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Chapter ITI. Universal Algebra of a Lie Algebra

1. Definition

Let k be a commutative ring and let g be a Lie algebra over k.

Definition 1.1. A universal algebra of g is a map ¢ : 8 — Ug, where Ug is
an associative algebra, with a unit satisfying the following properties: '
1). € is a Lie algebra homomorphism,

(i.e., € is k-linear and elz,yl =ez-ey—ey- £z).

2). If A is any associative algebra with a unit and « : g — Ais any
Lie algebra homomorphism, there is a unique homomorphism of associative
algebras ¢ : Ug — A such that the diagram

g —Ug
o]l Vo
A

is commutative [i.e., there is an isomorphism
Homypie(g,LA) > Hom(Ug, A)

where LA is the Lie algebra associated to A, cf. Chap. I, example (iii).]

It is trivial that U g, if it exists, is unique (up to a unique isomorphism). To
prove its existence, we use the tensor algebra Tg of g, ie, Tg = 3 T
where T"g = g®...@ g = ®" g for n > 0. For any associative algebra 4
with a unit, one has: Hompwoq(g, 4) = Homy(Tg, A).

Now let I be the two-sided ideal of Tg generated by the elements of the
form [z, y] ~ZQy+y®z, r,yeg.

Take Ug = T'g/I, then we have:

Theorem 1.2. Lete: g — Ug be the composition g—-T'g— Tg - Ug.
Then the pair (Ug,¢) is a universal algebra of g.

In fact, let a be a Lie homomorphism of @ into an associative algebra A.
Since a is k-linear, it extends to a unique homomorphism ¥ : Tg— A. It is
clear that ¢(I) = 0, hence ¥ defines  : Ug — A, and we have checked the
universal property of U/ g.

Remark. Let E be a g-module (ie., a k-module with a bilinear product
8 X E — E such that [z,yle = z(ye) — y(z - €) for z,y € 8, ¢ € E). The
map g — End(E, E) which defines the module structure of E is a Lie homo-
morphism. Hence it extends to an algebra homomorphism U 8 — End(E,E)
and E becomes a Ug-left-module. 1t is easy to check that one obtains in this
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12 Part I — Lie Algebras

way an somorphism of the category of g-modules onto the category of Ug-

left-modules.

Exercise (Bergman). Prove that Ug =k <= g = 0. (Hint: usc the adjoint
representation. )

2. Functorial properties

1).Ifg = Lim gq, then Ug = LimUg,.
2). If g = g1 x g2, where gy and g, commute, then Ug = Ug, © Ug,.
3). Let k' be an extension of k and let g' = g @ k', then Ug' = Ug @y k'

Proof of 2). Consider the homomorphisms ¢; : g; — Ug;, i = 1,2, f :
g — Ugi ®Ug, given by f(z) = e(x1) ® 1+ 1® (x3) where @ = 2, + x
with 7, € g1, 22 € g2. The map f is a Lie algebra homomorphism since g1
commutes with gs. Hence f induces an associative algebra homomorphism
Yp:Ug—Ug @ Uga,.

On the other hand we have the homomorphisms g; — g — Uit =1,2
which induce homomorphisins ¢y : Ug; — Ug and since g; commutes with
g2 we have that p1(x1)p2(22) = pa(x2)py(2y) for all 2, € gy, x5 € gs.

Finally take ¢ : Ug, ® Ugz — Ug given by p(z) ® 22) = o1(x) )p2(x2),
then we have ¢ o p = id and p o) = id.

The proof of 1) and 3) are similar.

3. Symmetric algebra of a module

Let g be a k-module and define [z,y] = 0 for all 2,y € g. In this case, the
universal algebra Ug of g is called the symmetric algebra of the k-module g
and it is denoted by Sg.

We can define Sg as the largest commutative quotient of T'g, i.e.,
S8 = ) .2,S"g where S"g = (®" g)/I where I is generated by the ele-
ments of the form a — ga where o is a permutation of [1,n], and a € R"s.

We will consider the case where g is a free k-module with basis (e;)ie;.

Let € : g — K[(Xi)ies] be the homomorphism given by e(e;) = X;
where k[(X;)ies] is the polynomial ring in the indeterminates X;, ¢ € I.
Then (e, k[(X;)ies]) has the universal property of 1.1, i.e., ¢ is a k-lincar
map such that e(z)e(y) = e(y)e(z) and if f: g — A is a k-linear map with
f(@)f(y) = f(y)f(z) for all x,y € g where A is an associative algebra, then
there exists an associative algebra homomorphism f* : k[(X;)] — A such that
froe = f.Infact if P(x;) € k[(X;)] then f*(P) = P(f(e;)). This shows that
we can identify Sg with the polynomial algebra k[(X;)ies].

