EXPERIMENTS WITH CERESA CLASSES OF CYCLIC FERMAT
QUOTIENTS
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ABSTRACT. We give two new examples of non-hyperelliptic curves whose Ceresa cycles have torsion
images in the intermediate Jacobian. For one of them, the central value of the L-function of
the relevant motive is non-vanishing, consistent with the conjectures of Beilinson and Bloch. We
speculate on a possible explanation for the existence of these torsion Ceresa classes, based on some
computations with cyclic Fermat quotients.

1. INTRODUCTION

Let C be a smooth projective curve over a field k& with a point e € C(k). Let J be the Jacobian
of C, and let t: C — J be the Abel-Jacobi map sending e to 0. The Ceresa cycle k.(C) is the
class of +(C) — [—1]*¢(C) in the Chow group CH;(J) of one-cycles modulo rational equivalence
on J. Let k(C) be its image in the Griffiths group Gr;(J) of null-homologous one-cycles modulo
algebraic equivalence, which does not depend on the choice of e. When C' is hyperelliptic, we have
£(C) = 0. On the other hand, Ceresa showed that x(C') has infinite order for the general curve of
genus g > 3 [9]. It was speculated that this may be the case for all non-hyperelliptic curves, but
recently two counterexamples were discovered.

Bisogno, Li, Litt, and Srinivasan showed that for the genus 7 Fricke-Macbeath curve, the image
of ke(C') under the étale Abel-Jacobi map is torsion [4]. Gross then showed that the appropriate L-
function has non-vanishing central value, giving more evidence that x(C') is torsion in the Griffiths
group [14], as we will explain. Zhang and Qiu have recently shown that the corresponding Gross—
Kudla—Schoen cycle vanishes in the Chow group [20]. In particular, this implies that x(C) is
torsion [13, Rem. 3.4] for the Fricke-Macbeath curve.

The second example is due to Beauville in [2], who shows that for the genus 3 plane curve
D?: 3 = 2* 4+ z, the complex Abel-Jacobi image of k.(C) is torsion, for appropriate choice of
e. Assuming conjectures of Beilinson and Bloch, this implies that k.(C) and k(C) are torsion.
Beauville and Schoen then gave an unconditional proof that x(C') is torsion in [3].

1.1. Results. Beauville’s proof in [2] is elegant and simple, making use of an automorphism of
order 9 on the curve. The aim of this note is to find more non-hyperelliptic examples of Ceresa
cycles which are Abel-Jacobi trivial via Beauville’s method. The curves we consider are the cyclic
quotients of the Fermat curves F™ : X™ + Y™ 4+ Z™ = (. Beauville’s curve D? is a quotient of
FY (see Proposition 3.1), so this is a natural family to consider. Ceresa cycles of cyclic Fermat
quotients have been studied quite a bit [12,15,19,22], but mostly when m is prime or when the
Jacobian has many simple factors, which perhaps explains why these examples have been missed.

We have turned Beauville’s method into an algorithm and implemented it in SageMath [24]. We
ran the algorithm on all cyclic Fermat quotients of F™ up to m = 50. On the positive side, we
found two new examples of Ceresa cycles whose Abel-Jacobi images are torsion: the trigonal curves
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with affine equations
D23 =2t 41 and DY g3 =2 41,

of genus 3 and 4, respectively. On the negative side, these were the only examples we found, and
enlarging m seems unlikely to discover more by Beauville’s method (see Section 3.3).

Our experiments uncovered a phenomenon that points to a possible explanation of the three
torsion Ceresa examples DY, D2, and D'. In all three cases, there is an algebraic correspondence
between D™ and a hyperelliptic quotient of F'™. We use work of Aoki to show that the minimal
cyclic Fermat quotients with this property and with m # 2 (mod 4) are our curves D, D2, D5,
and a genus 9 curve which is a quotient of F2!. This suggests the possibility that the Ceresa cycle
is torsion because some multiple of it arises via correspondence from a hyperelliptic Ceresa class.

1.2. L-functions. The kernel of the Abel-Jacobi map (restricted to cycles defined over Q) is
conjectured to be torsion. This would imply that the Ceresa cycle of each of the curves D?, D2,
and D' (with respect to a certain base point) is torsion modulo rational equivalence, and hence
modulo algebraic equivalence as well. For DY, the latter statement is the main result of [3].

