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ABSTRACT. Motivated by a question in model theory, we pose the following
question. Given infinite cardinals § < k, what is the minimal VC-dimension
of a cofinal family F C [k]<?? We show that for § = w and & = R, it is
consistent with ZFC that there exists such a family of VC-dimension n + 1,
which is known to be the lower bound. For 6 > w we answer this question
completely, demonstrating a strong dichotomy between the case of singular and
regular 8. We furthermore answer some relative and generalized versions of
the above question for singular 6, and answer a related question which appears
in [BBKS24].

1. INTRODUCTION

In [BBKS24], Bays, Simon and the first two authors considered the question
of when an uncountable externally definable set contains an infinite definable set,
and proved that if the underlying first-order theory is NIP, then the answer is
yes. NIP corresponds to the classical notion in combinatorics of having finite VC-
dimensimﬂ and via the notion of honest definitions, the proof there lead naturally
to the following set-theoretic setting.

Suppose that X is an infinite set of size k and that F is a family of subsets, each
of cardinality at most 6 for # < k. Consider two possible properties:

(1) The family F is cofinal: every set of cardinality < 6 is contained in a
member of F.

(2) The family F has finite VC-dimension, meaning that there is some n < w
such that given any subset s of X of size n, there is some ¢ C s such that ¢

is not of the form s N A for some A € F, see
Observe that pulls F towards having many sets while (2)) pulls F towards
having few sets. This precise tension is the center of this paper. Generalizing
we may introduce a third cardinal A < # and ask that F is A-cofinal, meaning that
every set of size < A is contained in a member of F. This leads us to:

Question 1.1. Given cardinals A < 0 < k, what is the minimal VC-dimension of a
A-cofinal family F C [k]<¢ (where [k]<% is the set of all subsets of « of cardinality
< 0)?

Consider the family of proper initial segments of w. Every finite subset of the
natural numbers is contained in such an initial segment, and it can be seen to have
VC-dimension 1. Thus, we have that for A = k = § = w, the answer to|Question 1.]|
is 1.
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In [BBKS24|, Bays, Simon and the first two authors, motivated by questions in
model theory, considered a version of [Question 1.1l Generalizing the example of
initial segments of w, they proved:

Fact 1.2. [BBKS2J, Theorem 3.8 There is an w-cofinal family F C [w1|<¥ with
VC(F) =2.

The following result in their paper demonstrates that the VC-dimension for such
families cannot be smaller, and more generally gives a lower bound for a possible

answer to [Question 1.1j

Fact 1.3. [BBKS2J, Proposition 3.3 and Remark 3.7 For n < w, a cardinal k
and a family F C [kT"]<" which is (n + 2)-cofinal we have VC(F) > n + 1.

Remark 1.4. [Fact 1.3[ does not appear exactly in this form in [BBKS24]: there,
the family is required to cover every finite subset of k™", not just those of size n+1.
However, the proof there gives this stronger formulation.

In this paper, we attempt to continue this project. In particular, we ask when
the bound of is optimal. The following is the first result proved.

Theorem 1.5 (Theorem 6.1([214)). Fiz infinite cardinals A < 0 < k.

(1) If 0 is regular and uncountable, then there is a A-cofinal F C [k]<? with
VCO(F) < n if and only if K < 07",

(2) If0 is singular and cof(6) < A, then every A-cofinal F C [k]<% has VC(F) =
00

In light of and and the following two questions are

therefore natural:

Question 1.6.

(1) What can we say for § = w and k = w,, for n > 1?7
(2) What can we say for singular 6, k = 0™ and A < cof(9)?

Regarding those two questions, we get the following consistency results.

Theorem 1.7 (Theorem 6.1|3]F)).
(1) For every n < w, it is consistent with ZFC that there is an w-cofinal F C
[wn]<¥ with VC(F) =n+ 1.
(2) Relative to the existence of a measurable cardinal, it is consistent that there
is a singular cardinal 0 of countable cofinality such that for every n < w
there is some w-cofinal F C [07"]<% such that VC(F) = n + 1.

Some motivation from model theory. An interesting application is the exis-
tence of a plethora of examples of 2-sorted structures with IP, whose language each
has a single binary NIP relation.

In their paper, the following was also proved:

Fact 1.8. [BBKS24, Theorem 4.1] Suppose 6 is an infinite cardinal, X a set with
|X| > 6% and F C [X]<Y is w-cofinal, then the structure M = (X, F,€) has IP,
i.e., there is some definable family in M with infinite VC-dimension.

Since the structure (X, F, €) is interpretable in every structure in which F is
definable, [Theorem 1.7|together with[Fact 1.8| consistently give us a family of exam-
ples of NIP families of sets which are not definable in any NIP structure. We view
these families as "extreme" examples and expect these to shed light on problems
involving local NIP phenomena (where only one formula is assumed to be NIP, and
not the whole complete theory), and serve as a stepping stone to counterexamples
to conjectures regarding such formulas. In fact, perhaps fine-tuning the forcing we
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propose, one may build such counterexamples. An example of such a question is a
the existence of NIP honest definitions: the existence of honest definitions (assum-
ing only that a given formula is NIP) is proved in [CS13| and a uniform version is
given in [BKS25|. However, both proofs give formulas that could a-priori have IP.
Another question is local version of the finite-co-finite theorem, see [Sim13, Theo-
rem 3.30]: this is a theorem of Simon that holds when the full theory is NIP, but
the conclusion is about one formula.

A bit on the proofs. The main construction throughout this paper is that of an
n-ordering system, see[Definition 2.7] The idea is to construct systems of compatible
well-orders on a cardinal and its initial segments (and each of their initial segments,
etc.) and considering sets which are closed relative to these systems, in a certain
precise sense (see [Definition 2.12)). This idea originated in [BBKS24, Theorem 3.8]
where this was done for n = 1. Having this general definition forces us to prove
many properties by induction on n. Accordingly, we made an effort to find the
correct definitions so that the proofs are as simple as possible.

Acknowledgments. This work is part of the third author’s master’s thesis. The
complementary work towards this thesis was written in [PS25] together with Jo-
hanna Steinmeyer, in it a finitary analogue of the above question is considered.

The third author would like to thank the first two authors for guiding him
towards the completion of this thesis, and to Uri Abraham for refereeing the thesis
with great care, leading to improvements in its presentation, and therefore in the
presentation of this paper.