If we assume that I is totally ordered, then Sg has for basis the set of
monomials ¢;, ---€, ,i; <13 < -+ <i,,n>0.
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4. Filtration of Ug

Let g be a Lie algebra over k. and let Ug be the universal algebra of g. We
define a filtration of U g as follows: Let U, g be the submodule of U'g generated
by the products £{xy )---&(2m), m £ n, where z; € 8. We have

E"—ng-_— k
Uig=kade(g)

and Ung C U[ﬂ c--ClpgC _Un+lﬂ C v

Now we define grUg = Yo, gr, Ug, where gr, Ug = U,g/Un-r 8.

The map Upg x U8 — Up+¢8 given by (a,b) — ab defines, by passage to
quotient, a bilinear map

gr,Ug x gr,Ug — gr,4,UB .

We then obtain a structure of graded algebra on gr Ug; with this structure
grUg is called the graded algebra associated to Ug. It is associative and has
a unit.

Proposition 4.1. The algebra grUg 1s generated by the image of g under
the map induced by e : g = Ug.

Proof. Let a € gr,Ug and let a € U,g be a representative of a, i.e., a = a.

Now, we havea =3, <, Aue(zi?) - e(z'#)). Thus we have

a= Z /\pe(x‘l“))---s{xifp) q.e.d.

"
n,=n

Theorem 4.2. The algebra grUg is commutative.

Proof. Using 4.1 it is enough to prove that =(z), £(y) commute in gr, Ug for
all z,y € @8-
Since ¢ is a Lie algebra homomorphism we have
e(x)e(y) —e(y)e(@) = elz,y])
but £([z,y]) € Urg so e(x)e(y) = e(y)e(x) mod U; g. Therefore
e(z) e(y) = e(y) () -

It follows from Theorem 4.2 that the canonical map g — gr Ug extends
to a homomorphism
1:Sg—egrlUg

where Sg is the symmetric algebra of g (cf. I11.3).
Since grUg is generated by the image of g, 1 i3 surjective.
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Theorem 4.3 (Poincare Birkhoff-Witt)., If g 13 a k-free module, then 1 is an
wamorphism.

In order to prove the theorem we will prove first two lemmas.
Let (r,)ier be a basis of g and choose a total order in 1.

Lemima 4.4. The fawuly of monomials c(ay, ) --e(ai, ) 11 < 0 < 1y,
m < n, gencrate UM g (as a k-module).

Proof. We proceed by induction with respect to n.

For n = 0 the statement is trivial.

Suppose now n > 0 and tuke a € U"g. Then its image a € gr"Ug is a
polynomial of degree n in the -_-“{.rl'}. but this implics a is a linear combination
of products e(x;, )+ e(w, ), 11 < -+ <1y, plus an element a; € U 1g.

By the hypothesis of induction a; is a linear combination of products
el )-e(xi, )y u -~ <, m<n. qed.

Lemma 4.5. The following statement 13 equivalent to 4.3:
The family of monomials (i, )---c(x, ), 11 <+ <1y, n 2013 a basis

of Ug.
For M = (?] IERRE im) with iy < 52 Ko B f.m‘ write
ey =elwy,) o ela,,),

and denote the length of M by ((AM) = m. For each n > 0 the elements x )y
with €(M) = n lie in U, g, and their images 7y in gr, Ug = U, g/U, -, g are
the images, under the map 1 : S"g — gr,, Ug, of the monomial basis elements
of S™g. Thus, the injectivity of » is equivalent to the non-existence of a relatiou

Z cypepr =0 (mmod U, g)
E(M)=n

with some cpy # 0. By Lemua 4.4 this is the samne as the non-existence of a

i
L CMTM = Z CALEA

M)=n EAM)<n

relation

with somne ¢y on the left not zero. But any non-trivial k-linear dependence
relation amoung the zpp can be put in the latter form. Hence Lemma 4.5 is
true, and we can now proceed to prove Theorem 4.3 in the new form.

To do so we can (and will) assume that I is well-ordered. Let V be the
free k-module with basis {zap} where M runs through the set of all sequences
(4y,...00p) with n > 0 and ¢, < iy--- < i, as above. If 1 € [ and M =
(71, in), wedefine 1 < M <= ¢ < ¢, in which case we introduce the
notation iM = ({L1,....1,).

Main lemma. We can make V' into o g-module in such o way that
riZar = Ziar whenever ¢ < Al
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We shall first define a k-bilinear map (z,v) — Zv of g x Vinto V, and
will then prove that it makes V a g-module, that is, satisfies

(1) zyv — yzv = [2,y]v forz,y € g,and v € V.

To define zv it suffices to define r;Zp for all 1 and M, and to define ziZm
we may assume by induction that z;Zy has been defined for all j € I when
¢(N) < ¢(M) and for j < i when é(N) = ¢(M). Moreover we assume that this
has been done in such a way that the following holds:

(%) z;ZN is a k-linear combination of Zp's with (L) < ¢N)+1.

We then put

. g Zua i< M
) 22 = g(eiZn) + [z z)2N i M =GN withi> .