The existence of non-torsion algebraic cycles in the Chow group is the main theme of the con-
jecture of Beilinson and Bloch [5]. Given a smooth projective variety X over a number field K, the
conjecture predicts that the rank of the group CH"(X)( of null-homologous cycles of codimension
7 is equal to the order of vanishing of the L-function of the motive H?"~!(X) in degree 2r — 1 at
s = r. Similarly, refinements of this conjecture predict that in certain situations, L-functions of
submotives of H?"~1(X) detect properties of cycles modulo algebraic equivalence (see Section 4.1).

Both curves D? and D'? have genus 3. Let J? and J'? denote their Jacobians. By the theory of
complex multiplication, there are submotives M? and M2 of type (3,0) + (0, 3) inside H3(.J?) and
H3(J'2) respectively. They are defined over the totally real fields Q({9)™ and Q((12)" respectively,
and they are predicted by Bloch to account for the algebraic equivalence classes of the Ceresa cycles
of D? and D'2. Using Magma [7], we find that

ordg—g L(M™/Q(¢12) T, 8) = 0.

On the other hand, the argument of [3] applies to the curve D2 as well, showing that x(D'?)
is torsion. Putting these two facts together, we obtain new evidence for the Beilinson—Bloch
conjectures. If we assume the Beilinson—Bloch conjectures, then this gives an example of a non-
hyperelliptic Jacobian over Q whose Griffiths group Gri(J) has rank 0; see Section 4.3.

For Beauville’s original example DY, we found that

ordy—a L(M®/Q(Co)*, 5) = 1

despite the fact that x(D?) is torsion. For D'5 we were not able to compute the special value of
the corresponding L-function in Magma.

1.3. Outline. Section 2 provides background on Beauville’s method and cyclic Fermat quotients.
In Section 3, we apply Beauville’s method to a genus 4 curve as a way of illustrating the algorithmic
aspect of the method, and then present the results of our implementation in SageMath. In Section
3.3, we compare and contrast the results of this note with recent work of Eskandari and Murty.
After some background on the Beilinson—Bloch conjecture and Jacobi sums, we compute the orders
of vanishing of the relevant L-functions in Section 4. Finally, in Section 5 we speculate on some
connections with hyperelliptic cyclic Fermat quotients.

2. PRELIMINARIES

Let C be a smooth, projective, geometrically integral curve over a field k of genus g > 3, as in
the introduction. We sometimes consider affine and possibly singular models of C, but the Ceresa
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cycles will always be for the smooth projective model. Let k. = k¢(C) and x = k(C') be the Ceresa
cycles and classes defined in the introduction. Let J be the Jacobian of C.

2.1. Beauville’s method. Assume now that £k = C. In [2] Beauville considers the image of k.
under the complex Abel-Jacobi map

) Al : CHITN()o— 91 (J) = IEZﬁTS) ;)'

This map is defined by the integration formula
Alo(Z)(a) = / o,  for all a € Fil® Hiz(J),
0~1(2)

where 071(Z) denotes any continuous 3-chain in J(C) whose boundary is Z.

Beauville’s idea to prove that AJc (k) is torsion in certain instances is simple and elegant.
Suppose that C' has an automorphism o that fixes a point e € C(k). The push-forward o, then
fixes the Ceresa cycle k.. By functoriality of Abel-Jacobi maps, AJc(ke) is then fixed by (o*)Y
in J971(J). If the complex torus J9~!(J) has only finitely many fixed points under (c*)V, or
equivalently, if 1 is not an eigenvalue for the action of o on the tangent space T9~1(C) of J9~1(J)
at 0, then AJc (k) must be torsion. The tangent space T9~1(C) is given by

2) HI~297Y(J) @ HI39(J) = (/\g_2 ve N\ Ve (/\9_3 ve \'v),

where V := HYO(J) = H(C, QL) and V* denotes its C-dual.
Beauville carries out this idea for the curve y3 = x* + x using the order 9 automorphism sending
(z,y) — (¢3z, Coy). Here ¢y denotes a fixed choice of primitive 9-th root of unity.

