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I Calibration

o Forecaster says: “The probability of rain
tomorrow is p”

® Forecaster is CALIBRATED If

» for every forecast p:
in the days when the forecast was p, the
proportion of rainy days equals p
(or: is close to p in the long run)
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CALIBRATION can be guaranteed 1
(no matter what the weather will be)

\ J

Foster and Vohra 1994 [publ 1998]
Hart 1995: proof by Minimax Theorem

L I B B

Hart and Mas-Colell 1996 [publ 2000]:
procedure by Blackwell's Approachability
Foster 1999: simple procedure

Foster and Hart 2016 [publ 2021]: simplest
procedure, by “Forecast Hedging” I
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I Forecasting ?

BACK-casting |

(not fore-casting)

... prophet looking backwards ...

Friedrich von Schlegel (1797)
Walter Benjamin






I Calibration in Practice

All politics All sports Everything

- 100% 100% i ¢ 100%
()] {O
c
()
o o
- l
@ 50 a0 o0
= l
]
@
c ¢ K
= . 0 = 0 =

0% o0 100 0% 50 100 0% o0 100

What we forecasted

Calibration plots of FiveThirtyEight.com

(as of June 2019) I

SERGIU HART (©) 2021 —p. 11



I Calibration in Practice

Betting vs Reality
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I Brier score

o B = By = BRIER (1950) score = average
distance between a; and ¢;
9o

B=R+K
BRIER — REFINEMENT + CALIBRATION

Proof.

E[(X — ¢)*] = Var(X) + (X — ¢)?

where c is a constant and X is a random
variable with X = E[X] I
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/ Testing experts: \
V" BRIER score
\X CALIBRATION score/
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# Recognize patterns and regularities in the
data

o Sortthe days into bins that consist of similar
days
o Make the binning as refined as possible

PIIN [ LOW REFINEMENT SCORE]
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® CALIBRATION (/C = 0) can always be
guaranteed in the long run

o But: CALIBRATION procedures ignore
whatever “EXPERTISE” one has

/ Question: \

Can one GAIN CALIBRATION
\without LOSING “EXPERTISE” ’?/

# Can one get KC to 0 without increasing R ?
#® Canonedecrease B=R +KbyIC? I
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I ‘“Expertise”’ and Calibration

# Can one decrease B by IC ?

# Yes: Replace each forecast c with the
corresponding bin average a(c)

= K =0 R =R B =B-K
#» IN RETROSPECT / OFFLINE
(when the a(c) are known)

/

Question:
Can one do this ONLINE ?
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o Consider a forecasting sequence by
(in a [finite] set B)

# At each time t generate a forecast c;
® ONLINE: use only b; and history
# such that

B < B — Kb +o(1) asT — oo
for ALL sequences a; and b; (uniformly)
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I ‘““Calibeating”

# Consider a forecasting sequence b,
(in a [finite] set B)

# At each time t generate a forecast ¢;
® ONLINE: use only b; and history
# such that

|Be < B> — kP |= R

|c “BEATS” b by b’s CALIBRATION score|
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I ‘““Calibeating”

# Consider a forecasting sequence b,
(in a [finite] set B)

# At each time t generate a forecast ¢;
® ONLINE: use only b; and history
# such that

|Be < B> — KP |= RP

|c “BEATS” b by b’s CALIBRATION score|

s GUARANTEED for ALL seguences
of actions and forecasts
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time 1 2 3 4

rain 1 0 1 0

b 80% | 40% | 80% | 40% | 80%

b: KP=0.1 RP=0 B*=0.1









I Calibeating

time 1 2 3 4 5 6
rain 1 0 1 0 1 0
b 80% | 40% | 80% | 40% | 80% | 40%
c |100% | 0% | 100% | 0% | 100% | 0%

b: KP=0.1 RP=0 B =0.1

c. K°=0

R¢e=0 B°=0

c calibeats b: B¢ < BP — kP ]
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time 1 2 3 4 5 6
rain 1 0 1 0 1 0
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c. K°=0
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=0 B°=0

c calibeats b: B¢ < B® — KP = Rb]

SERGIU -p.

HART (© 2021 -p. 22



SERGIU HART (© 2021 —p. 23



(that was easy ...)



