1,d1), ..., (Tk, dk)), such that >, T;-d; = n. Let Mp := Hle GL% <Pi<
GL, be the corresponding Levi (block diagonal) and parabolic (block upper triangular)
subgroups of shape [.

Theorem 5.6. [Lan06, MW89] For any shape of n, O = ((ﬂ,di))le, there is a map,

Io : H?:l AR cusp(Ti) — AR(n), called the automorphic parabolic induction of shape O
and satisfying:

(1) For any © € AR(n), there exist a unique shape O = ((Ti,d;))*_, and a unique (up

to order) sequence of cuspidal representations (m;)¥_, € Hle AR cusp(Ti) such that

7 = In((m)X_ ), in which case T is said to be of shape 0. Moreover,  lies in the

discrete (resp. cuspidal) part of AR(n) if and only if k =1 (resp. k=1 and dy = 1).

(2) Let m = In((m)k_,), where O = ((TZ-,di))iI-c:1 and (m)¥_, € Hle AR cusp(Ti). Then,
for any place v of k, the local component 7, is a subqoutient of the (unitary) parabolic
nduction

Lo (@) [ A 41 43 14
Indp 0.y ®(|-|ﬁ Tiw® |07 Miu®... @ |u? w) |

i=1

Definition 5.7. Let O = ((T},d;))%_;. Then we shorthand In(71,...,7%) by the formal

expression
k

In(m,..., 1) =: @Tz[dl]
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5.2 Endoscopic Classification and Shapes

The unitary endoscopic classification of [Mok15] extended to non-quasisplit unitary groups

in [KMSW14] lets us decompose AR gisc.(G) for our unitary groups Uf /EH nto pieces
corresponding to shapes O for GL,. Fix CM quadratic extension E/F.

Definition 5.8. An automorphic representation @, 7i[d;] of ResE GL,, (this is the same
as one of GL,/F) is said to be elliptic if each 7; is conjugate self-dual and the individual
7;|d;] are all distinct.

Let \Ileu(n) be the set of elliptic automorphic representations 1 of Resg GL,. These are
usually referred to as elliptic (global) Arthur parameters.

Attached to Resg GL, are a set of elliptic twisted endoscopic groups G* € g’elfl(n)
described in [Mok15, §2.1]. These each come with L-embeddings

Lar — MResEGL,,.
We will only care about a specific “simple” element: U’ € c‘j’e%(n) The main result of
[Mok15] is a decomposition

Tai(n) = || Ten(G)

G*e&;(n)

and a description of discrete automorphic representations of each G* € géﬁ(n) in terms of
Yen(G*).

The paper [KMSW14] generalizes Mok’s classification to “extended pure inner” forms
G of each G*. These are enumerated in [KMSW14, §0.3.3]. In particular, the extended
pure inner forms of U, include all the definite unitary groups Ur e consider here. We
recall that if G is an inner form of G*, then G = IG*.

We recall all parts of [KMSW14]’s classification that are needed to explain our results
and point readers to [DGG23, §2] for a full summary geared towards trace formula appli-
cations.

Theorem 5.9 ([KMSW14] partial summary of main result). Let G* € i‘%(n) and G an
extended pure inner form of G*. Then

(1) To each ¢ € Vo (G*) there is subset Hg called the (global) Arthur packet such that

AR isc(G) = I_I Hg'
VeV (G*)

This Hg is empty unless v satisfies a condition of being relevant as in [KMSW14,
§0.4,1.2].

(2) Let ¢ = @le 7ild;] and fix a place V.. Through the local Langlands correspondence,
each T; is associated to a (local) L-parameter

7i: WDp, — X Res£ GLz,),
from the Weil-Deligne group of F,,. Define the local A-parameter

Yo = EP 7 R [di] : WDp, x SLy — "(Resf GLy).

where [d;] is the d;-dimensional representation of SLa. Then 1), factors through Iq.
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3) There is a finite set of representations 1IG , depending only on 1, called the local
Py
A-packet such that for all m € Hg, we have T, € Hgv.

(4) If ¥y is generic (i.e. all d; = 1), then the assignment 1, — Il satisfies all the
desired properties of a local Langlands correspondence. In particular:

a) If v|oo, then the infinitesimal character of m, € Il is the same as that of 1,
Py
through the embedding G — GL,C x GL,C.

(b) m, € Iy, is tempered if and only if 1, is (for v { oo, this means that the 7; are
bounded/correspond to unitary supercuspidals).

We can now make our key definition, following [DGG24, §5]:

Definition 5.10. Let O be a shape for GL,/E. If 7 € ARgisc(G) with parameter ¢ €
Uen(n) such that ¢ € O, then we say 7 has shape O or 7 € [J.

Remark 5.11. The definition of shape in [DGG24, §5] is actually a list of triples O =
(T3, d;, m))le for some signs 7;. In general, the 7; are needed to determine the G such that
Y € VUen(G*) for all ¢ € 0. However, when G* is a simple twisted endoscopic group (e.g.
U,I), there is always a unique choice of 7; that determines ¢ € W (G*).

In our case, we require a priori that ¢ € W (U,5) and can therefore ignore the data
of the n;. Nevertheless, the induction in the black-boxed proof of Theorem 7.1 requires
keeping track of them.

As in [DGG24], we also associate to shape O = ((T},d;, 1;))_, the group

k

Gr(D) =[] Ui (5.1)

This is not in general an element of geu(n) and can be thought of as the smallest group
through which ¢ € [0 functorially factor through. It will appear in bounds on sizes of
families intersect [J.

Finally,

Definition 5.12. Let

where m,; is the multiplicity of 7 in L?(G(F)\G(A)), and
Po: LH(G(F)\G(A)) — LA
be the orthogonal projection operator.
If K is an open compact subgroup of G(A), we will also use P to denote the restriction
of this projection operator to the subspace L?(G(F)\G(A))X.
5.3 Infinitesimal Characters
5.3.1 Definitions and Relation to Shapes

Formulas later on will involve infinitesimal characters. Consider again G that is an extended
pure inner form of G* € Eqi(n).

Any finite dimensional representation m of G has an associated infinitesimal char-
acter A that is a semisimple conjugacy class in goo. Since G* € Eqi(n), there is a map
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G < GL,(C) x GLy(C) restricted from G — ResEGL,. Tt is in particular determined
by its first coordinate so the infinitesimal character can also be represented by a semisimple
conjugacy class in My (F, ®g C). This can then be represented as an unordered sequence

of eigenvalues,
A= (A1, AN),

with each \; = (/\@U)UIOO € F, ®r C.