2. PRELIMINARIES AND ORDERING SYSTEMS

2.1. VC dimension and cofinal families of sets.

Definition 2.1. Given a set X and a cardinal 0, write [X]<? for the collection of
subsets of X of size less than . Say that F C [X]|<% is A-cofinal if every A € [X]<*
is contained in a member of F.

Definition 2.2. Fix a family 7 C P(X) and a cardinal k < |X]|.
(1) Say that A C X is shattered by F if for every Ay C A there is some Sy € F
such that Ag = AN Sp.
(2) The VC-dimension of F is the maximal size of a finite subset of X which
is shattered by F, or oo if this is unbounded. Say that F is a VC-class if
VC(F) < oo.
Definition 2.3. Given cardinals A < 0 < &, let VCcof(\, 8, k) be the least number
n € wU {oo} such that there is a A-cofinal family F C [x]<? of VC-dimension n.

We start by investigating basic properties of this function.

Proposition 2.4. Given F C P(X) and Xo C X we have that any subfamily Fo
of the family F | Xo = {XoN S : S € F} satisfies VC(Fo) < VC(F). In particular,
for every choice of cardinals A < 0 < k and A\g < 0y < kg with kg < K, \g < A and
0 < by, we have that VCcof(Ag, 0o, ko) < VCcof(A, 0, k).

Proof. The first part is trivial. For the second part, let F C [0]<" be A-cofinal,
and apply the first part with X = 0 and Xy = 6y. It is clearly still A-cofinal, and
consists of sets of size less than k < kg, so in particular Ap-cofinal, giving us the
desired inequality. O

Restating in these terms, we have:

Fact 2.5. [BBKS24|, Proposition 3.3 and Remark 3.7] For every infinite cardinal
k and natural number n, we have VCcof(n + 2,60,0%") > n + 1.
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The following example is a strong hint towards the ideas to follow.

Examples 2.6. (1) We claim that VCecof(Rg,Rg,Rg) = 1. First, the family
F = {{O,...,n —1}:n< w} witnesses VCcof (Rg, Ng, Rg) < 1. Indeed,
given any finite nonempty A C w we have A C sup A + 1, and given any
two distinct nq < ng < w, the set {ni,ns} is not shattered by F, as any
I € F with ns € I has ny € I as well, so VC(F) < 2. Since any family with
at least two distinct sets has VC-dimension at least 1, we have VC(F) = 1.
[Proposition 2.4 and [Fact 2.5/ imply that 1 < VCecof(Ng, R, Ng) as well.

(2) In fact, given any infinite cardinal k, this generalizes to demonstrate that
VCcof(cof(k), k, k) = 1, with the upper bound witnessed by the family of
proper initial segments of .

(3) Note that for every natural number n and infinite cardinals 6 < k, the
family [x]" ! witnesses VCcof (n+2, 0, k) < n+1. In fact, applying[Fact 2.5|
and monotonicity gives us an equality whenever x > 617,

Our main method for constructing cofinal families will use the following, which
was implicitly constructed in [Ben+21| and explicitly for the case n = 2 in [BBKS24]

Definition 2.7. By induction on 0 < n < w we define when a function < : [X]<" —
P(X?) is an n-ordering system on a set X. In the following and throughout, we
write <, for <(s) and < for the irreflexive variant, i.e., <s:==; \{(z,z) : z € X}.
e For n =1, < is a 1-ordering system if <y is a (non-strict) well-order on X.
e For n > 1 and any X, < is an n-ordering system if it satisfies the following
conditions:
— < is a (non-strict) well-order on X.
— For any z¢ € X, the function <® : [X_ , ]<""! — P(X?) given by
={° = =4U{z,} I8 an (n — 1)-ordering system on the <y-initial segment
Xz ={r € X 12 <p 20}
We also define the domain of ¢ (or =), denoted by dom(~,) = dom(=,), as
usual: {x € X : (z,2) € <4}

As an illustration of the idea, consider the following instance of the above defi-
nition.
Example 2.8. A 3-ordering system on a set X consists of the following:
e A well-order <y on X.
e For every x € X, a well-order <, on the set X, defined above.

e For every z,y € X such that y <y =, a well-order <, ,1 on the set {z €
X2z =px N2 =y Y}

Remark 2.9. By induction on n, if < is an n-ordering system on a set X and
k < n, then < | [X]<F is a k-ordering system.

Definition 2.10. Given an n-ordering system < on a set X and a finite sequence
of ordinals & = (vg,...,v,—1) € Ord", say that © bounds the order type of < if for
every s € [X]<" we have otp(<,) < vy

Our goal is to use n-ordering systems for various n < w to produce cofinal families
of (relatively) small VC dimension.

Remark 2.11. Suppose ~ is an n-ordering system on a set X for 1 < n. Then,
for every set s € [X]<"~! and every a € X such that a is in the domain of <, the
domain of <,q) is X<,a = {x € X : © < a}. The proof is by induction on 1 < n.
If 5 is empty this follows directly from This is the only case when
n = 2 so this covers the base of the induction. Otherwise, let g = max_, s and
let t = s\ {2o}. Then the domain of <.} is the same as the domain of 4”{”2}&.
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Since <" is an (n — 1)-ordering system and 1 < n — 1 (since s is nonempty), by
induction said domain is {z € X4, : * </° a}. But clearly, if + </° a then
x € X4,z (since <% is an (n — 1)-ordering system on X_,,,), so said domain is
{z € X : © <}° a} which is by definition {z € X : x <, a} as required.

Definition 2.12. Suppose < is an n-ordering system on a set X. A set S C X is
~-closed if for every s C S of size |s| = n — 1 and every a,b € dom(=y), if b € S
and a <, b thena € S.

Example 2.13. If < is a 1l-ordering system, then a set is <-closed if and only if it
is an initial segment of <.

Definition 2.14. Let < be an n-ordering system on a set X.

e Given \ < 0, say that < has (), 0)-closures if every A € [X]<* is contained
in an ~-closed set B € [X]<?.

e Say that < has 0-closures whenever it has (0, 0)-closures. Say that it has
finite closures if it has w-closures.

Lemma 2.15. Suppose < is an n-ordering system on a set X and s € [X|<¥. Then
for every k < min{n—1,|s|} there is a unique sy, € [s]* such that s\ sy C dom(~s,).