(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

B

SERGIU HART (©) 2021 -p. 23



I Calibeating

(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

o Weather is arbitrary and not stationary

ERGIU HAR 021 —p. 23



Calibeating

(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

o Weather is arbitrary and not stationary
o Forecasts of b are arbitrary

ERGIU HAR 021 —p. 23



I Calibeating

(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

o Weather is arbitrary and not stationary
o Forecasts of b are arbitrary

» Binning of b is not perfect (RP > 0)

ERGIU HAR 021 —p. 23



I Calibeating

(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

o Weather is arbitrary and not stationary
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# Bin averages do not converge
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(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

o Weather is arbitrary and not stationary
Forecasts of b are arbitrary

Bin averages do not converge

P
» Binning of b is not perfect (RP > 0)
N
® ONLINE

—
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I Calibeating

(that was easy ...)

Can one CALIBEAT in general, non-stationary,
situations ?

Weather is arbitrary and not stationary
Forecasts of b are arbitrary

Binning of b is not perfect (RP > 0)
Bin averages do not converge
ONLINE

GUARANTEED (even against adversary) I
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Theorem

[ There exists a CALIBEATING procedure]
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A Way.to Calibeat

Theorem

/ The procedure \

[Ct = Q;_4 (bt)l

KG UARANTEES b-CALIBEATING/
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A Simple Way to Calibeat

Theorem

/ The procedure \

[Ct = Q;_4 (bt)l

KG UARANTEES b-CALIBEATING/

Forecast the average action
of the current b-forecast

o 4

HART (©) 2021 -p. 25



SERGIU HART (©) 2021 —p. 26



SERGIU HART (©) 2021 -p. 26



1 T
Var = —E |z — Z7||°
T
t=1
1 T
= — 1 — =) ||ze — &Fe—1]|?
7 (174 I =zl
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Ine Variance”’

Var = Var — o(1)



ine Refinement”’

Var = Var — o(1)

R = R —o(1)



ine Refinement”’

Yar = \7;1/1” — 0(1)
Rb = R —o(1)

= %ET: las — @e—1(by)||* — o(1)

t=1
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Proof::*Online Refinement”’

Var = Var — o(1)
RY = R —o(1)

> llas — @1 (by)||* — o(1)

1
T

— B — o(1)
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I Calibeating

Theorem
[Ct — a’:?—1(bt)]
GUARANTEES b-CALIBEATING:
B¢ < BP — KP




I Self-Calibeating

Theorem

[Ct — C_lt—1(bt)l
GUARANTEES b-CALIBEATING:
Bc < BP - KP

Theorem
e = ay_,(cy)]
GUARANTEES c-CALIBEATING:
B < B¢ — K€




I Self-Calibeating

Theorem

[Ct — C_%—1(1715)1
GUARANTEES b-CALIBEATING:
Bc < BP - KP

Theorem
(o0 = aj_1(e)]
GUARANTEES c-CALIBEATING:

B < B¢ — KC°
& K =0




I Self-Calibeating — Calibrating

Theorem

[Ct — a?—1(bt)]
GUARANTEES b-CALIBEATING:
B¢ < BP — KP

Theorem
(o0 = aj_1(e)]

GUARANTEES CALIBRATION:

B < B¢ — KC°
& K =0
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‘“‘Fixed Point”

How do we get ¢; “close to” a;_1(c¢) ?

o C CR™ compact convex set
s DCC finite 6-grid of C (for 6 > 0)
o f:D — R™ arbitrary function
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I ‘“‘Fixed Point”

How do we get c; “close to” a;_1(ct) ?

s CCR™ compact convex set
s DCC finite d-grid of C (for 6 > 0)
® f:D — R™ arbitrary function

Theorem. There exists a probability distribution
P on the 4-grid D of C such that:
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I ‘“‘Fixed Point”

How do we get c; “close to” a;_1(ct) ?

s CCR™ compact convex set
s DCC finite d-grid of C (for 6 > 0)
® f:D — R™ arbitrary function

Theorem. There exists a probability distribution
P on the 4-grid D of C such that:

Eoop|llv = 2)°| < Eonr |l = £(@)]*] + 67

YveC(C I
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I Stochastic.‘Fixed Point”’

How do we get c; “close to” a;_1(ct) ?