This makes sense because, in the second case, T:ZN is already defined as a
linear combination of Z1's with L) <UN)+1= ¢(M), and [z;, z;] is a linear
combination of zx. Moreover the condition () holds with j and N replaced
by i and M.

To check (1) it suffices, by linearity, to show

(1) ziz;ZN — T;TiZN = [xi, 212N

for all i, j and N. Since both sides are skew symmetric and vanish when
i = j, we may assume i >j.Ifj <N, then z;Zn = ZjN and (1') follows
from the second case of our inductive definition (2) above. There remains the
case N = kL, with i > j > k, when (1') becomes

(ijk) x.':!:j:.!:tz;, i ij(:CkZL = [1!.',.13,‘!1‘;;ZL .

By induction on inf(i, j), we know this equation does hold if we permute ijk
cyclically, that is the equations (jki) and (kij) are correct. On the other hand,
by induction on £(N) we can assume zyZp =yzZL+ [z,y)ZL for all z,y € 8-
Thus the right hand side of (ijk) can be rewritten:

[z, z5]z6 2L = zk[zi, 2] 2L + [[:Ei,Ij],Ik]ZL
= gxxiz; 2L — k2Tl + ([zi, 2], 2] ZL -

If we substitute this on the right side of (ijk) and then add the three equations
(ijk) + (7ki) + (kij) we get an equation of the form

E = Z-{-Jac(a:i,xj,zk)zb .

Hence, (ijk) is true, and our main lemma is proved.

Since V is a g-module, it is also a Ug-left module, cf. Remark at the end
of IIL.1.

In particular we have in V the element Zg where @ is the empty set. For
all M we have zmZp = ZM- We will prove this by induction on ¢(M). If
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UM) = 0 then it is clear because zp = 1. If {(M) > 0 we write M = i,
it < N.Then zp = zizy and Ty 2y = zitNZy = 2,ZN = ZiN = Z .
Finally, suppose we have " cprzp = 0, then

it 4 but this implies cpr = 0 for all M. q.e.d.

Corollary 1. If g is a free k-module then ¢ : g — Ug is injective.

In fact, in this case g = gr, Ug.

Corollary 2. Let g = g, & g, where g, and g, are subalgebras of g and a ,,":'
free k-modules. Then the map Ug, @ Ugy — Ug given by uy ® ug — ujug i
a k-linear isomorphism.

Proof. Let (zi)ier, (yj)jes be a basis of g; and @2 respectively, then
{(zi),(z;)} is a basis of g. Take a total order in I U J such that ev-
ery element of I is less than every element of J. Applying 4.5 we have
that the families of monomials {e(z;,)---e(z;,)}, {e(vj,) - €(yj,,)} and’
{e(@i) - (i (W)~ €(Usn)} for iy S -+ < in and 1o < - € jum arel
basis of Ug;, Ug, and Ug respectively. Thus the map Ug, ®Ug; — Ug given
by u; ® uz — ujuy is a bijection on the basis of Ug1®Ug; and Ug. qed.

Notice that in this case we have also induced an isomorphism

grUgi ®grlUg, = grlg
because grUg; = Sg; and grUg = Sg ~ Sg, ® Sga.

5. Diagonal map

Let g be a Lie algebra over k and suppose g is free as a k-module.

Definition 5.1. The Lie algebra homomorphism A : g — g X g given by ;:
z + (z,z) induces a homomorphism of associative algebras 1

A:Ug—UgeUg,
which is called the diagonal map.

Proposition 5.2. The diagonal map A is characterized by the following two
conditions: '

1) A is an algebra homomorphism.

2)Az=2Q1+1®z forallz € g.

Notice that we identify z € g with its image in Ug.
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Chapter IIL. Universal Algebra of a Lie Algebra 17
Definition 5.3. An element @ € Ug is called primitive if Na=a®1+1Qa.
Hence every element = € 8 is primitive.

f Theorem 5.4. Assume k is torsion free (as @ Z-module) and g is o free
¢ k-module. Then the set of primitive elements of Ug coincides with g.

Case 1. g abelian. In this case Ug can be identified with the ring of polynomials
k[(X3)] in variables X; corresponding to the basis elements z; of g. The diag-
onal map can be interpreted as a homomorphism A : k[Xi] = k[(X1), (X))
where X! ~ Xi®1 and X! ~ 10 X, and is then given by Af(XLXY) =
f(X! + X!'), because it sends X; to X} 4+ X|' for each i. Thus the primitive
elements f(z) € k[(X:)) are those which satisfy f(X!+X{) = XD+ F(X)
If f is additive in this sense, then so is each homogeneous component Fae

is homogeneous of degree n and additive then

om f(X:) = f(2Xi) = f(Xi + Xi) = 2f(Xi),

; so (2" —2)f = 0. Since k is Z-torsion free, we must have f=0ifn #1. Thus
S the only additive polynomials are the linear homogeneous ones.