2.2. Cyclic Fermat quotients. We collect some results on cyclic Fermat quotients, from [10]
and the references therein. Recall that m denotes a positive integer. For any two integers a and b
satisfying 0 < a,b < m and ged(m, a,b,a+b) =1, let C’g:”b be the smooth projective curve birational
to

(3) Flyiy™ = (—1)“+b1’“(1 — :E)b.

The map F™—F™ sending (z: y: 1) — (—2™, 2%?") induces a map f™: F™—C™ . The genus
of C7% is

(4) m — (ged(m, a) + ged(m, b) + ged(m,a + b)) + 2.
If two other integers a’ and b satisfy the relation
(5) {a,b,m —a — b} = {td’, tb',t(m —a’ — ')} (mod m), for some t € (Z/mZ)*,

henceforth written (a,b) ~p, (a’,b'), then there is an isomorphism CI ~ C7},,. We will conse-
quently restrict our attention to equivalence classes [a, b] of pairs with respect to ~,.

Proposition 2.1. The cyclic Fermat quotient C;’?b is hyperelliptic if and only if
(a,b) ~m (1,1) or m = 2n and (a,b) ~n, (1,n).
Proof. This is [10, §IV Prop. 8 & Cor. 8.1]. O

Denote by i, the group of m-th roots of unity and let (,, be a fixed choice of primitive m-th
root of unity. Note that pm acts on C' = C7, by scaling the y-coordinate in (3). One can see the

action of y,,, on the space V = HY(C, Q};) by pulling back the differential forms in V' to the Fermat
curve F'™ via the map f = f;. A basis for f*V is

(6) Ly ==A{wrs : 0< 78,7 +s<m and br =as (mod m)},
where w5 == w;" = x"~Mys~Ldy with functions 2 = X/Z and y = Y/Z on F™.
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For integers 1 < i,j < m, the automorphisms o;; : (z,y) — ((ﬁl:ﬁ,gﬁ'@y) of F™ descend to the
curve C. Note that some of them will be trivial, as Aut(F™) contains 2, and Aut(C) only contains
tm in general. The automorphisms of F™ act on the eigenbasis (6) by the following rule:

(7) ot j(wrs) = Gt wy .
It follows that o; ; acts on the dual space V* with eigenvalues
(8) {CT?L(iT+jS) :0<rs,r+s<m and br =as (mod m)}.

The eigenvalues of 0; ; acting on the tangent space (2) are computed from those on V' and V* using
standard properties of wedge products.

3. ALGORITHM

3.1. A genus 4 example. Take m =15, a =3, b =5, and 0 = 031. Write ( = (15. By (4), the
genus of C' = Cg% is 4. It follows from (2) that

2 3 4

) = (NveNv)e (Ve V).
The eigenbasis of V is L = Lé,55 = {ws5, w310, Ws 5, w9 5 }. Using (7) and (8), the eigenvalues of o
acting on V and V* are respectively

{¢" ¢ and ¢ ¢ CPLCT)

From properties of wedge products, we deduce that the eigenvalues of o acting on

. /\z V oare {¢12,¢13, ¢4, ¢3¢0, (10,

o N°V*are {¢,¢°,¢", (Y,

o N'V*is ¢8.
We obtain that the eigenvalues of o acting on /\2 Ve /\3 V*and V ® /\4 V* are respectively

{¢'%,¢%,¢7,¢,¢M 5, ¢ 0 ¢t ¢ 0 ¢3¢ and (¢ 7,00,

We conclude that 1 is not an eigenvalue of o acting on 7%(C). By the arguments of Section 2.1,

AJe(ke) is torsion for any point e € C(Q) fixed by o.

3.2. Algorithm and results. We have implemented Beauville’s method in SageMath [24]; see [17].
The algorithm takes as input a positive integer m and outputs the list of all cyclic Fermat quotients
of F™ in the format (m, a,b,m—a—0b) together with their genus. If a cyclic Fermat quotient has an
automorphism o; ; for which 1 is not an eigenvalue for the action on the tangent space (2), then the
algorithm also outputs (m,a,b,i,7). Only the first such automorphism is listed, as the existence of
an automorphism is what matters for our purpose.

