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ABSTRACT. We prove a Mathias-type criterion for the Magidor iteration of
Prikry forcings.

1. INTRODUCTION

In the seminal work [Mat73], Mathias established a genericity criterion for an w-

sequence C being generic with respect to the Prikry forcing P(U) for a k-complete
ultrafilter U on a measurable cardinal k. The criterion asserts that an w-sequence
C C k generates a generic filter if and only if |C \ A] < Ry for every A € U.
In recent decades, similar Mathias-type characterizations have been introduced for
other Prikry-type forcings. Fuchs [Fuc05] introduced such a criterion for (discrete)
products of Prikry forcings. Fuchs [Fucl4] and Mitchell [Mit82] give alternative
criteria for the Magidor forcing. Cummings and Woodin [CW] gave a criterion for
the Radin forcing, and Mitchell [Mit82] for the version based on coherent sequences
of measures. More recently, Merimovich [Mer21] gave a genericity characterization
for the Gitik extender-based forcing, and Benhamou [Ben19] for tree-Prikry posets
with various filters. Such characterizations play a significant role in the develop-
ment of the theory of Prikry-type forcings and their applications. For example,
for connecting Prikry-type forcings with certain iterations of measures/extenders,
showing that the generators of the iterations form generic filters over the resulting
iterated ultrapowers. E.g., this is used in Bukovsky [Buk73] and Dehornoy [Deh78]
studies about Prikry forcing, and by Cummings and Woodin [CW] for Radin forc-
ing. A recent application by Welch [Well9] makes use of the results in [Fuc05] to
characterize natural inner models, such as L[Card], as generic extensions of iter-
ates of certain mice by products of Priky forcings. In a sequel work [Wel21] Welch
extends the results to the regularity quantifier model, using the main theorem of
this paper, Theorem 1.4.
The purpose of this work is to prove a Mathias-type criterion for the Magidor
iteration of Prikry forcings. In his work on the identity crisis of strongly compact
cardinals [Mag76], Magidor introduced a full-support iteration theory of Prikry-
type forcings, known as the Magidor iteration. The iteration is determined by a
sequence of normal measures of order 0, U = (Us | k € A), on a set of measurbale
cardinals A. When A is discrete (i.e., sup(ANk) < & for every x € A) the Magidor
iteration associated with U is equivalent to the product of Prikry forcings by the
measures in U. In [Fuc05], Fuchs proved the following Mathias-type criterion for
such products.
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Definition 1.1. A sequence C = (C,, | k € A) of w-sequences C,, C & is said to
have the U-set property (over V) if for every sequence A = (A, | K € A) in V, of
sets A, € Uy, then

| U (CH\ARN < NO-

KEA
Theorem 1.2. (Fuchs [Fuc05]) Suppose that the set A is discrete. A sequence

—

C =(C, | k € A) determines a generic filter for the Magidor iteration by U if and
only if it has the U-set property.

We show in example 1.9 that having the U-set property need not suffice to
determine genericity of sequences C for general Magidor iterations. The genericity
obstruction witnessed in the example is related to the following separation property
of the sequences Cy, k € A.

Definition 1.3. Let ¢ = (C, | k € A) be a sequence of w-sequences Cy, C k.
We say that two pairs (v, k), (V/,k) with v € C, and v/ € Cys are interleaved
if v < v <k < k. We say that C has the separation property if the set of
interleaved pairs (v, k), (v, ') with v € C,; and v/ € C, is finite. We say that c
satisfies the strict separation property if this set is empty.

The main result of this paper shows that the additional separation property
suffices to characterize genericity for Magidor iteration of Prikry forcings.

Theorem 1.4. A sequence C = (Cx | kK € A) is generic the Magidor forcing
associated with U if and only if it has the U -set property and the separation property.

The proof of Theorem 1.4 has three main steps which are of some independent
interest. The first step (section 2) gives a proof of a strong Prikry lemma
for the Magidor iteration. A strong Prikry lemma (or strong Prikry property)
of a Prikry-type poset P refers to a statement which provides a simple recipe for
capturing dense open subsets D C P. For the Prikry forcing P(U) by a measure
U, the strong Prikry lemma asserts that for every condition p € P and a dense
open set D C P(U), there exists a direct extension p* of p and some n < w such
that every end-extension of the form p’ = p* ~(vy,...,v,_1) of p*,! belongs to D.
Various strong Prikry lemmas have been established for many well-known Prikry-
type forcings. These include the Magidor forcing, by Mitchell [Mit82] and by Fuchs
[Fucl4], the Radin forcing by Mitchell and by Cummings and Woodin [CW], the
Gitik extender-based forcing by Gitik [Git10], products of Prikry forcings by Fuchs
[Fuc05], and supercompact diagonal Prikry forcing by Cummings and Foreman
[CF10]. An abstract formulation of the strong Prikry property is developed in
[FH17] and [Fucl?], which further derive interesting consequences on the structure
of the Boolean ultrapowers associated to the relevant posets.