s CCR™ compact convex set
s DCC finite d-grid of C (for 6 > 0)
® f:D — R™ arbitrary function

Theorem. There exists a probability distribution
P on the 4-grid D of C such that:

Eoop|llv = 2)°| < Eonr |l = £(@)]*] + 67

YveC I

HART (© 2021 -p.29




I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 4-grid D of C such that:

Eoop|llv = 2)°| < Eonr |llv = £(@)]*] + 67

Yv e C I
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Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 4-grid D of C such that:

Eep| v — 2|*~|lv — f(2)°| < 8% VoeC

SERGIU -p.
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Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|*=|lv — f(2)°| < 8% WweC
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|*=|lv — f(2)°| < 8% WweC

Proof.
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep|o — 2|*~|lv — f(2)|*| < 8% WweC

Proof.
# wlog (project f(x)toC): f:D — C
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I Stochastic.‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|~ |lv — f(@)[*] <6* WweC

Proof.
# wlog (project f(x)toC): f:D — C
# interpolate: continuous f : C — C

SERGIU .
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I Stochastic.‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|~ |lv — f(@)[*] <6* WweC

Proof.
# wlog (project f(x)toC): f:D — C
# interpolate: continuous f : C — C

o apply Brouwer FIXED POINT theorem

SERGIU .

HART (©) 2021 —p. 31



I Stochastic.‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|~ |lv — f(@)[*] <6* WweC

Proof.
# wlog (project f(x)toC): f:D — C
# interpolate: continuous f : C — C

o apply Brouwer FIXED POINT theorem
“Wrong” Proof !

SERGIU .
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Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|*=|lv — f(2)°| < 8% WweC
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| v — 2|*=|lv — f(2)°| < 8% WweC

“Right” Proof.
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep|o — 2|*~|lv — f(2)|*| < 8% WweC

“Right” Proof. Use the MINIMAX theorem
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I Stochastic.‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep|o — 2|*~|lv — f(2)|*| < 8% WweC

“Right” Proof. Use the MINIMAX theorem
® h(z,v):= |lv—z|* = [lv = f(2)|

SERGIU HAR 021 —p. 32
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® h(z,v) = [lv —z|° — [lv — f(=)|°



| Stochastic “Fixed Point”

® h(z,v) :=|lv —z|° — |lv — f(2)|°
o For every distribution Q onv € C-



I Stochastic.‘‘Fixed Point”’

® h(z,v) := |lv —z|* — |lv = f(2)|
o For every distribution Q onv € C:

h(,Q) = Eong |llv — 2| = lv — F(@)|*
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Stochastic.‘‘Fixed Point”’

® h(z,v) := |lv —z|* — |lv = f(2)|
o For every distribution Q onv € C:

h(,Q) = Eong |llv — 2| = lv — F(@)|*
o Forx = Eg [v] we get h(x,Q) <0
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I Stochastic.‘‘Fixed Point”’

® h(z,v) := |lv —z|* — |lv = f(2)|
o For every distribution Q onv € C:

h(x,Q) = Eong |lv — 2] = |lv — F(@)|I*

s Forxz =Eq
9 FOI’LB%EQ

v

] we get h(x,Q) <0

v]in Dweget h(z,Q) < §°
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I Stochastic.‘‘Fixed Point”’

® h(z,v) := |lv —z|* — |lv = f(2)|
o For every distribution Q onv € C:

s Forxz ~ Eq[v]in Dweget h(z,Q) < é”
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I Stochastic.‘‘Fixed Point”’

® h(z,v) := |lv —z|* — |lv = f(2)|
o For every distribution Q onv € C:

s Forxz ~ Eq[v]in Dweget h(z,Q) < é”

$ =—> [ MINIMAX ]
There exists a distribution P on x € D s.t.

h(P,v) < 6* foreveryv € C

SERGIU -p.
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Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| o — 2| = o — f(@)|*] <6* YweC
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| o — 2| = o — f(@)|*] <6* YweC

# Obtained by solving a MINIMAX problem
(LP)
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I Outgoing Minimax (FH)

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| o — 2| = o — f(@)|*] <6* YweC

# Obtained by solving a MINIMAX problem
(LP)
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I Stochastic.‘‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Eep| o — 2| = o — f(@)|*] <6* YweC

# Obtained by solving a MINIMAX problem
(LP)
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I Stochastic.‘Fixed Point”’