It is also sometimes useful to package the tuple A\, = (A1,y,..., Anp) as the generating
function Zj X?%i» which, by abuse of notation, we will also denote by \,. In this way,
if @, 7ivldi] is a local Arthur parameter such that each 7;, has infinitesimal character

i . (@) . o .
)\1(,%) = Z;“:l X )‘le, then we have infinitesimal character assignment

d;

(@m[dio = O((AP):) =D AP X (5.2)

00 =1
It can be seen from this that the character of 7[d] determines that of 7.

Definition 5.13. If A matches the infinitesimal character of a finite-dimensional represen-
tation, we say that it is reqular integral.

Regular integral is equivalent to two conditions:
e (Regular) For each v, the \;, are distinct.
o (Integral) If N is even, the \;, € Z and if N is odd, the \;, € Z +1/2.

We without loss of generality order regular integral A:
Mo > > AN
We also make some convenient defintions:

Definition 5.14. Let Ag be the set of possible regular, integral infinitesimal characters of
oo With ¢ € O (i.e. the image of (5.2)). We say A € J as shorthand for A € Ag.

Let O71(\) be the set of possible assignments of infinitesimal characters (A"))F_; to
each (7;00)%_; so that @?:1 Tioo|di] has infinitesimal character .

5.3.2 Norms of Infinitesimal Characters

Choose distinguished infinite place vy and consider infinitesimal character A of G, for G
an extended pure inner form of G* € £X(n).

Let 1 (G) be the standard set of positive coroots of G,,,. We will need to compare/recall
three different norms of A,:

e The dimension of the finite dimensional representation corresponding to A:

dimA=Ca1 [] (o),
OtG‘I)Jr(G)

e ) paired with itself with by the Killing form:
1/2

N =Caa| > (@N|

a€®.(G)
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e A minimum

m(A) = aeIgf(lG)<a’ A) = 15‘1(5)1 ISEISHJ{}_I()\W — ANitiw), (5.3)

where the constants Cg ; only depend on G.
Given unrefined shape [J, we can also define

dimg ) = dim A,
e (Anf?g)—(l(x)l;[ o

Note that this can be 0 if O~!()) is empty. All such definitions can be made analogously
for G4 as a whole.
Given a group G, there are three key dimensions to keep track of Nger = dim G,

r%er = rank G9°" and zg = dim Zg. From these we can compute the number of positive
roots:

L
2
As some bounds (recalling the definition (5.1) of Gr(O)):

P o= S(Vi — "),

Lemma 5.15.
dimp A < (dim A\)m(X)Fer@ e,

Proof. The factors (a, \) in the Weyl dimension formula for dimg A are always a subset of
those in dim A. However, dimg A has Pg — Pg,.(o) fewer factors. O

Lemma 5.16.
dimp A < C||A||Fer©

for some constant C depending only on G and OJ.

Proof. dimp A is a product of some subset of size Pg,, ) of the (a, A) for @ € @ (G). There-

fore, by the RMS-AM-GM math-contest inequality, (dimp )\)1/ Pep©®) is bounded above by
the root-mean-square of this subset. This is further bounded above by a constant times
[ Al where the constant depends only on Pg, oy and Fg. O

For O = 3, the bound 5.16 has the optimal exponent on ||A|| when there is C' such that
Cmingep (@){@, A) > max,co, (){(a, A). This is an asymptotically positive proportion of
all A in a || - ||-ball as the ball’s radius goes to infinity.

However, the A € [J do not satisfy this property if (1 has non-trivial SLy as some of the
{(ar, \) are then bounded. Therefore, we will also need a slight variant of the bound:

Lemma 5.17. Choose constant m and subset S C ®,(G). Then for all X\ such that
(a, \) <m foralla € S,
dim X < Cm/SI||A||Fe~15]

for some constant C' depending only on G and |S]|.

Proof. This is a slight variant of the argument of lemma 5.16 where we apply RMS-AM-GM
to the set of (a, \) for @ € @, (G) — S. O

Applying this to A, define for O = ((73, d;)); a correction

(@)=Y %Tidi(di _ ). (5.4)

%

Then we get our tightening:
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Corollary 5.18. Choose unrefined shape 0. Then for all X € O and all 6 > 0,
dim A < C||A||[Fe—®
for some constant C depending only on G and .

Proof. By inspecting formula (5.2), we see that for each (T},d;) pair making up O, any
A € O has 1/2T;d;(d; — 1) different o € @4 with (o, \) < d; — 1. The result then follows
from lemma 5.17 after noting that the m and |S| just depend on [J. O

5.4 Automorphic Families and the Density Hypothesis

In this subsection, we introduce the notion of an automorphic family (following [SST16]) and
the statements of the Ramanujan conjecture and density hypothesis for such automorphic
families (following [SX91, Sar90]).

Let n € N, and let f,g : N = R>g. Denote f < g if for any € > 0, there exists c¢c > 0
such that f(z) < c. - max{g(z)'*¢, g(x)' ¢} for any z > 0. Denote f ~ g if both f < g and
g3 f

Definition 5.19. Let G/F be a reductive group over a number field. A (discrete) auto-
morphic family F for G is a weighted subset of AR gisc(G): i.e. a function

F ARdiSC(G) — Rzo.

Example 5.20. Let K’ < G*™ be compact open. Then the family of automorphic forms
at level K’ is
Frr(m) = my dim <(7r°°)K ) .

This models the vector space of automorphic forms on G of level K’

Definition 5.21. We say automorphic family F satisfies the Ramanujan conjecture if all
T € ARaisc(G) with F(m) # 0 are tempered.

If F is the family of all cuspidal automorphic representations, this is called the “naive
Ramanujan conjecture” and it was shown to be false even just on Sp, in [HPS79]. The
expected correction is that Ramanujan holds for the families of generic automorphic
representations—this is the generalized Ramanujan conjecture. In the case of GL,, cuspidal
implies generic so this difference is irrelevant.

Definition 5.22. Let G/F be a reductive group over a number field. An asymptotic
family F for G is an indexed sequence of automorphic families (F))xep together with a
“conductor” function m : A — R such that:

e Fach F) has finite total weight.
e The size of the support of F) goes to infinity as m(A) — co.

Example 5.23. Let K’ a compact open subgroup of G*°. Then the weight-aspect family
of level-K' automorphic forms on G is

]:K’,)\("T) = mﬂ']-infchar(woo):)\ dim ((WOO)K,>

indexed over the set of regular, integral infinitesimal characters A of Go. Its conductor
function is the m from (5.3).

This models the space of automorphic forms on G of level K’ as the infinitesimal char-
acter at infinity gets larger and larger.
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Example 5.24. Let I C oo contain all infinite places at which G is non-compact. Let
K = K*Gy\s for open compact K> C G*°. Then the connected component of the
identity in G(F)\G(A)/K is T'\G| for some discrete, cofinite volume T".

