MASTER WORKSHOP

EXERCISES IV (REARRANGEMENTS OF FUNCTIONS)

MATANIA BEN-ARTZI

NOTATION
Q, QCR" Lebesgue measure of .
Br(y) The open ball (in R™) of radius R, centered at y.
Wn The volume (Lebesgue measure) of By (0).
nwy, The surface (Lebesgue) measure of 9B1(0).
|z]  The Euclidean norm in R™.
Iy L? (Lebesgue) norm.

Definition. If A C R™ with |A] < oo we define the symmetric rearrange-
ment of A as A* = B,(0) such that w,r™ = |B,(0)| = |A|. We define x% to be the
characteristic function of A*.

Definition. Let f: R"™ — C be a measurable function. We say that f vanishes
at infinity if [{z; |f(z)| > t}| < oo for all t > 0.

Definition. Let f : R™ — C vanish at infinity. The symmetric-decreasing
rearrangement of f is defined by

£@) = [ Xion @
0

(For the following problems you can consult
E.H.Lieb and M. Loss, Analysis, Ch. 3).

(1) Let f: R™ — C vanish at infinity. Show that
£@) = [ xoren @
0

(2) Prove the following properties of f*.
(a) f*(x) = 0.

(b) f*isradially symmetric (depending only on |z|) and nonincreasing (as
a function of |z|).
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(¢) For every t > 0,
{o; [f@)>tt={z; [(z)>1}",
hence
Ha;  fH(@) >t} = {a; f(z) >t}

(d) Let ¢ > 0 be a nonincreasing function on [0, 00). Then

[ ets@is= [ otr @)

provided that one side is finite.
(e) In particular, for all 1 < p < oo,

1l = 1F*1lp-

(f) The rearrangement is "order preserving”, i.e., if f, g are two nonneg-
ative functions, vanishing at infinity, such that f(z) < g(x) for all

x € R™, then also f*(z) < g*(«x) for all x € R™.
(3) Let f,g be two nonnegative functions on R™, vanishing at infinity. Prove

that
/ f(x)g(l‘)dfvﬁ/ [ (@)g" (z)dx
RTL R’Vl

with the understanding that if the left-hand side is infinite, so is the right-
hand side.

(4) Let J : R — R be a nonnegative convex function such that J(0) = 0. Let
f, g be two nonnegative functions on R™, vanishing at infinity. Prove that

[ @ -g @< [ I - g
and in particular

1 =g lp < If—glp, 1<p<co
(5) If f, g, h are nonnegative functions on the line, vanishing at infinity, denote

I(f,g.h) = f,g*hz—//f h(y)dady.

Prove that in this case I(f,g,h) < I(f*,g*, h*), with the understanding
that the right-hand side is infinite if so is the left-hand side.

(6) Let G be a p—group (p prime) and let H be a normal subgroup of order p.
Prove that H is contained in the centralizer of G, i.e., every element in H
commutes with all elements of G.

INSTITUTE OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM 91904, ISRAEL
E-mail address: mbartzi@math.huji.ac.il