Theorem. There exists a probability distribution
P on the 9-grid D of C such that:

Bep| v —2|* = |lv = f(2)|*] < 8% WweC

# Obtained by solving a MINIMAX problem
(LP)

# Moreover: solving a FIXED POINT problem
yields a probability distribution P that is
ALMOST DETERMINISTIC: its support is

included in a ball of size § I

HART (© 2021 -p. 34
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Calibrating

Theorem

There is a stochastic procedure
that GUARANTEES CALIBRATION
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I Calibrating

Theorem

There is a stochastic procedure
that GUARANTEES CALIBRATION

Proof. Self-calibeating + Stochastic Fixed Point
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I Calibrating

Theorem

There is a stochastic procedure
that GUARANTEES CALIBRATION

Proof. Self-calibeating + Stochastic Fixed Point

Note. O-CALIBRATION

SERGIU HAR 021 —p. 35
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Calibrated Calibeating

Theorem

4 There Is a stochastic procedure\
that GUARANTEES CALIBEATING

& /
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I Calibrated Calibeating

Theorem

4 There Is a stochastic procedure\
that GUARANTEES CALIBEATING
\ and CALIBRATION /
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I Calibrated Calibeating

Theorem

4 There Is a stochastic procedure\
that GUARANTEES CALIBEATING
\ and CALIBRATION /

Proof. Calibeat the joint binning of b and ¢,
by applying Stochastic Fixed Point
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I Calibrated Calibeating

Theorem

4 There Is a stochastic procedure\
that GUARANTEES CALIBEATING
\ and CALIBRATION /

Proof. Calibeat the joint binning of b and ¢,
by applying Stochastic Fixed Point

STRONG CALIBEATING:

R(c) < R(b) and K(c) =0 I

HART (© 2021 -p. 36







I Continuous Calibration

® CONTINUOUS CALIBRATION: combine the
days when the forecast was close to p



Continuous Calibration

® CONTINUOUS CALIBRATION: combine the
days when the forecast was close to p
(smooth out the calibration score)



I Continuous Calibration

® CONTINUOUS CALIBRATION: combine the
days when the forecast was close to p
(smooth out the calibration score)

o Theorem:

e

There exists a deterministic procedure
that IS CONTINUOUSLY CALIBRATED.

D




I Continuous Calibration

® CONTINUOUS CALIBRATION: combine the
days when the forecast was close to p
(smooth out the calibration score)

o Theorem:

é Y

There exists a deterministic procedure
that IS CONTINUOUSLY CALIBRATED.

\ J

Deterministic => holds also when the
forecasts are “leaked”

—
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I Continuous Calibration

® CONTINUOUS CALIBRATION: combine the
days when the forecast was close to p
(smooth out the calibration score)

o Theorem:

é Y

There exists a deterministic procedure
that IS CONTINUOUSLY CALIBRATED.

\ J

Deterministic => holds also when the
forecasts are “leaked”

Foster and Kakade (2004, 2006)
Foster and Hart (2018, 2021) I

HART (© 2021 -p. 37




JuContinuous; Calibrated Calibeating



Continuous-Calibrated Calibeating

Theorem

4 There is a deterministic procedure\
that GUARANTEES CALIBEATING

\_ /
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I Continuous-Calibrated Calibeating

Theorem

4 There is a deterministic procedure\
that GUARANTEES CALIBEATING
\ and CONTINUOUS CALIBRATION /
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I Continuous-Calibrated Calibeating

Theorem

4 There is a deterministic procedure\
that GUARANTEES CALIBEATING
\ and CONTINUOUS CALIBRATION /

Proof. Calibeat the joint binning of b and ¢,

by a Fixed Point result (Brouwer)

HART (© 2021 -p. 38






I Multi-Calibeating

Theorem

/There is a deterministic procedur}

that GUARANTEES

simultaneous CALIBEATING
of several forecasters
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I Multi-Calibeating

Theorem

/There is a stochastic procedur}

that GUARANTEES

simultaneous CALIBEATING
of several forecasters

K and CALIBRATION /




I Multi-Calibeating

Theorem

/There is a stochastic procedur}

that GUARANTEES

simultaneous CALIBEATING
of several forecasters

K and CALIBRATION /
Proof. Calibeat the joint binning I




In all the results above:

