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Abstract. We prove a Mathias-type criterion for the Magidor iteration of

Prikry forcings.

1. Introduction

In the seminal work [Mat73], Mathias established a genericity criterion for an ω-
sequence C being generic with respect to the Prikry forcing P(U) for a κ-complete
ultrafilter U on a measurable cardinal κ. The criterion asserts that an ω-sequence
C ⊆ κ generates a generic filter if and only if |C \ A| < ℵ0 for every A ∈ U .
In recent decades, similar Mathias-type characterizations have been introduced for
other Prikry-type forcings. Fuchs [Fuc05] introduced such a criterion for (discrete)
products of Prikry forcings. Fuchs [Fuc14] and Mitchell [Mit82] give alternative
criteria for the Magidor forcing. Cummings and Woodin [CW] gave a criterion for
the Radin forcing, and Mitchell [Mit82] for the version based on coherent sequences
of measures. More recently, Merimovich [Mer21] gave a genericity characterization
for the Gitik extender-based forcing, and Benhamou [Ben19] for tree-Prikry posets
with various filters. Such characterizations play a significant role in the develop-
ment of the theory of Prikry-type forcings and their applications. For example,
for connecting Prikry-type forcings with certain iterations of measures/extenders,
showing that the generators of the iterations form generic filters over the resulting
iterated ultrapowers. E.g., this is used in Bukovsky [Buk73] and Dehornoy [Deh78]
studies about Prikry forcing, and by Cummings and Woodin [CW] for Radin forc-
ing. A recent application by Welch [Wel19] makes use of the results in [Fuc05] to
characterize natural inner models, such as L[Card], as generic extensions of iter-
ates of certain mice by products of Priky forcings. In a sequel work [Wel21] Welch
extends the results to the regularity quantifier model, using the main theorem of
this paper, Theorem 1.4.
The purpose of this work is to prove a Mathias-type criterion for the Magidor
iteration of Prikry forcings. In his work on the identity crisis of strongly compact
cardinals [Mag76], Magidor introduced a full-support iteration theory of Prikry-
type forcings, known as the Magidor iteration. The iteration is determined by a

sequence of normal measures of order 0, ~U = 〈Uκ | κ ∈ ∆〉, on a set of measurbale
cardinals ∆. When ∆ is discrete (i.e., sup(∆∩κ) < κ for every κ ∈ ∆) the Magidor

iteration associated with ~U is equivalent to the product of Prikry forcings by the

measures in ~U . In [Fuc05], Fuchs proved the following Mathias-type criterion for
such products.
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Definition 1.1. A sequence ~C = 〈Cκ | κ ∈ ∆〉 of ω-sequences Cκ ⊆ κ is said to

have the ~U-set property (over V ) if for every sequence ~A = 〈Aκ | κ ∈ ∆〉 in V , of
sets Aκ ∈ Uκ, then

|
⋃
κ∈∆

(Cκ \Aκ)| < ℵ0.

Theorem 1.2. (Fuchs [Fuc05]) Suppose that the set ∆ is discrete. A sequence
~C = 〈Cκ | κ ∈ ∆〉 determines a generic filter for the Magidor iteration by ~U if and

only if it has the ~U -set property.

We show in example 1.9 that having the ~U -set property need not suffice to

determine genericity of sequences ~C for general Magidor iterations. The genericity
obstruction witnessed in the example is related to the following separation property
of the sequences Cκ, κ ∈ ∆.

Definition 1.3. Let ~C = 〈Cκ | κ ∈ ∆〉 be a sequence of ω-sequences Cκ ⊆ κ.
We say that two pairs (ν, κ), (ν′, κ′) with ν ∈ Cκ, and ν′ ∈ Cκ′ are interleaved

if ν ≤ ν′ < κ < κ′. We say that ~C has the separation property if the set of

interleaved pairs (ν, κ), (ν′, κ′) with ν ∈ Cκ and ν′ ∈ Cκ′ is finite. We say that ~C
satisfies the strict separation property if this set is empty.

The main result of this paper shows that the additional separation property
suffices to characterize genericity for Magidor iteration of Prikry forcings.

Theorem 1.4. A sequence ~C = 〈Cκ | κ ∈ ∆〉 is generic the Magidor forcing

associated with ~U if and only if it has the ~U -set property and the separation property.

The proof of Theorem 1.4 has three main steps which are of some independent
interest. The first step (section 2) gives a proof of a strong Prikry lemma
for the Magidor iteration. A strong Prikry lemma (or strong Prikry property)
of a Prikry-type poset P refers to a statement which provides a simple recipe for
capturing dense open subsets D ⊆ P. For the Prikry forcing P(U) by a measure
U , the strong Prikry lemma asserts that for every condition p ∈ P and a dense
open set D ⊆ P(U), there exists a direct extension p∗ of p and some n < ω such
that every end-extension of the form p′ = p∗_〈ν0, . . . , νn−1〉 of p∗,1 belongs to D.
Various strong Prikry lemmas have been established for many well-known Prikry-
type forcings. These include the Magidor forcing, by Mitchell [Mit82] and by Fuchs
[Fuc14], the Radin forcing by Mitchell and by Cummings and Woodin [CW], the
Gitik extender-based forcing by Gitik [Git10], products of Prikry forcings by Fuchs
[Fuc05], and supercompact diagonal Prikry forcing by Cummings and Foreman
[CF10]. An abstract formulation of the strong Prikry property is developed in
[FH17] and [Fuc17], which further derive interesting consequences on the structure
of the Boolean ultrapowers associated to the relevant posets.

The second step (section 3) uses the strong Prikry lemma to associate an

iterated ultrapower of V to a measure sequence ~U = 〈Uκ | κ ∈ ∆〉, in which each

measure appearing in ~U or in its images under the iteration embedding maps, is
iterated ω-many times (see Definition 3.1). Proposition 3.2 shows that the critical

points form a generic filter for image of M(~U) under the iteration embedding.
Following the proof of Proposition 3.2, we observe that the result can be used to

1i.e., obtained by choosing the next n-points of the generic Prikry sequence.
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describe the restriction of the ultrapower map jU∗κ by the extension U∗κ of Uκ, in

a generic extension by M(~U � κ). This gives an alternative proof to a specific
case of recent results by Gitik and Kaplan [GK20] and Kaplan [Kap22], about the
behaviour of normal measures in forcing extensions by various iteration of Prikry
forcings.