Proof. We prove this lemma by induction, where the case n = 1 is trivial, as
is the case of s = ). For n > 1 and s # () we write 29 = max.,s. By the
induction hypothesis there exists t,_1 € [(s\ {z0})]*~! such that s\ ({zo}Utr_1) C
dom(=;? ) = dom(=y, _,ufao}), Which shows that setting s = tx_1 U {0} finishes
the existence proof. For uniqueness, suppose si, tx € [s]¥ both satisfy the conclusion
of the lemma. We will first claim that sj,f; must contain zy. Indeed, for any
nonempty t C s we have g ¢ dom(~;) C X%@max<.®t C X a0, S0 the desired
inclusion cannot hold otherwise. Write sj, = s \ {zo} and ¢}, = t; \ {zo}. Note
that we have s\ {zo} C dom(=,), so we have s\ s C dom(%i}k)) C X,z and
s\tr C dom(%f{). Applying the induction hypothesis proves sj = ¢}, which
completes the proof of uniqueness. O

Proposition 2.16. Suppose < is an n-ordering system on a set X. Then the
collection F of <-closed sets has VC-dimension at most n.

Proof. Suppose that s C X has size n + 1. Apply [Lemma 2.15|to get s’ € [s]"~!
such that s\ s’ C dom(~y ), and write {a,b} = s\ s’ As < is a linear order, either
a =g bor b=y a. Assume without loss of generality that the former holds. Then

every closed set containing s’,b also contains a by [Definition 2.12| so s cannot be
shattered. (]

The following is a main ingredient in all that follows.

Corollary 2.17. Suppose A < 0 < k are infinite cardinals and n < w satisfy that
there exists an (n + 1)-ordering system < on k+™ with (\,0)-closures, then the
family F of <-closed sets of size less than 0 has VC-dimension at most n+ 1. In
particular, it witnesses VCcof (A, 0, k™) < n+1. From|Fact 2.5 and|Proposition 2.4
it follows that VCcof(\, 0, k™) =n + 1.

Proof. Fix such an ordering system <. By [Proposition 2.16] the collection of ~-

closed sets has VC-dimension at most n+ 1. By so does F, and by
having (A, #)-closures this family is A-cofinal. O

In [BBKS24|, Bays, Simon and the first two authors use this idea in order to
prove the following.
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Fact 2.18 (|[BBKS24],Theorem 3.8). There is a 2-ordering system on wy of order

type bounded by (w1,w) (see|Definition 2.10) with finite closures, so in particular,
VCcof (w,w,w;) = 2.

3. CLOSED INITIAL SEGMENTS

Recall from [Definition 2.12} if 0 < n and < is an n-ordering system on X then a
set S C X is <-closed if for every s C S of size |s| = n—1 and every a,b € dom(=;),

if b€ Sand a <, bthena € S. Given s C X of size n — 1 and b € X, call the
set s U{b} U {a: a <, b} the closed n-initial segment for < determined by s U {b}.
Note that when n = 1, the closed 1-initial segment determined by b is precisely the
closed initial segment X<, = {z € X : x =<y b} (see @l as well).

If S is finite of size at least n, then S is contained in a closed n-initial segment:
let B, = max<, S, Bp-1 = max~, , S\{Bn}, ..., P1 = MaX<(, e S\{Bi :
1 < ¢ < n}, then S is contained in the closed n-initial segment determined by
Bn, - .., B1. Indeed, this follows from Moreover, if S is <-closed, then
the procedure above shows that S itself is a closed n-initial segment.

Consider the 2-ordering system there on w; has order type bounded
by (w1,w). This means in particular that closed 2-initial segments are finite. On
the other hand, by the previous paragraph all <-closed finite sets of size at least 2
are closed 2-initial segments. This naturally raises the question: can we improve
so that closed 2-initial segments are <-closed implying that the two no-
tions coincide (and in particular the 2-ordering system will have finite closures)?
This section is dedicated to answering this question by finding a 2-ordering system
on w; for which closed 2-initial segments are —<-closed. Together with
this answers positively the first part of [BBKS24] Question 4.7].

Theorem 3.1. There is a 2-ordering system < on wy of order type bounded by
(wi,w) @n which all closed 2-initial segments are <-closed. In particular, it has
finite closures.

Proof. Given an ordering system < on a set X and A C X, x € X, write A F x if
any —-closed set S which contains A must contain .

By induction on a < wy, we will recursively construct a sequence of 2-ordering
systems <% on « + 1 for o < wy such that the following hold:

1) <& is the usual ordering on a + 1.

( ) ) g

(2) -4?5}:-4%} whenever 8 < a < .

(3) ={g, is of order type |f] for all 8 < a.

(4) All closed 2-initial segments of <* are <“-closed.

(5) Given a finite and <*-closed set S C « and 8,7 € « \ S distinct, either
SU{r} ¥ Bor SU{B} .

If we succeed, then define < on wy by setting <y as the usual ordering on w; and
~{a} = '4?(!} for a < wy to conclude: tells us that all closed 2-initial segments
are ~<-closed.

In the construction, we only explain how to define 4?04} since and deter-
mine the rest. Thus, to simplify notation, we will write <, instead of 404}'

Define <o) to be the empty ordering, then clearly it satisfies this.

We start with the successor step. Assuming we have defined <7 for all 8 < a <
wi such that the above hold, define <¢,413= {(c, B) : B < a} U =44y (ie., leave
the ordering <(,; on a unchanged and add « as the first element). We claim that
our assumptions still hold.

is clear.
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: We have to show that the order type of <(,41} is | + 1|. This follows
directly by the construction and the induction hypothesis.

(): Suppose that D is a closed 2-initial segment of <®*!, i.e., has the form
{r <a+2:2<p v} U{B,7} for some v < B < a+2. If f <a+1,then D is
<“_closed by induction, so also <**!-closed. If v = « (i.e., the minimal element
in <{q41y) then D = {B,~} so it is trivially ~2*1_closed, so we may assume that
f = a+1,7 # a. From this and the definition of <¢,1y, it follows that DN (a+1)
is the closed 2-initial segment of <“ determined by «,~, so it is <“-closed by
induction.

We are given 72,6 < 71 < a + 1 such that 75,71 € D and § <(,,} 72 and we
have to show that § € D. If 9 = o + 1, this follows directly from the definition of
D, so we may assume 7y, < a. In this case v2,71 € DN (a+1),s06 € DN(a+1)
since it is <%-closed, as required.

: Suppose S C a+1 is finite and <**1-closed, and 3,y € a+1\ S are distinct
and v < S.