Pick an invariant metric on G and let B(§) be the ball of volume ¢ around the identity
in I'\G;. Then define the §-ball family in G by:

I P, (1p6))113
11613

with m(d) = 1/4.
This models the decompositions of the indicators of smaller and smaller balls in the
automorphic spectrum.

Fs(m) :==mg 1%0\[ triv. dim ((WOO)KOO) = my tre((fe * fe*)iGoo\]iK)’

11113

Definition 5.25. We say an asymptotic family F) eventually satisfies the Ramanujan
conjecture if there L such that F) satisfies the Ramanujan conjecture whenever m(A) > L.

Fix place v so that (Gsc), has no anisotropic factors. We say an asymptotic family F)
satisfies the density hypothesis at v if for all o > 2 and € > 0,

1-2 2
S m@s| X A@ > ARm] .
TEAR isc (G) T€AC(G) TEAR gisc (G)
o(mw)>o

where AC(G) is the set of automorphic characters (1-dimensional automorphic representa-
tions of ) and < is interpreted asymptotically in m(\).

Note that o(m,) = oo is equivalent to m, being a character which, under our conditions
on G, is further equivalent to m being a character (see e.g. [KST16, Lem 6.2]). Therefore,
this can be thought of as an interpolation between the case 0 = 2 and o = oco.

The automorphic density hypothesis was raised as a conjecture in [SX91,Sar90] as a
possible substitute for the failure of the naive Ramanujan conjecture. In recent years
this conjecture was proven in several special instances [Blo19, Mar14,MS18, GK19, Sar15a].
Here, we will specifically be applying methods from [DGG23, DGG24].

Example 5.26. Let G be one of the UEFH . Then weight-aspect families on G can be
seen to eventually satisfy the Ramanujan conjecture through the endoscopic classification
[KMSW14]: if m(\) > 1, then formula (5.2) shows that all 7 with infinitesimal character A
at infinity are necessarily of shape O = ((7},d;))¥_, with all d; = 1 (i.e. they have generic
parameters). Then, Theorem 5.3 can be used to show that they are all tempered.

Example 5.27. The density hypothesis for a slight variant of the d-ball family will be the
key input towards proving the optimal covering property for our set of gates.

6 Matrix Coefficient Decay

We next need to understand how the shape of an A-parameter of an automorphic represen-
tation controls the decay of the matrix coefficients of its local components at finite places.
This will require the very serious black-box inputs of Theorem 5.3 and results from explicit
constructions of A-packets.

Fix some finite place v of quadratic extension F/F and unitary group G = f /"
Assume first that G, is unramified and v is non-split. A much simpler version of this
argument works for v split (see remark 6.15)—we only present the full details of the more

complicated non-split case for brevity.
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6.1 Exponents

Fix a minimal parabolic Py of GG, and a corresponding set of standard Levis M and parabol-
ics Pyy.

Let 7 be an irreducible representation of G,. Then by the Langlands classification, there
is a standard Levi M of G,, tempered irreducible representation o of M, and unramified
character A of M such that 7 is a subrepresentation of the normalized parabolic induction
Ig (0@ ).

Since G, is unitary splitting over E,,, M is of the form

M = Resp” GLy, % -+ X Resp® GLy, x G,

where G, is a smaller unitary group splitting over E,. Therefore, by the Bernstein-
Zelevinsky classification, we can actually choose (M, o) so that o ® A is of the form

0@ A =St(p1,a1)|det | T K - - X St(pg, ax)| det | ** X Tremp, (6.1)

where St(p;, a;) are Steinberg representations built out of supercuspidals p; of GLt, E,, with
Tia; = n;, Tiemp 1S @ tempered representation(” for GI, and 21 > -+- > 2 > 0. Such o ® A
is unique up to permuting factors ¢ with equal x;’s.

Furthermore, by the endoscopic classification, memp has a tempered L-parameter:

Priemy = ED 75 X ()] (6.2)
J

for 7; unitary supercuspidals of some GLRg; E,.
Definition 6.1. For 7 an irreducible representation of G, as above, define:

(1) The Langlands data for 7 is the data ((p;, ai, )i, Ttemp) from (6.1),

(2) The extended supercuspidal support for 7 is the multiset produced by taking a union
of
(pil det =%, py'[det [ : 1 € {(a; — 1)/2,(ai = 3)/2,..., (1 — @) /2})

over the i from (6.1) together with
(5| det |" : 1€ {(bj —1)/2, (b; —3)/2,..., (1 —b;)/2})
over the j from (6.2).
Our bounds on matrix coefficient decay will require slightly different information:
Definition 6.2. For 7 an irreducible representation of G, as above, define:

(1) the coarse exponents L, to be the list of z; from (6.1) in non-increasing order,

(2) the exponents L, to be the list of each z; from (6.1) repeated n; times in non-increasing
order.

Lists of exponents can be compared:
Definition 6.3. If L = (I;)%_, is a non-increasing list of numbers:

(1) define
oi(L) ==Y wj,
j=1

where for indexing purposes, x; = 0 when j is out-of-bounds.

(2) We say that Ly = Lo if for all i, 0;(L1) > 0;(L2).

Mwe say Ttemp = 0 to cover the case when the last factor of M doesn’t appear
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6.2 Exponents and Matrix Coefficient Decay

The exponents of a representation control its matrix coefficient decay. Pick representation
7w of G, and recall the A\, o, M as above, where

A M =Resp GLy, X +++ x Resi GLy, x G}, = C:
g1 X o X gg X g [det g1 - det gg| T

For any Levi’s M1 O My, let 5%; be modulus character of Py, N M;—i.e taking a product
over sets of positive roots ®:

M
5M; = H |Oé|,

aedt (M)\ o+ (M2)

which extends to a character of Ms. Note that for z € Zyy,:

on(z) =" = [ laC)l,

aedt (M)

and for z € Zy,, Mi(2) = 1.

Let T be a maximal torus of the minimal standard Levi M, and T© be the subset on
which all algebraic characters take values with norm 1. For any M, define Zﬁ[ similarly
in the center of M and let Z;, be the set of all z € Zjs such that |a(z)] < 1 for all
a€ dT(G)\ ¢t (M).

Lemma 6.4. In the notation above, let N be another standard Levi of G. Let x be the
central character of an irreducible subquotient of the normalized Jacquet module R%Iﬁ(o@
A). Then there is Weyl element w such that x = x1(\ o w)|zy, where |x1(2)| < 1 for all
2 € Zy\ ZaT°.

