HIPPOPOTOMONSTROSESQUIPEDALIOPHOBIA (THE FEAR OF
LONG WORDS)

Definition. Given a word w(zy,...,x,) in a free group, and a group G, we define a word
map wg : G" = G, (91,-,9-) — w(g1,...,9,). Given w; € F, and ws € F,, we write
wy * wy € Fy 4, for their concatenation. We write w*' = w ... x w. E.g. w = [z,y|. Then

wxw = [x,y] - [z,w].
We would like to study the solution set {x,y € G : [z,y| = g}, for g € G.

Definition. Let G be a compact group, with Haar measure pg. Let w € F,.. Then 7, ¢ 1=

|w=(g)|

(W) ptg; is the word measure associated to w and G. If G is finite 7, ¢(g9) = Teld

w induces a natural random walk on G. Suppose G finite.

1% step: randomly choose gy, ..., g, and move to w(gy, ..., g.). Probability to reach g € G is
Tw,G(9)-

2" step: randomly choose hy, ..., h, and move to w(gy,...,g,) - w(hi, ..., h,), and so on.
Probability to reach g € G at the t-th step is

*t

Twc(9) = Twa(g) = M-

|G|7’t
Slogan: “word measures admit uniform behavior in high complexity”.
Fix w € F}, and consider wg : G" — G for G = SLy(F5) and G = SLygo (F001)-

Theorem (Larsen-Shalev-Tiep). For any w € F,, there exist N(w), e(w) > 0 such that:

(1) LST ’11. (w*w), : G — G is surjective on every finite simple group G, |G| >
N(w).

(2) LS ’12. |ruc(g)| < |G Vg and for every finite simple group G, |G| > N(w).

(3) LST ’19. (Uniform L*®-mizxing time) It(w) > 0, such that

lim <max qu(éu) (9) |G| — 1’) = 0.

Gfsg,|G|—o0 \ g€G

Explicitly, t(w) ~ £(w)*, e(w) ~ (w)™.

Question. Do we have similar phenomena for:

e compact p-adic groups, {SLn(Z,)}, , (i-e the collection {SLn<Z/ka>}npk;)
o Compact simple Lie groups, e.g. {SUy}, .

e (Hui-Larsen-Shalev ’13) w * w : SU>" — SU,, is surjective for n >, 1.
e (Avni-Gelander-Kassabov-Shalev ’13) w*? is surjective on SL,(Z/p*Z), for p >
1 and k.
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Approach: word maps on SL,(F,), SL,(Z,), SU,, all come from one polynomial map
wy, : SL — SL,. We will see that the singularities of w,, provide probabilistic information

on SL,(Z,) and SU,,, even when they are completely different groups.

0.1. Singularities and pushforward measures. w, : SL; (C) — SL,(C) is a special case
of a polynomial map f : X — Y between smooth varieties. For simplicity, X = C" and
Yy =C™
A polynomial map f: C" — C™ is smooth if it is a submersion (D f, is onto Vo € C").
Example. Let f = 22. Then f1) = 2za/, f* = 2(2')? + 222", Hence
Jo(f)(z, 2, 2") = (2%, 222/, 2(2")* + 2z2”).

Definition. Given f = (fi,..., fn) : C* — C™, its k-th jet is the map Ji(f) : C**:+) —
C™k+1) given by (f, fW, ..., ).
Definition. Let f: C" - C™. 0 <e < 1.

(1) fis eflat if all its fibers are of dimension < n — em.

(2) fis e-jet-flat, if Jy(f) is e-flat for all k& € N.

Example. f:C - C z — 2% is é—jet flat.

Theorem (Clucker-G.-Hendel). Let fi, ..., f € Z[xy, ..., 2], where fop : (Z/p*Z)" —

-1
Z/p" 7)™ is the induced map, T,i(y) = |f”’ﬁiy)|. Then f = (f1,..., fm) s e-jet flat iff
P, P

AC, M > 0 s.t for every k € N, prime p, and y € (Z/p*7)™:

—€

To(y) < C - kKMp=m ~ |(Z/pF )™

0.2. Word maps on simple algebraic groups and Lie algebras. We can now make

sense of LST for word maps on geometric objects.

Definition. A Lie algebra word w(Xjy, ..., X,) is a Q-linear combination of iterated com-
mutators. E.g X 4+ [X,Y] and [[X,Y],Y]. For each Lie algebra g, w induces a Lie algebra
word map wy : g" — g. If w = [X, Y] then we set w*w = [X, Y] + [Z, W].

Theorem 1 (G.-Hendel). Let w be a Lie algebra word of degree d. Then 3C > 0, s.t for

every simple Lie algebra g, where 0 # wy:

(1) wg: g" — g is ap-jet-flat.
(2) The map wi' is 1-jet-flat for t > C'd*.

Theorem 2 (G.-Hendel). Let w € F, of length {. Then w, : SL,(C)" — SL,(C) is j5r-
jet-flat Vn.

0.3. Probabilistic applications.
Theorem 3 (G.-Hendel). Let w € F,. For everyn,k € N, p>>, 1, and A € SL,(Z/p"Z):

stz (A)] < |SLa(Z/pt2z)| "z
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Let SL}(Z,) be the kernel of SL,(Z,) — SL,(F,) (first congruence subgroup).

Theorem 4 (G-Hendel). Let w € F,. 3C > 0, s.t for every t > Cl(w)*, n € N, p>>, 1,

T*t

w.SLL (Z,) has bounded density.