The second step (section 3) uses the strong Prikry lemma to associate an
iterated ultrapower of V to a measure sequence U = (Ux | k € A), in which each
measure appearing in U or in its images under the iteration embedding maps, is
iterated w-many times (see Definition 3.1). Proposition 3.2 shows that the critical
points form a generic filter for image of M([j ) under the iteration embedding.
Following the proof of Proposition 3.2, we observe that the result can be used to

1i.e., obtained by choosing the next n-points of the generic Prikry sequence.
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describe the restriction of the ultrapower map jy: by the extension U; of Uy, in

—

a generic extension by M(U | k). This gives an alternative proof to a specific
case of recent results by Gitik and Kaplan [GK20] and Kaplan [Kap22], about the
behaviour of normal measures in forcing extensions by various iteration of Prikry
forcings.

Finally, the third step (section 4) proves a lift-up lemma for iterated ultra-
powers of transitive collapse structures NX of a relatively small elementary sub-
structure X < (Hy,U) for a sufficiently large § > sup(A). Let o : NX — Hy
be the inverse of the transitive collapse map of X, and jX : NX — MX be
the iterated ultrapower map of NX associated with the sequence of measures
(eX)~1(U) € NX. Considering possible lift-up embeddings 6% : M~ — Hy which
satisfy 5% o jX = ¢X, Lemma 4.1 gives a sufficient and necessary condition for
a sequence C = (Cyx | k € A) to be the pointwise image of the critical points of
the iteration j% under a lift-up map 6%. The proof of Lemma 4.1 is followed by
the proof of Theorem (1.4). We proceed with preliminary information about the
Magidor iteration of Prikry forcings.

1.1. Preliminaries. Our presentation of the Magidor iteration of Prikry forcing
and its properties follows [Git10] and [BN14]. In particular, we follow the Jerusalem
forcing notation by which p > ¢ denote the fact that a condition p extends (i.e.,
more informative) than g.

Definition 1.5. Let U = (U, | k € A) be a sequence of normal measures on a set
A of measurable cardinals. We assume that all U,; are of Mitchell order 0 (namely,
do not concentrate on sets of measurable cardinals). Let 6 =sup({x+1 |k € A}).

—

(1) Conditions p in the Magidor iteration M(U) = My = (M, Qq, | o < J) are
sequences p = (P, | @ < §) such that foreacha < §,p [ alF p, € Qa, where
Q. is taken to be the trivial forcing if o € A, and otherwise, Q, = IP’(U;) is
the Prikry forcing by a canonical extension U of U, in V™« which is de-
fined below. Therefore, p,, can be identified with a pair of names, ($4, A£>,
where $, is a M-name of a finite sequence in [a]<%¥, and Aa a M, -name
of a set in U;.

(2) Each M, a < ¢ is a Prikry-type forcing, with the a direct extension
sub-ordering g;@h of <pr,. The ordering S?@ﬂu is defined by p 2;{,[& q if
p | BIFpg 2@3 gp for all § < a. The ordering <y, is defined by p >p, ¢
if (i) p [ BIFps >q, ds for all B < o, and (ii) p [ B I pg 20, 48 for all but
finitely many S < a.

(3) Throughout this paper, we always force with conditions p € M, a < ¢
which extend the condition 0 = 0™« defined by s% = () and A% = j for
every 8 € ANa. Therefore, for every condition p € M, o < §, there is a
finite set of ordinals 3 such that p [ B I- sP# # (). We call this finite set the
(nondirect) support of p, and denote it by supp(p).

(4) The extension Uy of U, is defined as follows. Let Go C M, be a generic-
filter and A C « a set in V[Gy]. Then A € U if for some My-name A
for A (equivalently, for all such names), there is a condition p € G, and a
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direct extension ¢ >* jy_ (p) \ « so that
P7q by o, @€ ju,(A).

If U, is not a limit of cardinals in A then the forcing M, is essentially bounded
in «, in which case, it follows from the definition of U} that U is generated by sets
in Uy,.

It is shown in [BN14] that if « is a limit of cardinals in A then U} is generated
by the sets in U, together with a single additional set X, € V[G,].

Definition 1.6.

(1) Let 2o ={v < a| Vs e (ANa)\v, (v+1)NC, = 0}, where C,; is the
Prikry sequence added by G, at stage k of the iteration.

(2) For a condition p € M, for some o < § and and ordinal v < a, let p™" be
the direct extension of p defined by

)Pk ifk<vork¢gA
P = (2, AP\ (74 1))  otherwise.

For every p € M, the condition jy,_ (p)~® is of the form p™¢ with ¢ >* ju_ (p),
and it is clear from its definition that it forces the statement

Yk € [ju (D) Nju, ()] \a (a+1)NC. =10,
from which it follows that ¥, € UJ.

We sketch the rest of the argument from [BN14] showing that U is generated
by X, and the sets in U,. We start with a useful observation from [BN14].

Fact 1.7. (Lemma 1.5 in [BN14]) Let A be a name of a subset of o and p € M,,.
If pl- A € U} then there exists a direct extension p* >* p so that

Ju. (@) %Ik & € ju, (A).
Therefore, if A = (A)g, € U* in a generic extension V[G4] by Go € M, then

there exists some p* € Gy, so that jy. (p*)~* IF & € ju, (A).

Back in V, define X ; = {v < a | (p*)"" IF » € A}. Tt is clear that X ; € U, and
that for every v € X 4, if (p*) ™" € G, then v € A. Finally, the connection to the set
¥, comes from the observation that for every v > max(supp(p*)),” (p*)™" € Ga
if and only if v € ¥,. Let 0* >* 0 be the condition defined by A? = ¥, if
x =sup(ANk) and A2 = k\ sup(ANk) otherwise. The following is an immediate
consequence of the definition of X.