Proof. This follows from Bernstein’s geometric lemma [BZ77, pg 448]:
Any ¥ is, in the notation therein, a central character of a subquotient of some

Fu(c®)\) =IN owoRM (6@ N,

with w some Weyl element and w(M’) = N’. Computing, R, I{;(c ® \) has central
characters of the form )\ zl, where X} is a central character of R%,O’. Further applying
w produces those of the form xi(w o A)|z,, where x; is a character in RY¥} (wo). The
induction finally gives those of the form y1(w o A)(6™)Y2| 2z, = x1(A o w)|zy -

Finally, [Cas95, Cor 4.4.6] gives the desired property of x;. Note we cancel out the
(6w )~1/2 in the reference since we are using normalized Jacquet modules. O]

Proposition 6.5. In the notation above, the matrix coefficients of I]\Ci[” (0 ® \) are LPte
mod center for all € > 0 if for all negative dominant v € X.(Zn,) \ X«(Za),

()5 (v(w)) /2717 < 1.

Proof. The parameter p in the application of Corollary 4.4.5 in the proof of Theorem 4.4.6
in [Cas95] can be any value instead of just 2 producing a test for LP matrix coefficients.

It therefore suffices to check that for any Levi N, the central characters y of R]GVIAG;’[ (c®@N)
satisfy (with normalized Jacquet modules) that

X()6%(a)' /2717 <1
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for all a € Zn \ ZaT(O,), where T is a maximal torus of My. However, by lemma 6.4,
there is a Weyl element w such that

x(@)0%(a) "2 P) < \(wa)d® (@) /27 17] < [\(a)6% (a) /2100

by the ordering of the z;. Then, since A is unramified, we only need to check the condition
for the listed coset representatives v(w) of Zy/Z Q. ignoring those intersecting Zg.
The result follows noting that Zy C Zjy,. ]

We rephrase this slightly:

Corollary 6.6. In the notation above,

2 20’1'(L7r)
—>1- max - -
o(m) 1<i<(N-1)/2 i(n — 1)

Proof. Since w C IJ\C}}“ (o ® A), it suffices to check which p satisfy condition of Proposition
6.5. We also without loss of generality consider all negative dominant v € X,(A) \ X.(G)
for a maximally split torus A.

Parameterize A as diagonal matrices (¢1,...,t,) for t; € E,, with t;l = t,—; so that
X4+ (A) \ Xi(Zg) is generated as a semigroup by the fundamental weights for 1 < i <
(n—1)/2:

&G FX =Tt (t,...,t,1..., 1t 7Y

where the breakpoints are at indices ¢ and N — 1.
By the inequality,

a C a C
— << = — —
bd>0and <5 = § <<,

it suffices to only check v = —¢; in 6.5. Then
logg, N—&i(@))] = 204(Lx),  logg, [6°(=&i(w))| = —2i(n — i),

so 7 has matrix coefficients in LP if

11\, 2 20;(Lx)
L)<|=—-—- —) — Z<1-—
0i(Ly) (2 p> i(n —1) p i —1)
for all 1 <14 < (n —1)/2. The result follows. O

6.3 Exponents and Parameters

Parameters also have a notion of exponents. Let tempered local parameter 1, decompose
as a representation of Wr, x SLy x SLo as

@ 7 ¥ [a;] R [dy],

where the 7; are unitary supercuspidals of GL7, E,,. Let 7; have dimension 7;.

Definition 6.7. In the notation above, the coarse exponents Epv for 1), is the concatenation
of the lists

U((di —1)/2,(d; = 3)/3,- -, (di — 2| d;/2])/2),

where the result is reordered to be non-increasing.
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The exponents L, for ¢, are the same except we repeat the ith list T;a; times:

| ((di = 1)/2,(di = 3)/3, -+, (ds — 2[di/2])/2) T,

(2

with the result ordered to be non-increasing.

Definition 6.8. In the notation above, the extended supercuspidal support of v, is the
multiset produced by taking a union of

(7:] det |l 1€ (a;) B (b))
over all 7. We use shorthand

(ry:=((r—1)/2,(r=3)/2,...,(1=1)/2)
and define AH B to be the multiset (a +b:a € A,b € B).
We can now state a key input of Mceglin:
Theorem 6.9 ([Mceg0901, Thm 7.2, Prop 4.1]). Let ¢, € Yq, and m, € 11, . Then:
(1) Lz, X Ly, .
(2) The extended supercuspidal support of m, is the same as that of 1.
This is not good enough to bound matrix coefficient decay; what we actually desire is:
Conjecture 6.10. Let v, € Y, and 7, € 1Ly, . Then Ly, = Ly, .

Remark 6.11. Conjecture 6.10 would follow from the closure-order conjecture [Xu2405,
Conj 2.1] as shown in in [HLLZ24, Thm 4.11(2)].

The closure-order conjecture is known in case of symplectic and orthogonal groups by
[HLLZ24]. The argument depends on algorithms computing the set of A-packets containing
a representation from [Ato23] in the symplectic/orthogonal case—these are expected to
analogize to the unitary case, though the details have not been completed as-of-this-writing.

The closure-order conjecture also holds holds for the ABV packets of [CFM™22] which
are conjectured (see Conjecture 8.1 therein) to be the same as the A-packets we use from
[Mok15].

However, for our applications, we only need special cases:
Corollary 6.12. Conjecture 6.10 holds in the following cases:
(1) my, is unramified,
(2) n=4.

Proof. Fix a m,. If the N; = Tia; in (6.1) are all 1, then L, = L, = f% = Ly, by
6.9(1) so 6.10 always holds. This covers case (1) and all 7, for case (2) except those with
Langlands data of the form ((x,2,z),0) for some character x of E;.

Then, such 7, has extended supercuspidal support

("] det |25, Y| det [71/2F2, x| det |27, x| det | 71/27)

By 6.9(2), this needs to match that of ¢, which can only happen if x = 0,1/2, 1.

If x =0, Ly, is all 0’s so we are done. If z = 1/2, then x = x" and v, = x[1][3]+ x[1][1]
(using the natural shorthand). Therefore, Ly, = (1,0,0) and Lr, = (1/2,1/2) which
satisfies the bound. Finally, z = 1 would force x = x" and v, = x[1][4] which has A-packet
containing just characters. This contradicts. O

The case n = 8 will be resolved later in Corollary 7.10.
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6.4 Bounding Decay by Shape

Note that for global parameter 1, each L, only depends on the restriction to the Arthur-
SLo. Therefore, it is constant over ¢ € [J.

Definition 6.13. For [ a shape for G, let Lg be the common value of Ly, for non-split,
unramified v and ¢ € 0.

As a consequence of all the above work and the deep input of Theorem 5.3, we get our
final result:

Theorem 6.14. Let U be a shape for G and ¢ € O such that Vo has reqular, integral
infinitesimal character.
Then for all non-split, unramified places v and 7 € ILy,, such that conjecture 6.10 holds:

2 o1 max  elo)
o(m) 1<i<(N-1)/2 i(n — 1)

Proof. Let ¢ = @, 7 W [d;] with 7; cuspidal. Then, all the 7; have regular, integral in-
finitesimal character at infinity so by Theorem 5.3, the 7, are all tempered. Then, 1,
decomposes as P, 0 W [a;] X [d;] for o; unitary supercuspidal, so it is in W, (instead of the
larger W of [Mok15]).

