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Abstract

This work defines a variant of Prikry forcing and applies it to increase
the number of normal measures on a single cardinal, relying on a large car-
dinal property of consistency strength between measurable and Mitchell
order two. In particular, from an assumption weaker than o(x) = 2, there
is a forcing extension in which the first measurable cardinal x has any
number A < k of normal measures.

1 Introduction

This paper is generally directed to a variant of Prikry Forcing [3]. Moti Gitik
provides a survey of other variants in [5].

The following is an outline. Section 1 contains preliminary material from
which the author draws inspiration and much technique. It reviews Karel
Prikry’s notion of forcing for altering the cofinality of a measurable cardinal
and Magidor’s iteration of Prikry’s technique, which leaves some of the cardi-
nals measurable. It states the Prikry Property, which is essential for showing
that cardinals are preserved. And it discusses some intuition behind the term
“indiscernibles.” Section 2 introduces a forcing for what is essentially the union
of the range of a function generic for Magidor’s iterated Prikry forcing. As an
application, Section 3 proves that exactly two normal measures on the least
measurable cardinal requires less consistency strength than that of Mitchell or-
der two. Section 4 defines an iterated version of this forcing, and Section 5 uses
it to produce any number A < k of measures on k , which becomes the least
measurable cardinal, in the presence of less consistency strength than that of a
measurable cardinal whose measure concentrates on measurable cardinals.

The motivation of this work was the folk question: How many normal mea-
sures can a measurable cardinal have? Kunen and Paris [2] forced a measurable
cardinal k to have the maximal number, 22", of normal measures. Relative to a
measurable cardinal & of order o(x) = 2, Mitchell [8] proved that an inner model
with exactly two normal measures « is possible where one of the measures con-
centrates on measurable cardinals below x. Stewart Baldwin [1] showed that
under the same assumption of, it is possible to construct an inner model where
the only measurable cardinal x has two normal measures. Recently, Magidor
and Friedman [4], achieved models with arbitrary number normal measures



A < k17 on the first measurable cardinal » from the miminal assumption of one
measurable cardinal.

This work is based on the first author’s doctoral dissertation at the Uni-
versity of Florida (1999). The author wishes to thank his advisor, Professor
William J. Mitchell, for indispensable support and insight throughout the pro-
cess. The second author had merely made some corrections and clerafication
in some of the ideas and proofs in order complete a publishable version of this
fascinating work.

1.1 Ultrafilters and Ultrapowers

Definition 1. A measure is a k-complete nonprincipal ultrafilter on a cardi-
nal .

If Lebesgue measure is relaxed to remove its translation invariance require-
ment and restricted to two values instead of non-negative real values, then a
measure as defined above corresponds to the set of Lebesgue measure-one sets.

The main reason that set theorists are interested in measures is that the
corresponding ultrapowers (Definition 2) of absolutely well-founded models of
set theory are absolutely well-founded. Hence the ultrapower of the class of all
sets V is embeddable into V by Mostowski’s collapse isomorphism. This gives
an elementary embedding of the universe into a proper subclass of itself.

Definition 2. Let U be a measure on k. Consider the equivalence relation on
functions f,g: k — K

fr~gifft {n<w:f(n)=gn}el.

Let Ult(V,U) be the model whose universe consists of equivalence classes [f] of
functions f : K — k under the relation ~. Interpret “€” in Ult(V,U) as

[f1elgliff {n<r:f(n)€g(n)}el.

Let ju : V — 9 ~ Ult(V,U) be the natural map given by x — [c;] where ¢, is
the constant function ¢, (n) = z, and 9 is Mostowski’s transitive isomorph of
the ultrapower.

An element of Ult(V,U) is a class of functions that are equal “almost ev-
erywhere,” to use the measure theoretic terminology, modulo U. Elements are
included in other elements if their representative functions are pointwise in-
cluded almost everywhere.

Definition 3. A measure U on & is normal if every regressive (Vo f(a) < «)
function f : Kk — K is constant on some set X € U.

The property of normality gives a clear description of which equivalence
class of functions represents which set in the ultrapower. In fact, for normal
measures, the equivalence class of the identity function f(«) = a represents the
cardinal k.



Definition 4. Let (X))« be a collection of subsets of k. The diagonal inter-
section of these sets is the set Ay, X, ={y <Kk :Vn<~vy(y€ X))}

Proposition 1. Let U be a measure on k. The following are equivalent.
1. U is normal.
2. VX Cr(X eU = k€ ju(X)).
3. U is closed under diagonal intersection.

Definitions 14 and 21 are essentially forcing-syntactic versions of property 2
above.
This work uses Theorem 2, due to Rowbottom, infinitely often.

Theorem 2. Let U be a normal measure on k. Let f : [k]<¥ — 7, where n < k.
There exists a set X € U such that f is constant on [X]|™ for each n < w.

The set X above is said to be homogeneous for f.

1.2 Prikry Forcing

Prikry forces an unbounded sequence of order type w through a measurable
cardinal in his dissertation [3].
Let k be a measurable cardinal and let U, be a normal measure on x.

Definition 5. Prikry forcing, P(U,), has as conditions pairs (s, X) such that
1. s € [k]<¥
2. X e Us.
A condition extends another, (s, X) < (s', X'), iff
1. s is an end extension of s’
2. X X'
3. s\sCX.

If G is P(Uy) generic, let & = U{s : 3X € U, (s,X) € G}. The set & has
order type w, and a standard density argument proves that it is unbounded in .
After forcing with P(U,) the cardinal s has cofinality w. A crucial component
in the theory is the following.

Theorem 3. (Prikry Property) Let o be a formula in the language of P(Uy)
and let (t, X) be any condition. Then there exists a condition (t, X') < (t, X)
that decides o, that is, such that either (t,X) Ik o or (t,X) Ik —o.

The notation “p || ¢” means “p decides o”.



Proof. In interest of notational simplicity we assume that ¢ = 0. Proof for the
general version can be easily carried out by applying the same statements above
max(t). For each ¢ € [p]<¥, let f*: k\ max(t) +1 — 3 via

0 if3X (sU{y}, X)IFa,
fs(v) = 1 if3X (su{~v}, X) Ik —o,
2 otherwise.

Let H, € Ux be homogeneous for f*. Thus, for every 7,7 in H = A ¢[<w H
and s € [k]<“ below both ordinals, we have

3X (sU{v},X) || o if and only if 3X (sU{y'}, X) | 0.