Corollary 1.8. There is a condition 0* >* OM(ﬁ) which forces that for every pair
of cardinals k' < k from A and v € Cy, if &' € (v,K) then Cy C (v, k).

—

A generic filter G C M(U) naturally assigns to each k € A an M,-generic
P(U})-Prikry sequence C,, C k. Suppose that C = (C, | Kk € A) is a sequence

—

of w-sequences C,, C k. Let G5 C M(U) be the associated filter, which is gen-

—

erated by conditions p € M(U) satisfying that for every x € A, if |$?| = n then

2supp(p*) is the support of p* from Definition 1.5 (3).
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plklFs2=Cy | n,and for every v € C,, \n, p | k- v € AP.

we construct from the assumption of
o(A\) = 2 a sequence C that satisfies the U-set property but is not generic for
M(T).

Example 1.9. Suppose that X is the first cardinal of Mitchell order 2. Let Uy <
Ux,1 be two normal measures on A of orders 0, 1 respectively, and (U, o | K € AgNA)
be a witnessing sequence of order 0 measures. l.e., for every A C )\, we have that
Ae U)\,O lff{li ISAY | ANk € U&Q} S U)\71. Set A = AOU{)\} and [7 = <U,Q ‘ S A>
define by U, = U, (this includes Uy o). To define a sequence C = (C,, | k € A)
which has the U-set property, but is not M((j ) generic, we first consider two generic
sequences by different posets over V. The first is a Prikry generic sequence over V'
for the forcing P(Uy 1), denoted by A= (AL'| n < w). The second is a sequence
C 1A= (C.|rke ANN of Prikry sequences that is generic over M(U | ).
Define now a new w-sequence Cy = (A, [ n < w) by A, = min(Cy: ). The sequence
C = C | A™(C,)) satisfies the Mathias criterion for the discrete case. Indeed, for
every A = (A, | k € A) define A’ = (A | k € Ag) by AL = A, N (AxN k) if
AxNk € Uy, and A, = A, otherwise. Since c [ A\ is generic for M(l_j ' A). Then
C, C A, for all but finitely many «. In particular Cy1 C Al/\i for all but finitely

Using the properties of the sets X, € UZ

)

many n. Moreover, A}, C Ay for all but finitely many n. Finally, C is not generic
for M((_j ) since clearly, C, N2, = (), and thus C) is not Prikry generic with respect
to the forcing P(UY).

Remark 1.10. Gitik [Git] pointed out that Example 1.9 can be improved to show

that the U -set property fails to characterize M([j)-genem’city if and only if there
exists some A € A so that AN\ is stationary in .

We finish the preliminary section with a useful notation, for taking end-extensions
of a condition p at a single point x € A.

Definition 1.11. Let p € M, a < 4, be a condition, kK € ANa, and v < k. Define
pt (%) to be the condition obtained by p as follows. p;('/’”) = pg for every B # K,

=sPU{p}and AP 7T) = AP\ (v +1).
It is clear that p™(**) extends p if p | & - 7 € AP.

S(p-%—(l'w)) +(v,r)

K

—

2. A STRONG PRIKRY LEMMA FOR M(U)

The purpose of this section is to state and prove a version of the strong Prikry

lemma for Magidor iterations M(U). We will need the following definition to state
the Lemma.

Definition 2.1. We define a *-tree for U = (U, | k € A) to be a pair (T, P*) with
the following properties:

(1) T C [sup(A)]™ is a tree of a finite height n < w. For every s € T, |s| < n,
there is xT(s) € A so that the set Succr(s) = {v | s~ (v) € T} belongs to
Up(e)®

3Note that x7(s) can be determined from T and s since 7 (s) = sup(Succr(s)).
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—

(2) P*: T — M(U). For s € T we denote P*(s) also by P*. For every s € T,
s| < n, and v € Sucep(s), (Pr)+Hs" () < Pl

The next lemma guarantees that extensions by a x-tree can form a predense set.

Lemma 2.2. For every condition p and a x-tree (T, P*) of height n so that Py >"p
there is a direct extension p* >* Py so that the set {P;" [t € T, [t| = n} is predense
above p*.

Proof. The claim is shown by induction on n. It is immediate if n = 0. Suppose
that the claim holds for n and that T is a tree of height (n+1). Let B = Succr(0)
and x € A so that B € U,. For each v € B, since the tree T,y = {s | (v)"s € T’}
is a tree of height n and we can apply the inductive assumption to T, and the
condition P<*V>. Let p¥ >* P<*V> be the resulting direct extension. To finish the proof,
it suffices to verify that the set {p" | v € B} is predense above some p* >* Py. To
describe such p* we first make the following definitions:

(1) Let plov € M(U I k) be the condition represented in the ultrapower by Uy
by the function v — p” | v. A

(2) Let p™ ¢ M(U' I k) be the direct extension of p | k given by AP =
A,,e,\mgApK for every A € ANk.