The result then follows from the equality Ly, = Lg, Conjecture 6.10 and Corollary
6.6. ]

Remark 6.15. When v is split, analogous notions of exponents for representations m, of G,
can be defined using the Bernstein-Zelevinsky classification. The analogue of Corollary 6.6
then still holds. If ¢, is a parameter of G, then it corresponds to a irreducible representation
o W1y on GL,(F, @p E) = GL,(E,)? where w lies over v. Then IT,, is a singleton
containing only the representation 7y corresponding to ¢ (see e.g. [DGG23, lem 6.1.1]).
In particular, Ly, = Ly, so Conjecture 6.10 always holds. Therefore, Theorem 6.14 always
holds as well.

T

Motivated by the above:
Definition 6.16. Let [ be a shape for G. Then define o by

2 20;(Lp)
: 1-— max - .
oo 1<i<(N-1)/2 i(n — 1)

In particular, Theorem 6.14 gives that o(7) < op.

7 Density Hypothesis Proof

Let G = Uﬁ/ EH he a definite arithmetic unitary group and vg a distinguished infinite place.
Choose open compact K/ < G . Let I' = G(F) N K as a subgroup of G, so that there is
a map

pK/ : G'UO - I‘\Gvo - G(F)\G(A)/KGOO\UO

In our eventual application when K’ is golden, I' = 1 and the second map will be an
bijection.
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In this section, we prove the density hypothesis for a variant of the §-ball family on
Gy,: we define functions fﬁ(’)Z on G, that are approximately indicator functions of balls of
radius € and consider families

1212
/ | Pre,y (fo)1I3 . :
’Fé{Z(ﬂ—) = mw%lww\vo triv. dim ((WOO)K )
[ fos 113

1 - -
= My s T ((fe * fo )1Gm\U01K’) (7.1)
1 fell2
in conductor m(e) = 1/e and for various choices of Z. We can also consider qu()Z as an

element of L?(G(F)\G(A))®' through summing over fibers of pX" : G, = I'\Gy, to get an
alternate interpretation:

: P (pX' £5:0)13
]:e{(Z(ﬂ-) = m, ” (pe’ZfU; )H2
[ fo” I3

The proof is from comparing two bounds: first in Theorem 7.7, we bound

! p€, 2
€, €,Z ’ '
2 17718

(recalling notation from Definition 5.12). This requires the very serious black-boxed input
of the endoscopic classification as used in Theorem 7.1. We then compare this to the
matrix-coefficient decay bound Theorem 6.14.

7.1 Input Bound

We now state our black-box input bound.

Fix infinitesimal character A for G, and let V) be the corresponding finite dimensional
representation. If [ is a shape and K/ < G is an open compact, define asymptotic
automorphic family

]:/\G7’DK (m) :=mzlrenly, =v, dim ((WOO)K,) .

The paper [DGG23, §7-9] used the endoscopic classification of [KMSW14] through an in-

ductive analysis of [Tail7] to upper bound asymptotics of the total mass of ff’DK, for certain
sequences of K’ — 1. ’

The paper [DGG24, §5-6] used the same techniques in the much simpler case of m(\) —
oo. We recall the result:

Theorem 7.1 (Special case of [DGG24, Thm 6.5.1]). In the notation above,

S FE () < (dimp M(A(G, O, K') + Og o i (m(\) 7))
WEARdiSC(G)

for some constant A(G,0, K') depending only on the three arguments.

Proof. Recall the definitions of I§(EP)1f/) and SE*(EP,\1x/) from [DGG24, §6.1].
Since V), is the only representation of compact G, with infinitesimal character A,

tra(EPA L) = Toeo g dim (o))
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Therefore,
S R (n) = I5(EPI).
TEAR disc(G)
The result then follows from the second bound of [DGG24, Thm 6.5.1].

For the reader’s convenience, we very roughly sketch the argument of [DGG24, Thm
6.5.1]. By an implementation in [DGG23] of an inductive strategy from [Tail7] inputting
the endoscopic classification [KMSW14, Mok15], our count of representations can be upper
bounded by a linear combination of terms on the geometric side of Arthur’s discrete-at-oo
trace formula from [Art89].

All these [Art89] terms are sums of smaller terms of the form

CV(I){\{(’Y%

where H ranges over groups that are Gp([J) or smaller, the <I>f\{ are certain character
sums on maximal tori related to traces against the finite dimensional representation on
H with infinitesimal character X' derived from A, v ranges over some fixed finite set of
rational conjugacy classes of H depending only on H, and K’, and C., are some inexplicit
constants that nevertheless depend only on H,[, K, and ~.

Finally, we apply the analysis of [ST16] to these terms—in particular [ST16, Lem
6.10(ii)] bounds the ®%I, thereby showing that a term for v = 1 on Gp(0) itself domi-
nates. For this term specifically, <I>§{ (7) = dimg A and C,, can be made more precise. O

Remark 7.2. We will in fact only need that

(dimoA) ™ Y FOA (1) = (dimg \) UG (EPAIk)
ﬂ'e'ARdiSC(G)

is bounded by a constant independent of A.

7.2 Indicators of Balls

We now define the functions qu(’)z defining our variant of the f-ball family and bound (7.2).
Our main technical tool here is Kirilov’s orbit-method character formula; see [Ros78, Ver79]
for the full proof and [Kir04, Ch 5] for a textbook summary. Our ffg)Z are close to but
not exactly indicator functions, instead chosen specifically to simplify the orbit-method
computations.

7.2.1 Modified Indicator Functions

First, consider the case of H a compact, semisimple, and simply connected Lie group. Let
h be the real Lie algebra for H, dimh = N, and rank H = r. Define on h:

§(X) = det (széa;/);/ 2)> ,

Consider test functions

f6 o exp = 1BE(0)j1/2

on H and where balls are defined using the Killing form. Note that f€ is supported on the
ball exp(B¢(0)), is analytic, and takes values close to 1 for small enough e.

