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Introduction

We would like to describe results from a joint work
with Yair Hayut concerning the notion of ω-strongly
measurable cardinals in HOD

Definition

I A regular uncountable cardinal κ is said to be
strongly measurable in HOD with respect to a
stationary set S ⊆ κ if there is η < κ such that
(2η)HOD < κ, and there is no sequence
〈Si | i < η〉 ∈ HOD of pairwise disjoint stationary
subsets of S

I κ is ω-Strongly Measurable (ω-S.M.) in HOD if is
strongly measurable with respect to κ ∩ Cof(ω)
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I The HOD-Conjecture states that there is a proper
class of regular cardinals which are not ω-strongly
measurable in HOD.

Theorem (Woodin)
(HOD-Conjecture) If δ is an extendible cardinal then

1. For every a ∈ [Ord]<δ there is b ∈ [Ord]<δ ∩HOD
such that a ⊆ b

2. ( Weak Covering above δ) HOD correctly computes
successors of singular cardinals above δ
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Failure of Weak Covering in HOD

I Cummings-Friedman-Golshani constructed a
model with a strongly inaccessible cardinal θ and
(α+)HOD < α+ for all infinite cardinals α < θ

I Gitik-Merimovich constructed a model where all
regular uncountable cardinals are measurables in
HOD

I BN-Unger obtained a similar result using a
different method
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How many ω-Strongly Measurable Cardinals
Can There Be?

I Previously, it was not known whether there can
exists four ω-strongly measurable cardinals

Theorem (BN-Hayut)
It is consistent that
every successor of a regular cardinal is ω-S.M. in HOD,
relative to the existence of an inaccessible cardinal θ
with {o(κ) | κ < θ} is unbounded in θ
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Outline of the proof:

1. Forcing ω1 to be ω-S.M.

2. Forcing η+ to be ω-S.M. for an
arbitrary regular η > ℵ0

3. Iterations over many cardinals
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Part I

Forcing ω1 to be ω-Strongly
Measurable in HOD
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Forcing ω1 to be ω-S.M.

I Observation: If ω1 is measurable in HOD and
there exists U ∈ HOD such that every A ∈ U
contains a club (in V ) then ω1 is ω-S.M.

I Forcing Approach: Start from a ground model
V = HODV with a normal measure U on κ. Try to
force first with Coll(ω,< κ) and then again with a
poset CU ∈ VColl(ω,<κ) for adding clubs through all
sets A ∈ U

I We want this to be done by Coll(ω,< κ) ∗ CU which
(i) preserves κ, and (ii) is (weakly) homogeneous,
then κ = ω1 is ω-S.M. in the generic extension
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Club Mathias Forcing

I Definition: CU consists of pairs (c,A) where c ⊆ κ
is closed bounded, A ∈ U , and min(A) > max(c)

I (c′,A′) extends (c,A) if (i) c′ end-extends c, (ii)
A′ ⊆ A, and (iii) c′ \ c ⊆ A

I Lemma: (In V [GColl(ω,<κ)]) There is a stationary set
of structures M ≺ Hθ of size |M | < κ with the
property that αM = sup(M ∩ κ) ∈ A for every
A ∈ U ∩M

I Corollary: CU is ω1-distributive

I Coll(ω,< κ) ∗ CU is weakly homogeneous
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Part II

Forcing η+ to be ω-Strongly
Measurable in HOD for a regular
cardinal η > ℵ0
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Cofinality Obstruction

I Observation: If S ∈ P(κ) ∩HOD is stationary and
consists of singular oridnals in HOD then there is
a partition 〈Si | i < κ〉 ∈ HOD of S to stationary sets

I Therefore, for κ to be ω-S.M., there must be a club
C ⊆ κ consisting of regular cardinals in HOD

I Forcing Prespective: If κ is measurable (as
before) in V , and η < κ is regular uncountable
then in a Coll(η,< κ)-extension, then all
V -regulars in (η, κ) have cofinality η

I Conclusion: To force κ = η+ is ω-S.M. for η > ℵ0,
we need to change the cofinality of many cardinals
α < κ
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Homogeneous Singularization?

I Question: Is there a weakly homogeneous
forcing that changes the cofinality of a measurable
cardinal α (with o(α) = ρ regular) to cf(α) = ρ?