(3) Let p* | k be a common direct extension of p!°” and p
for some A € U,, that ANY, C A% N B.
We take AP~ = ANY,. This defines a condition p* | K+ 1 € M(U' F+1)
satisfying that for every v € A,

mid which also forces

(p* f “{)_y I- pu f K€ GM([}[,@)

It follows that for every v € A, the condition (p* | k + 1)1(**) forces that
P’ Ie+1¢€e GM(C,M), as (p* | k4 1)T*) forces that v € ¥, which means
it must also force (p* | kK)™" € GM(ﬁm)'

—

(4) Finally, let p* \ (x + 1) be the M(U [ (x + 1))-name of a condition in the
quotient forcing M(U)/M(U | (k + 1)), satisfying that for every v € A,
the condition (p* | k4 1)T**) forces the tail p* \ (k + 1) to be equal to
p” \ k + 1. This is possible since the set {(p* | & + 1)T"*) | v € A} is an
antichain.

Taking p* =p* [ (k+1)"p*\ (k+ 1), it follows from the construction that
for every v € A, (p*)TW") Ik p¥ € GM(U.).
(]

Lemma 2.3. (Strong Prikry Property)

Let D C M(U) be a dense open set. For every condition p there is a x-tree (T, P*)
so that Py >* p and for every mazimal node t € T, P € D.

We note that all the splitting sets of the %-tree in the Lemma are measure one
sets with respect to the measures U, in V, and not their (name) extensions U}
The ability to meet dense set without using names of large sets is essential for the
application in section 3, involving generics in iterated ultrapowers. We make one
last definition before turning to prove Lemma 2.3.

Definition 2.4.
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(1) Let p < q be two conditions in M(U), we define the height of q over
p, denoted ht(g/p) to be the number n < w so that there are ¢ >*
ptr)tt@nrn)  Equivalently, n = | Ugen 5%\ sP#|.

(2) Suppose that D is a dense open set of M(T/) and p a condition. Considering
forcing above p, let Np be the name of the minimal N < w so that N =
ht(q/p) for some ¢ € GND, q > p. By taking direct extension of p we may
work with conditions p that Np = n for some n < w, and denote the value
n by n.

Proof. (Lemma 2.3)
For ease of notation, we assume that p > 0*. Otherwise, apply the argument of the
proof above a direct extension of p whose (names) of measure one sets are contained
in those of 0*. The proof is by induction on sup(A). Suppose that the statement
holds for all dense open sets of M(lj I k) = M, for every K € A. For each n < w,
let ¢, be the statement asserting that for every dense open set D and a condition
p € M(U) with nYy = n there exists a *-tree (T, P*), so that T is of height n,
Py >* p, and p; € D for every t € T, |t| = n.
It is clear that the Lemma is equivalent to having ¢, hold for all n < w. We
therefore proceed to prove ¢, by induction on n. The case n = 0 is trivial. Fix
n > 0 so that ¢y, holds for all m < n, and let p € M(U) and D C M(U) predense
with n) = n. We first construct a sequence of direct extensions (p* | k € {0} U A)
of p, with p* | ¥ +1=p* | k' + 1 for all K’ < k. Set p° = p. Let k € A so that
p“, has been defined for all ' € AN k. To define p*, we first construct a condition
q" >* p define by

(1) ¢% = p, for all &' < k;

(2) A%K = AK’<HA£N )

(3) AL =, AZ. for all K* > k.

—

We next define the M-name M(U [ x)-name p" \ . Fix a generic filter G, C
M, with ¢" \ kK € G, and work in the generic extension V[G<]. Let B, =
(A7)g_.. For each v € B, and ¢ < n, let o,"” be the statement in the forcing

language of M((_j)/GQ{, asserting the existence of conditions rZ, € G, and 7%, €

Cruoy/e., ,
which satisfy the following requirements:
o ht(rZ, /(¢" [ k) =¢;
o ht ((rZ, [v)/q" [v)=0;
e the condition

(i.e., GM(ﬁ)/G<K is the M(U)/G«,-canonical name of a generic filter)

v _ v o~ U
=T Tk

extends (¢")"**) and belongs to D;
o ht(rv/(¢")T®")) =n — 1.
For each v € B, let ¢™" 2&[([7)/ (¢")*("*) be a direct extension which
G<r

decides o, for all £ < n. Split B, into sets B, (£), ¢ € {—1} Un, where B,(—1) =
By \ (UrcwBi:(£)), and for every £ > 0, v € B, (¢) if ¢ is the minimal so that ¢™"
forces o;”. Let A,, = B, (¢) which belongs to Uy. Moving back to V, let p* be the
direct extension of ¢" which is given by

(1) p™ I =q" [ K;
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(2)) Ap is forced to satisfy the properties of A,; and

(3) AP = Nyea, AL for every £* > k.
This concludes the construction of the sequences (p* | kK € A). We finally set
p* >* p, defined by p = pl for all k € A.

