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Introduction

I The bigger project - Study the ability of HODV to
approximate the Universe V

I A set x is Ordinal Definable (OD) (in V ) if it is
definable in V from ordinal parameters

I HODV ⊆ V is the class of all hereditarily OD sets x

I HOD is an inner model of ZFC which extends L
and other canonical inner models
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Many ways to examine HOD’s ability to
approximate V

I A General Question - Is there a way in which HOD
is “close” to computing every subset of a given
cardinal κ ?

I Main Test Question - Is it possible to find a single
subset x ⊆ κ such that HODx correctly computes
P(κ)V ?

HODx is the subclass of all sets which are
hereditarily definable from ordinals and the set x
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I Example (κ = ℵ0) It is consistent that for every
x ⊆ ω, HODx fails to correctly compute P(ω)V .

Why? Start from V and force κ+ = ℵ1 many Cohen
reals, ~r = 〈rα | α < ω1〉. By c.c.c, every x ⊆ ω in V [~r]
belongs to V [~r � β] for some β < ω1. By
homogeneity of Cohen forcing,
HOD

V [~r]
x = HOD

V [~r�β]
x ⊆ V [~r � β]. In particular

rβ 6∈ HOD
V [~r]
x .

I A similar argument applies to every regular
cardinals κ.
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The Singular Case - cf(κ) ≥ ℵ1

Theorem (Shelah 1997) (ZFC)

Suppose that κ is a strong limit singular cardinal of
uncountable cofinality.
Then there exists x ⊆ κ such that P(κ) ⊆ HODx
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Is there a ZFC Theorem for cf(κ) = ℵ0?

I Theorem
(Cummings-Friedman-Magidor-Sinapova-Rinot
2016) It is consistent relative to ω many
λ−supercompact cardinals below an inaccessible
cardinal λ, that there exists a model V with a
singular strong limit cardinal κ, cf(κ) = ℵ0, and
P(κ)HODx 6=P(κ)V for every x ⊆ κ in V
Moreover, (κ+)HODx<(κ+)V

I Is possible to reduce the large cardinal
assumption of P(κ)HODx 6=P(κ)V for all x, from the
existence of a supercompact cardinals?
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The Main Equiconsistency Result

I Theorem (BN-Neeman-Gitik-Unger 2018)

The following statements are equiconsistent:

1. There exists a model V with a strong limit singular
cardinal κ, cf(κ) = ℵ0 such that for every x ⊆ κ,
P(κ)HODx 6=P(κ)V

2. There exists a model V with a cardinal κ such that
{o(µ) | µ < κ} is unbounded in κ

o(µ) is the Mitchell order of a measurable cardinal
µ
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Two major themes: Homogeneity and Covering

1. An upper bound (forcing) argument: Given a
model V in which κ = ∪nκn and o(κn) ≥ κn−1,
construct a generic extension V [~t] which adds κ+

many ω-sequences (diagonal Prikry)
~t = 〈tα | α < κ+〉 to V .

For every x ⊆ κ there exists β < κ+ such that
x ∈ V [~t � β], and the quotient forcing for adding
~t \ β over V [~t � β] is homogeneous

Therefore, tβ does not belong to HOD
V [~t]
x ⊆ V [~t � β]
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2. A lower bound (inner model) argument:

The ability to find a subset x of κ for which HODx
contains P(κ)V , is based on the ability to cover
small (countable) sets s ⊂ κ using small sets in
HODx
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Warm Up - Covering Arguments and 0#

Proposition: Let κ be a strong limit singular, cf(κ) = ω.
If P(κ)HODx 6= P(κ) for every x ⊆ κ, then 0# exists.

proof (sketch) Let 〈κn〉n be a cofinal sequence in κ.
Each set y ⊆ κ can be recovered from its pieces
y ∼ 〈y ∩ κn〉n ⊆ [κ]<κ.
Therefore, to reconstruct P(κ)V in an inner model
HODx , it suffices to find x ⊆ κ which codes [κ]<κ (size
κ) and [κ]ω.
Since κ is strong limit, we can find x∗ ⊆ κ which codes
[κ]<κ and 〈κn〉n.

Claim: Assuming ¬0#, P(κ)V ⊆ HODx∗.
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Warm Up - Covering Arguments and 0# cont.

Claim: Assuming ¬0#, [κ]ω ⊆ HODx∗

I Fix s ∈ [κ]ω in V . Since ¬0#, s is covered by a set
a ⊆ κ in L, with |a| = ℵ1

I Let πa : ā → a be the inverse-transitive-collapse
map and s̄ = π−1

a (s) ⊆ ā. Clearly s̄, ā ∈ [κ]<κ

I Since both [κ]<κ and L are contained in HODx∗,
have s̄,a, πa ∈ HODx∗, thus s = πa [s̄] ∈ HODx∗
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I Let πa : ā → a be the inverse-transitive-collapse
map and s̄ = π−1
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From L to Measurable Cardinals

1. The lower-bound argument shows that a similar
construction may be applied if {o(µ) | µ < κ} is
bounded by some δ < κ

2. For each s ∈ [κ]ω Mitchell’s Covering Theorem
provides a recipe to cover s using functions h ∈ K,
ordinals parameters, and sequences of
indiscernibles Gs

µ, µ ≤ κ, which behave like
Prikry/Magidor generic sequences over
intermediate models.

3. The assignments µ 7→ Gs
µ depends in general on

the set s we are trying to cover
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Covering Arguments and Measurable Cardinals
II

4. A Global Version: Assuming oK(µ) ≤ δ for every
µ ≤ κ, there exists a “global” assignment of
indescrnible sequences

µ 7→ g(µ) ∈ [κ]≤δ, µ ≤ κ

which does not depend on the choice of s, and
can be used to replace the sets Gs

µ in covering
arguments.

5. Our final x ⊆ κ codes g in addition to [κ]<κ and
〈κn | n < ω〉
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Summary

1. Goal - understand how “close” can HOD be to V

2. Test question - can we find a single subset x ⊆ κ of
a given strong limit singular κ, so that HODx
contains P(κ)V

3. Depending on the cofinality of κ, the answer
changes from a ZFC theorem to large-cardinal
based consistency results

4. Main themes - Homogeneity and Covering

5. Open Problem - Can any of these LC consistency
results be obtained at κ, above a very large
cardinal λ?
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Thank You
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