B
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In all the results above:

CALIBRATION

Obtained by Minimax

Procedure stochastic

—
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... and:Continuous Calibration

In all the results above:

CALIBRATION | CONTINUOUS
CALIBRATION

Obtained by Minimax Fixed Point

Procedure stochastic deterministic

SERGIU HAR 021 —p. 40
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Refinement Score and Brier Score

Claim. The REFINEMENT score is the minimal
BRIER score over all relabelings of the bins:



Refinement Score and Brier Score

Claim. The REFINEMENT score is the minimal
BRIER score over all relabelings of the bins:

Rr(b) = min Br(¢(b))



Refinement Score and Brier Score

Claim. The REFINEMENT score is the minimal
BRIER score over all relabelings of the bins:

Rr(b) = min Br(¢(b))

where the minimum is taken over all
¢: B — A(A)
and

¢(b) = (¢(b1), ..., ¢(br))

SERGIU -p.
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I Refinement Score and Brier Score

Claim. The REFINEMENT score is the minimal
BRIER score over all relabelings of the bins:

Rr(b) = min Br(¢(b))

where the minimum is taken over all
¢: B — A(A)
and

¢(b) = (¢(b1), ..., ¢(br))

Proof. Label each bin b with ¢(b) = ar(b) I

HART (©) 2021 —p. 41
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® c CALIBEATS b:

BT(C) S RT(b) + 0(1)



® c CALIBEATS b:

B(c) < R(b)



® c CALIBEATS b:

B(c) < R(b)

B(c) < min B(¢(b))

where ¢ : B — A(A)



I Calibeating

® c CALIBEATS b:
B(c) < R(b)
B(c) < min B($(b))
where ¢ : B — A(A)

® ¢ MULTI-CALIBEATS by, ..., by
B(c) < min minB(¢"(b"))

1<n<N ¢"
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Calibeating

® c CALIBEATS b:

B(c) < R(b)

B(c) < min B(¢(D))

where ¢ : B — A(A)

® ¢ MULTI-CALIBEATS by, ..., by
B(c) < min minB(¢"(b"))

1<n<N ¢"

where ¢" : B" — A(A) I
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® c MULTI-CALIBEATS by, ..., bx:

B(c) < min minB(¢"(b"))

where ¢" : B" — A(A) I
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® c MULTI-CALIBEATS b, ..., b"V:

B(c) < min min B(¢"(b"))

1<n<N "

where ¢" : B" — A(A)



I Calibeating

® c MULTI-CALIBEATS b1, ..., b"V:

B(c) < min min B(¢"(b"))

1<n<N "

where ¢" : B" — A(A)

® c CALIBEATS THE JOINT of bl, ..., b®V:

B(c) < min B(¢(b',...,bY))
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I Calibeating

® c MULTI-CALIBEATS b1, ..., b"V:

B(c) < min min B(¢"(b"))

1<n<N "

where ¢" : B" — A(A)

® c CALIBEATS THE JOINT of bl, ..., b®V:

B(c) < min B($(b', ..., bY))

where ¢ : B! x ... x BY — A(A)






® cisS AS STRONG AS bl,...,b"V:

B(c) < min B(b")

1<n<N

B
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I Stronséer Exgert

® cis AS STRONG AS bl,...,b"V:

B(c) < min B(b")

1<n<N

® C IS AS STRONG AS THE LINEAR SPAN of
bl,..., bV if

B(c) < min B(w'b! + ... + wb")

wl,..., wlN
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I Calibeating vs Stronger Expert

® c MULTI-CALIBEATS by, ..., bx:

B(c) < min min B(¢"(b"))

1<n<N "
where ¢": B" — A(A)



I Calibeating vs Stronger Expert

® c MULTI-CALIBEATS by, ..., bx:

B(c) < min min B(¢"(b"))

1<n<N "
where ¢" : B" — A(A)

® cis AS STRONG AS bl,...,b"V:

B(c) < min B(b")

1<n<N

SERGIU -p.
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Calibeating > Stronger Expert

® c MULTI-CALIBEATS by, ..., bx:

B(c) < min minB(¢"(b"))

1<n<N "
where ¢" : B" — A(A)

® cis AS STRONG AS bl,...,b"V:

B(c) < min B(b")

1<n<N

[CALIBEATING IS stronger !j I
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I Calibeating vs Stronger Expert

® c CALIBEATS THE JOINT of by, ..., by

B(c) < min B(6 (b, .., b™))

where ¢ : Bl x ... x BY — A(A)
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Calibeating vs Stronger Expert

® c CALIBEATS THE JOINT of by, ..., by
B(c) < min B(p(b', ..., b))
where ¢ : Bl x ... x BY — A(A)

® CIS AS STRONG AS THE LINEAR SPAN of
bl, ..., b if

B(c) < min B(w'b! + ... + w¥b")

wl,...,wN
SERGIU HAR 021 —p. 46



I Calibeating > Stronger Expert

® c CALIBEATS THE JOINT of by, ..., by

B(c) < min B($(b', ..., bY))

where ¢ : B! x ... x BY — A(A)

® CIS AS STRONG AS THE LINEAR SPAN of
bl, ..., b if

B(c) < min B(w'b' + ... + w¥bY)

wl,...’wN

[CALIBEATING IS stronger !j I
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#® SCORING RULE: quadratic loss

Eq~allla — ||’

B
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I Scoring Rules

#® SCORING RULE: quadratic loss
Eqndllla — cl|”]

o minimal when ¢ = d (true distribution of a)
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I Scoring Rules

#® SCORING RULE: quadratic loss
Eqndllla — cl|”]

o minimal when ¢ = d (true distribution of a)

# PROPER scoring rule L(d, c¢):

o expected loss is minimized when the
forecast I1s correct, 1.e., c = d

ERGIU HAR 021 —p. 47



I Scoring Rules

#® SCORING RULE: quadratic loss
Eqndllla — cl|”]

o minimal when ¢ = d (true distribution of a)

# PROPER scoring rule L(d, c):

o expected loss is minimized when the
forecast I1s correct, 1.e., c = d

® — DIVERGENCE D = Dt
D(d,c) >0 and D(d,d) =0
(replaces || - ||?)

—

SERGIU HART (©) 2021 —p. 47









I Brieri Calibration, Refinement

1 T
B% p— f Z DL(a,t, Ct)
t=1
1 t
’Cfll-i — f Z DL(C_I,T(Ct), Ct)
t=1



I ; ' t
Brier; Calibration, Refinemen

1 \
L — — D (at,ct
B = 1
t
=" Dl(ar(er), )
L .= = D*(ar(c;),
S 3
LS~ Dl (ay, ar(e)
— D" (a;, ar(cy
L _
R = o1
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® PROPER CALIBRATION / CALIBEATING:
calibration / calibeating w.r.t. all 1-bounded
proper scoring rules L



Proper. Calibration / Calibeating

® PROPER CALIBRATION / CALIBEATING:
calibration / calibeating w.r.t. all 1-bounded
proper scoring rules L (uniformly in L)



I Proper. Calibration / Calibeating

® PROPER CALIBRATION / CALIBEATING:
calibration / calibeating w.r.t. all 1-bounded
proper scoring rules L (uniformly in L)

» PROPER-CALIBRATION:

51]1;p sng Kr(c)] <o(1) (as T — oo)
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I Proper. Calibration / Calibeating

® PROPER CALIBRATION / CALIBEATING:
calibration / calibeating w.r.t. all 1-bounded
proper scoring rules L (uniformly in L)

» PROPER-CALIBRATION:

Sl;p Sl;pE Kr(c)] <o(1) (as T — oo)

® PROPER-CALIBEATING:
supsupE [Bf(c) — Rz(b)] < o(1)

L a,b
(as T — o0) I

HART (© 2021 —p. 49
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JuRuopes Galibration / Calibeating

Resulis




I Proger Calibration / Calibeating

Results
1. Calibration =—> PROPER-CALIBRATION



I Proger Calibration / Calibeating

Results
1. Calibration =—> PROPER-CALIBRATION
2. Calibeating =—> PROPER-CALIBEATING
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Results
1. Calibration =—> PROPER-CALIBRATION
2. Calibeating 7> PROPER-CALIBEATING !!
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I Proper. Calibration / Calibeating