We use the Kirilov character formula to compute traces of f€ against the finite dimen-
sional representation V). If t is a Cartan for b, the Killing form gives an embedding t* <— b*
so iA can be interpreted as a point in ¢h*. To define a Fourier transform, pick a measure on
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b that is Plancherel self-dual through the Killing form isomorphisms h — h* and associate
z € b* to the multiplicative character €27() on f. Then for small enough e:

e (F)= [ Togde (73
Ox/(2mi)

where the coadjoint orbit Oy ;) C ih* is given its canonical measure as an integral
symplectic manifold with total volume dim A.
By a classical result:

Tp.(0)(&/(2m)) = N[l ™2 Tnpa(lle€]) = N2l N2 Tn o e,

where Jy /7 is the classical Bessel function of the first kind. Since the adjoint action preserves
the Killing form, the integral in (7.3) is constant so:

Lemma 7.3. For H a compact, semisimple, and simply connected Lie group and in the
above notation:
vy (£) = (dim A)e™ A2 Ty o (€| Al])-

for small enough e.

Remark 7.4. We can understand the factors in lemma 7.3 through lemma 5.16,
dim X < ||A|F7,
and the Bessel function asymptotics:

CzN?  r<\/N/2+1
J < .

In particular, this term should be thought of as order

oo (7o) = JOEVINP2N=) <!
v, (fS) = O(eN=D/2|| \||71/20+D)y I\ > et

We can generalize this to our Gy, that is compact and (topologically) connected. Then
Gy, = Gggf X ZG,,/Zcaer on points and we have a corresponding canonical factorization on
0

Lie algebras g = gd°* x 3.

Then for any small enough € and subset Z C 3 on which exp to G, is injective, define

f;&Z O exp := j1/2]-B€(O)><Z- (7.4)

The Kirillov character formula a priori computes the trace character of V) pulled back to
(Gggr)sc. However, for small enough ¢, this is the same as its trace against Gf}gr.

We can in addition integrate over Zg, to compute traces of the pullback to Gggr X ZGyy s
noting that V) has central character A|; on 3. Since the diagonal embedding of Zchigr

intersects exp(B.(0) x Z) C Gdor x Za,, trivially for small enough ¢, this is the same as
computing traces on Gy, .
In total:

Lemma 7.5. In our case where Gy, is compact and (topologically) connected:
. der _ nyder —
tryy (f57) = (dim XM N N2 T e o (e M) T2 (ML)

for small enough € and Z C 3 on which exp to Gy, s injective. Here, 3 is given the measure
that corresponds to unit Haar measure on Zg, and recall that Nder = dim gder,
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We also need to understand traces against ( 552)* * 562. By Theorem 10 on page 174

of [Kir04],
(F57)" %, fif = (1B, (0)x(—2) *gterx; LB.(0)x2)3 "%,

so using that abelian Fourier transform takes convolution to product, a similar computation
gives:

Lemma 7.6. In our case where Gy, is compact and (topologically) connected:

vo

€ * € . der _ nyder — 2
b ((F57) o £557) = (im ™™ AT Ty o EIND? [ T2

for small enough € and Z C 3 on which exp to G,,. Here, 3 is given the measure that
corresponds to unit Haar measure on Zg, and recall that N = dim gder,

Finally, note that pulling back to the Lie algebra gives

7T]\]der/Q

eZ12 _ 2 _ Nder
1o 116, = 1B 0)x2llg = VOI(Z)mﬁ . (7.5)

7.2.2 Projection Bounds
With the above Kirilov formula computation, we can now input Theorem 7.1 and bound
I Pra qug)ZH%. We will consider two possible Z: either Z, := (—¢€/2,¢/2) or Zy := (—1/2,1/2).
Here, 3 is parameterized so that Lebesgue measure matches unit Haar measure: i.e. intervals
of length 1 exactly cover Zg, = U..

First, since Gy, is compact, we can choose the function EP) to be the matrix coefficient

of the finite dimensional representation V) with infinitesimal character A. In particular, by
Peter-Weyl, any f,, always has the same orbital integrals as a function of the form

ZaAEP)\.
A

Since by definition try, EP) = 1,- for any two finite-dimensional reps V,, and V), com-
paring traces solves for the coefficients and gives:

I(fo) =1 (Z(trvA fUO)EPA>

A

for any invariant distribution I.
In addition, the Plancherel formula gives

IPo fuoll3 = trr2 (fi, * fuoo) = IS (3 * fo) Lane,,, 1cr).
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Therefore:
IPa(pl f57)1I5
= IS(((f57)" % 1371600, 1)

=Yt (FD) * £ IS (EPA G, k)

Aeld
6 5™ (i NN AN Ao 1CEP I, 1
= neer o (€l[A)7|12(Aly)| 15 (EPAq,, 1K)
e
7.1 der . _ nyder — 2 . _
< N Z(dlmA)HAII N JNder/2(5||)‘H)2’1Z()‘|3)’ dimg(A) (A + O(m(N) ™))
Aeld
der . _ nyder — 2 .
< Ce Z(dlmA)IIAII N JNder/g(ellAll)Qllz(Alg)\ dimp(A)
Aeld
er er e~ 2
< OeNe ZHAH*N&% *PGJFPGF(D)*e(D)JNger/z(eH/\H)z‘IZ()\la) , (7.6)
aed

for some constant C' depending only on G, [J, and K’ and where the last step uses lemma
5.16 and Corollary 5.18. Recall the convention A € [J to mean that X is a possible total
infinitesimal character for a parameter of shape [J and also recall formula (5.4) defining
e(d).

Consider first the case Z = [—€/2,¢/2]. Note that 1 is zero on any character that sends
A(—1) = —1, so the lattice of possible A is of the form Lg x Lz where Ly is a character
of U1/ £1 and Lg are regular, integral infinitesimal characters for (G, )aq. Summing over

_ 2
L7 using Poisson summation on j turns the ‘12(/\\3)’ into 17 x (17)*(0) = € as long as €

is small enough. Therefore, our estimate (7.6) becomes:

cee Y- |yA||—Néer+Pc+PcF<u>—6(D>JNger/2(e||A||)2. (7.7)

Aed
X for (Gug)ad

In the other case Z = [—1/2,1/2], note that 1/2(>\|3) is an indicator function if A|; = 1, so
this simply changes the eN¢ coefficient on the sum back into NG
Now, we input the asymptotics for Jy /o to evaluate the sum. For |[A|| < 1/¢, the terms

in the sum are
< ENger||)\||PG+PGF(D)_€(D).

The A € O that are integral on (G )ad form an (rg, o) — 1)-dimensional sublattice of all A
(shifted by a small fixed vector depending only on [J that becomes negligible as 1/e — o).
Assume 7g, o) > 2. Then, summing over the 1 /e-ball in this subspace gives something of
order

< N&E—Pa—Papoyte@)—rapmtl

— Ne—Fe—Papo—rapo+ed) — E(NG*PG)*(NGF(D)*PGF(EI))JFQ(D)7

after approximating the sum by an integral, which we can do since rg, @) > 2 means the
number of terms in the sum with ||[A|| < 1/€ goes to infinity as e — 0 .
On the other side, ||A]| < 1/¢, the terms in the sum are

< Y| TNE et Fap@—e@)-1

9
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which after summing gives something of the same order

< ENger_PG_PGF(EI)_TGF(D)+6(D)+1 — Ne=Pc)=(Napo)—Papmo)+ed)

We substitute this into the sum from (7.7), first in the case of Z = (—€/2,¢/2). Then,
when rg, @) > 2

| Bo(pl f7)|13 < NetWamPe)=Wepo ~Fap@)te@),

When 7, @) = 1, there is a single A € [0. We can therefore treat ||A|| as a constant and
reproduce the same formula (note that for this shape e(d) = Pg).