Moreover, these conditions decide o the same way. We attend to show that
the condition (0, X N H) has a direct extension which decides o. Suppose this
is not ture. Take a condition (s™{d}, Z) with the shortest entry (i.e. |s™{d}|
is minimal) which decides 0. We obtain a contradiction by showing that by
changing the measure one set Z, we can obtain a condition of the form (s, Z’)
which decides o as well. WLG suppose that (s™{d},Z) IF 0. § € H and s <
implies that 6 € H,. Thus, for any v € H, there is some X, € U, for which,
(s™{7v}, X,) Fo. SetY = Ay, X, and let Z/ = X NHNY. It follows
that a condition (s™{v}"t, Z"”) which is a non-direct extension of (s, Z’) (here
s € 7 < t and t might be empty), cannot force —o because it is compatible
with (s™{v}, X,) which force o. This promises that (s, Z’) I o which stands
in contradiction to the minimality of |s™{d}]. O

Prikry conditions (s, X), (s,Y) are incompatible only if s # s’. Hence P(U,;)
has the xT-chain condition. This fact viewed in light of Theorem 3 yields:

Corollary 4. Prikry forcing preserves cardinals.
The rest of this section to explores some properties of &.

Definition 6. Let 9 = (M, <,=) be a model and let I be a simply ordered
subclass of M. I consists of first-order indiscernibles over M iff for any formula
o(z1,...,2,) and any sequences y; < -+ < 7y, and v; < -+ <~ from I,

ME o1, 7m] = ME @, 70

The next theorem is intended to explain the term “indiscernibles” in referring
to a Prikry sequence. Kunen noticed the first part, and Solovay, Mathias, and
Kunen independently proved the second.

Theorem 5. Let Uy be a normal ultrafilter on kg in an inner model My of
ZFC. Let ippt1 @ My — Mpq1 =~ Ul(M,, U,,) be the map from M, to the
transitive collapse of the ultrapower of M,, by U,. Denote Upi11 = innt1(Un)
and Knt1 = innt+1(kn). Let M, be the transitive collapse of the direct limit of
the above system of ultrapowers, and let k., and U,, be the images of kg and Uy
respectively. Finally, denote & = {k, : n <w}. Then:



1. & is a set of first-order indiscernibles over M.
2. & is P(U,)-generic over M.

Although Prikry sequences do not generally consist of first-order indiscernibles
in the above sense, this is nearly the case.

Theorem 6. Let & be P(U)-generic, where U is a measure on k. Then for
each formula o(x1,...,x,) there is a A, < Kk such that for any sequences vy <
s < Yn, A/i < <7;1 fromG\)\Lp:

o, - = e

Proof. First, let U™ be the ultrafilter consisting of sets X such that for some
H e U, [H"™ C X. Consider the sets

T:{(’yl?"'a’yn):71<"'<71'L<Kand(p[717"'a7ﬂ]}a

F={(y,--s7) :m < <y <rand = @y, ..., ml}
Because T is the complement of F', one of these sets must be in U™. Without
loss of generality, suppose T' € U™. Thus, for some H € U, [H]" C T. It follows
that the set {(s, X) : [X]™ C T} is dense in P(U). Hence all but finitely many
elements of & come from H. The theorem follows. O

The above theorem is likely close to the best possible, in that there are
Prikry generic sequences that are not first order indiscernibles over the ground
model.

Theorem 7. If there is a transitive model of “ZFC + there is a measurable
cardinal” then there is a model M of the same theory and a class of parameter-
free formulas {p.(v)}reom such that each @, is true in M for x and only x.

Proof. Let M be the set of elements definable over L,[U] by parameter-free
formulas. That is, let:

N = {x € L,|U] : for some formula ¢, L,[U] E ¢.[z] & Yy (d:]y] = y=2x)}.

The claim is that 91 is an elementary submodel of L,[U]. Proving this
involves first proving that existential formulas with parameters from 91 that
hold in L, [U] also hold in 91. The converse is similar. Suppose

Lo[U] E T pv,aq, ..., a.],

where ai,...,a, € M. Because ay,...,a, are definable without parameters,
assume that ¢ has only one free variable. The model L,[U] has a definable
well-ordering <y} of its elements. Let ¢ be the definable Skolem function for
Jvp(v). That is, let (v) = p(v) AVV'(p(v) = v gy v'). This formula
defines an element x in L, [U] without parameters, and x satisfies ¢. It follows
that 2 € 91, and moreover, M |= p[x]. Thus N |= Jv p(v). This establishes the
claim.

Let i : 91 — 9 be the transitive collapse. Then 91, together with the set of
formulas {¢;-1(;)(v) }zcom, satisfy the theorem. O



The property of the above class of formulas precludes getting any class of
first-order indiscernibles for this model. In particular, no Prikry generic se-
quence can consist of first-order indiscernibles, because for each element v of
such a sequence there is a formula ¢, satisfied only by ~.

1.3 Iterated Prikry Forcing

Magidor [6] formulated his iterated Prikry forcing to obtain results comparing
compact cardinals with both measurable and supercompact cardinals. Starting
with a compact cardinal x, he uses forcing to kill all the measurable cardinals
below while preserving the compactness of x, thereby establishing that that the
first compact cardinal can be the first measurable cardinal. He also proves that
the first supercompact cardinal can be the first compact cardinal. Although
Magidor defines the forcing as an iterated Prikry forcing, it suffices to use the
following definition, which avoids using forcing names; see the proof of his The-
orem 4.3.

Let A be a set of measurable cardinals. For each p € A, pick a normal
measure U, on p not containing the set of measurable cardinals below p. Denote
U= (U,)uen-

Definition 7. The iterated Prikry forcing for U, denoted M(U), has as condi-
tions pairs (s, X,,)uea such that

1. for each p € A, s, € [pu]<¥
2. foreach pec A, X, €U,
3. Uueas, is finite.

A condition extends another, (s,, X,) en < (s}, X,,)uen, iff for each € A,
(8 Xp) < (s),, X)) in the P(U,) order.

If G is M(U) generic, then for each p € A, let &, = U{s, : 3(s,, Xp)uea €
G}. Each 6, has order type w. Magidor’s forcing adds a function S =
{6, }uea, which associates to each measurable cardinal 4 in the domain a Prikry

sequence &, C p. This work describes a forcing that adds a set of indiscernibles
that are essentially the union of the range of this function, U,caG,.