Next, we take r € D extending p* with ht(r/p*) = n. Let ko < k1 < -+ < Kpo1
and vg,vq,...,V,_1 so that

r= (T*)+(V01’§0)+"'+(V71—17”€n—1)

for some r* >* p*. Let i* < n be the minimal with x;+ & (v;,k;) for all i > ¢*.
Since p > 0%, we have that for every j < ¢*, both v; and mj belong to (v« k).
Set K = K, T<y = 1 | K € M,. Note that ht(r<./(p* | k)) = i* < n and
ht ((r<x [ vi<)/(p* [ vi»)) = 0. Taking r € D as above, with the minimal value of
i* < n, we have that r, forces both A" = B (i*), and that for every v € AP the
condition (g \ k)" e M(U)/M,, forces o/2"

By fact 1.7 we may assume that there is A € U,;;, A C k\ K;j=—1 so that (r*)7" IF
v E Ag* for every v € A. Moreover, since kK = ki € (v, k;) for all ¢ > i*) we get
that v < v; for all ¢ > i*, which implies =" > (r*)7" for all v € A. Recalling the
definition of 0} for v € A, we conclude that for every v € A there is a predense
set DY C M(U)/q”, where ¢" = r=%~(p* \ k)"*), which consists of conditions
of the form ¥ = r”, ~r¥% _ that belong to D and satisfy that ht(r%, /r* | k) = i*,
ht(r%, [v/r* [v) =0, and ht(r”/r*) =n — 1.

In particular, ht ((r%,, | fi<—1)/(r* | K<—1)) = 0 for all 7 € D”. That is, none
of the points v;, i < ¢* (which are added when extending r* to r) appear in r”. It
follows that the set D¥ is not only predense above ¢¥ = ren " (p*\ fi)"‘(”’“), but is
also predense above p” = (r%,) 77" (p* \ k) T(r),

Let DY be the dense open set of extensions of conditions in D¥. It is immediate
that DY C D and n%u,, < n—1. By the inductive assumption of ¢,, for allm < n—1,
there for each v there are x-tree (T, P¥) with T C [n]”%VV, and ]50’)’ >* p¥, so that
for every t € T", |t| = n’j::u, P! € DY C D. It remains to put the trees (7%, P”)
together. Define (7', P) by setting, Succr(0) = A € Uy, T,y =T for every v € A,
Py = (r* [ k)" (p* \ k), and Py~ = P! for every v € Aand s € T". O

3. GENERIC SEQUENCES OVER ITERATED ULTRAPOWERS

Definition 3.1. A M(0)-iterated ultrapower is a linear iteration 7 of V, T =
(M« T | i < i’ < 6) given by MJ = V, and for each i < 6 the ultrapower
map 7Ti,i+1 M — M], is the ultrapower map by some U] € M, I(U'), and each
measure in 77{{ 9(U ) is iterated exactly w-many times in 7T, in the sense that for each

K € WJO(A) there are exactly w many indices {i, | n < w} C 6 so for each n, the

critical point cp(m) T zn+1) = Ii ' satisfies 7TZT ok T) = k and 7TZ;79(7Tg:in([j)K7') =

ngg(U)K. For each r € m] 4(A), let CT = (k] | n < w).

Proposition 3.2. Let A, U be as in the deﬁmtwn of M(U ) Suppose that j: V —
M is an embedding which results from a M(U)-iterated ultrapower T = (M

7 77TT
i e T A = MT
i <i' <0) (ie, j=m59,M =DMy ). Then

0,1 ‘
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(1) the associated sequence of w-sequences CT = (CT | k € j(A)) forms a
J(M(U)) generic filter over M,
(2) every element x € M is of the form j(f)@T(n), for some k € A and a
M(U)-name f of a function with domain .
Proof. To start, we choose a finite normal sub-iterations F of T, F = (M} ,71'5 o |
i <" < tF), where t* < w and for every i < t¥, nfi,, : M — M}, is the
ultrapower embedding by a measure U € 1'5 Z(ﬁ ) whose critical point is k" €
i ;(A). Let j¥ = ﬂéitp V. —» M =ML, EF - MF — M be the complementing
embedding resulting from completing the iteration 7.

Starting from a condition gq € M(U' ) we say that a sequence of conditions
w = (w' | i <) is valid with respect to F over g if it satisfies the following
requirements:

(1) w® >* ¢, and w' € 7§ ;(M(U)) for each i < tF.

(2) for every i < tf', there exists a direct extension @' >* w’ so that
. _F ~ I
775#1(“1z r“f) LS W5i+1(Aw ),
and witl >* me(wz‘)ﬂnf,wfmmf))wf_
Fixing q € M(Tj ), for each finite sub-iteration F of T, let S(f denote the set of valid
sequences w = (w' | i < t') over ¢, with respect to F. Define Z, = {kF(th) \
F is a finite iteration of 7 and w € 55 +. Tt is straightforward to verify that every

two elements in Z, are pairwise compatible, and generate a filter G, over j(M((j ),
whose associated sequences of cofinal w-sequences (C? | k € j(A)) are given by
c1=suC,.

It remains to show that the filter G, is generic over M. This is done by showing
that Z, meets every dense open subset of j(M(U/)) in M. To this end, fix such a

dense open set D C j(M(U)), and a finite sub-iteartion Fyy of 7~ which represent D
in the sense that D = ko (Do) for some Do € Mo, Thus

MPo = pFo C zFo (M(U)) is dense open.

0,t¥o
Starting from the condition ¢ € M(T/), let w = (w?,... ,thO) be a valid sequence
with respect to Fy over q. Let (T, P*) € M be a *-tree, as in the statement

of the strong Prikry lemma, with respect to the condition wt'™ and the dense

open set Do, Say T is of height n. We proceed by extending the iteration Fj

to a longer finite iteration F = Fy ™ F;, with t/" = n, and the valid sequence

w to a longer valid sequence w* = (w’ | i < 50 4 n), starting from MJ =
0

F .