Case 2. The general case. The map A:Ug = U8® Ug induces a map

grA:grUg— gr(Ug®Usg) ~grlU(g®9) ~grUg®grUg

(see end of I11.4). On the other hand, we have grUg = 58 and the corre-
sponding map Sg — Sg® Sg is the same as the one discussed in the first
case, as one sees by looking at its effect on elements of the form tegnUg
coming from elements z € 8-

Let z € Ung, and let T denote its image in gr, Ug- If z is primitive, then
Z is primitive for gr A, hence, if n > 1, we have £ = 0 by case 1. Iterating
this, we conclude z € U, g, that is, T = Ay, with A€k, yES Then

?-_' 1 Az=)2+y®1+10yY
g i) x®1+1®z=A+y®1+A+1®y.

b | Thus, if z is primitive, then 23 = ), hence A =0, and z € g.

Exercises

1. Let PUg denote the set of primitive elements of Ug. Show that PUg is
stable under [, ], that is, if z and y € PUg, so is 2y — yZ-

k
g
[
K
}

2. Suppose pk = 0 for some prime number p, and suppose g is free, with
basis (zi)iel- Show

a) PUgis stable under the map y = yP.

b) The elements (zf’ ),ielLbv2l, form a k-basis for PUg.

c) fzandy areing,then(z+y)’-—:c?—y? €g
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Chapter IV. Free Lie Algebras

In this chapter, k denotes a commutative and associative ring, with a y
All modules and algebras are taken over k.

1. Free magmas

Definition 1.1. A set M with a map

MxM-— M

denoted by (z,y) — zy is called a magma.

Let X be a set and define inductively a family of sets Xn(n2>1)
follows:
X=X
2) X, = Hp+q-—-n Xp x Xy (n 2 2) (= disjoint union).
Put Mx =[], X, and define Mx x Mx — My by means of
Xy % Xy~ Xyt © My,

where the arrow is the canonical inclusion resulting from 2);

The magma My is called the free magma on X. An element w of My
called a non-associative word on X. Its length, £(w), is the unique n such t
w e X,.

Theorem 1.2. Let N be any magma, and let f: X — N be any map. T
there ezists a unique magma homomorphism F : Mx — N which eztends f

Proof. Define F inductively by F(u,v) = F(u) - F(v)ifu,v € X, x X,.

Properties of the free magma My:

1) Mx is generated by X.

2)meMy ~X > m= u.v, with u,v € M; and u, v are uniqu
determined by m.

2. Free algebra on X

Let Ax be the k-algebra of the free magma My. An element o € Ax is
finite sum a = EmEMx cmm, with ¢, € k: the multiplication in Ax exten
the multiplication in My .

Definition 2.1. The algebra Ax is called the free algebra on X.

This definition is justified by the following:
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Theorem 2.2. Let B be a k-algebra and let f : X — B be map. There
ezists a unique k-algebra homomorphism F: Ax — B which extends f.

Proof. By 1.2, we can extend f to a magma homomorphism f' : Mx — B,
where B is viewed as a magma under multiplication. This map extends by
linearity to a k-linear map F : Ax — B. One checks easily that F is an
algebra homomorphism. The uniqueness of F' follows from the fact that X
generates Ay,

Remark. Ax is a graded algebra, the homogeneous elements of degree n being
those which are linear combinations of words m € Mx of length n.

3. Free Lie algebra on X

Let I be the two-sided ideal of Ax generated by the elements of the form aa,
a € Ax and J(a,b,c), where a,b,c € Ax (J(a,b, ¢) = (ab)e + (bc)a + (ca)b).

Definition 3.1. The quotient algebra Ax /I is called the free Lie algebra
on X.
This algebra will be denoted by Lx(k), or simply Ly.

Functorial properties.
DIEf:X — X'isany map, then there exists a uniquemap F : Ly — Ly
such that F|y = f.

V) If {Xa,i8} is a direct system and X = Lim X, then

LimLyx, =Ly .

2) Let k' be an extension of k, then

Lx(k') = Lx(k)oi k' .

3) I is a graded ideal of Ax, which implies Lx has a natural structure of
graded algebra.

Proof. Let I*# be the set of a € A X such that every homogeneous component
of a belongs to I. Then I* is a two-sided ideal and I# C I,
Now let z € Ay, z = Z:ﬁ__l Tn, Tn homogeneous. Then

z-m:sz,-f- Z(xnxm +2Zmz,),

n<m

but 22 € I, z,z2m +TmTn = (Tn + 2,)? - 22 —22 €I, s0that r -z € I#,
For three elements, z = N Ea = > Yn,and z = > zn we have J(z,y,2) =
Z;Im,n J(Zt,Ym,2n) € I*. Thus [# = I, qed.
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4) The homogeneous component L has basis X and the homogeneous
component L% has for basis the family of elements [z,y], = < y, 7,y € X
where we have chosen a total order on X,

Proof. Clearly X generates Ly and [X,X] generate L% ([X.X] = {[z,y),
r <y z,y €X }) Consider the module E = k{X) and the Lie algebra
E & A\2E = g (example ii’ of Chapter I). The canonical map X — g induces
a Lie algebra homomorphism Lx — g, and the composition Ly & L% —
Ly — gis an isomorphism q.e.d.