We ran our algorithm for all positive integers m up to 50. For each even m = 2n, the cyclic
Fermat quotient C7",_; has an automorphism for which 1 is not an eigenvalue, hence the arguments
of Section 2.1 apply. However (1,1 — 1) ~, (1,n) and thus by Proposition 2.1 the curve C7),_; is
hyperelliptic. The only other examples of torsion Ceresa class we found were for the curves

(9) CYy, C1%, and C1%.
The first two have genus 3 and the third has genus 4. By Proposition 2.1, these are non-hyperelliptic.

Proposition 3.1. The curves 032, 011723, and 01155 are respectively isomorphic over Q to the smooth
projective plane curves with affine models

D° =t
D12 =2t 4+ 1
D =%+ 1

Proof. Magma [7]. O
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Remark 3.1. For each of the three curves D™ above, it is known that D™ is the unique curve
over C of genus g(D™) with an automorphism of order m; for the genus 3 curves, see [18, pg. 2].

Proposition 3.2. Let C be either sz, 011?3, or C’i‘%, and let e = (0,0,1). Then AJc(ke) is torsion.

Proof. In each of the three cases we have a = 1, and (0,0) is a non-singular point of F, fixed by
the p,-action. The result then follows from the arguments of Section 2.1 and the output of our
algorithm (9). O

Remark 3.2. Note that
(~2)-{3,5,7} = {9,5,1} = {1,5,9} (mod 15),

which implies that (3,5) ~15 (1,5), and thus Cll% ~ %% Proposition 3.2 therefore recovers the
example calculated by hand in Section 3.1.

Remark 3.3. Propositions 3.1 & 3.2 generalize Beauville’s result [2] for the curve D°.

3.3. Discussion and related work. The genus of C7} is of size O(m) as m — oo. The dimension

of the tangent space (2) therefore grows as O(m?). Since there are O(m) choices for eigenvalues, it
becomes very unlikely that 1 is not an eigenvalue for the action of o; ; as m — oo. It therefore seems
unlikely that Beauville’s method alone will provide more examples of non-hyperelliptic curves with
torsion Ceresa cycle under the complex Abel-Jacobi map. The output of our algorithm for large
m is consistent with this heuristic.

Our results can be compared with recent work of Eskandari and Murty [12]. They show that for
every choice of base point, the image of the Ceresa cycle of F™ under the complex Abel-Jacobi
map is non-torsion, for any integer m divisible by a prime greater than 7. For an excellent survey of
results concerning the non-triviality of Ceresa cycles of Fermat curves and their quotients see [11].
In Remark 2 on page 17 of [11], Eskandari and Murty speculate whether their method can be
extended to prove that for every choice of base point, the image of the Ceresa cycle of the cyclic
Fermat quotient Cfb under the complex Abel-Jacobi map is non-torsion for all prime numbers
p > 7. Indeed, we ran our algorithm for quotients of Fermat curves of prime degree up to 71 and
found that Beauville’s method applies to none of them. It is interesting that for composite values
of m, we do find curves C’f:”b with torsion Ceresa cycle, but only when the prime factors p | m all
satisfy p < 7.

4. L-FUNCTIONS

We make explicit the Beilinson-Bloch conjectures for the Jacobians Jiq,Q and Jllg,), which predicts

the rank of the Griffiths group of one-cycles in terms of certain L-functions. For Jl%, we give new
evidence for this conjecture.

4.1. The Beilinson—Bloch conjecture. Let C be as in Section 2, defined over a number field
K. The conjecture of Beilinson and Bloch [5] predicts the equality

(10) rankz CHY ™ (J)g = ords—y—1 L(H*973(J)/K, s),

where L(H?973(J)/K, s) denotes the L-function of the compatible system of ¢-adic Galois represen-
tations coming from the cohomology of the Jacobian J in degree 2g — 3. Both the finite generation
of CHY71(.J)¢ and the analytic continuation of the L-function are not known in general, hence are
implicit in the conjecture.