Theorem 8. M(U) satisfies the Prikry Property.

Theorem 9. Iterated Prikry forcing preserves cardinals.

2 Disassociated Indiscernible Forcing

Let A be a set of measurable cardinals. For each p € A, pick a normal measure
U, on pu that gives measure zero to the set of measurable cardinals below p.
Denote

U= (UH)MEAv



k = sup(A).

These conventions will remain fixed throughout the rest of this paper. For
convenience, assume that the only normal measures in the universe are those
that appear in Y. The core model [9] for this sequence provides a suitable
ground model.

The following definitions are relative to U.

Definition 8. Let the filter of long measure one sets be
LU)={X¥ Cr: XNnpelU, for all pe A}.

Definition 9. The disassociated indiscernible forcing, Dy (U), has as conditions
pairs (s, X) such that

1. s €[N

2. X € £U).

A condition eztends another, (s, X) < (s', X7), iff
1. sD ¢,

2. xXxcCcXx

3. s\ s CcX.

For p = (s,X) € D\(U), let the support of p, denoted by supt(p), be the set
s. A condition p is a direct extension of q, denoted p <* ¢, if p < ¢ and

supt(p) = supt(q).
Whenever £ = A we shortly write D(U/) for D, (U).

The conditions and extension criteria of D(Uf) closely resemble those for iter-
ated Prikry forcing [6]. The main difference is that instead of getting a function
associating cardinals with sets of indiscernibles, the present forcing provides a
single set of indiscernibles: denote & = {n < & : Ip € G such that n € supt(p)}.

Note that when A < x we have Dy (U) = D(U[ r4+1) (that is, forcing with
long measure one set for the measurable cardinals < \).
Also note that if A > &, then by a simple density argument & ~\ X is finite.

This work generally abides by the following conventions. Lower case letters
denote natural numbers (i, j,n, . .. ), finite sets of ordinals (s, ¢,u,...), or condi-
tions (p,q,r,...). Upper case letters (U, X, Z,...) denote measures or measure
one sets. Upper case script letters (U, X, Z,...) denote sequences of measures
or long measure one sets. Lower case Greek letters (4,7, 7, ...) usually represent
ordinals.



2.1 Basic Structure

Definition 10. Relative to U/, a measure U is a vertical repeat point if for all
X € U, there exists some p < x such that X Nnp € U,,.

The idea is that the measure one sets of U,; are entangled in measure one sets
from cardinals below. The following proposition shows that a vertical repeat
point has strictly less consistency strength than a measure of Mitchell order two.

Proposition 10. Let L[U] be the core model for the existence of a measure of
Mitchell order two on some cardinal k (see 77 for an extensive survey) . Then
U(k, 1) contains the set of cardinals p < K such that U(u,0) is a vertical repeat
point.

Proof. The class U is a function such that each U(u, ) is a normal measure on
w and 7y is its Mitchell order index.

First note that U(k, 0) itself is a vertical repeat point. In fact, consider the
ultrapower jy.1) @ LU] — L{U'] =~ Ult(L[U],U(k,1)). Note that in L[if],
Ju(r,1) (k) is measurable. Let X € U(x,0). By coherence, U(k,0) = U'(x,0).
But then LU'] | X = &N jye,1)(X) € U'(k,0). By elementarity, there exists
some 71 < k such that n N X € U(n,0). Hence U(k,0) is a vertical repeat point.
Now note that U(k,0) remains a vertical repeat point in L[U/’]. By normality,
& = [Iy(w,1), where I is the identity function. The proposition then follows
from Los’ Theorem. O

Proposition 11. Suppose supA =k € A and A > k.
1. If Uy is a vertical repeat point, then Dy(U) = Dy(U | k).

2. If Uy is not a vertical repeat point, then forcing with Dy (U) is equivalent
to forcing with Dyx(U | k) x P(Uy), where P(Uy) is Prikry forcing for U,.

“Equivalent” in the second part above means that a generic object for one
forcing is constructible from a generic object for the other.

Proof.

1. It suffices to show that any set long measure one for U | x is long measure
one for Y. Let X be long measure one for U [ k. Suppose, for the sake
of a contradcution, that X ¢ U,. Then x \ X has measure one. Because
Uy is a vertical repeat point, for some v < k, yN (k \ X) € U,. But then
vN X ¢ U,. This contradicts that X is long measure one for U | k.

2. Let N be a set in U, witnessing that « is not a vertical repeat point. In
other words, let N € U, be such that for all u < x, puNN ¢ U,. Consider
the map

i:DA(U) = Dan(UIK) X PK(Uy),
given by (s,X) — ((s \ N,X\ N), (sN N, XN N)), where Dy\y(U[r) is
the disassociated indiscernible forcing for U [x below the condition (0, A\



N), and P §(Uy) is Prikry forcing below the condition (0, N) with the ex-
tension of conditions, (s, X) < (s', X”), broadened to allow s D s’ instead
of just s an end extension of s’. It is simple to confirm that 7 is a complete
embedding. That is, 7 preserves incompatibility and extension of condi-
tions, and "D(U) is a dense subset of Dy\y(U[k) X P5(Us). It follows
that the domain and target of i are equivalent as notions of forcing. The
first term in the target product is obviously equivalent to Dy (U k), so it
remains to prove that P (U,) is equivalent to Prikry forcing. Consider
the map
L:P(U,) = PS(Uy)

given by (s, X) ¥ (s N N, (X N N) \ max(s) + 1). This map is also a com-
plete embedding, and this concludes the proof of the proposition.

O

The above proposition provides a clue of how disassociated indiscernibles
forced from vertical repeat points might behave.

2.2  Prikry Property

Definition 11. The relation s < t means that s, ¢t are ordinals or finite sets of
ordinals (they need not be the same type of object) and that sup(s) < sup(t).

Definition 12. Let (X;),¢[+)<~ be a sequence of sets. The diagonal intersection
of this collection is the set

ASE[N]<WXS = {’7 <Kk:VsK ’y(’y € Xé)}
Proposition 12. Let X, € £(U) for s € [K]<9. Then Agcj<eXs € LU).