4. Relation with the free associative algebra on X

Definition 4.1. Let E = k(Y) be the free k-module with basis X. Then the
free associative algebra on X, denoted by Assx, is the tensor algebra TE of E.

(Elements of Assx may be called “associative but non-commutative” poly-
nomials in the elements of X.)

Theorem 4.2. Let ¢ : Ly — Assy and & : ULx — Assx be the maps
induced by the map X — Assx. Then:
1) The map @ 1s an isomorphism.

2) The map ¢ is an isomorphism of Lx onto the Lie subalgebra of Assy
generated by X.

3) Lx and its homogeneous components L'y are free k-modules.

4) If X 1s finite and Card X = d then L% 1s free of finite rank €4(n) and

(*) th‘:’d(m) =d”

fﬂlﬂ

Remark. The formula (%) determines €4(n) by induction on n. In fact,

nly(n)=d" — Z mlq(m) .

m|n
m<n

(More precisely, let u be the Mabius function, defined by:

z;t{n)n” =1/¢(s) = H(l -p7 ).
n=1

P

One has:

nl4(n) = Zp{m)d“”"‘ ;)

m|n
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Proof of Theorem 4.2.

1) is clear: the map X — ULy defines a homomorphism ¥ of Assx into
ULx,and $o¥ =1, %o =1.

Note also that ¢ maps Lx onto the Lie subalgebra of Assy generated
by X, so that (2) is equivalent to saying that ¢ is injective. Note also that
(3) = (2); for, if Ly is free over k, the Birkhoff-Witt theorem shows that
Lx — ULx is injective, and we can identify ULx with Assx.

The rest of the proof is divided into four steps:

First step: Assume k 1s a field and X is finite.
Choose a homogeneous basis (v;)ier of Lx and a total order of I
Put d; = deg(vi).
Now the Birkhoff-Witt theorem implies that the family of elements

Cig

7; = T::! R 7% with I < e < 1y

is a basis of ULx = Assx and we have deg(y¢) = Y e;;d;;.

Let a(n) be the rank of Ass, then a(n) is equal to the number of families
(ei) such that n = Y e;d;.

This last statement is equivalent to the fact that the formal power series
A(t) = 3 a(n)t™ may be expressed in the form

A(:)—]’[1

i€l

because n:ef 1= = [Lie/(1+t% + 2% +...) and the coefficient of ¢" in this
product is precrsely the number of families (e;) such that ¥ e;d; = n.

Now, for any positive integer m we have that in the product [Lier —;—
the number of factors such that d; = m is the rank €4(m) of L%, i.e.,

A(t) = H (1 i tm)h(m)

On the other hand, since Assx is the free associative algebra on X the
family of monomials z;, - --z;,, z;, € X is a basis of Ass'y.

This implies that a(n) = d™ and therefore

man __ 1
A(t) =) d"t =7

ie.,
H mYa(m ld
(1 t )fd( )~ 1 t-

From the equality log - = = Lonet ;t" we conclude that

Z —€4(m) :m"—z =

B T e e

R e e ———c
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) = rew L AR __ T 1 >
and hence, for each n, we have adt= 30 ~la(m), i.e.,

d" = Z mly(m)

m|n
which proves (4) in this case.
Second Step: Assume k = Z and X is a finite set.

We will use the following lemma.

Lemma 4.3. If E is a finitely generated Z-module and dim(E ®z F,) over
Fy, = Z/pZ is independent of p, for all primes p, then E is a Z-free module
with rank equal to the dimension of E®z F, over Fy.

This lemma is an easy consequence of the structure theorem of abelian
groups.

Now, since L%(Z) ®z F, = L%(F,) and dim(L%(F,)) = £4(n) which is
independent of p, it follows that L% is Z-free with rank ly(n).

This proves the theorem in this case.

Third Step: Assume k= Z and X is an arbitrary set.
Let {Y,} be the family of finite subsets of X, then X = LimY,.
o

—
We first prove (2).
Using the second case, we have that the map

$a : Ly, — Assy,
is injective for all .
Now ¢ = Lim ¢, and the inductive limit of a family of injective maps is

injective. This ;roves (2).

In particular (2) implies that Ly and L% are Z-submodules of Assy,
which is free, so Ly and L% are free for all n.

This proves the theorem in the third case,

Fourth Step: General case.
The equality L% (k) = L%(Z) ®z k together with the third case imply
% (k) is k-free, i.e., (3) and therefore (2) holds.
On the other hand rk L% (k) = rk L%(Z) thus, if X is finite, (4) holds.

q.e.d.