I Answer: (Joint work with Spencer Unger (2017))
Yes . For a coherent sequence of measures ~U
there is a poset P~U which addes closed cofinal
(singularizing) sequences bα to every α < κ with
o~U (α) > 0 (of ordertype ωo~U (α))
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The Forcing (Revised)

I Observation: Assume η < κ and 〈Uκ,τ | τ ≤ η〉 are
measures on κ in HOD, and let Fκ =

⋂
τ≤η Uκ,τ . If

every set A ∈ Fκ contains a club in V then κ is
ω-S.M.

I Forcing Approach(Revised): Assuming η < κ are
regulars and o~U (κ) = η + 1 in the ground model,
force with

P~U�κ ∗ Coll(η,< κ) ∗ CFκ
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I Lemma: (In V [GP~U�κ∗Coll(η,<κ)
]) There is a stationary

set of structures M ≺ Hθ of size |M | < κ such that,
M<η ⊆ M, bαM ⊆ M, and {αM} ∪ bαM ⊆∗ A for all
A ∈ Fκ ∩M, where αM = sup(M ∩ κ) has cofinality η

I Corollary: The forcing CFκ ∈ V P~U�κ∗Coll(η,<κ) is
κ-distributive

I P~U�κ ∗Coll(η,< κ) ∗CFκ is weakly homogeneous and
forces κ = η+ to be ω-S.M.
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Part III

Iterating
Q[~U ] := P~U�κ ∗ Coll(η,< κ) ∗ CFκ
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Iterations

I We would like to iterate the posets Q[~U i ] for
different pairs of cardinals, ηi < κi

I Our approach is to embed CFκi
in a Prikry-type

poset, whose direct extension order is ηi-closed

I This allows us to apply the iteration machinery of
Prikry-type posets, developed by Gitik and
Magidor
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I (Working in V [GP~U�κ∗Coll(η,<κ)
])

There is a (filter-based) Prikry-type poset Q∗κ,η for
adding a club sequence bκ ⊆ κ or order type η,
such that bκ ⊆∗ A for all A ∈ Fκ

I Letting bκ “guide” the CFκ generic club, we obtain
a dense subset Cbκ

Fκ of CFκ which is η-closed

I Conclusion: CFκ is absorbed by the Prikry-type

poset Q∗κ,η ∗ C
bκ
Fκ whose direct extension order is

η-closed

I It follows that Q[~U ] is equivalent to a Prikry-type
poset whose direct extension order is η-closed
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Theorem (BN-Hayut)
It is consistent that
every successor of a regular cardinal is ω-S.M.,
relative to the existence of an inaccessible cardinal θ for
which {o(κ) | κ < θ} is unbounded in θ

I Start from a sequence 〈κα | α < θ〉 in V = L[~U ] such
that

1. κ0 = ω
2. κα+1 > κα is minimal such that o~U (κα+1) = κα + 1
3. κδ = (∪α<δκα)+ for a limit ordinal δ

I Force with a iteration of Prikry type forcings
P = 〈Pα,Qα | α < θ〉 so that Qα ≡ Q[~U �(κα,κα+1]]

I {κα+1 | α < θ} forms the set of all successor of
regulars in V [GP]. Each of which is ω-S.M.
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Possible Improvements

I A class forcing variant of the final iteration should
allow reducing the assumption to
{o(κ) | κ is measurable } is a proper class

I For an arbitrary regular cardinal λ, it might be
possible to reduce the assumption of κ = λ+ being
ω-S.M. slightly below o(κ) = λ+ 1

I For λ = ℵ1, a variant of Namba forcing might allow
reducing the assumption of κ = ℵ2 being ω-S.M. to
a single measurable cardinal
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Successors of Singulars?

Theorem (Woodin)
It is consistent relative to I0 that there exists a singular
cardinal λ for which λ+ is ω-S.M.

Theorem (BN-Hayut)
Assuming λ < κ satisfy (i) κ is a measurable, and (ii) λ
is κ-supercompact cardinal,
then there is a generic extension in which cf(λ) = ℵ0,
and κ = λ+ is strongly measurable in HOD with respect
to S = (κ ∩ Reg)V
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I Question: Is it consistent that λ+ is ω.S.M. in
HOD for a singular cardinal λ of uncountable
cofinality?

Thank You!
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