Proof. Let A be the diagonal intersection. Fix € A. Then ANy € U,. To see
this, consider the ultrapower map iy, : V. — M ~ Ult(V,U,). The proposition

will follow from a proof that p € iy, (A). Denote X = (Xs)se[w)<w- It suffices to

—. —

show that for s < p, pu € iy, (X)s. Notice that for s < p, iy, (X)s = iy, (Xs).
Because Xs Ny € Uy, for s < p, p € iy, (Xs). The theorem follows. O

W describe here some differences between Prikry’s original forcing notion and
the new Disassociated Indiscernible forcing. We will conclude what are the
significant changes needed to be carried out in the original Prikry property proof
(see 3) in order to achieve this property for the later. Both forcings use large
sets which are closed under diagonal intersections, thus enhance our ability to
produce a direct extension which is strongly compatible with a certain collection
of conditions. By strongly compatible we mean that every extension of this new
condition is compatible with almost every condition from the large collection.
Therefor, the new condition has to agree with every statement forced by the
conditions of the collection. This fact is highly used in the original proof for



Prikry condition for Prikry forcing. Indeed, following the proof of 3 we see that
in order to achieve contradiction to the minimality for the size of an entry which
decide o we cooked up U,-measure one conditions, (s~ {7}, X,,) above the same
entry s € [k]<%, all force o. For the next step we took the diagonal intersection
X = A< X, and intended to prove (s, X) IF 0. The latter condition achieved
property that after adding some v from the measure one set to s, any new
possible members for the entry of (s™{v}, X) must be above v and therefor
be taken from X,. The same argument will not hold in our new forcing since
in D(U) it possible that ordinals below ~ will be added to the entry s N {7}.
Therefore the diagonal intersection will not be sufficient. We need a stronger
version of uniformization property in order to produce a direct extension which
is strongly compatible with our collection. The following lemma is responsible
for producing us with one.

Lemma 13. Fiz a measurable cardinal j1 with a normal measure U,,. For every
list of sets {X,}y<, There is a set x such that for U,—almost all v < p ,
rNy=X,N7.

Proof. Let v = {a < p: {y < p:a e X} € U,} (Note that = is not other
then the set of Ult(V,U,) which is represented by the function v — X,). We
claim that the set Y = {y < p: 2Ny = A&, Ny} belongs to U,,. If not, then let
f:p\Y — p be such that f(v) = v, where v witnesses that X, Ny # xnN~.
Then there is some 7 and C' € U, such that f(y) = v for all v € C. Whether
or not v € z, a contradiction establishes the claim. O

Theorem 14. Let o be a formula in the language of Dx(U) and let (t, Z) be
any condition. Then there exists a direct extension of (t, Z) that decides o.

Proof. In the interest of notational simplicity assume that A = x (DU, \) =
D(U)) and that ¢ = 0. The proof can be easily modified to accommodate the
more general case by starting from intersecting the long measure one set with
k and carrying a constant entry through in some of the arguments.

Let o and (0, Z) be given.

For each p € A and each s € [u]<“, let f; : p\ maz(s) +1 — 3 via

0 if3xX (sU{y},X) Ik o,
fiv) = 1 if 33X (sUu{y}, X) IF -0,
2 otherwise.

Let Hj € U, be homogeneous for f;. Let H, = Asep<oH,. So, for any
s € [u]<¢ and for v, € H,, \ max(s) + 1,

3X (sU{y}, X)| o if and only if IX (sU {¥'}, X) || o,

and moreover, these conditions decide o the same way.

Let 2" = ZNUuecaH,. A direct extension of (0,2’) decides 0. Suppose
not, and a contradiction shall appear. Fix (s U {4}, Z”) < (0, Z’) with |s U {d0}]
the least possible such that (s U {d}, Z”) || o, where s < 4. It is possible that s

10



is empty. Without loss of generality, assume (s U {é}, Z”) I 0. Fix u such that
de H,.

Now, for each v € H,, \ max(s), there is some X such that (sU{y}, X) forces
o. Let X, be some such X. Let X = A, ., &,.

By the previous lemma there is some x for which the set Y = {v < pu :
X, N~ =azN~} belongs to U,.

The fact Ny = &, N~ for U,-almost all v implies that = € D(U, p).

Let @ = (YUx)N(XNu)) U (XN p). Proving that (s, Q) forces o will
contradict the minimality of |s U {0}]. It suffices to show that any extension of
(s, Q) is compatible with a condition (s U {v}, &) for some v € H, \ max(s).

Let (s', Q') < (s,Q) be arbitrary. By extending if necessary, assume that
s’ N H # 0. Denote v = min(s' NY). Now, for each np € s’ \ s, if n > 7 then
ne Q\ vy CX,. Otherwise, n € £ NY N+, but by the minimality of vy in ' NY
we must have n € Ny = X, N+. This ensures that (s', Q') is compatible
with (sU{v}, &,) which force o. Accordingly, (s, Q) forces o, contradicting the
minimality of |s U {0}| and finishing the proof. O

2.3 More Structure

Definition 13. Let p = (s, X) € D(U) and let v < k. Let
Lplv+l)=(sNn¥+1),XNnr+1))
2plv=(s\(v+1),X\(v+1))
3. D' U) = {(s,X) e DU | (v\ (v + 1)) : (sUX)N (v + 1) = 0}.

The terms p [ (v+ 1) and p | v are read as “p up through v + 1”7 and “p
down past v”, respectively.

Proposition 15. For any v < &, D(U) is isomorphic to the product D, 1 (U) x
D*(U) by the mapp— (p | (v+1),p|v).

Proposition 16. Fiz v < k.
1. Dyy1(U) has the vt -chain condition.
2. The <* relation is 2"-closed in D¥(U).

Proof. For the first assertion, note that incompatible elements must differ in
their support. Because there are only v choices for the support of a condition
in D, 4+1(U), there can be at most v incompatible conditions.

For the second assertion, note that each member of A\ (v + 1) is greater
than v and a strong limit. Fix n < A. The claim follows from the fact that if
X, e LU T (k\ (v+1))) for v <n, then Nyep Xy, € LU | (k\ (v +1))). O

Theorem 17. Fiz v < k. Let o be a formula in the language of D, 41 (U) X
D¥(U). Let (p,q) € D1 (U) x DY(U). There is a ¢ <* q such that for any
', q") < (p,q') such that (p',q") decides o, (p',q") decides o (the same way
that (p',q") does).