Results

1. Calibration =—> PROPER-CALIBRATION

2. Calibeating 72> PROPER-CALIBEATING !!
3. Calibeating the joint is PROPER-CALIBEATING
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I Proper. Calibration / Calibeating

Results
1. Calibration =—> PROPER-CALIBRATION

2. Calibeating % PROPER-CALIBEATING !!
3. Calibeating the joint is PROPER-CALIBEATING

4. “A simple way to calibeat” (c; = a}_,) is
LIPSCHITZ PROPER-CALIBEATING
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I Proper. Calibration / Calibeating

Results
1. Calibration =—> PROPER-CALIBRATION

2. Calibeating % PROPER-CALIBEATING !!
3. Calibeating the joint is PROPER-CALIBEATING
4

. “A simple way to calibeat” (c; = @} _,) is
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I Proper. Calibration / Calibeating

Results
1. Calibration =—> PROPER-CALIBRATION

2. Calibeating % PROPER-CALIBEATING !!
3. Calibeating the joint is PROPER-CALIBEATING
4

. “A simple way to calibeat” (c; = @} _,) is
PROPER-LI-CALIBEATING

5. CONTINUOUS PROPER-LI-CALIBEATING by a

deterministic procedure
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I Proper. Calibration / Calibeating

Results

1. Calibration =—> PROPER-CALIBRATION
Calibeating %> PROPER-CALIBEATING !!
Calibeating the joint is PROPER-CALIBEATING

B~ W

. “A simple way to calibeat” (c; = @} _,) is
PROPER-LI-CALIBEATING

5. CONTINUOUS PROPER-LI-CALIBEATING by a
deterministic procedure

6. PROPER-MULTICALIBEATING I

SERGIU HART (©) 2021 -p. 50
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ISi king Under Uncertainty

®» u: AxXx X —R
» A : states of nature
o X : decisions



Decision Making Under Uncertainty

®» u: AX X —R
o A : states of nature
o X : decisions

# For every distribution d € A(A):

» OPTIMAL DECISION:
r*(d) € argmax,cxEovq [u(a, 2)]
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I Decision Making Under Uncertainty

®» u: AX X —R
o A : states of nature
o X : decisions

# For every distribution d € A(A):

» OPTIMAL DECISION:
r*(d) € argmax,cxEovq [u(a, 2)]
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I Decision Making Under Uncertainty

®» u: AX X —R
o A : states of nature
o X : decisions

# For every distribution d € A(A):

» OPTIMAL DECISION:
r*(d) € argmax,cxEovq [u(a, 2)]

SERGIU -p.

HART (©) 2021 —p. 51

# LOSS: L*(a,c) = —u(a,x*(c))
—> L“Is a PROPER SCORING RULE
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FORECASTING SEQUENCE ¢ = (¢;)
generates DECISION SEQUENCE x*(c¢;)

® AVERAGE UTILITY

T

tr(c) = > wlar, 2 ()

t=1

SERGIU HAR 021 —p. 52
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FORECASTING SEQUENCE ¢ = (c¢;)
generates DECISION SEQUENCE x*(c¢;)

® AVERAGE UTILITY

T

Ur(c) := e > ulag, v*(cr))
T

t=1

o REGRET OF (BEST REPLYING TO)
FORECASTS c

T

REG (c) := max iZu(at,ﬁ(ct))—L{T(c)

&AA)—X T = I

HART (© 2021 -p. 52
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@ Y

REGRET = CALIBRATION
REGY(c) = Kz (c)

\ S
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é Y

REGRET = CALIBRATION
REGY(c) = Kz (c)

\ J

4 . . )
a forecasting procedure is

PROPER-CALIBRATED
=
EVERY bounded decision maker

has NO REGRET
G J

SERGIU HAR 021 —p. 53
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é Y

REGRET CALIBRATION
REGH(c) = KL (c)

\ J

4 . . )
a forecasting procedure is

PROPER-CALIBRATED
e
EVERY bounded decision maker

has NO REGRET
G J

[ PROPER-CALIBRATION = UNIVERSAL NO REGRET ] I

HART (© 2021 -p. 53
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® c PROPER-CALIBEATS b =



I Decision Making Under Uncertainty

® c PROPER-CALIBEATS b =

UT(C) > LlT(b) + REG%(b) — 0(1)

for EVERY bounded u



SERGIU HART (©) 2021 —p. 55
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