If S =0 then holds since singletons are closed. If SU {8} C « then
follows from the induction hypothesis. Otherwise, we either have o € S or 8 = «.

e Ifae Sand B,y € a+ 1\ S, we must have 8,7 < a. Suppose without
loss of generality that 3 <.} 7. Note that as S is =Tl closed and 8 ¢ S,
S C{xr <a:x < BYU{a}. Thus, the set {zr < a:x <) B} U{a, B}
is a closed 2-initial segment of <* not containing v. By applied to <,
this set witnesses that S U {08} t/ ~.

e Otherwise we have 8 = a. Take some initial segment D of <, which
contains v and S. Note that D U {a} is a closed 2-initial segment of <
so <“-closed by induction. It follows that D is also <*-closed (clearly if
71,72 € D and § (4,3 72 then § < ). Thus, D witnesses that SU{y} I/ 3.

We are left with the limit stage of the construction. Suppose § < wy is a limit
ordinal and we constructed < for all « < §. As above, we only need to define <5,
on § + 1.

Fix a bijection f : w — J. Let <* be a 2-ordering system on § determined by
= being the usual order on § and for each o <, 4?(%} = 4({2}' Note that 1D
hold for <*. Define an increasing union of finite <*-closed sets (S, )n<w recursively
as follows. Take Sy = (). Suppose we have defined the <*-closed sets (Sk)r<n such
that each Sj, contains f(0),..., f(k—1) and S; for j < k. Let o < § be such that
a + 1 contains S,,. By (and , i.e., the fact that closed 2-initial segments are
finite), there is some finite S;,+1 C a+ 1 which is <*-closed (so also <*-closed) and
contains S, and f(n). Note that we have [ J, ., Sn = 4.

Fix some n < w. Suppose that m = |S,, 11\ S,|. By induction on i < m define a
strictly increasing sequence of injective functions (enumerations) f; : i = Sp11\ Sn
such that for all i < m, S, UIm(f;) is <*-closed (where Im(f;) is the image of f;).

For ¢ = 0, this is possible since §,, is <*-closed. Given f; for i < m, define the
following binary relation on Sy, 41 \Im(f;): < y if and only if S,, UIm(f;) U{y} I =.
Note that < is antisymmetric: if x < y and y < x then z = y by (applied to
the <*-closed set S,, UIm(f;)). It is also clearly transitive, so it is a partial order
on a finite set and thus has a minimal element zo, and let f;11(i) = xg. Let
us show that S, UIm(f;11) = S, UIm(f;) U {zo} is <*-closed. Indeed, define
the closure cl(S,, UIm(f;+1)) as the intersection of all <*-closed sets containing it
(note that S,11 is closed, so this closure is finite and contained in S,,11). Clearly
cl(Sp UIm(fit+1)) is <*-closed and contains S, UIm(f;1+1). If y € cl(S, UIm(fi+1))\
(S, UIm(fi41)) then y =< o and y # x¢, contradicting the minimality of z¢. Thus,
cl(Sp, UIm(fit1)) = Sp UIm(f;11) and the latter is <*-closed as required.
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Being done with the inductive construction, let f* =J,.,, fi; it is an enumera-
tion of S,41\ S,. For 2 <6, let n, =max{n <w:x ¢ S,}.

Finally define <5y by = <5y v if and only if n, < n, or n = n, = n, and
(fM)y~L(x) < (f*)"Y(y) (i-e.,  appears before y in the enumeration given by f™).
Note that any initial segment of <5 is <*-closed.

Let us check that f hold. , are clear and holds since every initial
segment of the linear order <(s) is finite (so that the order type of <(s) is w).

We show . Suppose that D = {x < § : <o} B}U{a, B} for some 3 < a <4
is a closed 2-initial segment of <°. If o < 0, D is <*-closed (so also <’-closed) by
the induction hypothesis, so suppose that a = §. We are given 9, < 1 < § such
that 1,72 € D and € <y} 72 and we have to show that ¢ € D. If v, = J, this
follows directly from the definition of D, so we may assume that ; < §. But since
D¢ is an initial segment of <4y, it is <*-closed, so € € D as required.

Finally we show . Suppose that S C ¢ is finite and <’-closed, and a #
B €6\ S. Then, SU{w,8} C v < d, and hence this follows from the induction
hypothesis applied to <7.

O

4. LARGE COFINALITY AND UNCOUNTABLE CARDINALS

Recall Definition 2.3t Given cardinals A < 6 < k, VCcof(\, 0, ) is the least

number n € w U {oo} such that there is a A-cofinal family F C [x]<¢ of VC-
dimension n. In this section we study the case of an uncountable bound € on the
size of the members (i.e. the second parameter of VCcof).

We prove that when A\ < 0 < k are infinite cardinals, n < w and 6 uncountable
then the behavior of VCcof(\, 6, k) depends on whether 6 is regular or singular.

In the regular case we get an optimal result: VCcof(A, 0, k) = n + 1 if and only
if k = 67", In particular, X is not restricted.

In the singular case, we show that in VC-classes the cofinality parameter A (the
first parameter of VCcof) in a VC-class can be at most cof(#). It is not clear what

can be said about VCcof (), 6, k) when A < cof(6), and see for a precise

formulation.

However, we do show in that relative to the existence of a mea-
surableﬂ cardinal it is consistent that there is an uncountable cardinal 8 of cofinality
w such that for every n < w, VCcof(w,8,07") =n + 1.

Notation 4.1. Given a k-ordering system —~ on a set X and s € [X]|<"

dom(~;) for the domain of the ordering <5 (so a subset of X).

, write

We now have a useful lemma, which will be used at its full generality in the next
section.

Lemma 4.2. Suppose 0 is an infinite cardinal, n < w and X is a set satisfying
| X| < 0F™. Then there exists an (n+1)-ordering system < on X such that <g = <x

and (077, ... 0) bounds the order type of < (see|Definition 2.10)}).

Proof. By induction on n. We first set < to be some linear order on X of order type
| X|. If n = 0 then we are done. Otherwise, since the set X ,, has cardinality at
most A1 (=1 for every zy € X, we can apply the induction hypothesis to get an n-
ordering systems < on each of these sets of order type bounded by (§+(»=1) ... ),
and so for s € [X]<"\ {0} we define <, = ~\ (o) Where zp = max_ s. O

Proposition 4.3. Fiz an uncountable reqular cardinal 0 and a natural number n <
w, then any (n+ 1)-ordering system < on 0™ with (0", ..., 0) bounding its order

2See [ShoT1| for a comprehensive review of measurable cardinals.
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type has 0-closures (see|Definition 2.14)). In particular, we have VCcof(0, 6, 01") =
n+ 1.