11



Proof. For each a € D,11(U), there is a ¢(a) <* ¢, ¢(a) € D”(U) such that g(a)
decides the formulas )
3q € G¥ (a,q) IFpvy © (Ta)

Jg € G¥ (a,q) Fpry 0. (F.,)

Because, in D (i), the direct extension relation is 2¥-closed, there is some ¢’
such that ¢’ <* g(a) for all a € D,41(U). This ¢ satisfies the theorem. In fact,
suppose (p’,¢") < (p,¢") such that (p/, ¢") decides . Without loss of generality,
suppose (p',¢") Ik o. It follows that ¢” IFpv ) Tp. Because ¢” < ¢ and ¢
decides T, it follows that ¢ IFpw ) Ty

With this fact in hand, suppose for a contradiction that (p’,q’) does not
force o. Because (p’, ¢’) does not force o, there is a (p”/,¢"”) < (p', ¢') such that
(»",¢") Ik = 0. Because ¢” extends ¢/, ¢ also forces T,. This means that
for some ¢ compatible with ¢”, the condition (p’,¢"’) forces o. But (p”,q")
is compatible with (p’, ¢"""), and the former forces — o while the latter forces o.
This contradiction establishes the theorem. O

Theorem 18. Disassociated indiscernible forcing preserves cardinals.

Proof. Suppose for a contradiction that A is the least cardinal in V that is not
a cardinal in V[G].

First note that A is a successor cardinal because if all cardinals below a limit
cardinal are preserved then the limit cardinal must be preserved as well. Hence
the least collapsed cardinal cannot be a limit.

Next, A < x. In fact, D(U) has the kT chain condition, thus preserving
cardinals above k.

Now, A is not a cardinal in V[G[(A + 1)]. It suffices to show that the power
set of \ is the same in V[G] and V[G[(A 4 1)]. Let S be a D(U)-name for a
subset of \. Suppose p IF S C \. For each v < A, apply Theorem 17 to p at
A+ 1 for the formula "v € 7 and get a condition ¢(v) € Dy (U). Because the
q(v) have identical support, by Proposition 16 there is a condition ¢ extending
all of them. Consider 7', the name for the set {v < A: (p | (A\+1),q) IF v € S}.
It follows from the definition that S& = TGA+1),

But note that Dy11(U) has the A chain condition. Hence A must remain a
cardinal in V[G[(A 4 1)], which is a contradiction.

O

3 Two Normal Measures

3.1 The Measures

In this section we assume U contains only measures below x and that Uy is a
vertical repeat point. We show that after disassociated indiscernible forcing,
k remains the first measurable cardinal and has exactly two normal measures.
This section requires the assumption that the ground model is the minimal core
model with a vertical repeat point.
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Proposition 19. Forcing D(U) over a core model for a vertical repeat point k,
kills all instances of measurability below k

Proof. The core model assumption promises us that every measurable cardinal
in the generic extension must be measurable in the ground model (see [9] for
more details). Thus, it is sufficient to show that every measure cardinal p < k
looses his measurability in the generic extension. Fix such u < k. By 15, D(U)
is isomorphic to D41 (U) x D*(U).

As p is not a vertical repeat point, proposition 11 implies , D, () =
Dy (U | p) x P(U,) which in turn implies p becomes singular in a generic
extension. O

Definition 14. Define U for i € {0,1}. Let j : V — M ~ Ult(V,Uy) be
the ultrapower map via the normal measure U,. The name U, U is consistent of
pairs (X, p) for which:

1. X is a name for a subset of k and p = (s, X) € D(U).

2. For some X' € £(j(U)) with X' Nk =X, (s,X") IF k € j(X).

Similarly, the name U,,f is consistent of pairs <X,p> with the demand in the
second part is changed to,

2. For some X' € £(j(U)) with X' Nk =X, (sU{k}, X') IF Kk € j(X).

In either case, we say p testifies X € U' and the J(D(U))-condition which
forces x to be in j(X) is said to be a witness of p testifying X in U:.0

The key point behind the notation of testification is that on the one hand it
poses some strong closure property (This emerges from the strong completeness
of the ”witness” part of j(p) which belongs to (D*(U), <*) ) and one the other,
it is rich enough to decide statements in a similar fashion to the forcing notation.
The combination of this two properties will give us the ability to decide from a
large number of complex statements and thereby achieve the desired properties
of k - complete normal ultrafilter for U2, U} (see Theorem 21 below).

Lemma 20. A condition p € D(U) forces X € U iff it testifies the same.

Proof. 1t is clear from the definition of the names U; above, that testification
implies forcing. In the opposite direction, let p be a condition forcing XeU i.
Appealing to theorem 17, take a suitable direct extension g € D*(U) of (§(p) | )
with respect to the statement 7k € j(X)”.

We claim that the condition (p’,q) € Dy 1(U) x D*(j(U)) (here p is treated
as a condition in D,y (U) with ¢ = 0,1 indicates x being (not added)/added
to the support of the condition) forces & € j(X) thus making ¢ a witness for
testification of p. )

Otherwise, there is a condition (¢,q") < (p', q) forcing x ¢ 7(X) thus (¢,q) IF
Ké&j (X ) as well. Next, p forces U; implies t | x forces the same which in turn,
implies that it has an extension p’ € D(U) which testifies this statement. Let r <
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J(p) be a witness for p’ testification. By our choice of ¢ we get (r [ (k4 1),¢q) IF
k € j(X). Noticing that » | (k + 1) is just (p’)® which is an extension of ¢, we
get that (r [ (k+1),¢) IF k € j(X) and a contradiction appears. O

From now on we will not distinguish between the notation testifying and
forcing.

Here is an informal discussion of the motivation behind the definition and
why a vertical repeat point is required. Note that a condition ¢ that witnesses
that p forces X to be in U! is compatible with j(p). In fact the definition
requires that the long measure one part of p matches the long measure one part
of ¢ up to k. Because U, is a vertical repeat point, long measure one sets in
ultrapowers by any U} D U, are measure one for U, (even though x cannot
be measurable in any such ultrapower). Hence the long measure one part of
q is measure one for U,. This is key. Because U, is a vertical repeat point,
g | (k4 1) is in the original forcing for Y. In other words, the fact that U, is a
vertical repeat point ensures that the restriction to x4 1 of images of conditions
in D(U) remain in D(U). Further, if U, were not a vertical repeat point, some ¢
(compatible with the image of p) would force the part of the set of indiscernibles
below x to be disjoint from a set in U,. But the set of indiscernibles must be
identical to its image up to k under any ultrapower with critical point . In other
words, for a condition p to force the set of indiscernibles to be in some normal
measure extending U, conditions compatible with the image of p must have a
long measure one part that ensures that the initial segment of the indiscernibles
comes from sets in U,. Otherwise, the part of the image of the indiscernibles
below the critical point could differ from the original set of indiscernibles.