Finally, the third step (section 4) proves a lift-up lemma for iterated ultra-
powers of transitive collapse structures NX of a relatively small elementary sub-

structure X ≺ (Hθ, ~U) for a sufficiently large θ > sup(∆). Let σX : NX → Hθ

be the inverse of the transitive collapse map of X, and jX : NX → MX be
the iterated ultrapower map of NX associated with the sequence of measures

(σX)−1(~U) ∈ NX . Considering possible lift-up embeddings σ̃X : MX → Hθ which
satisfy σ̃X ◦ jX = σX , Lemma 4.1 gives a sufficient and necessary condition for

a sequence ~C = 〈Cκ | κ ∈ ∆〉 to be the pointwise image of the critical points of
the iteration jX under a lift-up map σ̃X . The proof of Lemma 4.1 is followed by
the proof of Theorem (1.4). We proceed with preliminary information about the
Magidor iteration of Prikry forcings.

1.1. Preliminaries. Our presentation of the Magidor iteration of Prikry forcing
and its properties follows [Git10] and [BN14]. In particular, we follow the Jerusalem
forcing notation by which p ≥ q denote the fact that a condition p extends (i.e.,
more informative) than q.

Definition 1.5. Let ~U = 〈Uκ | κ ∈ ∆〉 be a sequence of normal measures on a set
∆ of measurable cardinals. We assume that all Uκ are of Mitchell order 0 (namely,
do not concentrate on sets of measurable cardinals). Let δ = sup({κ+ 1 | κ ∈ ∆}).

(1) Conditions p in the Magidor iteration M(~U) = Mδ = 〈Mα,Qα | α < δ〉 are

sequences p = 〈ṗα | α < δ〉 such that for each α < δ, p � α 
 ṗα ∈ Q̇α, where

Qα is taken to be the trivial forcing if α 6∈ ∆, and otherwise, Qα = P(U̇∗α) is
the Prikry forcing by a canonical extension U∗α of Uα in V Mα , which is de-

fined below. Therefore, ṗα can be identified with a pair of names, 〈ṡα, Ȧpα〉,
where ṡα is a Mα-name of a finite sequence in [α]<ω, and Ȧα a Mα-name
of a set in U∗α.

(2) Each Mα, α ≤ δ is a Prikry-type forcing, with the a direct extension
sub-ordering ≤∗Mα of ≤Mα . The ordering ≤∗Mα is defined by p ≥∗Mα q if
p � β 
 ṗβ ≥∗Qβ q̇β for all β < α. The ordering ≤Mα is defined by p ≥Mα q

if (i) p � β 
 ṗβ ≥Qβ q̇β for all β < α, and (ii) p � β 
 ṗβ ≥∗Qβ q̇β for all but

finitely many β < α.

(3) Throughout this paper, we always force with conditions p ∈ Mα, α ≤ δ
which extend the condition 0 = 0Mα , defined by s0

β = ∅ and A0
β = β for

every β ∈ ∆ ∩ α. Therefore, for every condition p ∈ Mα, α ≤ δ, there is a
finite set of ordinals β such that p � β 
 sṗβ 6= ∅. We call this finite set the
(nondirect) support of p, and denote it by supp(p).

(4) The extension U∗α of Uα is defined as follows. Let Gα ⊆ Mα be a generic-

filter and A ⊆ α a set in V [Gα]. Then A ∈ U∗α if for some Mα-name Ȧ
for A (equivalently, for all such names), there is a condition p ∈ Gα and a
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direct extension q ≥∗ jUα(p) \ α so that

p_q 
jUα (Mα) α̌ ∈ jUα(Ȧ).

If Uα is not a limit of cardinals in ∆ then the forcing Mα is essentially bounded
in α, in which case, it follows from the definition of U∗α that U∗α is generated by sets
in Uα.

It is shown in [BN14] that if α is a limit of cardinals in ∆ then U∗α is generated
by the sets in Uα together with a single additional set Σα ∈ V [Gα].

Definition 1.6.

(1) Let Σα = {ν < α | ∀κ ∈ (∆ ∩ α) \ ν, (ν + 1) ∩ Cκ = ∅}, where Cκ is the
Prikry sequence added by Gα at stage κ of the iteration.

(2) For a condition p ∈ Mα for some α ≤ δ and and ordinal ν < α, let p−ν be
the direct extension of p defined by

ṗ−νκ =

{
ṗκ if κ ≤ ν or κ 6∈ ∆

〈ṡpκ, Ȧpκ \ (ν̌ + 1)〉 otherwise.

For every p ∈Mα, the condition jUα(p)−α is of the form p_q with q ≥∗ jUα(p),
and it is clear from its definition that it forces the statement

“∀κ ∈ [jUα(∆) ∩ jUα(α)] \ α (α+ 1) ∩ Cκ = ∅”,

from which it follows that Σα ∈ U∗α.

We sketch the rest of the argument from [BN14] showing that U∗α is generated
by Σα and the sets in Uα. We start with a useful observation from [BN14].

Fact 1.7. (Lemma 1.5 in [BN14]) Let Ȧ be a name of a subset of α and p ∈ Mα.

If p 
 Ȧ ∈ U̇∗α then there exists a direct extension p∗ ≥∗ p so that

jUα(p∗)−α 
 α̌ ∈ jUα(Ȧ).

Therefore, if A = (Ȧ)Gα ∈ U∗α in a generic extension V [Gα] by Gα ⊆ Mα then

there exists some p∗ ∈ Gα so that jUα(p∗)−α 
 α̌ ∈ jUα(Ȧ).

Back in V , define XȦ = {ν < α | (p∗)−ν 
 ν̌ ∈ Ȧ}. It is clear that XȦ ∈ Uα and
that for every ν ∈ XȦ, if (p∗)−ν ∈ Gα then ν ∈ A. Finally, the connection to the set
Σα comes from the observation that for every ν > max(supp(p∗)),2 (p∗)−ν ∈ Gα
if and only if ν ∈ Σα. Let 0∗ ≥∗ 0 be the condition defined by A0∗

κ = Σκ if
κ = sup(∆∩κ) and A0∗

κ = κ \ sup(∆∩κ) otherwise. The following is an immediate
consequence of the definition of Σκ.

Corollary 1.8. There is a condition 0∗ ≥∗ 0M(~U) which forces that for every pair

of cardinals κ′ < κ from ∆ and ν ∈ Cκ, if κ′ ∈ (ν, κ) then Cκ′ ⊆ (ν, κ).