5. P. Hall families

Definition 5.1. Let X be a set. A P. Hall family in My, the free magma on
X, is a totally ordered subset H of My such that:

(1) X’cH.
(2) If u,v € H with €(u) < €(v) then u < .
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(3) Let u € My — x and let u = yw be the unique decomposition of u
where v,w € My. Then u € H if and only if the following two conditions are
satisfied:

(a)véH,wEHandv(w,

(b) either w € X or 1 = w'w" with ' € H, w" € H and v’ < .
Lemma 5.2, There ezists a P. Hqll family for any set X,

Proof. We define by induction H» = HNX,. We take H! = X, and choose a
total order on X. Suppose now gy L . been defined and totally
ordered in such a way that (1), (2), (3) hold for elements of length < n — 1.
The set H" is then defined without ambiguity by condition (3); we choose any
total order on H"™ angd Putu<vifue Hi (§ <p_ 1) and v € H", Thjs
completes the induction process, and it is clear that J — UH™ is a P.Hal

Ezample. Let X = {z,y}, with 2 # y. We can take H' | H5 4 follows:

H! = {z,y}, T <y

H? = {z.y)

H={z(z-y),y.(z-y)), T (2 y)<y-(z-y)

B = {x(x(wy))'y(a"(xy)),y(y(xy))}

= {x(w(-r(xy))),y(x(x(xy))).y(y(x(xy)))'y(y(y(xy))),
(xy)(x(ry)),(xy)(y(ryn}

Theorem 5.3, IfH is a P, Hal!famz’ly in My, then the canonical images of
the elements h € [ in Ly make up a basis of Ly.

Let h € H and denote by £ its image in Lx. Theorem 9.3 is equivalent to:
(1) The family {h}, h € H, generates L y.
(2) The elements {Rh}, h e H, are linearly independent.

We prove here only the (easier) part (1). For a proof of (2), the reader may
look in M, Hall, The Theory of Groups, p. 170-171, or E. Witt, Die Unter-
ringe der freien Lieschen Ringe, Math. Zeit., 1956; M. Hall’s proof is based on
a counting argument; Witt’s proof is better (but longer). (See also Bourbaki,
LIE II, §2, no 11.)

Proof of (1). Let L’y be the k-module generated by h; since Ly contains X, it
will be enough to show that L is a Lie algebra, i.e., that hihy € H implies
that [hy, k] is in L.

We will carry the proof by a double induction, first on the length of hy +
length of h, (which is the length n of hihy) and finally for a given n, by
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decreasing induction on Inf(hy, h;); in order that this induction process woy
we will assume that X is finite; the general case will follow by passing to
inductive limit. .

We may suppose h; < h; (otherwise we use the relations [h,, ha]

—[h2, k1] and [, h] = 0).
First Case. Let hy € X, then hy € X since hy < hs, so we have hih; € H ol
therefore hyh; = [hy,hy], q.e.d.

Second Case. hg ﬁ X. Put hy = h3h.|, hs,hy € H and hs < hy.
We have the following subcases:
a.) h3 < h; and then hl(!‘lahq,) € H, S0

[R1, ha] = [hy, [R3, hy]] = hi(hshy) .
b) hy < h3 < hy. Using the Jacobi identity we get
[F‘lr [53: lE4]] = [an [Hl’ 54” - [E-h [Ely 53]] g

Now length of hyhs < length of h, h2, hence we can apply the inducti
hypothesis, i.e., [h, hy] = 3" cahqo where hy € H. 1
From this equality we get £(h,) = €(hy1)+€(hy) which implies U(ha) > (hy
hence hq > h;. Since we have hy < hs, we obtain Inf(hs, ha) > Ry 1 r
Inf(hyq, hy). 1 s
Applying the induction hypothesis we see that [R3, ha] is a linear comb .
nation of A’s with h € H. S %
Similarly, replacing h3 by hy, we see that (R4, [R1, R3] is also a lineallf s 4
combination of h’s with h € H. q.e.d. i g

6. Free groups

(In this section, we take k = Z.) p
Let X be a set and let Fix be the free groupon X. Let F} be the descending

central series of Fx, defined by Fk = Fx and Fg =(Fx,Fg1),forn>1."
The associated graded group is, as we know, a Lie algebra, given by

= =]
grFx=) g"Fx, g"Fx=F3/F3+,

n=1

In particular, gr' Fx = Fx/(Fx, Fx), that is, gr! Fx is the free abelian gro
on X.

Theorem 6.1. The canonical map X — gr' Fx induces an isomorphism
Lie algebras
$1:Lx = grFx .

Corollary 6.2. The groups F}/Fx*! are free Z-modules and if X is fini :
WIih Ca.rdX = d, then rk(Fﬁ/F;‘F ) e gd(ﬂ.). 3
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Now consider the free assoclative algebra Assy on X; let Ass% the com-
ponent of degree n of Assy. The completion Assy of Assx is defined as the

infinite product s Asa% An elsment f € Assx can be represented by a
formal series f =Y £ with fn € Ass’.