The case of of Z; just removes a power of e. Unifying the two cases by noting that
153713 = Ve and || £537113 = €NE7, we get:

Theorem 7.7. Normalize 3 so that intervals of length 1 exactly cover Za,, = Uir. Then, if
Z is either (—e/2,€/2) or (—1/2,1/2):
[y vA
IPo(pl fi7)I3
Z
I1f5” 113

As two special cases, we get ¢ when [0 = (n, 1) is the trivial shape and ¢
O = (1,n) is the shape for 1-d representations.

< eWNa—=Pe)=(Na @ —Fapo)+ed)

Ne=1 when

7.3 Density Hypothesis Proof

Now we can put together Theorems 7.7 and 6.14 to prove the density hypothesis.
First,

7B
Y. Fezlm) =t =
FEAR g1ee(G) | fuo” 115
The automorphic characters restricted to I'\G,, span L2 (T\Gy/ Gder), so we can calculate

vo
projections:

Pace) f(z) = / f(zg)dg.

Seting

This allows us to compute

]P) K/ 7::7Z 2
Z Fp(r) = I AC(G)(;OZ* 2fo )3 = vol(Z)eMo1.
TEAC(G) | foo 115

Since there are finitely many possible [ for each N, Theorem 6.14 gives that the density
hypothesis for F. 7, at some finite, non-split place v would be implied by:

Theorem 7.8.

K' 16,212 (1.2
ZIE, (71'): HPD(p* fUO )H2 <<6(NG 1)<1 °D>,

Z 7
reD 1o 113

Proof. The inequality we want to show is that

Rg(0) := (Ng — Po) — (Ngp@o) — Pap@y) +e(@d) > (Ng — 1) <1 - 025> =: Sc(0).

Define the Arthur-SLs of a shape [ to be the partition ) determined by the restriction of
1 € U to the Arthur-SLo. Note that the left-hand side of the inequality only depends on the
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Arthur-SLs so call it S¢(Q). Let Rg(Q) be the minimum of Rg(0) over O with Arthur-SLo
given by @—this is achieved for the unique such OO0 = ((7}, d;)) with all d; distinct.

It therefore suffices to show that Rg(Q) > Sg(Q) for all Q. Let d be the maximum size
of a part of . Then

nn+1) {_ (n—d)(n—d+1) N d(d—1)
2 2 2
Recall the definitions of Q4 and @/, from [DGG23, lem 12.4.3], which also gives that if we

also have that @) # @g4, then

Ra(Q) > Rg(d,1,...,1) = = nd — 1.

d—1

Sa(Q) < Sa(@) = (n* = 1) — g

By a computer check, this always gives Rg(Q) > S (Q).
It remains to check the case when @ = Q4. Let r = [n/d] and ¢ = n — rd. Then

n(n+1) r(r+1) rd(d—1) N q(g—1)

- - ~1
Ra(Qq) 5 5 a0 + 5 5
and by [DGG23, 12.3.4],
d—1
S =m?-1)—.
6(Q0) = (- 1)
By computer check again, we always have that Rg(Qq) > Sc(Qq)- O

Summarizing the final result:

Corollary 7.9. Let G = UPH be q definite unitary group and K' < G* be open compact.
Pick infinite place vg and define f,nge as in (7.4). Then the family

Z
| Pr,, (fe5 I3

7 e
I

Kl

K (x) = my i, dim ((WOO)K’)

satisfies the density hypothesis at unramified finite place v in the following cases:
e n=4,
e K is hyperspecial,
e v is split,
e Conjecture 6.10 holds for Arthur-type representations of G, with a K] -fized vector.

Proof. This follows from Theorem 7.8 together with Theorem 6.14, remark 6.15 and Corol-
lary 6.12 . O

Corollary 7.10. Corollary 7.9 holds when n = 8

Proof. For every restriction of a parameter v, to the Arthur and Deligne-SLo’s, we by
computer list out all the possible exponents of 7, satisfying the conditions of Theorem 6.9.
Bounding these potential o(m,) by 6.6, the only cases of Langlands data that violate the
bound in Theorem 7.8 with op replaced by o(m,) are:

T € [3] - || 71 X Temp in packet 1, = [5][1] + [1][3], (7.8)
my C[2] -7 x [2] - |71 % 0 in packet ¢, = [4][1] + [1][4].
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in the natural shorthand describing exponents and Arthur/Deligne-SLa-pieces.

For the case (7.8), the infinitesimal character of 7, always has a factor of the form p||°
or p||'/? coming from the choice of 2-dimensional Ttemp- Lhe p||'/? cannot occur since the
infinitesimal character of the packet has only integral powers of || and the p||® cannot occur
because the two zero powers of || in the infinitesimal character of the packet 1, are already
accounted for by the [3] - || L.

The case (7.9) cannot occur since it violates [Moeg0901, Thm 6.3]—it corresponds to
partition (2,2, 2,2) while the packet restricted to the Deligne-SLy corresponds to partition
(4,1,1,1,1). 0

Remark 7.11. The variant of Corollary 7.9 for F, 7z, does not actually hold: then we would
require

! pe, 7
1P FIB . ~o(1-2)

o0
VA
£33

which reduces to eVé—1 <« €Vé for O the shape of 1-d representations.

8 Optimal covering

Here we translate the spectral analysis of previously constructed gate sets in PU(n) to
the settings of automorphic representation theory and show that the density Theorem 7.9
implies the optimal covering property. Theorem 1.2 from the introduction will then follow
from the main result 8.6 of this section and Theorem 1.3 from the main result combined
with Proposition 4.18.

We make a technical assumption that Op is Euclidean for the approximation property
from 4.13 to hold.

Theorem 8.1. Let G = Uﬁ/ EH pe g definite unitary group and choose distinguished

Archimedean place vy of F. Let K" = K'GOO\UO for K < G(Z) a golden adelic group
that is golden at p (resp. super-golden satisfying assumption 4.6).

Recall the definition of the gate set Sy := Sg(, from 4.4 (resp. OSp and Cy from 4.7 and
the discussion afterwards). Then Sy is a golden gate set (resp. %S, U Cy is a super-golden
gate set) of G(F,,)/U1 = PU(n).