Theorem 21. In the generic extension, U° and U} are normal k-complete
nonprincipal ultrafilters with & ¢ UL and & € U}L.

Proof. First, the U} are well-defined. That is, p IF X e Ut does not depend
on choice of name for X. Suppose p I X = Y and p F X € U’. Then
j(p) Ik §(X) = 4(Y), and if ¢ < j(p) with ¢ - k € X, then ¢ IF x € Y. So the
definition is name-independent.

Next, each U! is a nonprincipal ultrafilter. U! is closed under enlargements;
the proofs of closure under intersection, nonprincipality, and maximality are
similar.

Suppose p IF "X € U. A X C Y. There is a witness ¢ < j(p) of p forcing
X in Ul SoqlkTk € j(X) A j(X)Cj(Y)" It follows that ¢ IF k € j(Y).
Hence q is also a witness of p forcing Y in U.

Each U} is k-complete. Suppose for some 1 < &, p IF Uy<y X, = K. The
following produces a p’ < p and a 7/ < n such that p’ I+ X, € U.. By
elementarity, j(p) IF Uy<yj(X,) = j(k). For each v < 7, apply Theorem
17 to j(p) at & to get a pair (r.,r"(v)) € Der1(jUL)) x D*(j(U)) such that
re = j(p) | (5 + 1), ™(y) <* j(p) | x and such that if (a,b) < (ry, (7))
with (a,b) deciding x € j(X,), then (a,7%(7y)) decides k € j(X,) the same
way. Because (D*(j(U)),>*) is kt-closed and the r*() are >*-compatible,
there is a condition r* < r®(y) for all ¥ < n. Note that r, = j(p) [ (k + 1)
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for all v < 7, so that (j(p) | (k +1),7%) < (re,7"(7)) for all ¥ < 7. Because
(T, %) IF Uyenj(X,) = j(k), there is some ¢ < (p/,7") and 4" < 71 such that
qF k€ j(X,). Denote p’ =q [ (k+1). Because U, is a vertical repeat point,
p’ € D(U). The claim is that (p’,r") is a witness to p’ forcing X/ in U}, where
the ¢ depends on whether or not x is in the support of ¢q. It is clear from the
fact that r® <* j(p) | s that the support of (p’,r") is equal to the support
of p'. Also j((p',r")) | (k +1) = j(®') | (k+1). And by definition of the
(rey 7 ) (p',r") Ik k € (Xy). Thus (p/,r") is a witness as claimed. It follows
that p’ I X, € U’ so that U} is k-complete.

Finally, the U' are normal. Suppose pl-"f:x — Kk A Yy <r f(y) <~y
The following produces a p’ < p, a v/ < k and a set X such that p’ IF "X €
Ui A f?X =+'7. For every v < K, apply Theorem 17 to j(p) at s to get a pair
(re, 7(7)) € Diya (j(U)) x D*(§(U)) such that r, = j(p) [ (k+ 1), r"(y) <7
j(p) | k, and such that if (a,b) < (rg,r"(y)) with (a,b) deciding j(f)(k) = 7,
then (a, " (7)) decides j(f)(k) = v the same way. Because D*(j(Uf)) is k-closed,
there is a condition % < r®(~) for all v < n. Now, because j(p) > (r.,r") IF
J(f) : (k) — j(k), there is some 7' < s and some ¢ < (r.,r") such that
g - j(f)(k) =4'. Denote p’ = q | (k+ 1), which is in D(U) because U,; is a
vertical repeat point. Then (p/,r") is a witness to p’ forcing {y < k : f(v) =~}
in U.. Tt is clear from the fact that 7 <* j(p) | s that the support of (p,r")
is equal to the support of p’. Also j((p/,r")) | (k+1) = j(®) | (k + 1).
And by definition of the (r.,r*), (p/,7") Ik j(f)(k) = 4'. In other words,
(p,r) Ik ke f{y <jk):5(f)(v) =~'}. That (p’,r") is the witness as claimed
follows by elementarity.

Finally, it is a trivial to verify that 1 = (0, x) testifies both k\ & € U and
S eUL. O

Theorem 22. The only normal ultrafilters on k in the generic extension are
UY and U}.

Proof. Suppose p = (s, X) forces both X € W and “W is a normal measure on
k7. There is an r < p such that r - X € U! for some i € {0,1}.

In the generic extension there is an ultrapower map jy . The restriction of
this function to the ground model factors through the ultrapower ji; . That is,
Jjw 'V =kojy, for some iterated ultrapower k with critical point greater than
k, relying on the minimality of the core model for a vertical repeat point.

Appealing to Theorem 17, for each v < k there is a ¢, = (5,9,) <* p | v
in DY(U) such that, if (a,b) < (1,q,) and (a,b) € D,41(U) x D”(U) decides
v € X, then (a,q,) decides v € X the same way. Let @ = A,..Q, and let
pr=(s,XNQ) <" p

Now p/ IF X € W. So in the generic extension there is some ¢ extending
Jw(p’) such that ¢ IF k € jw(X) But p’ is in the ground model. Hence g extends
koju (p/) and q I k € k o jy_(X). By elementarity, there is some ¢’ < ju_(p')
such that ¢’ IF x € jUK(X). Denote r =¢' [ k and ¢ = (¢’ [ (k+1),5(0") | ).
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Then ¢” is a witness to r - X € U, where

. 0 if k €esupt(q | (k+1)),
b= 1 if k ¢ supt(¢’ | (k+1)).

Now suppose for some p compatible with p, p IF Y‘E W. By repeating the
proof with a common extension of p and p, Y& and X must be in the same
Ui O

3.2 Properties

Proposition 23. Let G C D(U) be a generic set. The following holds in the
generic extension V[G].