Suppose there is a motivic decomposition H2973(.J) = I @& M, where M is pure of type (g, g—3)+
(9—3,9) and I has type (9—1,9—2)+(g—2,9—1). Then the subgroup of algebraically trivial cycles
CHY7!(J)alg maps trivially under the étale Abel-Jacobi map to H'(Gal(K/K), M (g — 1)) [5].
Hence, it is natural to expect the equality

(11) rankz, Gr9~!(J) = ords—y—1 L(M/K, s),
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where Gr9'(J) := CHY"(J)o/ CHY " (J)ay is the Griffiths group. The equality (11) is Bloch’s
“Son of Recurring Fantasy”. Even if H2973(J) does not have such a decomposition, Bloch defines a
coniveau filtration F* C H?973(J) and conjectures that the rank of Gr9~!(.J) is equal to the order
of vanishing of L(F°/F!,s) at its central point. See [6] for more details.

Next, we recall an explicit description of the relevant L-functions in our examples.

4.2. Jacobi sums. Fix m,a, and b as in Section 2.2, and let C' = C7, and J = J;5. For any
n dividing m, there is a map F—F™/™ given by (z,y) — (2",y"). Together with f = aps 1t
induces a map of Jacobians Jac(F m/ ™)—.J. Define J° to be the subvariety of .J generated by the
images of the above maps for all proper divisors n of m. Define the new part A = AZ?b =J/ JOld,

a quotient of J7%. Let
Hy = {h € (Z/mZ)*: (ha) + (hb) < m},

where (-) denotes the unique representative in {1,...,m — 1} of the residue class modulo m, and
define

Walh, = {h e (Z/mZ)": h ab = Hgfb}.

The abelian variety A has CM by Z[(,,] with CM type equal to H, C Gal(Q((rn)/Q). Moreover,
A is simple if and only if W3 = {1}. In general, A is isogenous over C to [W,%| isomorphic
simple factors each having CM by the subfield K7, of Q(¢m) fixed by Wb and CM type given by
Hy /Wi, € Gal(K7/Q).

For each prime ideal p of Z[(,], let F, denote the residue field Z[(y]/p. If p + m, then the

m-th power residue symbol xp : Fy' — i C Q(Gn) is uniquely determined by the congruence
(p)—1

Xp(2) = P (mod p). Define the Hecke character (defined on ideals of Z[(,,] prime to m)

m

Tab = Tap * Lo(c,) (M) —Q((m) ™

whose value on prime ideals p is the Jacobi sum

Tan(P) == D Xp()xp(l—2).

2€Fp\{0,1}

The algebraic integer 7, ;(p) has absolute value N (p)!/2 in every complex embedding [25].

Fix a primitive character x : pt;,,—C* and define T:};X = X7b = X0Tap : Ig(c,,)(m)—C*. This
is a Grossencharacter for Q((,,) whose infinity type is given by the CM type of A. The complex
L-function L(A/Q, s), attached to the cohomology of A in degree 1, has degree p(m) and we have

the equality
L(A/Q,5) = L(7X, /Q(Gn), 5),

where the latter is the Hecke L-function attached to the Grossencharacter 7, [25]. In particular,
it has analytic continuation and satisfies a functional equation [23].

Remark 4.1. The equality of L-functions is independent of the choice of y. Indeed, the polynomial
[T,,(1 - Tap(P)T7*) has integer coefficients.

4.3. L-function calculations. Inspired by Bloch’s L-function calculations [5] for the Klein quartic
02771, we compute the order of vanishing of the L-function relevant for the algebraic equivalence

class of the Ceresa cycle in the case of Beauville’s curve 032 and the curve 01123
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4.3.1. The L-function for 032. Fix a character x : ug—C* by sending (9 to e and identify as
usual Gal(Q(¢y)/Q) with (Z/9Z2)* = {1,2,4,5,7,8}. We order the complex embeddings by pairs
of complex conjugates as {(1,8),(2,7),(4,5)}. In this subsection, C' = C(ig
The morphism f : F?—C is given by (z:y: 1) — (=22, 2y?). We have V := H'(C) and a
basis of f*V is (in the notation of Section 2.2)
L%z = {wi2, w24, w51}

The automorphism o (z: y: 1) = (¢§z: (Jy: 1) of F? descends to an order 9 automorphism of C.
We have

9
(12) o w2 = (w2, o wa 4 = (Gwa 4, w1 = (Gws 1.

