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Part I
Introduction



Diamond

Definition
κ regular, S ⊆ κ stationary. ♦(S) sequence is 〈aα : α ∈ S〉 of sets
aα ⊆ α so that for every A ⊆ κ the set

{α ∈ S : aα = A ∩ α} is stationary.

I Introduced by Jensen, who showed ♦(κ) holds in L for all
regular uncountable κ.

I Many constructions can be factored through ♦(κ).



Connections with compactness principles and cardinal
arithmetic, examples

Notations: REGκ = {α < κ : cf (α) = α}. SINGκ = κ \ REGκ.

I (Jensen-Kunen) if κ is subtle, then ♦(REGκ) holds.

I (Laver) if κ is supercompact, then there is a strengthening of
♦(κ) called the “Laver Diamond” (useful in establishing the
consistency of strong forcing axioms).

I (Jensen) CH does not imply ♦(ω1)

I (Shelah extending Gregory) For κ > ω1, 2<κ = κ iff ♦(κ+)

For this talk, we focus on diamond on large (inaccessible) cardinals.



1. Can ♦κ fail at a weakly compact cardinal κ?
I (Woodin) ¬♦(REGκ) is consistent with κ weakly compact.

I (Hauser) ¬♦(REGκ) is consistent with κ Πm
n -indescribable.

I (Dzamonja-Hamkins) ¬♦(REGκ) is consistent with κ strongly
unfoldable.

I (Woodin) ♦(κ) can fail at a greatly Mahlo cardinal.

I (BN,BN-Zhang) ♦(κ) can fail at a stationary reflecting cardinal
and even at a cardinal carrying no amenable C -sequence
(A C -sequence is amenable if for any club D ⊆ κ
{β : D ∩ β 6⊆∗ Cβ} contains a club)

I By Jensen and Zeman, the failure of ¬♦(κ) at κ Mahlo implies
the existence of an inner-model with high-order measurables

2. Does GCH implies ♦κ on an inaccessible cardinal κ?
I Shelah established GCH + ¬♦κ(S) with (κ \ S) fat-stationary



Failure of Diamond via Radin Forcing

Previously, the only known method for forcing ¬♦(κ) at a large
cardinal κ was through Radin forcing.

Theorem (Woodin)

If ~U is a measure-sequence on κ with len( ~U) < 2κ then ♦(κ) fails
in a generic extension by Rad( ~U).

1. (Cummings-Magidor) Radin forcing cannot be used to obtain
¬♦(κ) at κ inaccessible + GCH

2. (BN-Zhang) Radin forcing cannot be used to obtain ¬♦(κ) +
κ-weakly compact



Beyond measures-based Radin forcing?

Motivated by finding new methods to violate diamond at a large
cardinal, we introduce a weakening of the diamond principle called:

Approximating Diamond ♦~λ based on ~λ = 〈λi : i < κ〉



An Approximating Diamond

Definition
Let ~λ = 〈λi : i < κ〉 be an increasing sequence of cardinals, and
f , g ∈

∏
i<δ λi for some limit ordinal δ ≤ κ of uncountable

cofinality.

I f <∗ g means {α < δ : f (α) < g(α)} contains a club in δ if
cof(δ) > ω, and cobounded in δ otherwise.

I A ♦~λ(S)-sequence is 〈fδ ∈
∏

i<δ λi : δ ∈ S〉 such that

∀g ∈
∏
i<κ

λi , {δ < κ : fδ 6<∗ (g � δ)} is stationary.



Main New Results

1. Various extender-based forcing methods force ¬♦~λ for some ~λ
(thus also ¬♦(κ))

2. Assuming GCH, ♦~i(SING>ω) implies ♦(κ)

(~i = 〈2α : α < κ〉)

3. ♦~λ must hold at a weak compact cardinal



Part II
Forcing



Forcing ¬♦(κ) with “slow” clubs

Theorem
Suppose in V , κ is inacessible limit of strong cardinals. Then there
is a generic extension V [G ] of V satisfying:

I ¬♦~i(κ) and hence ¬♦(κ)

I V and V [G ] agree on cardinals and their cofinalities

I Every closed unbounded set C ⊆ κ in V [G ] contains a club
C ′ ⊆ κ in V .

Remark: Contrast with Woodin’s theorem.

Remark: By Zeman, the large cardinal is close to optimal



Part III
ZFC results



Theorem
If κ is weakly compact then ♦~λ holds for every sequence ~λ.

Proof.
I Recursively define ~f = 〈fδ ∈ Πi<δλi : δ ∈ Lim(~λ)〉. Given ~f � δ

for some uncountable cofinality δ < κ, if there is g ∈
∏

i<δ λi
such that {η < δ : g � η >∗ fη} contains a club Cδ ⊆ δ then
pick fδ to a <∗-minimal such function.

I Suppose ~f is not a ♦~λ sequence. Let g ∈
∏

i<κ λi be a
<∗-minimal counter example with a witnessing club Cκ ⊆ κ.
Pick a κ-model M with ~f ,Cκ, g ∈ M let j : M → N
elementary with cp(j) = κ.

I Have j(g) � δ >∗ j(~f )δ for every δ ∈ j(Cκ). In particular
j(g) � κ >∗ fκ. But g = j(g) � κ >∗ fκ
Therefore, fκ contradicts the fact g was taken to be
<∗-minimal.



Theorem
(κ inaccessible) GCH + ♦~i(SING>ω) implies ♦(κ)

Let ~f = 〈fδ : δ < κ〉 be a ♦~λ sequence.
I Fix for each singular strong limit cardinal α ∈ κ pick

1. An enumeration ~aα = 〈aαi | i < α+〉 of P(α),
2. A club cα ⊆ α of a minimal order type |cα| < α
3. A sequence of bijections ~wα = 〈wα

β : β < α+〉,
wα : β + 1↔ α.

I For X ⊆ κ, let gX ∈
∏
α α

+ given by X ∩ α = aαgX (α).
Let δ < κ be singular strong limit of uncountable cofinality
such that S = {α ∈ cδ : fδ(α) ≥ gX (α)} is stationary.
For each α ∈ S , let βα = wα

fδ(α)
(gX (α)) < α.

I Pressing down on S with α 7→ βα, can find β < δ such that
{α ∈ cδ : βα < β} is stationary.



I If follows that X ∩ δ =
⋃
α∈S ′ X ∩ α =

⋃
α∈S ′ aαgX (α) is

definable from parameters in

P(cδ) ∪ cδβ ∪ {〈~wα : α ∈ cδ〉, f δ}

I Therefore, the sequence 〈Aδ : δ < κ〉 where Aδ is the family of
sets definable from

P(cδ) ∪ (
⋃
β<δ

cδβ) ∪ {〈~wα : α ∈ cδ〉, f δ}

Is a ♦−(κ) sequence.



Open Questions

1. Does GCH + κ weakly compact implies ♦(κ)?

2. Under what additional assumptions can we transfer ♦~λ(REGκ)
to ♦~λ(SINGκ)?

3. Does ♦(REGκ) imply ♦(SINGκ)?

4. Does any of the following implies ♦(κ):
I κ inaccessible Jonsson
I there are no κ-Suslin trees
I κ→ [κ]2ω
I κ carries a saturated κ-complete ideal

5. Can we get a model where ♦~λ(κ) for all sequences ~λ yet
¬♦(κ)?
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