1. For each X € U there is some p = (s,X) € G for which the condition
(s,J(X)\ {k}) forces k € X.

2. For each X € U, there is some p = (s, X) € G such that (s U {x},j(X))
forces k € X.

Proof. Suppose p = (s, X) I+ X € Ut for some i € {0,1}. The two cases are not
exclusive, but without loss of generality the reader can assume that exactly one
holds. By Theorem 17, for each v < &, there are ¢, = (s \ (v + 1), Q,) € D"(U)
such that if (a,¢") < (1,q,), (a,q¢") € Dy41(U) xD¥(U) and (a, q') decides v € X,
then (a,q,) decides v € X the same way (we will say that ¢, decides v € X
above v). Set Q@ = A, ,Q, and let ¢ = (s, X N Q). It follows that whenever
(1,q,) > (a,¢) € Dyy1(U) x D¥(U) and (a,q’) decides the statement "v € X7,
then (a,q | v) decides this statement in the same manner.

Appealing to lemma 20, we get that ¢ I X € U! implies that there is some
r<j(g) withr [ (k+1)=7(q) [ (k+1), rIF K € j(X), and supt(r) \ supt(q) is
either () or {k}, depending on whether X is forced to be in U? or U!. We may
assume that x is not included in the long measure one set of r.

By elemntarity of j, the fact (1,j(q) | k) > (r [ k+ 1,7 | k) IF &k € X
implies that (r [ k + 1,5(q) | k) force the same. However, as noted, r | k + 1 is
just j(q) | k with an optional addition of & to its entry for the U} case and with
k removed from its long measure one set. We conclude that for each p € D(U)
which force a name i to be in U! there is a suitable extension ¢ < p such that
stands in the criterion of the proposition and the proposition follows by a simple
density argument. O

As a corollary, we receive the following esthetic characterization for our new
normal measures.

Theorem 24. In the generic extension, the following hold.
1. For each X € U? there is some Y € U, such that Y \ & C X.

2. For each X € U} there is some Y € U, such that Y NS C X.
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Proof. Let us describe the case for Ul. This proof can be easily modified to
accommodate the desired result for UY. Let G be a generic set for our forcing.
In V[G], let X € U!. Thus, By the previous proposition there is some p = (s, X)
in G such that (s U {x}, (X)) IF x € j(X). In V we define the set ¥ = {v <
K (sU{r}, X) IFve X}, Clearly, k € j(Y) and therefore Y € U,. Notice that
forall v € Y, if (sU{r},j(X)) isin G, then v € X. But, (sU{v},X) € G iff
v € 6. The claim follows. O

Compare the following with Theorem 5.

Theorem 25. For i € {0,1}, consider the restriction of the ultrapower
Jui + LU[S] — L[] = Ult(L[U][S], Uy)

to the ground model
gi + LU — LU'.

Then
1. j; is an iterated ultrapower along measures from U
2. every element of &'\ & is a critical point of the iterated ultrapower.

Proof. The first point is established in [9]; a proof of the second follows. Suppose
for a contradiction that v € &'\ & is not a critical point in the iteration. Then for
some n < w and a function F': [x]" — & in V such that v = jyi (F')(s) for some
s € [V|". Define Z = {n < x:n € F"[n|"}, so v € jyi(Z). Note that for each
pe A, ZNp ¢ Uy,. Otherwise we would have some s € [u]™ with o = ju, (F)(s).
But s € [p]" implies that s = jy,(s) thus, u = ju, (F(s)) € ju,”Ord which is
impossible. It follows that the set D = {{(s, X N Z) : (s, X) € D(U)} is dense,
so GN D # 0 for all generic G. Suppose p is a condition in the intersection.
Then jyi (p) € jui(G). But because p has finite support bounded below &, v
is not in the support of jy: (p). Neither is v in the long measure one set. That
G = Jui (&) prevents v from being in &’. This contradiction establishes the
theorem. O

4 Iterated Disassociated Indiscernible Forcing

Definition 15. Define functions f, : K — & for v < skt by recursion. Let

fo(n) =0. Let fy11(n) = fy(n)+1. For limit ordinals v, let f,(n) = Uy<yfy, (1)
where (7,),<x is onto 7.

The definition of f, for limit + is the diagonal union. Note that [f,]y, = 7.
That is, these functions are canonical representations of the ordinals less than
kT in the ultrapower by U,.

The following is relative to our fixed sequence of measures U = (U,)uea.
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Definition 16. Define a vertical repeat point of order v < k* by recursion on
7. Let ord(Uy,) = 0 if for some X € U, and for all p < x, X Ny ¢ U,. Let
ord(Uy) >~ if for every X € U,, the set {u < £ : ord(U,) = f, (1) and X Np €
U,} is stationary in k.

The definition for successor ordinals is an analogy to being Mahlo for the
predecessor order.

Theorem 26. The consistency strength of a vertical repeat point of order v <
kT is strictly less than that of a measure concentrating on measurable cardinals.

Define iterated disassociated indiscernible forcing of order up to and includ-
ing x as follows.
For each v < k, let Ay ={p € A :ord(U,) =~}. For each v <k, let

U= (U#)MGAW
Note that by this definition, we get that if € A, then for every v < 7,
LUV | p) CU,.

Definition 17. Let I be an interval of ordinals and v an ordinal. The I-iterated
disassociated indiscernible forcing forU, v, denoted D, (U, I), has as conditions
sequences (s, Xy)ycr such that

1. forally eI, sy € v~ (y+1)]<¥
2. all but finitely many s, are empty
3. forallyel, X, € £U")

4. if v # ', then s, N'sy = 0.

" AX/c>ondi<tion/‘ve>$1€.endf1 aEI;oEZer), (53,)(1{)761 < (8y, Xy)yer, if for all v € I
Soy A < (s4,X,) in the D, (U") order.

Following the notations of the previous sections, we shorten and write D(U, I)
for DU, I).