A generic filter G ⊆ M(~U) naturally assigns to each κ ∈ ∆ an Mκ-generic

P(U∗κ)-Prikry sequence Cκ ⊆ κ. Suppose that ~C = 〈Cκ | κ ∈ ∆〉 is a sequence

of ω-sequences Cκ ⊆ κ. Let G~C ⊆ M(~U) be the associated filter, which is gen-

erated by conditions p ∈ M(~U) satisfying that for every κ ∈ ∆, if |ṡpκ| = n then

2supp(p∗) is the support of p∗ from Definition 1.5 (3).
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p � κ 
 spκ = Cκ � n, and for every ν ∈ Cκ \ n, p � κ 
 ν ∈ Ȧpκ.

Using the properties of the sets Σα ∈ U∗α, we construct from the assumption of

o(λ) = 2 a sequence ~C that satisfies the ~U -set property but is not generic for

M(~U).

Example 1.9. Suppose that λ is the first cardinal of Mitchell order 2. Let Uλ,0 /
Uλ,1 be two normal measures on λ of orders 0, 1 respectively, and 〈Uκ,0 | κ ∈ ∆0∩λ〉
be a witnessing sequence of order 0 measures. I.e., for every A ⊆ λ, we have that

A ∈ Uλ,0 iff {κ ∈ ∆0 | A∩κ ∈ Uκ,0} ∈ Uλ,1. Set ∆ = ∆0∪{λ} and ~U = 〈Uκ | κ ∈ ∆〉
define by Uκ = Uκ,0 (this includes Uλ,0). To define a sequence ~C = 〈Cκ | κ ∈ ∆〉
which has the ~U -set property, but is not M(~U) generic, we first consider two generic
sequences by different posets over V . The first is a Prikry generic sequence over V

for the forcing P(Uλ,1), denoted by ~λ1 = 〈λ1
n | n < ω〉. The second is a sequence

~C � λ = 〈Cκ | κ ∈ ∆ ∩ λ〉 of Prikry sequences that is generic over M(~U � λ).
Define now a new ω-sequence Cλ = 〈λn | n < ω〉 by λn = min(Cλ1

n
). The sequence

~C = ~C � λ_〈Cλ〉 satisfies the Mathias criterion for the discrete case. Indeed, for

every ~A = 〈Aκ | κ ∈ ∆〉 define ~A′ = 〈A′κ | κ ∈ ∆0〉 by A′κ = Aκ ∩ (Aλ ∩ κ) if

Aλ ∩ κ ∈ Uκ, and A′κ = Aκ otherwise. Since ~C � λ is generic for M(~U � λ). Then
Cκ ⊆ A′κ for all but finitely many κ. In particular Cλ1

n
⊆ A′λ1

n
for all but finitely

many n. Moreover, A′λ1
n
⊆ Aλ for all but finitely many n. Finally, ~C is not generic

for M(~U) since clearly, Cλ∩Σλ = ∅, and thus Cλ is not Prikry generic with respect
to the forcing P(U∗λ).

Remark 1.10. Gitik [Git] pointed out that Example 1.9 can be improved to show

that the ~U -set property fails to characterize M(~U)-genericity if and only if there
exists some λ ∈ ∆ so that ∆ ∩ λ is stationary in λ.

We finish the preliminary section with a useful notation, for taking end-extensions
of a condition p at a single point κ ∈ ∆.

Definition 1.11. Let p ∈Mα, α ≤ δ, be a condition, κ ∈ ∆∩α, and ν < κ. Define

p+(ν,κ) to be the condition obtained by p as follows. p
+(ν,κ)
β = pβ for every β 6= κ,

s(p+(ν,κ))
κ = spκ ∪ {ν̌} and A(p+(ν,κ))

κ = Apκ \ (ν + 1).

It is clear that p+(ν,κ) extends p if p � κ 
 ν̌ ∈ Ȧpκ.

2. A Strong Prikry Lemma for M(~U)

The purpose of this section is to state and prove a version of the strong Prikry

lemma for Magidor iterations M(~U). We will need the following definition to state
the Lemma.

Definition 2.1. We define a ∗-tree for ~U = 〈Uκ | κ ∈ ∆〉 to be a pair (T, P ∗) with
the following properties:

(1) T ⊆ [sup(∆)]n is a tree of a finite height n < ω. For every s ∈ T , |s| < n,
there is κT (s) ∈ ∆ so that the set SuccT (s) = {ν | s_〈ν〉 ∈ T} belongs to
Uκ(s).

3

3Note that κT (s) can be determined from T and s since κT (s) = sup(SuccT (s)).
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(2) P ∗ : T → M(~U). For s ∈ T we denote P ∗(s) also by P ∗s . For every s ∈ T ,

|s| < n, and ν ∈ SuccT (s), (P ∗s )+(ν,κT (s)) ≤∗ P ∗s_〈ν〉.

The next lemma guarantees that extensions by a ∗-tree can form a predense set.

Lemma 2.2. For every condition p and a ∗-tree (T, P ∗) of height n so that P ∗∅ ≥
∗ p

there is a direct extension p∗ ≥∗ P ∗∅ so that the set {P ∗t | t ∈ T, |t| = n} is predense
above p∗.

Proof. The claim is shown by induction on n. It is immediate if n = 0. Suppose
that the claim holds for n and that T is a tree of height (n+ 1). Let B = SuccT (∅)
and κ ∈ ∆ so that B ∈ Uκ. For each ν ∈ B, since the tree T〈ν〉 = {s | 〈ν〉_s ∈ T}
is a tree of height n and we can apply the inductive assumption to T〈ν〉 and the
condition P ∗〈ν〉. Let pν ≥∗ P ∗〈ν〉 be the resulting direct extension. To finish the proof,

it suffices to verify that the set {pν | ν ∈ B} is predense above some p∗ ≥∗ P ∗∅ . To
describe such p∗ we first make the following definitions:

(1) Let plow ∈M(~U � κ) be the condition represented in the ultrapower by Uκ
by the function ν 7→ pν � ν.

(2) Let pmid ∈ M(~U � κ) be the direct extension of p � κ given by Ȧp
mid
λ =

∆ν∈λ∩BȦ
pνλ for every λ ∈ ∆ ∩ κ.

(3) Let p∗ � κ be a common direct extension of plow and pmid, which also forces

for some A ∈ Uκ that A ∩ Σκ ⊆ ȦP
∗
∅ ∩B.