Define a homomorphism 6 - Fx — .:”-L_s;:( by 6(z) = 1 + 2 where K:é:» is
the multiplicative group of the invertible elements of Assx (it is clear that

1 + z is invertible in K-s;x, so it is in the multiplicative group K;: ).

For any positive integer n, define " ?s;x as

m“={flf=2fm alldf0=f1="'=fn—1=0},

n=0

and put F} = 6-1(1 4+ m"). Then ¢ € Fy is in 'F¢ if and only if
9(9) =1 + ZmZn w“'
Notice that 'F} = Fy and Preciryl

Theorem 6.3. R = Fg.

We now prove Theorems 6.1 and 6.3.
a) It is clear that @1:Lx - grFy is surjective.
b) ('F%) is a filtration of Fx. In fact, we only have to check

(FR,'FR) C g+

To prove this, take 9 € FZ, h € 'F? with Ng) =14+G, ¢ ¢ mm
6(h) =1+ H, H € w.

We have gh = hg(g,h) and

b(gh)=1+G+H +GH
6(hg)=1+G+H + HG .

Since 6 is a homomorphism we get 0(gh) = 6(hg)b((g, h)), ie.,

(*) 0((9,h)) =1+ (GH - HG) - - higher terms.
Therefore (g, ) € 'Fp+P,
here is a natural map n :'gr Fy — Assyx defined as follows:
let £ € 'gr™ Fx, let g € 'F} be a representative of €, and let
9(9’):1+Gn+0n+1+"' ; with GPGASSpX.
We define (¢) by:
(&) =G, .

It is easy to see that this definition does not
representative g. Formula (*) shows that 7 :
homomorphism.

depend on the choice of the
‘er Fy — Assy is a Lie algebra
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Since 'F} is a filtration we know that F; c 'F{, which induces a honi
morphism ¥ : gr Fy — 'gr Fy.
Now let us look at the composition

L‘.\' ‘ﬂ* ar F‘\' L 'gl‘ F:\' .i,,, ASS)(

where ¢, is surjective and 11 is injective,

This composition is obviously the map ¢ : Ly — Assy given in ¢
Theorem 4.2 and we know it is injective,

Hence ¢, is injective and therefore is an isomorphism; which proves T
orem 6.1.

This implies now that ¥ is injective. Let us prove, by induction, t
F{ = 'F}.

If n =1 then F% ='Fx by definition.

Now suppose n > 1, then we have

R CFRC Ry =y

and the injection grm—! Fx —'gr®=1 Py is the canonical map

Fi™'[F} — Fp='/'Fp |

which implies F§ ='F2. qed.

7. The Campbell-Hausdorff formula

InIV.7 and IV .8, the ground ring k is supposed to be a Q-algebra (for instane
a field of characteristic Zero),

Theorem 7.1. Let X pe o set; then the free Lie algebra Ly on X coincid
with the set of primitive elements of Assy

(te., Ly = {w € Assy ’ Aw = w®1 +1 o) w}, where A - Assy —
Assx @ Assx 1s the diagonal map).

This follows from a theorem proved in Chapter III, since Assx may be
identified with ULx. -

Define now, as in IV.6, the completion Assy of Assy and the completion
Ly of Lx by:

O (s =]
Assx = [ Ass% , iy = IT 2% .
n=0 n=0
Define similarly the completed tensor product :{:;\ ® Z;qr by:

Ass & Assy = H.ﬁ.ssﬁ- & Assf’\- g
P
The diagonal map A extends to a map A : Assy — 3:;‘?\’ & z(q:\ and it

is clear that Theorem 7.1 remains valid when Assy and Assy &) Assy are
replaced by their completions.
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Theorem 7.2. Let i C J-f‘::\ be the ideal generated by X . Define maps
exp:m—1+m and log:14+m —m

by the usual formulae:
oo
exp(z) = ZI"/n! S log(1 +z) = Z(~1)“+]z"/n ;
n=1

Then expolog = id and log oexp = id.

Proof. Let us prove, for instance, that exp(log(l+y)) = 1+yify €
If T is an indeterminate, the formula exp(log(1+ T)) = 1+ T is known to
be true in the power series ring Q[[T7]]. But, since y belongs to wh, there
is a well-defined and continuous homomorphism f : Q[[T]] - Assx which
transforms T into y. Applying f to the equality exp(log(1+ 7)) = 1 + T, we
get exp(log(1+y)) =1+y, qed.

Corollary 7.3. The map exp defines a bijection of the set of a € m with
Aa=a®1+1®a onto the set of BE1+m with Af = B ® 3.

Proof. Let a € w1 and 3 = €. Since A commutes with the exponential map
and a ® 1 commutes with 1 & a, we obtain

Aﬂ — Aea - e/.‘\cr - ea@l-}-l@a e en®181®a = (ﬁ@ 1)(1 ®ﬁ)
=8®83.

Theorem 7.4 (Campbell-Hausdorff). Let X = {z,y},  #y, then e%eV = ¢*
with 2 € Lx.