Proof. Fix such an ordering system — and fix A € [#7"]<Y. Define A = Ay, and
given that we have defined A for some k < w, define:

Apt1 =AU U{{x ~s a} o € dom (=<4) NAg, s € [A]™}.

By definition we have |4y| < 6, and by induction, the order type bound assump-
tion and the regularity of 6, it follows that |Agi1| < 0. Take A, = (U, Ax hence
|A,| < 6 by the regularity and uncountability of 6. Clearly it is <-closed. Hence
~ has f#-closures. For the second part, apply [Corollary 2.17] and [Lemma 4.2] to the
first part. O

We move on to the case of singular cardinals.

Lemma 4.4. Suppose 0 is singular of cofinality X and F C [0]<? is A\T-cofinal.
Then there is some infinite cardinal k < 0 and Fo C F with Fo C [0]<F that is
AT -cofinal.

Proof. Assume otherwise. Let (ko : @ < A) be a strictly increasing sequence of
cardinals with (J,_, ko = 0. Then there are A, € [0]<*" for a < A such that
the minimal cardinality of a set B, € F with A, C B, is greater than k.. Let
A= Ua<>\ A, so it is of size < X as well, hence there is some B € F with A C B.
Since (kg : o < A) is cofinal in 6 and |B| < 6, there is some a < A with |B| < kq.
But A, € A C B,, a contradiction to our choice of A,. O

Corollary 4.5. Suppose 0 is singular of cofinality \. Any \*-cofinal F C [0]<Y
has infinite VC-dimension.

Proof. Let F be as above. Apply [Lemma 4.4] to get some x and Fy C F as there.
Since 6 is singular, it is a limit cardinal, and because k < 6 we get k™" < 6 for
every n < w. Let F, = {sNx™ : s € Fo}. Assuming towards a contradiction that
VC(F) = n < w, and in particular VC(F}) < n by [Proposition 2.4] This gives us
VCcof (w, k, kT™) < n+ 1, a contradiction to [Fact 2.5, O

Therefore, for a singular 8, we have a critical point A = cof(#) which would be
of interest.

We now demonstrate that consistently (assuming the consistency of a measurable
cardinal), at least for some cardinal this is indeed the critical value.

Recall the following celebrated result of Prikry, originating in |[Pri70].

Fact 4.6. [Git10, Theorem 1.10] Assume the existence of a measurable cardinal
0. Then there exists a forcing notion P such that the following hold:

(1) P preserves cardinals.
(2) IFp 6 is uncountable of cofinality w.

Proposition 4.7. Assume the consistency of a measurable cardinal. Then it is
consistent that there is an uncountable cardinal 0 of cofinality w such that for every
n < w we have VCcof(w,0,07") =n + 1.

Proof. Let 6 be measurable and let P be the forcing notion of Since 6 is
measurable, it is regular, so by for every n < w there is some F,
witnessing VCcof(6,6,07") = n + 1. Let G C P be a generic filter and fix n < w.
By the cardinal 6 is singular and of cofinality w in V[G], and the n’th
successor of 6 in V]G] is its n’th successor in V, so it remains to show that 7, is
w-cofinal and VC(F,,) = n + 1. For the first of these, forcing cannot add a new
finite subset to an existing set, so by the f-cofinality of F,, in V we get w-cofinality
in V[G]. The latter follows from absoluteness, hence we are done. O
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Despite of this consistency result, the general case of A in the range w < A <
cof (8) remains to be considered.

Question 4.8. Is it true that for every singular cardinal # and n < w we have
VCcof(cof(0),0,0T") =n + 17 Is it consistent?

5. COHEN-GENERIC ORDERING SYSTEMS ON w,,

Given the second result mentioned in we would like to see whether
there exists a cofinal family F C [w,]<“ of VC-dimension n + 1. The goal of this
section is to establish its consistency.

So far, to construct (n+ 1)-ordering systems, we constructed it inductively, first
choosing ~<j and then defining < for nonempty s by an inductive construction.
Here we start with an n-ordering system and use forcing to construct <, for s of
size n. The domain of these new orders can be already defined without forcing, and
we want to define these in a uniform way that allows us to argue about these new
orders as well as old orders (where the domain is already defined). This motivates
the definition of a “pre-domain” which we now explain.

Definition 5.1. Given an n-ordering system < on a set X and s € [X]* for
0 < k < n, write MIN s for the unique element of the set s\ sx_1, where s;_1
is the subset given by Namely, it is the unique y € s such that
y € dom(=4\ (y})-

Notation 5.2. Given an n-ordering system — on a set X and given s € [X]=",

if s # 0, we write predom(<,) = dom(<y )< MmIN,s = {z € dom(=<y) : T <o
MIN s}, and if s = (}, we write predom(~<y) = X.

Remark 5.3. By applying [Remark 2.11| and [Lemma 2.15} if s € [X]* for k < n
then we have predom(~,) = dom(=y).

We have the following lemma.

Lemma 5.4. Suppose < is an n-ordering system on a set X and xo € X. Then
for any t € [dom(=<(z,})]~" we have predom(=<;°) = predom(<;,{z0})-

Proof. We may assume t # (). By the definition of predom, the lemma would follow
once we prove that MIN (¢ U {zg}) = MIN =, ¢t. Writing m for the latter, we get:

m e dom(-<tz\0{m}) = dOHl(*(tu{xo})\{m})’
which is the definition of MIN L=, t. O

We immediately get the following.

Corollary 5.5. Suppose < is an n-ordering system on a set X, and for every
s € [X]|" we are given a well-order <, on the set predom(~;). Then the map
<1 [X]=" — P(X?) which extends < and assigns <'(s) = <, to any s € [X|" is
an (n + 1)-ordering system on X.

Proof. By induction on n, with the case of n = 1 being the definition of a 2-
ordering system. Suppose n > 1 and fix g € X. In order to show that <’ is an
(n + 1)-ordering system on X, we must show that (<')*° is an n-ordering system
on dom(~g,).

Now, the assignment (<*)" : [dom(~(4,3)]<" " — P([dom(~<")]?) extending
~" and assigning to each t € [dom(~<,,})]" " the orderings <'; := <y (4.} on
each predom(=<ys,}) (which is equal to predom(=<;°) by is an n-
ordering system on dom(=,,3) by the induction hypothesis, which is exactly the
assignment (<’)*°. Thus the proof is complete. O
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We note that if there is a uniform bound « on the order type of the orderings

<s, and < has order type bounded by (ay,—1, ..., aq) (see |Definition 2.10f), then <’
as constructed in [Corollary 5.5 has order type bounded by (ay—1, ..., @, ).