We take Ȧp
∗
κ = A∩Σκ. This defines a condition p∗ � κ+ 1 ∈M(~U � κ+ 1)

satisfying that for every ν ∈ A,

(p∗ � κ)−ν 
 pν � κ ∈ ĠM(~U�κ)

It follows that for every ν ∈ A, the condition (p∗ � κ+ 1)+(ν,κ) forces that

pν � κ+ 1 ∈ ĠM(~U�κ), as (p∗ � κ+ 1)+(ν,κ) forces that ν ∈ Σκ, which means

it must also force (p∗ � κ)−ν ∈ ĠM(~U�κ).

(4) Finally, let p∗ \ (κ + 1) be the M(~U � (κ + 1))-name of a condition in the

quotient forcing M(~U)/M(~U � (κ + 1)), satisfying that for every ν ∈ A,
the condition (p∗ � κ + 1)+(ν,κ) forces the tail p∗ \ (κ + 1) to be equal to
pν \ κ + 1. This is possible since the set {(p∗ � κ + 1)+(ν,κ) | ν ∈ A} is an
antichain.
Taking p∗ = p∗ � (κ+ 1)_p∗ \ (κ+ 1), it follows from the construction that

for every ν ∈ A, (p∗)+(ν,κ) 
 pν ∈ ĠM(~U).

�

Lemma 2.3. (Strong Prikry Property)

Let D ⊆M(~U) be a dense open set. For every condition p there is a ∗-tree (T, P ∗)
so that P ∗∅ ≥

∗ p and for every maximal node t ∈ T , P ∗t ∈ D.

We note that all the splitting sets of the ∗-tree in the Lemma are measure one
sets with respect to the measures Uκ in V , and not their (name) extensions U∗κ .
The ability to meet dense set without using names of large sets is essential for the
application in section 3, involving generics in iterated ultrapowers. We make one
last definition before turning to prove Lemma 2.3.

Definition 2.4.
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(1) Let p ≤ q be two conditions in M(~U), we define the height of q over
p, denoted ht(q/p) to be the number n < ω so that there are q ≥∗
p+(ν1,κ1)+···+(νn,κn). Equivalently, n = | ∪κ∈∆ sqκ \ spκ |.

(2) Suppose that D is a dense open set of M(~U) and p a condition. Considering

forcing above p, let ṄD be the name of the minimal N < ω so that N =
ht(q/p) for some q ∈ Ġ∩D, q ≥ p. By taking direct extension of p we may

work with conditions p that ṄD = n for some n < ω, and denote the value
n by npD.

Proof. (Lemma 2.3)
For ease of notation, we assume that p ≥ 0∗. Otherwise, apply the argument of the
proof above a direct extension of p whose (names) of measure one sets are contained
in those of 0∗. The proof is by induction on sup(∆). Suppose that the statement

holds for all dense open sets of M(~U � κ) = Mκ for every κ ∈ ∆. For each n < ω,
let φn be the statement asserting that for every dense open set D and a condition

p ∈ M(~U) with npD = n there exists a ∗-tree (T, P ∗), so that T is of height n,
P ∗∅ ≥

∗ p, and p∗t ∈ D for every t ∈ T , |t| = n.
It is clear that the Lemma is equivalent to having φn hold for all n < ω. We
therefore proceed to prove φn by induction on n. The case n = 0 is trivial. Fix

n > 0 so that φm holds for all m < n, and let p ∈ M(~U) and D ⊆ M(~U) predense
with npD = n. We first construct a sequence of direct extensions 〈pκ | κ ∈ {0} ∪∆〉
of p, with pκ � κ′ + 1 = pκ

′
� κ′ + 1 for all κ′ < κ. Set p0 = p. Let κ ∈ ∆ so that

pκ
′

has been defined for all κ′ ∈ ∆∩ κ. To define pκ, we first construct a condition
qκ ≥∗ p define by

(1) qκκ′ = pκ
′

κ′ for all κ′ < κ;

(2) Aq
κ

κ = ∆κ′<κA
pκ
′

κ ;

(3) Aq
κ

κ∗ =
⋂
κ′<κA

pκ
′

κ∗ for all κ∗ > κ.

We next define the Mκ-name M(~U � κ)-name pκ \ κ. Fix a generic filter G<κ ⊆
Mκ with qκ \ κ ∈ G<κ and work in the generic extension V [G<κ]. Let Bκ =

(Ȧq
κ

κ )G<κ . For each ν ∈ Bκ and ` < n, let σκ,ν` be the statement in the forcing

language of M(~U)/G<κ, asserting the existence of conditions rν<κ ∈ G<κ and rν≥κ ∈
ĠM(~U)/G<κ

(i.e., ĠM(~U)/G<κ
is the M(~U)/G<κ-canonical name of a generic filter)

which satisfy the following requirements:

• ht(rν<κ/(q
κ � κ)) = `;

• ht ((rν<κ � ν)/qκ � ν) = 0;
• the condition

rν = rν<κ
_rν≥κ

extends (qκ)+(ν,κ) and belongs to D;
• ht(rν/(qκ)+(ν,κ)) = n− 1.

For each ν ∈ Bκ let qκ,ν ≥∗M(~U)/G<κ
(qκ)+(ν,κ) be a direct extension which

decides σκ,ν` for all ` < n. Split Bκ into sets Bκ(`), ` ∈ {−1} ∪ n, where Bκ(−1) =
Bκ \ (∪`<ωBκ(`)), and for every ` ≥ 0, ν ∈ Bκ(`) if ` is the minimal so that qκ,ν

forces σκν` . Let Aκ = Bκ(`) which belongs to U∗κ . Moving back to V , let pκ be the
direct extension of qκ which is given by

(1’) pκ � κ = qκ � κ;
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(2’) Ȧp
κ

κ is forced to satisfy the properties of Aκ; and

(3’) Ȧp
κ

κ∗ =
⋂
ν∈Aκ Ȧ

qκ,ν

κ∗ for every κ∗ > κ.

This concludes the construction of the sequences 〈pκ | κ ∈ ∆〉. We finally set
p∗ ≥∗ p, defined by p∗κ = pκκ for all κ ∈ ∆.