Proof. Since e”,e¥ € 1 + 1 we have e%eV € 1 + m and since the exponential
map is a bijection there is one and only one z € iy such that e* = eTev.
We have the relation

Ae*) = A(e®eV) = Ae®)A(eY)
=(e*@e”)(e! ® e¥)
—e¥i60.e’

Applying 7.3 we find that 2 is a primitive element and by 7.1 z ¢ Lx.
q.e.d.

. Now, let X be an arbitrary set and let z(z,y) denote the element of
L{:,y) C Lx such that e*e¥ = e*(=¥) for al] T,y € X.

We have z(z,y) = 3% z.(z,y) where za(2,y) € L%.

Explicitly, the values of the first three homogeneous components of z(z,y)
are
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zilr,y)=z+y
z2(x,y) = 3lx,y]
a3(x,y) = gl el + 51y, [y, 2]
and it is clear that z(x,0) = r. 2(0,y) =y, and z(z(w,z),y) = z(w. z(x. y)).

8. Explicit formula
Define a map @ : m — Ly (m C Assy) as follows:
§p(J"l s Ip) = {.I‘] ) [-FZ-. ey [i‘u—-lyﬁ"n] o ] . ad(Il ) Hens Zt(l(.l‘,,..] i)

where z; € X.
Now define ¢ : m — Ly by ¢z, a,) = i—‘JSﬁ{_;r. e )

Theorem 8.1. The map ¢ is a retraction of v onte Ly, 1e., ¢l =idp,.

Proof. We have to prove that $(u) = nu if u € L%.
Let 8 : Assxy — End(Ly) be the algebra homomorphism which extends
the Lie algebra homomorphism ad : Ly — End(Lx).

Lemma 8.2. The relation ®(uv) = 6(u)P(v) holds for u € Assy and v € m,

Proof of Lemma. Since @ and @ are linear it is enough to consider the case
U=y Ty, r; €X and we proceed by induction on n.

If n =1 then it is trivial.

Now suppose n > 1, then

D(xy - xov) =68(z))P(xy - 2,0) = 0(x) )29 -+ - 1,)P(V)
=8(z, - x,)P(v) .

This concludes the proof of the lemima.

We now prove that &(u) = nu for u € L by induction on n.

If n = 1 the property is obvious.

Suppose n > 1, then u = Y [v;,w;] and it is enough to prove this when
u=[v,w] withve Lk, wel%, p+tqg=n,pg>0.

Using the fact that 8(v) = adv and #(w) = adw we get

P([v,w]) = P(vw — wo) = O(v)B(w) — B(w)P(v)
= qf(v)w — pbw)v
= gqv,w] — plw,v]

= (¢ + p)[v,w] = nu q.e.d.
Finally, we are prepared to give the explicit formula for z(x, y) = log(e*e?)

for r,y € X.
As before let us write = = }_j:_i zp with =, € L.
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Since e%e? = ( p=0 ;_T) (Z:‘;o ’E:') =14 ¥, 4451 5 we have

m

==]
(=ym+ zPys
2z =log(e"e?) = Z _ 3
mz=l o pg>1 }p!q!

s0 we obtain

Z (—1)m+l rPryfigPay cee gPmyIm
zZ= '
pitgi>1 m pllqllpm!qml

Applying the homomorphism & to the monomials which appear in this
sum we get

By -+ aPmyt) = ad(z)P ad(y)" - ad(@)P™ ad(y)m = (y)
if ¢m > 1, and:
ry® o) = ad(zP ad(y)® - ad@Pml(e),if g = 0.

Notice that this is zero if dm 22, 0rif gy =0, pa 2 2. Hence, the only
possible non-zero terms are those where gm =1, 0rpn=1,¢q, =0.

Hence, using the identity z, = ¢(zn), we obtain the ezplicit Campbell-
Hausdorff formula (in Dynkin’s form):

1 1"
= Z (zp.q + 25,4)

pt+g=n
where
2 o 3 (=1)™*! ad(z)” ad(y)® - - - ad(z)Pm (y)
" P4 Apm=p o Pl pm!
Q1+ Fgm—1=g—1
pitgi>1
pm_
and
2 = Z (=1)™+! ad(z)P* ad(y)" - . -ad(y)?-1(z)
" Pittpmo1=p—1 ¥ P 541!---qm_1!
PARN as
pitqi>1
Exercises

1. Let X be a finite set, with Card(X) = d. Show that the number of ele-
ments of Mx of length n is equal to:
1:3-5...(2n - 3)

2n—ldn
n!

2. Show that LY = [X,L%"!] for n > 2.
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3. Show that the center of Ly isoif Card( ") # 1, and that the center of
Lxfld . »p L\ 18 equal to LR

4. Let X be a denumerable set witl, Card(X) > 2, and let H the set of all
Hall families in Afy. Show that Card(H) = Card(R).

3. Show that the homomorphisin 8 : Fy — .—\sé_\- defined in IV.6 is injective,