The definition of direct extension is analogous to that for disassociated in-
discernible forcing. The following uses the notation (5, X) for conditions when
the index is obvious and uses the adjoin operator “~” to display the contents
of 8, regarding the partial function as a set of pairs:

<10778a>/\<7’07'y?7>/\/\<7’05’Y]30>A<217’YOI7>/\A<ZnarY(7)lv>A<Zn7’Yl?n>
Where for each i, si,, = (7", -V )-

Assume from now on that max(A) = k and that Uy is a vertical repeat point
of order A < k.
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4.1 Basic Structure

Definition 18. Fix v < k. Let p = (s, X;)yex € DU, A). Let
Lpl+1)=(syN(r+1),X,N{¥+1))y<r
2.plv=_{(s3 \(v+1), X\ (v+1))y<x

3. DU, A) = {(sy, Xy)yarn € D((Un) pear+1),A) ¥y < A(sy UX) N (v +
1) =0)}.

Some of the long measure one entries may be empty in p | (v + 1).

Proposition 27. For anyv < k, D(U, A) is isomorphic to the product D, 1 (U, X)X
D"(U, ) by the map p— (p [ (v +1),p | v).

Note that this forcing and its conditions can be factored in two ways: “ver-
tically”, as above, and although not used herein, horizontally:

Definition 19. Let p = (s, X,),ex € DU, A). Fix ¢ < A. Denote
L pt ¢ = (sy, Xy )y<c
2. p4¢= <5'ya X’y>’y€)\\('

Proposition 28. For any ¢ < A\, D(U, \) is isomorphic to the product D(U, {) x
DU, a\ () by the map p— (p+ ¢, Q).

4.2 Prikry Property

Definition 20. If §is a set of pairs, denote sup § = max{i,j : (i, j) € §}. The
relation § < t means that s, ¢ are either ordinals or finite partial functions from
% to [k]<¢ and that sup(5) < sup(f).

Theorem 29. Let o be a formula in the language of DU, ) and let p =
(Sy, Xy)n<a be any condition, where A < k. There is o direct extension of p
that decides o.

Proof. The proof is essentially the same as the proof for the disassociated in-
discernible Prikry Property with some slight modifications to handle the iter-
ations. Select some bijection e : Kk — [k x k]<* such that for each cardinal (,
€”¢ = [¢ X ¢]<¥. The proof uses e to define diagonal intersections. To simplify
the notation, assume that each s, = 0.

Let o and (0, X) be given.

For each € A, 5, and 7 < X let fii:u%Z%via

) 0 if 3X (3 (i), X) I o,
R = 13X (57, ) Ik o,
2 otherwise.
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Let Hil € U, be homogeneous for fii. Let H,; = A;Hf:z For any 5, any
v.v € Hy; \ (sup§+ 1),

3X (57 (i,7), X) || o if and only if 3X (3 ™ (i,'), X) || o,
and these conditions decide o the same way. .

For each i < A, let H;y = Upen,Hyuy. Let 2/ = (H; N Z;)i<x. A direct
extension of (0, z ) decides 0. Suppose not, toward reaching a contradiction. Fix
(§7(j,0),2") < (0, Z") with |§ ~(j,8)| the least out of all conditions deciding
o, where § < 8. Without loss of generality, assume (3~ (5,8), Z”) IF 0. Let p
be such that § € H, ;.

It follows that for every v € H, ; with 5 < ~ there is some X7 such that
(3 7(j,7), X7) force o. Let X = (A, X )pen.

'*{EHH_]

For each k < ), we use lemma 13 to produce sets x; C p and Y, € U, such
that X,' N~y =z N~ for every v € Yj.
It follows that z € SU* | w) so for every k # j = Ord(U,). The set

Qr = (zk N X N ) U (X \ 1)
belongs to £(U"). For Q; we add the U, set Y = A, _ Yy € Uy, thus
Qj = ((z; UY)NA; N p) U (X \ )

We claim that (3, Q) IF 0.

Let (£, R) < (5, Q). Without loss of generality, ¢ contains a pair (j, ) such
that £ € Y. Consider the least such £. The claim is that (f, 7?:) is compatible
with (57 (4, €), XS). Indeed, let (k,7) € &. If v > ¢ then v € Q;\&é+1 C x99
Suppose 7 < €. Because £ € Y and k < v < &, it follows that leﬁ«f = x,NE, so
Wz'nX,f. Either way ¢ \ § belongs to X¢. This establishes the claim. Now, since
the conditions (5 7~ (j,€), X¢) forces o then so does (5, 3). This contradicts the
minimality of |§ 7 (j, d)|, finishing the proof. O

4.3 More Structure

Theorem 30. Fiz v < k. Let o be a formula in the language of D, (U, \) X
D¥ (U, N). Let (p,q) € D, (U, X)) xDY(U,N). There is a ¢ <* q such that for any
(', q") < (p,q') such that (p',q") decides o, (p',q') also decides o.

Proof. (outline)

The proof is virtually the same as the proof of Theorem 17. At first, there seems
to be a problem with applying the same argument since unlike the situation
occurs in proof 17, the size of D, (U, \) need not to be smaller than the closer
rate of (D¥(U, ), >*) (This was the key for constructing the new ”dominant”
direct extension in D¥(U)). However, this problem is only virtual because for
every p = (sy, Xy)y<x € DU, A) the demand s, € [V~ (y+1)]<% for all v < A
implies p | v+ 1 has empty support in coordinates v > v. It follows that
D,(U,\) = D,(U,v). As the size of the forcing notion D, (U,v) is 2, it is
possible to appeal to the argument appears in proof 17. O
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Theorem 31. Iterated disassociated indiscernible forcing preserves cardinals.

Proof. The obvious alteration of Theorem 18 works. O

5 Many Normal Measures

Assume that x is a vertical repeat point of order A < k. After A\-iterated
disassociated indiscernible forcing, x has exactly A normal measures.

Definition 21. Let j be the ultrapower map via the normal measure U,. For

n <A, let U™ be the name consists of all pairs (p, X ) for which the following
holds:

1. p = (sy,X,) < belongs to D(U, \) and X is a name for a subset of .

2. The condition j((s,, Xy),<x) has a direct extension (s., X.),<x € DU, \)
with s., = s, for v # 1, s, = s, U{x} and X, = &7 N« for all v < A such
that, .

(80, X)) yen IF R EX.

In addition, as in the two measure case, we define the name US in a similar
fashion to definition 14.

For each n < A, denote &,, = {¢( < k: 3(s,, Xy)yer € G such that ¢ € s,,}.

Theorem 32. In the generic extension, the normal measures on K are exactly
the U™ < X and U?.

Proof. The proof is almost identical to those for Theorems 21 and 22 with
Theorem 30 used in place of Theorem 17. O
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