Next, we take r ∈ D extending p∗ with ht(r/p∗) = n. Let κ0 ≤ κ1 ≤ · · · ≤ κn−1

and ν0, ν1, . . . , νn−1 so that

r = (r∗)+(ν0,κ0)+···+(νn−1,κn−1)

for some r∗ ≥∗ p∗. Let i∗ < n be the minimal with κi∗ 6∈ (νi, κi) for all i > i∗.
Since p ≥ 0∗, we have that for every j < i∗, both νj and κj belong to (νi∗ , κi∗).
Set κ = κi∗ , r<κ = r � κ ∈ Mκ. Note that ht(r<κ/(p

∗ � κ)) = i∗ < n and
ht ((r<κ � νi∗)/(p∗ � νi∗)) = 0. Taking r ∈ D as above, with the minimal value of

i∗ < n, we have that r<κ forces both Ȧp
∗

κ = Ḃκ(i∗), and that for every ν ∈ Ȧp∗κ the

condition (q \ κ)+(ν,κ) ∈M(~U)/Mκ forces σκ,νi∗ .
By fact 1.7 we may assume that there is A ∈ Uκ, A ⊆ κ \κi∗−1 so that (r∗)−ν 


ν ∈ Ȧp∗κ for every ν ∈ A. Moreover, since κ = κi∗ 6∈ (νi, κi) for all i > i∗, we get
that ν < νi for all i > i∗, which implies r−ν ≥ (r∗)−ν for all ν ∈ A. Recalling the
definition of σκ,νi∗ for ν ∈ A, we conclude that for every ν ∈ A there is a predense

set D̄ν ⊆ M(~U)/qν , where qν = r−ν<κ
_(p∗ \ κ)+(ν,κ), which consists of conditions

of the form rν = rν<κ
_rν≥κ that belong to D and satisfy that ht(rν<κ/r

∗ � κ) = i∗,

ht(rν<κ � ν/r∗ � ν) = 0, and ht(rν/r∗) = n− 1.
In particular, ht ((rν<κ � κi∗−1)/(r∗ � κi∗−1)) = 0 for all rν ∈ D̄ν . That is, none

of the points νi, i < i∗ (which are added when extending r∗ to r) appear in rν . It
follows that the set D̄ν is not only predense above qν = r−ν<κ

_(p∗ \ κ)+(ν,κ), but is

also predense above pν = (r∗<κ)−ν_(p∗ \ κ)+(ν,κ).
Let Dν be the dense open set of extensions of conditions in D̄ν . It is immediate

that Dν ⊆ D and np
ν

Dν ≤ n−1. By the inductive assumption of φm for all m ≤ n−1,

there for each ν there are ∗-tree (T̃ ν , P̃ ν) with T̃ ν ⊆ [κ]n
pν

Dν , and P̃ ν∅ ≥
∗ pν , so that

for every t ∈ T̃ ν , |t| = np
ν

Dν , P νt ∈ Dν ⊆ D. It remains to put the trees (T ν , P ν)
together. Define (T, P ) by setting, SuccT (∅) = A ∈ Uκ, T〈ν〉 = T ν for every ν ∈ A,
P∅ = (r∗ � κ)_(p∗ \ κ), and P〈ν〉_s = P νs for every ν ∈ A and s ∈ T ν . �

3. Generic sequences over iterated ultrapowers

Definition 3.1. A M(~U)-iterated ultrapower is a linear iteration T of V , T =
〈MTi , πTi,i′ | i ≤ i′ ≤ θ〉 given by MT0 = V , and for each i < θ the ultrapower

map πTi,i+1 : MT
i → MTi+1 is the ultrapower map by some UTi ∈ πT0,i(~U), and each

measure in πT0,θ(
~U) is iterated exactly ω-many times in T , in the sense that for each

κ ∈ πT0,θ(∆) there are exactly ω many indices {in | n < ω} ⊂ θ so for each n, the

critical point cp(πTin,in+1) = κTin satisfies πTin,θ(κ
T
in

) = κ and πTin,θ(π
T
0,in

(~U)κTin
) =

πT0,θ(
~U)κ. For each κ ∈ πT0,θ(∆), let CTκ = 〈κTin | n < ω〉.

Proposition 3.2. Let ∆, ~U be as in the definition of M(~U). Suppose that j : V →
M is an embedding which results from a M(~U)-iterated ultrapower T = 〈MTi , πTi,i′ |
i ≤ i′ ≤ θ〉 (i.e., j = πT0,θ,M = MTθ ). Then
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(1) the associated sequence of ω-sequences ~CT = 〈CTκ | κ ∈ j(∆)〉 forms a

j(M(~U)) generic filter over M ,

(2) every element x ∈ M is of the form j(ḟ)~CT (κ), for some κ ∈ ∆ and a

M(~U)-name ḟ of a function with domain κ.

Proof. To start, we choose a finite normal sub-iterations F of T , F = 〈MF
i , π

F
i,i′ |

i ≤ i′ ≤ tF 〉, where tF < ω and for every i < tF , πFi,i+1 : MF
i → MF

i+1 is the

ultrapower embedding by a measure UF,i ∈ iF0,i(
~U) whose critical point is κFi ∈

iF0,i(∆). Let jF = πF0,tF : V → MF = MF
tF , kF : MF → M be the complementing

embedding resulting from completing the iteration T .

Starting from a condition q ∈ M(~U) we say that a sequence of conditions
w = 〈wi | i ≤ tF 〉 is valid with respect to F over q if it satisfies the following
requirements:

(1) w0 ≥∗ q, and wi ∈ πF0,i(M(~U)) for each i ≤ tF .

(2) for every i < tF , there exists a direct extension w̄i ≥∗ wi so that

πFi,i+1(w̄i � κFi )−κ
F
i 
 κ̌Fi ∈ π

F
i,i+1(Ȧw

i

), 4

and wi+1 ≥∗ πFi,i+1(w̄i)+(κFi ,π
F
i,i+1(κFi ))−κFi .

Fixing q ∈M(~U), for each finite sub-iteration F of T , let SFq denote the set of valid

sequences w = 〈wi | i ≤ tF 〉 over q, with respect to F . Define Zq = {kF (wt
F

) |
F is a finite iteration of T and w ∈ SFq }. It is straightforward to verify that every

two elements in Zq are pairwise compatible, and generate a filter Gq over j(M(~U)),
whose associated sequences of cofinal ω-sequences 〈Cqκ | κ ∈ j(∆)〉 are given by

Cqκ = s
j(q)
κ ∪ Cκ.

It remains to show that the filter Gq is generic over M . This is done by showing

that Zq meets every dense open subset of j(M(~U)) in M . To this end, fix such a

dense open set D ⊆ j(M(~U)), and a finite sub-iteartion F0 of T which represent D
in the sense that D = kF0(DF0) for some DF0 ∈MF0 . Thus

MF0 |= DF0 ⊆ πF0

0,tF0
(M(~U)) is dense open.