Definition 5.6. Let (X, <X) be a well-ordered set. For an ordinal @ < w, write
a<” for the first a elements of <* (or all of X if otp(<¥) < a). An n-ordering
system < on X is nice if it satisfies the following:
(1) We have < = <¥X.
(2) Writing @ = min{|dom(~,)|,w} we have (o<, <X) = (a~, <,) (or equiv-
alently, ?(z<x is contained in dom(~) as an initial segment and <% | o< =
~s [ a<7).

Remark 5.7. Note that for any nice n-ordering system on (X, <%X) and zy € X,

writing a = min{|dom(<(g,})[,w}, since a<” = a~t=0} and the two orderings
<™, <{zo} agree on this set, we have that <™ is a nice (n — 1)-ordering system on

(X<Xa:07 4{%})'
The following proof is an elaboration of

Lemma 5.8. Suppose (X, <X) is an infinite well-ordered set satisfying otp(<X) <
wy, for some n > 0. Then there exists a nice n-ordering system —< on X with

(Wn, - .., w1) bounding the order type of < (see|Definition 2.10).

Proof. By induction on n. We set <y = <X. If n = 1 we are done. Otherwise,
since the initial segment X_x,, has cardinality at most 8,,_; > ¥ for any z¢ € X,
we fix a well-ordering <., of order type at most w,_1 on each X_x, , such that

w<" N X x,, is an initial segment of (X _x,,, <s,) with both <¥, <, agreeing on

o)

w<" NXcx,,. Thus, we have that w<=o is an initial segment of w<". Applying the
induction hypothesis to (Xc.x,,,<s,) for every xy gives us nice (n — 1)-ordering
systems <0 on each of these sets of order type bounded by (wp—1,...,w1), and so
for s € [X]<" \ {0} we define <, = ~N{ao)> Where 2o = max_ s. O

We will start with a lemma.

Lemma 5.9. Suppose < is a nice n-ordering system on a well-ordered set (X, <X).
For s € [X]<"\ {0} we have that predom(=,) is finite if and only if sNw<" # 0.
In this case we have:

predom(~,) = {z € X : 2 <* min(s ﬂw<x)}.

Proof. Fix s € [X]="\ {0}. The case of |s| = 1 is immediate, so assume |s| > 1
and write 2o = max_, s. We also write k = min{|dom(~<(,,})|, w}.

We will prove the lemma by induction on n, where the case n = 1 follows from
the case |s| = 1.

For n > 1 we have predom(-%:‘\){mo}) = predom(~<;) by [Lemma 5.4 By the

induction hypothesis and since k<" = k<" by niceness, we first of all get that
if the former is finite then predom(~;) = {1’ € X :z <X min((s\ {xo}) N w<X)}

(where here we use that niceness gives <X = <, on w<X). We also get that
predom(~;) is finite if and only if (s \ {zo}) N w<" # (. We now finish both parts
by noting that if predom(~;) is finite then since |s| > 2, any y € s\{zo} must satisfy
y = x¢ by maximality, implying both that min((s \ {z¢} N w<X) = min(s N w<x)
and that if sNw<" % 0 then s\ {zg} Nw<" # 0. This finishes the proofs of both
parts of the lemma. O
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Lemma 5.10. In the context of suppose predom(—=) is infinite. Then
it contains w< .

Proof. Write y = MINL s and s’ = s\ {y}. By definition we have that predom(—<;)
is an initial segment of the ordering ~s on the set dom(~ ), which contains w<"
as an initial segment of order type w by niceness. Since any infinite initial segment
of a well-order contains its first w elements, the result follows. O

Throughout the rest of this subsection, fix some 2 < n < w, and a nice n-ordering
system — on (wy,, <) (see[Definition 5.6|) whose order type is bounded by (wi,, ...,w1)

(Definition 2.10|), where < is the usual ordering on w,. Note that in particular we

have w = w<.

Notation 5.11. Define the following (where the second equality follows from

Cemma 5.9):

Inf = {s € [w,]" : [predom(=;)| > No} = {5 € [w,]" : s Nw = 0}.

We will now prove another lemma.

Lemma 5.12. For any s € [wy]"

s € Inf then |predom(~s)| = Ng.

we have |predom(~s)| < Rg. In particular, if

Proof. Given s € |w,]|™ we write y = MIN s and s’ = s\ {y}. By the assumption
on the bound of the order type of < we have otp(<s) < w; hence every initial
segment is at most countable. O

Notation 5.13. Given sets X,Y, Z, define a partial function f: X x Y — Z and
some y € Y, write f, : X — Z for the function fy(z) = f(x,y). We will often not
distinguish between a partial function and its graph. Because we often deal with
partial functions from a product of sets, an element of the domain will be a tuple.
In order to simplify notation, when writing an element of the graph of a partial
function we will separate the elements of the domain from those of the range by
a semicolon. That is, if f : [\, X; = Y, 2, € X; and y € Y, we will write
(X1, ey T3 y) € f to mean (21, ...,2,) € dom(f) and f(z1,...,2,) = y.

Remark 5.14. This section of the paper uses forcing. We use the Jerusalem forcing
convention, under which p < ¢ means that ¢ strengthens p.

Definition 5.15. Write Q for the set consisting of the finite partial functions
P ¢ Useme, predom(=<;) x {s} — w such that for every s € Inf, the partial
function p | predom(—~;) x {s} is injective. We consider it as a forcing notion by
equipping it with the partial ordering of inclusion of partial functions.

By [Cemma 5.12] we have that @ is isomorphic to the poset finite partial functions
P:w X w, — w which are injective in one coordinate, equipped with the extension

ordering. Thus, the following Lemma is standard and extends |[Kun83, Lemma
VIL.5.4].

Lemma 5.16. The forcing Q satisfies the countable chain condition.

The following is standard as well, and essentially follows from the same argument
as [Kun83, Lemma VIIL.5.2].

Proposition 5.17. Suppose G C Q is a generic filter. Write g =\JG. Then the
following hold in V|[G]:
(1) g is a function on its domain.