Mo and w? , we take anO = Ii% (i.e., from the base of the tree T), and choose
F _ _F F . AF F _ F F tfo41 _

Uir, = WO,tF(U)"”vaO’ Tyry 4Fo 41 Mr, — MtFOJrl = ult(M,,U,r, ), and w =
F *

Toro 1041 (P

associated of the iteration F (i.e., the (tg, + 1)-th) to be the supremum of the
splitting set Succ,.r_ y (Thry 1o +1(T)), and proceed similarly. Repeating the process
t+0 ’

n — 1 additional times according to the accumulated images of T, P*. This process

clearly result in an extended valid sequence w* with w'” € wg P (D¥ 0). It follows

KF Y- Next, we proceed similarly and choose the next critical point
t70

4Such conditions exist by Fact 1.7
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that k¥ (w!") € Z, 0 D. Since the filter formed by the sequence CT = (CT | k €
J(A)) is G+, it follows that it is generic over M with respect to j(A).

Finally, we would like to show that every x € M is of the form j( f)GO* (k) for
some Kk € A and a M(ﬁ)—name f of a function from . Having M being an iterated
ultrapower of V' by T, it suffices to check the last holds for every x = £ which is
a critical point of the iteration 7. To this end, fixing a critical points & of T if
R € A there is noting to prove as we can take f = idz to be the identity function.
Suppose &£ € A and let F' = (Mf,ﬁfi, | i < i < tF) be a normal sub-iteration of
T of minimal length ¢ such that & is represented by &I for some i < ¢! in this
sub-iteration (i.e., & = k¥ (k") ). Since k' € A, i > 1. Let w = (w' | i <) be the
associated valid sequence with respect to F' over 0*. As F is a normal iteration, each
kf e M, i >0 is of the form wgi(h)(mg, ..., kI ). Therefore, applying wfiH, it
follows from the definition of the valid sequence w that w** forces I to be the n;-
th element of the Prikry sequence of 7/, | (kf") = 7§ ;1 (h)(k{ ... k) for some
n; < w. It then follows from a straightforward induction on i > 1 that wi*! forces
that k! is of the form Wéiiﬂ(fi)(/fg) for some name of a function f; with domain

F
it1,e8

that w'r forces kf' =7l » (f)(E). Applying kp, we conclude that kp(w'F) € Go-

S

forces k = k' (kf') = ](fz)(kF(ﬁg)) = j(fi)(ﬁg)~5 0

Ky € A. Applying 7/, ,; the fact F is normal and wt’ > (w**1) implies

We conclude this section by applying Proposition 3.2 to determine the restriction
of jux |'V of the ultrapower embedding by the extended measure U} in a generic

—

extension by M(U [ ). This gives an alternative argument to results of the author
in [BN14], and recent results of Gitik and Kaplan [GK20] and Kaplan [Kap22] in
the specific context of Magidor iterations.

Proposition 3.3. Suppose that A = sup(A) € A is a measurable cardinal with a
normal measure W. Let iy : V. — My be the ultrapower embedding by W, jw :
My, — M be the iterated ultrapower embedding associated with Usy = iy (U) \ A
with an associated M -generic sequence Clm and j = jwoiw : V. — M. For

every G C M(l_j) generic over V, j extends in V[G<y] to j* : VG| = M* =
M[G<>\*G6>A] and each element x € M* is of the form 7*(f)(\) for some f : X — X
in V[G<y]. Therefore M* is the ultrapower of V|G <] by its derived normal measure
WS with critical point \.

—

Proof. 1t is clear from the first part of the Proposition 3.2 that Gd>A is jw (M(iw (U)>A))-
generic over M[Gs_| ] and that j = jw o iw extends to j* : VI[G<y] = MGy *
Ga | =M~

>A

Since iy : V. — My is an ultrapower by a measure W on A, every My, mea-
surable k € iy (A)sy is of the form iy (g)(A) for some function g € *X. It then
follows form the second part of Proposition 3.2 that every x € M* is of the form

VIORICVE O

5The map k¥ associated with the rest of the iteration 7 over F, does not overlap /qg and

consists of critical points below :‘ig or strictly above ng. Since ng € A is inaccessible, kF(/-cg) =

F
Ko -
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4. A LiFT-UuP LEMMA

In this section we connect the Magidor iteration with lift-up scenarios. We con-
sider the following setup. Fix some sufficiently large regular cardinal 8 > sup(A),
and a structure 2 extending (Hy, E,A,ﬁ ) with a Skolem function Fy. We con-
sider elementary substructures X < (2, Fy) of size | X| < min(A). For each such a
substructure X, we denote its transitive collapse by NX and the inverse of the tran-
sitive collapse map by 0¥ : NX — Hy. We further denote the ¢X preimages of A, U
by AX,UX. Let TX = (MX, 7, G 11<j< %) be the M(UX )-iterated ultrapower
of NX and CX = (C¥ | &k e 7T079X(AX)> the associated M (wx(ﬁx))-generic se-
quence (as described in the previous section) over Mgig. For ease of notation, we
denote the associated ultrafilter U, ¥ used at stage i by U;Y, its critical point by
k%, and the final iteration embedding 7% : Mg* — M% by j* : N¥ — MX.

