MASTER WORKSHOP

EXERCISES V (REAL AND COMPLEX FUNCTIONS)

MATANIA BEN-ARTZI

|x| The Euclidean norm in R^n.

(1) Let f : (0, ∞) → C be in C^1_0 (0, ∞) (compactly supported continuously differentiable functions). Show that ∞∫ 0 x^{−2} |f(x)|^2dx ≤ 4 ∞∫ 0 |f^′(x)|^2dx.

Suggestion: Use^d_{dx} (x^{−1} |f(x)|^2) = −x^{−2} |f(x)|^2 + 2x^{−1} Re(f^′(x)f(x)). (2) Let f : R^3 → C be in C^1_0 (R^3) (compactly supported continuously differentiable functions). Show that ∫ R^3

|x|^{−2} |f(x)|^2dx ≤ 4 ∫ R^3

|∇f(x)|^2dx.

Definition. This inequality is called the Hardy inequality. (3) Let {f_n(x)}^∞_{n=1} be a nondecreasing sequence of continuous (real) functions on a compact interval [a, b] ∈ R. Suppose that

(∗) f_n(x) → f(x), x ∈ [a, b],

where f is continuous in [a, b]. Prove that the convergence (*) is uniform in [a, b].

Remark. This is called Dini’s Theorem.

(4) Let {f_n(x)}^∞_{n=1} be a sequence of nondecreasing (real) functions (not necessarily continuous) on a compact interval [a, b] ∈ R. Suppose that

(∗∗) f_n(x) → f(x), x ∈ [a, b],

where f is continuous in [a, b]. Prove that the convergence (**) is uniform in [a, b].

(5) Let D = {z ∈ C; |z| < 1} be the open unit disk and let g : D → C be a continuous function which is analytic in the open disk. Assume further that |g(z)| = 1 for |z| = 1. Show that g is a rational function.

(6) Let Ω ⊆ C be a bounded (open, connected) domain and let f be an analytic function in Ω such that Re(f) ≥ 0. Is there an analytic function g in Ω such that Re(f) = |g|?

Date: December 1, 2006. 1

2 MATANIA BEN-ARTZI Institute of Mathematics, Hebrew University, Jerusalem 91904, Israel E-mail address: mbartzi@math.huji.ac.il