Starting from the condition q ∈ M(~U), let w = 〈w0, . . . , wt
F0 〉 be a valid sequence

with respect to F0 over q. Let (T, P ∗) ∈ MF0 be a ∗-tree, as in the statement

of the strong Prikry lemma, with respect to the condition wt
F0

and the dense
open set DF0 . Say T is of height n. We proceed by extending the iteration F0

to a longer finite iteration F = F0
_F1, with tF1 = n, and the valid sequence

w to a longer valid sequence w∗ = 〈wi | i ≤ tF0 + n〉, starting from MF
tF0

=

MF0 and wt
F

, we take κF
tF0

= κT∅ (i.e., from the base of the tree T ), and choose

UF
tF0

= πF0,tF (U)κF
tF0

, πF
tF0 ,tF0+1

: MF
tF0
→ MF

tF0+1
= ult(MF

tF0
, UF

tF0
), and wt

F0+1 =

πF
tF0 ,tF0+1

(P ∗)〈κF
tF0
〉. Next, we proceed similarly and choose the next critical point

associated of the iteration F (i.e., the (tF0 + 1)-th) to be the supremum of the
splitting set Succ〈κF

tF0
〉(π

F
tF0 ,tF0+1

(T )), and proceed similarly. Repeating the process

n− 1 additional times according to the accumulated images of T, P ∗. This process

clearly result in an extended valid sequence w∗ with wt
F ∈ πF0,tF (DF 0

). It follows

4Such conditions exist by Fact 1.7
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that kF (wt
F

) ∈ Zq ∩D. Since the filter formed by the sequence ~CT = 〈CTκ | κ ∈
j(∆)〉 is G0∗ , it follows that it is generic over M with respect to j(∆).

Finally, we would like to show that every x ∈ M is of the form j(ḟ)G0∗ (κ) for

some κ ∈ ∆ and a M(~U)-name ḟ of a function from κ. Having M being an iterated
ultrapower of V by T , it suffices to check the last holds for every x = κ̄ which is
a critical point of the iteration T . To this end, fixing a critical points κ̄ of T if
κ̄ ∈ ∆ there is noting to prove as we can take ḟ = idκ̄ to be the identity function.
Suppose κ̄ 6∈ ∆ and let F = 〈MF

i , π
F
i,i′ | i ≤ i′ ≤ tF 〉 be a normal sub-iteration of

T of minimal length tF such that κ̄ is represented by κFi for some i < tF in this
sub-iteration (i.e., κ̄ = kF (κFi ) ). Since κF0 ∈ ∆, i ≥ 1. Let w = 〈wi | i ≤ tF 〉 be the
associated valid sequence with respect to F over 0∗. As F is a normal iteration, each
κFi ∈MF

i , i > 0 is of the form πF0,i(h)(κF0 , . . . , κ
F
i−1). Therefore, applying πFi,i+1, it

follows from the definition of the valid sequence w that wi+1 forces κFi to be the ni-
th element of the Prikry sequence of πFi,i+1(κFi ) = πF0,i+1(h)(κF0 , . . . , κ

F
i−1) for some

ni < ω. It then follows from a straightforward induction on i ≥ 1 that wi+1 forces
that κFi is of the form πF0,i+1(ḟi)(κ

F
0 ) for some name of a function fi with domain

κF0 ∈ ∆. Applying πFi+1,tf the fact F is normal and wt
F ≥ πFi+1,tF (wi+1) implies

that wtF forces κFi = πF0,tF (ḟi)(κ
F
0 ). Applying kF , we conclude that kF (wtF ) ∈ G0∗

forces κ̄ = kF (κFi ) = j(ḟi)(kF (κF0 )) = j(ḟi)(κ
F
0 ).5 �

We conclude this section by applying Proposition 3.2 to determine the restriction
of jU∗κ � V of the ultrapower embedding by the extended measure U∗κ in a generic

extension by M(~U � κ). This gives an alternative argument to results of the author
in [BN14], and recent results of Gitik and Kaplan [GK20] and Kaplan [Kap22] in
the specific context of Magidor iterations.

Proposition 3.3. Suppose that λ = sup(∆) 6∈ ∆ is a measurable cardinal with a
normal measure W . Let iW : V → MW be the ultrapower embedding by W , jW :

MW → M be the iterated ultrapower embedding associated with ~U≥λ = iW (~U) \ λ
with an associated M -generic sequence ~C>λ, and j = jW ◦ iW : V → M . For

every G<λ ⊆ M(~U) generic over V , j extends in V [G<λ] to j∗ : V [G<λ] → M∗ =
M [G<λ∗G~C>λ

] and each element x ∈M∗ is of the form j∗(f)(λ) for some f : λ→ λ

in V [G<λ]. Therefore M∗ is the ultrapower of V [G<λ] by its derived normal measure
W ∗λ with critical point λ.

Proof. It is clear from the first part of the Proposition 3.2 thatG~C≥λ
is jW (M(iW (~U)≥λ))-

generic over M [G~C<λ
] and that j = jW ◦ iW extends to j∗ : V [G<λ] → M [G<λ ∗

G~C≥λ
] = M∗.

Since iW : V → MW is an ultrapower by a measure W on λ, every MW mea-
surable κ ∈ iW (∆)≥λ is of the form iW (g)(λ) for some function g ∈ λλ. It then
follows form the second part of Proposition 3.2 that every x ∈ M∗ is of the form
j(f)(λ). �

5The map kF associated with the rest of the iteration T over F , does not overlap κF0 and

consists of critical points below κF0 or strictly above κF0 . Since κF0 ∈ ∆ is inaccessible, kF (κF0 ) =

κF0 .
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4. A Lift-up Lemma

In this section we connect the Magidor iteration with lift-up scenarios. We con-
sider the following setup. Fix some sufficiently large regular cardinal θ > sup(∆),

and a structure A extending 〈Hθ,∈,∆, ~U〉 with a Skolem function FA. We con-
sider elementary substructures X ≺ (A, FA) of size |X| < min(∆). For each such a
substructure X, we denote its transitive collapse by NX and the inverse of the tran-

sitive collapse map by σX : NX → Hθ. We further denote the σX preimages of ∆, ~U

by ∆X , ~UX . Let T X = 〈MX
i , π

X
i,j | i ≤ j ≤ θX〉 be the ~M(~UX)-iterated ultrapower

of NX and ~CX = 〈CXκ̄ | κ̄ ∈ πX0,θX (∆X)〉 the associated M
(
πX(~UX)

)
-generic se-

quence (as described in the previous section) over MX
θX . For ease of notation, we

denote the associated ultrafilter UT
X

i used at stage i by UXi , its critical point by
κXi , and the final iteration embedding πX : MX

0 →MX
θX by jX : NX →MX .