The proof of the Mathias criterion theorem 1.4 will follow from Proposition 3.2
and the following Lemma, concerning lift-up maps of inverse collapse maps.

Lemma 4.1. Let A be a structure extending (Hg,e,A,U). For every X < (U, Fy)
with | X| < min(A), there exists a U-sequence AX = (AX | k € A) so that whenever
C = (Cy | Kk € A) is a sequence of w-sequences satisfying C., € AX for all k <
sup(X N A), and with the strict separation property, there exists an elementary
embedding 6% : M~ — Hy with the following properties:

(1) 5% 0 X = X

(2) for every & € j¥(AX), ¥ [CX] = Csx ().

Moreover, the assignment X — AX can be chosen to satisfy that for every w € A

and kK € A with w € V,,, A,{X = AEKF‘Z‘ (qu).

Proof. Let 2 and X < (2, Fy) with |X| < min(A) be as in the statement of
the Lemma. We start by reviewing the standard process of lifting the embeddlng
: NX = A to 6% : MX — 2 without choosing in advance the sequences C.

The general lifting process recursively defines embeddings o : M;X — 2, to-
gether with certain ordinals v; for all 7 < 6, so that for every i’ < ¢, alM PomX, =
M7y
o™i,
Let off = 0. At a successor step i — 1+ 1, we take the given embedding
oX + MX — 2 and some v; € A = = No;*[U7*] and define 0%, : M¥, =
ult(MX UX) — 2A by

o (M (N (80)) = o (H(w)

for f € MX ﬂ"tXMZ-X.

For a limit ordinal 4, the construction is straightforward: M;X is the direct limit
of the system 7% | i, and every element x € M;¥ is of the form Wfl(i) for some
a <iand Z € MX. Using the inductive assumption for o < i, it is routine to
verify that the map o;* define by o;¥ (73 ,(z)) = 05 () is well-defined and satisfies
the inductive requirements.

Therefore, the construction of lift-up process succeeds as long as it is possible to
find suitable ordinals v;, ¢ < 8, which satisfy

(%) Vi € AT = ﬂJZX[UzX}
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The resulting embeddings o;X : M;X — 20 can then be described using the v,
a < i as the inverse of the transitive collapse of SKg (X U {v, | o < i}).

We move to define the sequence of sets AX as in the statement of the lemma.
Fix k € A. For every finite sequence v € [k]<%“ let

AX7 = (Us N FaX U {5} U (max(7) +1)]).
Define
AY = Npepe AX7.

Suppose now that C = (C | k € A) is a sequence of w-sequences Cj, C AX with
the strict separation property. Let (vF | n < w) be an increasing enumeration of
each C..

Our goal is to show that the lift-up process can be carried our with the ordinals
v; chosen from the sequences in C. Tt is clear that requirement (2) completely
determine the only possible identity of v; at each stage i < #%. To make this
assignment precise, for each i < 0% and & € 73 ;(A), let CQLX be the set of i/ <4
for which the critical point cp(m;X ;) = ;s satisfies 7r27; (k) = £.5 Requirement
(2) for 6% = agg( translates to an inductive requirement, asserting that for each
ke W({’L(A)7

(2) oX[CN ) = C iy TICR

To satisfy the inductive assumption, v; is chosen as follows: Letting fif( =

(1), ki = o] (K¢

It therefore remains to verify that this choice of v; satisfies requirement (x;).

By our choice of Aii and the fact that 0¥ is the inverse of the transitive collapse
of SKo((X U {v, | @ < i}), it suffices to verify that v, < v; for all a < 4 (although
it need not be the case that k., < k; for all a < ). This is shown by induction on
a < 1.

Suppose that this has been established for all 8 < o. Then k, € SKo (X U{vs |
B < a})Nk;, and thus K, € SKo(X U ¥) for some finite 7 C {vz | 8 < a}.

M¥ .
), and n; = |CH1XZ |, we set v; = vt

We split the verification to three cases:

(i) If ko < K; then Ky < v; follows from the definition of ANX and the fact all
vg € U are below v;.

(ii) If ko = K; then v, < v; is immediate from the definition of v; and the fact
that n, < n,.

(iii) If ko > &, then by the normality of the iteration 7%,
kX < kX, and

Vo =0apa (ko) =07 (53) <07 (57") = ki

We conclude that v, < k; < K4, which by the strict separation property of
C' implies that v, < min(C,) < v;.

7

X
GC{M" could be finite.

R
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SK p,, (XUw) . . .
The fact AX = A, ™ whenever x € A and w € V,;, is an immediate

consequence of the definition of the sets AX.
O

Proof. (Theorem 1.4) The fact that a M(U)-generic sequence C' must satisfy the
U-sets property and the separation property is immediate from the fact that each
Uy contains U, U {X,}.

We turn to prove by induction on § = otp(A) that if C satisfies the U-set
property and the separation property then it is M(ﬁ )-generic.