(2) dom(g) = U,emns_, predom(=;) x {s}.
(3) For every s € Inf -, the function g | predom(=;) X {s} is injective.
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Remark 5.18. Note that in V[G], ~ is still a nice n-ordering system on w,, = wy 141,

Definition 5.19. Suppose G C Q is a generic filter. We define <¢ to be the

(n + 1)-ordering system on w,, which is given by applying [Corollary 5.5 to the
orderings <s, s € [wy]™ which are defined as follows (in V[G]):

e If s ¢ Inf then <, = <97 | predom(~;) (in this case predom(=;) is an

initial segment of w by [Lemma 5.9).

e If s € Inf then for every x,y € predom(~;) write © <s y if and only if
9s(x) < gs(y)-

Our goal is to show the following. Its proof will be provided after
fions 5.22] and [5.23]

Theorem 5.20. In V[G], the (n + 1)-ordering system < has finite closures.
Notation 5.21. For B C w,, we write Inf (B) = Inf_ N[B]".
The key observation is the following.

Proposition 5.22. Suppose B € [w,]|<¥ and p € Q satisfy the following:
(1) The set BNw is an initial segment of w.
(2) For all s € Inf (B) we have predom(<4) N B = dom(ps).
(3) For all s € Inf4(B) we have that Im(ps) C w is an initial segment.

Then p - B is <G -closed.

Proof. Let B,p be as above. Let G C Q be a generic filter containing p and ¢

the corresponding (n + 1)-ordering system as in [Definition 5.19} Suppose t € [B]",

a, 3 € dom(<§) = predom(=;) and a € B satisfy 3 <& a. Assume first that
t ¢ Inf, so predom(~;) € w by and the first bullet of
4? is the usual ordering on this natural number. Thus, by we have 8 € B.
Consider now the case t € Inf ,, meaning g:(8) < ¢g:(«). Since « € predom(~;) N B
we have a € dom(p;) by (2)), and so (3) and the injectivity part of [Proposition 5.17]
gives us § € dom(p;) and hence 8 € B by . More explicitly, by ‘m{
there is some g € G such that (8,t) € dom(q). Additionally, by (2|) there is some
B’ € dom(p;) such that p(B') = ¢g:(5). Since G is a filter, p and ¢ are compatible,

i.e., there is some r € G containing both. So p:(8') = ¢:(8) = r(8) so 8 = f
because r is injective. O

Proposition 5.23 (Small edit at end of proof of 3 and change proof of 4). Let
A € [wp]<¥ and p € Q. Then there is some B € |w,|<¥ and q € Q such that the
following all hold.

(1) p<qand AC B.

(2) The set BNw is an initial segment of w.

(3) For every s € Inf_ we have that Im(qs) is an initial segment of w.
(4) For every s € Inf_ we have dom(qs) C predom(~,) N B.

(5) For every s € Inf_(B) we have dom(gs) 2 predom(~<,) N B.

Proof. Given a condition r € Q, write Inf", for the set of all s € Inf_ such that
Im(rs) # 0. Our proof will, for each 1 < ¢ < 5, construct ¢; € Q and B; € [w,]<¥
such that the items (1),...,(¢) hold, and then ¢ = ¢5, B = Bs will satisfy the
conclusion. Assume without loss of generality that p is not the empty condition. We
start by setting g1 = p and By = A. We now set ¢ = ¢1 and By = B; U|J(B1 Nw),
so that and both hold.

To each s € Inf% we associate the set Xy = max{Im(¢2)s} \ Im(g2)s and write
Js = | Xs|. We now write X = {mg,...,m; _ }. Let {ng,..n5 |} denote the first js
elements of w \ dom(g2)s, and define g3 = g2 U {(nf,s;m$) : s € Inf%,i < j5} (note
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that by [Lemma 5.10| the elements n{ are elements of predom(~;)) and Bs = Bs.
By our choice of m,; the functions ¢, are still injective, meaning g3 € Q and

clearly holds. Trivially still holds. By definition of Xy and g3 we have that
Im(gs)s = Im(gz2)s U X is an initial segment of w, so holds for all s € Inf% =
Inf%, and so the same holds for all s € Inf. (for any s ¢ Inf% we trivially have
that Im(qs3)s is an initial segment of w).

To every s € Inf% we set {af,...,a] _,} = dom(gs)s\ B3 for [, = |[dom(g3), \ Bs|.
We now define g4 = g3, By = B4U{a$ : s € Inf% i < I} and By = B{U|J(BjNw).
We have that (2) holds by definition of By, and since g4 = g3 we have that (1) and
both hold. By choice of a; we have that holds for all s € Inf%, and so the same
holds for all s € Inf (for any s ¢ Inf% we clearly have dom(g3) C predom(=4)N B.

Finally, for any s € Inf(By), write {z§,...,z;,, _;} for the elements of the set
(predom(=s) N By) \ dom(qs)s and {yg, ..., y;,. 1} for the first my — 1 elements of
w\ Tm(g4)s, and set Bs = By and g5 = q4 U {(25, s;95) : s € inf<(B),i < mg — 1}.
We have that (T]), hold by induction. For s € Inf_ \ Inf (Bs) we have that
and hold because (q4)s = (¢5)s. and for s € Inf,(Bs) by choice of zf,ys. To
finish, (5)) also holds by choice of z;. O

Proof of [Theorem 5.20. Fix A € [w,]<“. We will show that the set D 4 of conditions
which force that A is contained in a finite <G-closed set B € [w,]<* is dense in Q.
Fix p € Q. Let (B,q) be a pair given by applying [Proposition 5.23| to (4, p), so
in particular it satisfies the conditions of [Proposition 5.22} hence ¢ forces that B is
closed. Since B is finite and contains A, the result follows. O

Corollary 5.24. Given n < w, it is consistent with ZFC that VCcof(w,w,wy,) =
n+ 1.

Proof. Let G C Q be generic, then V[G] and V have the same cardinals by
Lemma 5.16| and <& is an (n + 1)-ordering system on w,, with finite closures by
Theorem 5.20, The collection of finite <“-closed sets has VC-dimension n + 1 by
[Proposition 2.16] so we finish by O

Question 5.25. Can the above construction be modified so that the closed (n+1)-
initial segments of the orderings < are themselves <“-closed (as in[Theorem 3.1))?
6. CONCLUSIONS AND QUESTIONS

Combining [Propositions 2.4] and [£.7] [Fact 2.5 and [Corollaries 4.5 and [5.24
gives us the following.

Theorem 6.1. Suppose A < 6 < k are infinite cardinals.