The proof of the Mathias criterion theorem 1.4 will follow from Proposition 3.2
and the following Lemma, concerning lift-up maps of inverse collapse maps.

Lemma 4.1. Let A be a structure extending (Hθ,∈,∆, ~U). For every X ≺ (A, FA)

with |X| < min(∆), there exists a ~U -sequence ~AX = 〈AXκ | κ ∈ ∆〉 so that whenever
~C = 〈Cκ | κ ∈ ∆〉 is a sequence of ω-sequences satisfying Cκ ⊆ AXκ for all κ <
sup(X ∩ ∆), and with the strict separation property, there exists an elementary
embedding σ̃X : MX → Hθ with the following properties:

(1) σ̃X ◦ jX = σX

(2) for every κ̄ ∈ jX(∆X), σ̃X [CXκ̄ ] = Cσ̃X(κ̄).

Moreover, the assignment X 7→ ~AX can be chosen to satisfy that for every w ∈ A

and κ ∈ ∆ with w ∈ Vκ, AXκ = A
SKFA

(X∪w)
κ .

Proof. Let A and X ≺ (A, FA) with |X| < min(∆) be as in the statement of
the Lemma. We start by reviewing the standard process of lifting the embedding

σX : NX → A to σ̃X : MX → A without choosing in advance the sequences ~C.
The general lifting process recursively defines embeddings σXi : MX

i → A, to-

gether with certain ordinals νi for all i ≤ θ, so that for every i′ < i, σ
MX
i

i ◦ πXi′,i =

σM
X
i′ .
Let σX0 = σX . At a successor step i 7→ i + 1, we take the given embedding

σXi : MX
i → A and some νi ∈ Aσ

X
i =

⋂
σXi [UXi ] and define σXi+1 : MX

i+1 =

ult(MX
i , U

X
i )→ A by

σXi+1

(
πXi,i+1(f)(κXi )

)
= σXi (f)(νi)

for f ∈MX
i ∩ κ

X
i MX

i .
For a limit ordinal i, the construction is straightforward: MX

i is the direct limit
of the system T X � i, and every element x ∈ MX

i is of the form πXα,i(x̄) for some

α < i and x̄ ∈ MX
α . Using the inductive assumption for α < i, it is routine to

verify that the map σXi define by σXi (πXα,i(x̄)) = σXα (x̄) is well-defined and satisfies
the inductive requirements.

Therefore, the construction of lift-up process succeeds as long as it is possible to
find suitable ordinals νi, i < θ, which satisfy

(∗i) νi ∈ Aσ
X
i =

⋂
σXi [UXi ].



12 OMER BEN-NERIA

The resulting embeddings σXi : MX
i → A can then be described using the να,

α < i as the inverse of the transitive collapse of SKA(X ∪ {να | α < i}).
We move to define the sequence of sets ~AX as in the statement of the lemma.

Fix κ ∈ ∆. For every finite sequence ~ν ∈ [κ]<ω let

AX,~νκ =
⋂

(Uκ ∩ FA[X ∪ {κ} ∪ (max(~ν) + 1)]) .

Define

AXκ = ∆~ν∈[κ]ωA
X,~ν
κ .

Suppose now that ~C = 〈Cκ | κ ∈ ∆〉 is a sequence of ω-sequences Cκ ⊆ AXκ with
the strict separation property. Let 〈νκn | n < ω〉 be an increasing enumeration of
each Cκ.

Our goal is to show that the lift-up process can be carried our with the ordinals

νi chosen from the sequences in ~C. It is clear that requirement (2) completely
determine the only possible identity of νi at each stage i < θX . To make this

assignment precise, for each i ≤ θX and κ̄ ∈ πX0,i(∆), let C
MX
i

κ̄ be the set of i′ < i

for which the critical point cp(πXi′,i′+1) = κXi′ satisfies πTi′,i(κ
X
i′ ) = κ̄.6 Requirement

(2) for σ̃X = σXθX translates to an inductive requirement, asserting that for each

κ̄ ∈ πX0,i(∆),

(2i) σXi [C
MX
i

κ̄ ] = C
σM

X
i (κ̄)

� |CM
X
i

κ̄ |.

To satisfy the inductive assumption, νi is chosen as follows: Letting κXi =

cp(πXi,i+1), κi = σXi (κXi ), and ni = |CM
X
i

κXi
|, we set νi = νκini .

It therefore remains to verify that this choice of νi satisfies requirement (∗i).
By our choice of AXκi and the fact that σXi is the inverse of the transitive collapse

of SKA(X ∪ {να | α < i}), it suffices to verify that να < νi for all α < i (although
it need not be the case that κα < κi for all α < i). This is shown by induction on
α < i.

Suppose that this has been established for all β < α. Then κα ∈ SKA(X ∪ {νβ |
β < α}) ∩ κi, and thus κα ∈ SKA(X ∪ ~ν) for some finite ~ν ⊆ {νβ | β < α}.

We split the verification to three cases:

(i) If κα < κi then κα < νi follows from the definition of AXκi and the fact all
νβ ∈ ~ν are below νi.

(ii) If κα = κi then να < νi is immediate from the definition of νi and the fact
that nα < ni.

(iii) If κα > κi then by the normality of the iteration T X ,
κXα < κXi , and

να = σXα+1(κXα ) = σXi (κXα ) < σXi (κXi ) = κi.

We conclude that να < κi < κα, which by the strict separation property of
~C implies that να < min(Cκi) ≤ νi.

6C
MX
i

κ̄ could be finite.
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The fact AXκ = A
SKFA

(X∪w)
κ whenever κ ∈ ∆ and w ∈ Vκ, is an immediate

consequence of the definition of the sets AXκ .
�

Proof. (Theorem 1.4) The fact that a M(~U)-generic sequence ~C must satisfy the
~U -sets property and the separation property is immediate from the fact that each
U∗κ contains Uκ ∪ {Σκ}.