Suppose first that § = ¢’ 4+ 1 is a successor ordinal and let A = max(A). Then
M(U) = M(U | A) « P(UY), where P(UY) is the Prikry forcing with respect to the
extension U of Uy. Let C = (Cy | k € A) be a sequence satisfying requirements
(i),(ii) from the statement of the theorem. Since by the induction hypothesis C' | A

—

is generic with respect to M(U | \), it remains to show that C) is generic for P(UY)
over V[é I A]. Recall that by 1.7, U is generated by the sets in Uy and the set
Y. The U-set property and the separation property of c guarantee |C) \ A < N
for every A € Uy. Since |Cy \ x| < Rg, C satisfies the Mathias criterion for U}
in VIC | Al

Next, suppose that § is a limit ordinal. A simple reduction argument allows
to assume that either ¢ is regular or that cof(d) < min(A). This is because if
cof (§) = v < ¢ then we can break the forcing M((j) by splitting U to U | (v+1) and
U\ (y+1). By applying the inductive assumption to the initial segment, we are left
with verifying the result for A’ = A\ v+ 1, which satisfies cof (sup(A’)) < min(A’).

Let Gz be the filter associated with C. We show that it meets every dense open
subsets D C M(U). Let 2 = (Hy, €,U, D), as in Lemma 4.1 and X < 2 of size
|X| < min(A). If ¢ is singular, we also require that cof(d) C X.

In particular, if § is singular then X is cofinal in A. We note that if § is regular
then by an argument of Baumgartner (see [Bau91]) sup(XnNd) = sup (SKy (X Uw) N )
whenever w C sup(X N 6). Let AX = (AX | k € A) be as in the statement of the
lift-up Lemma. Since C satisfies the U-set property, the set z = Unea(Ce \AY) is
finite, and there exists some A\ € A so that C,, C AX for all k € A\ \.

Let us assume for now that A < sup(XNA). Therefore, without loss of generality,
we may assume that A € X. Let X, = SKy (X Uz). By Lemma 4.1, AX> = AX for
all k € A\ A\

We break U into U9~U?, where U° = U | (A4 1) and U! = U \ (A + 1), and
similarly break € into C® = ¢ | A+ 1 and C* = €'\ A+ 1. By the induction
hypothesis, the filter Gz, C M((?O) associated with C? is generic over V. Working
in V[CY], let Ay = A[C) and Xy = SKg, (X UC?). By Lemma 4.1, AX = AXo
for every x € dom(C?). Still working in V[CY], let Dy = {q € M(ﬁ)/G@o | 3p €
Ggo-p—q € D}. Theset Dy C M(ﬁ)/Géo is clearly dense open and belongs to Xj.

Let 00 : M — Hy[C?)] be the inverse of the transitive collapse map of X
and D;*° = (¢%°)~1(D;). By Lemma 4.1, 6*° lifts to an embedding 6*° : Mgg?o —
Hy[C")] satisfying

(1) 6%0 0 j%0 = ¢Xo, In particular, 5%°(;X0 (D)) = D.
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(2) 6%°[Ggixo) € G, where Ganx, C (6%0) " (M(U)/G o) is the generic

filter over M, ;;00 generated by the critical points of the iterated ultrapower

of M associated with (JXO)’l(M(ﬁ)/Géo).

By Proposition 3.2 applied to My° and its (JX")*I(M(U)/Géo)—iterated ultra-
power Mg)g("o, there is ¢ € G x, N jXo (Df(o). Therefore the condition ¢ = 5%°(g)
belongs to G5, N D1 and witnesses that GzND # (. This concludes the proof in the
case that there exists some A < sup(X NA) so that C,, C AX for all Kk € A\ (A+1).

Finally, if C,, C AX for every x < sup(d N X) then all intermediate lift-ups of X
are of the form X' = SKgy (X Uw) for some w C sup(XNJ), and as pointed out above,
satisfy sup(X’' N ¢d) = sup(X NJ). It follows that the lift-up construction argument
of Lemma 4.1, for producing a condition in D, requires working with the initial
segment Cr sup(6NX) of C. We can therefore apply the last part of the argument

above with C' | sup(d N X) replacing C', and conclude that D N Gg #0. a

5. OPEN PROBLEMS

We conclude with a list or related problems. The main result of this paper
provides a Mathias-like criterion for a specific setup of the Magidor-iteration with
the following simplifying characteristics:

e For each x € A, the measure U} that is used at stage x of the iteration is
generated by a measure U,; € V and the simply defined set X,;.
e The sequence of the relevant V-measures U = (U, | k € A) belongs to V.

As shown in [BN14], it is possible to have other measures U on k at stage & of
the iteration, which are not generated by U, and .. A recent work of Kaplan
[Kap22] develops a framework and theory for Magidor iteration in a more general
setup in which the iteration can be based on measures different than U;. Further
development should lead to a Mathias-like criterion in the general setup.

Problem 5.1. Give a Mathias-like genericity criterion for the general form of the
Magidor iteration of Prikry forcings.

In addition to the Magidor (full-support) iteration of Prikry forcings, the Easton-
support iteration of Prikry forcings (aka Gitik iteration) and the stationary support
iteration of Prikry forcings have been studied (see for example, [Git10], [BU17],
[GK23]). It is natural to ask if they also have a combinatorial Mathias-like criterion.

Problem 5.2. Give a Mathias-like genericity criterion for the FEaston support
iteartion of Prikry forcings.

Problem 5.3. Give a Mathias-like genericity criterion for the stationary support
iteartion of Prikry forcings.
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