(1) For 6% < k we have VCcof(\, 0, k) = cc.

(2) For 0 regular uncountable, if kK = 0" for some n < w then VCcof(\, 0, k) =
n+1.

(3) Forf =w, if kK = wy, for somen < w then it is consistent that VCcof (A, 0, k) =
n+ 1 (note that in this case A = w).

(4) For 0 singular, arbitrary k, and any A satisfying cof(6) < A we have
VCcof(A, 0, k) = 0.

(5) Relative to the consistency of a measurable cardinal, it is consistent that
there exists an uncountable cardinal 6 of countable cofinality satisfying
VCeof(w,0,0T) =n+1 for every n < w.

Question 6.2. Is there a model of ZFC and a natural number n for which there is
no n+ l-ordering system on w, with finite closures? More generally, is it consistent
that VCcof (w,w,wy) > n + 1 for some n < w?



REFERENCES 15

Question 6.3. Can one construct cofinal VC-classes of finite subsets of an infinite
set in a way which does not require an ordering system?

[BBKS24]

[Ben+21]

[BKS25]

[CS13)

[Git10]

[Kun83|

[Pri70]

[PS25]

[SB14]

[ShoT71]

[Sim13]

[Sim15]

REFERENCES

Martin Bays, Omer Ben-Neria, Itay Kaplan, and Pierre Simon. “On
large externally definable sets in NIP”. In: J. Inst. Math. Jussieu 23.5
(2024), pp. 2159-2173. 18SN: 1474-7480,1475-3030. DOI:|10. 1017/S1474748023000464.
URL: https://doi.org/10.1017/51474748023000464.

Shai Ben-David, Pavel Hrubes, Shay Moran, Amir Shpilka, and Amir
Yehudayoff. “Learnability can be independent of set theory (invited
paper)”. In: STOC ’21—Proceedings of the 53rd Annual ACM SIGACT
Symposium on Theory of Computing. ACM, New York, [2021] (©)2021,
p- 11. 1SBN: 978-1-4503-8053-9. DOI: 110.1145/3406325.3465360. URL:
https://doi.org/10.1145/3406325.3465360.

Martin Bays, Itay Kaplan, and Pierre Simon. “Density of compressible
types and some consequences”. English. In: J. Eur. Math. Soc. (JEMS)
27.7 (2025), pp. 2751-2793. 1sSN: 1435-9855. DOI: |10.4171/JEMS/1423.
Artem Chernikov and Pierre Simon. “Externally definable sets and de-
pendent pairs”. In: Israel J. Math. 194.1 (2013), pp. 409-425. ISSN:
0021-2172. DOI: [10.1007/s11856-012-0061-9. URL: https://doi.
org/10.1007/s11856-012-0061-9.

Moti Gitik. “Prikry-type forcings”. In: Handbook of set theory. Vols. 1,
2, 8. Springer, Dordrecht, 2010, pp. 1351-1447. 1SBN: 978-1-4020-4843-
2. DOI: 110.1007/978-1-4020-5764-9\_17. URL: https://doi.org/
10.1007/978-1-4020-5764-9_17.

Kenneth Kunen. Set theory. Vol. 102. Studies in Logic and the Founda-
tions of Mathematics. An introduction to independence proofs, Reprint
of the 1980 original. North-Holland Publishing Co., Amsterdam, 1983,
pp. xvi+313. 1SBN: 0-444-86839-9.

K. L. Prikry. “Changing measurable into accessible cardinals”. In: Dis-
sertationes Math. (Rozprawy Mat.) 68 (1970), p. 55. 1SSN: 0012-3862.
George Peterzil and Johanna Steinmeyer. “Set systems with covering
properties and low VC-dimension”. In: Graphs Combin. 41.3 (2025),
Paper No. 68, 9. 1ssN: 0911-0119,1435-5914. por1: 10. 1007 /s00373 -
025-02922-9.

Shai Shalev-Shwartz and Shai Ben-David. Understanding machine learn-
ing. From theory to algorithms. English. Cambridge: Cambridge Uni-
versity Press, 2014. 1sBN: 978-1-107-05713-5; 978-1-107-29801-9. DOTI:
10.1017/CB09781107298019.

J. R. Shoenfield. “Measurable cardinals”. In: Logic Colloguium ’69 (Proc.
Summer School and Collog., Manchester, 1969). Stud. Logic Found.
Math., Vol. 61. North-Holland, Amsterdam-London, 1971, pp. 19-49.
Pierre Simon. “Distal and non-distal NIP theories”. English. In: Ann.
Pure Appl. Logic 164.3 (2013), pp. 294-318. 1sSN: 0168-0072. DOI: [10.
1016/j.apal.2012.10.015.

Pierre Simon. A guide to NIP theories. Vol. 44. Lecture Notes in Logic.
Association for Symbolic Logic, Chicago, IL; Cambridge Scientific Pub-
lishers, Cambridge, 2015, pp. vii+156. 1SBN: 978-1-107-05775-3. DOIL:
10.1017 /CB09781107415133. URL: https://doi.org/10.1017/
CB09781107415133.


https://doi.org/10.1017/S1474748023000464
https://doi.org/10.1017/S1474748023000464
https://doi.org/10.1145/3406325.3465360
https://doi.org/10.1145/3406325.3465360
https://doi.org/10.4171/JEMS/1423
https://doi.org/10.1007/s11856-012-0061-9
https://doi.org/10.1007/s11856-012-0061-9
https://doi.org/10.1007/s11856-012-0061-9
https://doi.org/10.1007/978-1-4020-5764-9\_17
https://doi.org/10.1007/978-1-4020-5764-9_17
https://doi.org/10.1007/978-1-4020-5764-9_17
https://doi.org/10.1007/s00373-025-02922-9
https://doi.org/10.1007/s00373-025-02922-9
https://doi.org/10.1017/CBO9781107298019
https://doi.org/10.1016/j.apal.2012.10.015
https://doi.org/10.1016/j.apal.2012.10.015
https://doi.org/10.1017/CBO9781107415133
https://doi.org/10.1017/CBO9781107415133
https://doi.org/10.1017/CBO9781107415133

	1. Introduction
	Some motivation from model theory
	A bit on the proofs.
	Acknowledgments

	2. Preliminaries and ordering systems
	2.1. VC dimension and cofinal families of sets

	3. Closed initial segments
	4. Large cofinality and uncountable cardinals
	5. Cohen-generic ordering systems on n
	6. Conclusions and questions
	References