We turn to prove by induction on δ = otp(∆) that if ~C satisfies the ~U -set

property and the separation property then it is M(~U)-generic.
Suppose first that δ = δ′ + 1 is a successor ordinal and let λ = max(∆). Then

M(~U) = M(~U � λ) ∗ P(U∗λ), where P(U∗λ) is the Prikry forcing with respect to the

extension U∗λ of Uλ. Let ~C = 〈Cκ | κ ∈ ∆〉 be a sequence satisfying requirements

(i),(ii) from the statement of the theorem. Since by the induction hypothesis ~C � λ
is generic with respect to M(~U � λ), it remains to show that Cλ is generic for P(U∗λ)

over V [~C � λ]. Recall that by 1.7, U∗λ is generated by the sets in Uλ and the set

Σλ. The ~U -set property and the separation property of ~C guarantee |Cλ \A| < ℵ0

for every A ∈ Uλ. Since |Cλ \ Σλ| < ℵ0, Cλ satisfies the Mathias criterion for U∗λ
in V [~C � λ].

Next, suppose that δ is a limit ordinal. A simple reduction argument allows
to assume that either δ is regular or that cof(δ) < min(∆). This is because if

cof(δ) = γ < δ then we can break the forcing M(~U) by splitting ~U to ~U � (γ+1) and
~U \(γ+1). By applying the inductive assumption to the initial segment, we are left
with verifying the result for ∆′ = ∆\γ+1, which satisfies cof(sup(∆′)) < min(∆′).

Let G~C be the filter associated with ~C. We show that it meets every dense open

subsets D ⊆ M(~U). Let A = 〈Hθ,∈, ~U,D〉, as in Lemma 4.1 and X ≺ A of size
|X| < min(∆). If δ is singular, we also require that cof(δ) ⊆ X.

In particular, if δ is singular then X is cofinal in ∆. We note that if δ is regular
then by an argument of Baumgartner (see [Bau91]) sup(X∩δ) = sup (SKA(X ∪ w) ∩ δ)
whenever w ⊆ sup(X ∩ δ). Let ~AX = 〈AXκ | κ ∈ ∆〉 be as in the statement of the

lift-up Lemma. Since ~C satisfies the ~U -set property, the set z =
⋃
κ∈∆(Cκ \AXκ ) is

finite, and there exists some λ ∈ ∆ so that Cκ ⊆ AXκ for all κ ∈ ∆ \ λ.
Let us assume for now that λ < sup(X∩∆). Therefore, without loss of generality,

we may assume that λ ∈ X. Let Xz = SKA(X ∪ z). By Lemma 4.1, AXzκ = AXκ for
all κ ∈ ∆ \ λ.

We break ~U into ~U0_~U1, where ~U0 = ~U � (λ + 1) and ~U1 = ~U \ (λ + 1), and

similarly break ~C into ~C0 = ~C � λ + 1 and ~C1 = ~C \ λ + 1. By the induction

hypothesis, the filter G~C0 ⊆M(~U0) associated with ~C0 is generic over V . Working

in V [~C0], let A0 = A[~C0] and X0 = SKA0
(X ∪ ~C0). By Lemma 4.1, AXκ = AX0

κ

for every κ ∈ dom(~C1). Still working in V [~C0], let D1 = {q ∈ M(~U)/G~C0 | ∃p ∈
G~C0 . p_q ∈ D}. The set D1 ⊆M(~U)/G~C0 is clearly dense open and belongs to X0.

Let σX0 : MX0
0 → Hθ[~C

0] be the inverse of the transitive collapse map of X0

and DX0
1 = (σX0)−1(D1). By Lemma 4.1, σX0 lifts to an embedding σ̃X0 : MX0

θX0
→

Hθ[~C
0] satisfying

(1) σ̃X0 ◦ jX0 = σX0 . In particular, σ̃X0(jX0(DX0
1 )) = D1.
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(2) σ̃X0 [G~C1,X0
] ⊆ G~C1 , where G~C1,X0

⊆ (σ̃X0)−1(M(~U)/G~C0) is the generic

filter over MX0

θX0
generated by the critical points of the iterated ultrapower

of MX0
0 associated with (σX0)−1(M(~U)/G~C0).

By Proposition 3.2 applied to MX0
0 and its (σX0)−1(M(~U)/G~C0)-iterated ultra-

power MX0

θX0
, there is q̄ ∈ G~C1,X0

∩ jX0(DX0
1 ). Therefore the condition q = σ̃X0(q̄)

belongs to G~C1∩D1 and witnesses that G~C∩D 6= ∅. This concludes the proof in the

case that there exists some λ < sup(X ∩∆) so that Cκ ⊆ AXκ for all κ ∈ ∆\ (λ+1).
Finally, if Cκ ⊆ AXκ for every κ ≤ sup(δ ∩X) then all intermediate lift-ups of X

are of the formX ′ = SKA(X∪w) for some w ⊆ sup(X∩δ), and as pointed out above,
satisfy sup(X ′ ∩ δ) = sup(X ∩ δ). It follows that the lift-up construction argument
of Lemma 4.1, for producing a condition in D, requires working with the initial

segment ~C � sup(δ∩X) of ~C. We can therefore apply the last part of the argument

above with ~C � sup(δ ∩X) replacing ~C1, and conclude that D ∩G~C 6= ∅. �

5. Open Problems

We conclude with a list or related problems. The main result of this paper
provides a Mathias-like criterion for a specific setup of the Magidor-iteration with
the following simplifying characteristics:

• For each κ ∈ ∆, the measure U∗κ that is used at stage κ of the iteration is
generated by a measure Uκ ∈ V and the simply defined set Σκ.

• The sequence of the relevant V -measures ~U = 〈Uκ | κ ∈ ∆〉 belongs to V .

As shown in [BN14], it is possible to have other measures U×κ on κ at stage κ of
the iteration, which are not generated by Uκ and Σκ. A recent work of Kaplan
[Kap22] develops a framework and theory for Magidor iteration in a more general
setup in which the iteration can be based on measures different than U∗κ . Further
development should lead to a Mathias-like criterion in the general setup.

Problem 5.1. Give a Mathias-like genericity criterion for the general form of the
Magidor iteration of Prikry forcings.

In addition to the Magidor (full-support) iteration of Prikry forcings, the Easton-
support iteration of Prikry forcings (aka Gitik iteration) and the stationary support
iteration of Prikry forcings have been studied (see for example, [Git10], [BU17],
[GK23]). It is natural to ask if they also have a combinatorial Mathias-like criterion.

Problem 5.2. Give a Mathias-like genericity criterion for the Easton support
iteartion of Prikry forcings.

Problem 5.3. Give a Mathias-like genericity criterion for the stationary support
iteartion of Prikry forcings.
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