For convenience, assume F' = QQ on the first read so vy is the sole infinite place and

K' < G(Z).

8.1 A Hecke Operator

We start by interpreting as a Hecke operator the operation of averaging over translates by
the set SI(,Z) of words in gates that with minimum representation of length 2.

First, note that since K’ is a golden adelic group, we get the following identifications
by lemma 4.2:

LA(U(n)) = L (Ap)\G(Fyy) x G(Fy))™
= L*(G(Q\G(A™) x G(F,,)) =\ = L2 (GQ)\G(A) M=o (8.1)

In particular, we can decompose

V=L'Umn)= @ mBE™)~,
WeARdisc(G)

Too\vg trivial
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where the right-translation action corresponds to the action on the left factor of the X as
representations of G(F,,) = U(n). We also get corresponding subspaces V7 and restricted
projections P : V — V.

Through the right factor of the X, this decomposition also respects an action of Hecke
operators:

Definition 8.2. Let p be a finite place of I, m, a Gp-representation. Then any finite set
S C Gy defines a Hecke operator 1,5k, € Cc (Ky\Gyp/Ky), which acts on wf”:

L, 5K, U = / m(g).udg = Z Tu(8).u,
9ER, SKy sEKpSKp/ Ky

where the integral is normalized by vol(K,) = 1.

Recall the definition of S,gé): the set of words in Sy of length precisely ¢ in their shortest
representation. As a technicality when G|, has non-anisotropic center, recall also from

Proposition 3.12 their lifts 554) and define the following operator TS“) on V:
P

<Tsée>f> (9) = \Sb)\ Zseggo f(s7'9) (feL*(U(n)), geU(n)).
p

In the super-golden case, we replace §‘§€) — Cpogéé). This is a Hecke operator:

Lemma 8.3. For any ¢ € N, there is a bijection between, Kpgée)Kp/Kp and gl(f), and the

operator, T NG is equal to the normalized Hecke operator —ir (resp. replacing
p

5] ]leS”g“Kp
§é£) — cp0§§£) in the super-golden case).

Proof. The second claim follows from the first: thinking of L2(U(n)) = L?(Ay\Gu, % Gy) 5,
the s-action on the G, coordinate is equivalent to a s~! action on the left on the U(n)
coordinate. N

By Proposition 3.12 as used in Section 4.2, Sée).vo is the set of all v € B (or lifts v

of depending on v — vy € X (Ap) and the choice of ) such that [[v — vo||’ = £. In the
super-golden case, we instead look at elements g7 for g € G} such that ||gvg — vol’ = £

(again possibly lifted depending on guvy — vg € X+(EH))
Since K, preserves the v — vg € X, (Apy), we get that Kpgéz).vo = §ée).’U[), hence there

is a bijection between Kpgég)Kp /K, and 554) (resp. the super-golden analogues). This
completes the proof. O

We can now use another key input to bound operator norms of Hecke operators acting
on my:

Proposition 8.4. [Kaml6] In the above notations (in particular, K, is contained in an
TIwahori subgroup), assume that S — 5’/Z2)p1 has fibers of size bounded by some fixed M.

Then, for any o > 2, if unitary irreducible representation m, of Gy is in L°T¢ mod center
for all e > 0,

o—1
o

Lrysr, | Tpllop S ([KpSKy/Kpl)
asymptotically in |S| for all such S.
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Proof. Since K, is contained in an Iwahori, we can write 1k, sk, as a sum of terms of the
form h,, in the notation of [Kam16]. Since the number of double cosets h,, with I(w) = Iy
is polynomial in ly, we have |K,SK,/K,| ~ ¢'max where lpax is the maximum of I(w) for w
appearing in this sum. This then follows from [Kam16, Thm 1.8] (which can be generalized
to non-semisimple G}, by noting that the action of Gy on B factors through G| /ZZE; ! and
that m, has unitary central character). O

8.2 Optimal Covering Proof

We can now put everything together to prove Theorem 8.1 using the identifications

LE =Vh:= @ M Ty, B (%) K™
el
oo\ trivial
We start with a corollary of the density hypothesis, which allows us to interpolate an
inequality from 2/0 =1 and 2/0 = 0 to all values in between:

Proposition 8.5. If n = 4,8, for any shape O, any £, and eNe—1 < |Sé£)|_1
l
I Zgco | Valls, - 1Ba 57018 < 155717 - 15574 13-

Proof. This is a reformulation of Corollaries 7.9 and 7.10: it follows from Theorem 6.14,
Proposition 8.4, and Theorem 7.8/the extra computations in the proof of Corollary 7.10. [J

For convenience, we reindex
6,21
Is == 13

for the e such that it has support of volume §. In particular § < ¢
applies to 0 < ]Slge)lfl.
Note also that the projection of this support onto PU(n) has the same volume (nor-

malizing vol(U(n)) = vol(PU(n)) = 1) and is a ball in an invariant metric. In other words

Ne=1 g0 Proposition 8.5

supp(fy; 21 ;. PU(n) — C) = BPUM) ().

’ 1

In addition, since fy,”* is analytic, constant on U(1) orbits, and equal to 1 at the identity,

(I5,1) = (5 + o(5)). (8.2)

Combining the above propositions, we are now in a position to estimating the covering
rate of S, in terms of the spectrum of the operators T 50 evaluated on each subspace Vg

separately.

Proposition 8.6. If n = 4,8, the optimal covering property (Definition 1.1) for PU(n)
holds for S, (resp. Cy, UYS,).

Proof. For notational simplicity, we argue only in the golden case. The super-golden case
follows very similarly.
Our parameter is £, and we take § as a function of £:

_ ci(log|$))2

, fsi=15 — (Is,1)1.
¢
1537
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On the one hand,
2
T fslp = [ [Tyo (s = @00 @) o
p U(TL) P
so since the support of Ty (Is) is contained in the pullback to U(n) of B(Séz), 5) C PU(n),
P

o315 = [ (s, 1) do = (5 -+ 0(6))* - (PUM)\ B(SY”,5))

PUn)\B(S{",8)

using (8.2) for the last step.
On the other hand,

2 2 _ 2 _ 2
g fsllz < [Tge0 Lsll2 = |l %:Tsy> Po sl = %: g0 P Lsll2

<> g | Vallz, - 1o Is|l3,
0

so noting that the number of possible [ is a constant depending only on n, Proposition 8.5
gives:
£)— £)|—
1T f513 < 1557171153 = 15377,

Combining the two estimates together, we get

1 l—00
w(Um\B(S,9) 5 o 50,
c1(10g |8{)°

which proves that S, has the optimal covering property. ]

Finally, we note that Theorem 8.1 follows from Theorem 4.13 and Proposition 8.6.
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