Let J = JﬁQ. For each prime ¢, the /-adic cohomology group Hgt(J@, Q) inherits an action of
o C Aut(C) and admits an eigenspace decomposition

H(J5, Qo) = @m

where the sum is over primitive characters ¢ : ,ug—>(CX and H? is the corresponding eigenspace.
This is a direct sum of Gal(Q/Q((o))-representations, and the decomposition carries an action of
Gal(Q(¢)/Q) = (Z/9Z)* by a(H®) = H?". Tt follows from (12) that

(13) HY(C) = HX® HX @ HY,
after base change to C.

Remark 4.2. We have J = J}, = A} ,, which is a simple abelian variety with CM by Z[(o]. The
decomposition (13) is reflected by the fact that the CM type of J is HY 5 = {1,2,5}.

Let H denote the motive H'(.J). The (3,0) + (0,3) type submotive of H3(J) = A\* H is
(14) M= M, := (HX © H' @ HX5) @ (HX8 o H @ HX4> .

The motive M is defined over the maximal totally real subfield Q(9)™ of Q(¢9). The Beilinson—
Bloch conjecture (11) in this case predicts that

(15) ranky, GrQ(JQ(<9)+) = ords—s L(M/Q(() ™, 5).
Proposition 4.1. The order of vanishing of L(M/Q((o)™,s) at s = 2 is equal to 1.

Proof. From the discussion in Section 4.2, we have L(HX/Q((o),s) = L(77'5,s), where 7, has
infinity type [[1, 0], [1, 0], [0, 1]]. The conductor of this character has norm 3% (see [8, Table pg. 59]).

We have the equalities of L-functions
2 5
L(M/Q(CQ)+7 S) = L(T{f27-lx,27-lx,2/Q(<9)v 3) = L(T{f27—2x,47—5x,1/(@(69)7 3)7

where the latter is defined as

L(rm4m1/QG)s) = [ (1= memamaNE) ™)™ =[] Lo(s)

p<aQ(¢o) P
If p is a prime of Q({y) above p # 3, the factor L,(s) can be described as follows:
p=1 (mod9):
(1- 71X,272X,4T5X,1(P)p_8)_1(1 - 72)6,475,871)(,2(%3)17_8)_1(1 - Tifs@fﬂ%zx(?)p_s)_l

(1- 7?17527%5(13)1)78)71(1 - 7%57526,17&7(13)1978)71(1 - Téfﬂ%sﬂfs(p)lfs)fl

p=2,5 (mod 9) : (1+ pPp=65)~1
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—25)—1 —23)—1 —28)—1

p=28 (mod 9) : (1 — 175,75 (p)p (1 — 1878724 (P)P (1 — 15575 787 (0)p
p=4,7 (mod 9): (1— 7'1X,2(T2X,4)2(p)p_38)_1(1 - (7'1X,2)27'§<,4(P)P_38)_1-

The infinity type of

1X2 18 [[17 0]? [17 0]7 [O’ 1]]

364 is [[17 O]v [07 1]’ [O’ 1]]

5261 is [[1)0]7[1’0]7[170“
Thus, the infinity type of 757,75 is [[3,0],[2, 1], [1, 2]].

We can calculate the local factors of L(M /Q(¢9)™, s) in SageMath. By comparing local L-factors
at all primes above p € {7,11,13,17,19,37}, we can identify the Grossencharacter Tffﬂ%fﬂgfl with
one of the finitely many Hecke characters in Magma with appropriate infinity type and conductor:

K:=CyclotomicField (9);
I:=Factorization (3xIntegerRing (K))[1][1]"4;
HG:=HeckeCharacterGroup (1);
DG:=DirichletGroup (I);
GR:=Grossencharacter (HG.0 ,DG.1+«DG.2xDG.3 ,[[3,0] ,[2,1],[1,2]]);
We evaluated the L-function of this Grossencharacter at its center using the available tools in

Magma. The sign in the functional equation turns out to be —1 and the order of vanishing at the
center turns out to be 1. U

Remark 4.3. Beauville and Schoen [3] proved that /{(C%Q) is torsion, but the order of vanishing
of the L-function is 1 and not 0. What null-homologous 1-cycle on JﬁQ accounts for the vanishing
of L(M?5/Q(¢)*,2), as predicted by Beilinson-Bloch?

4.3.2. The L-function of 01123 The computation in this case is somewhat similar, except that the
Jacobian is not simple this time. In this subsection C' = 01123 and J = J1123 Let (3 be a third

root of unity and define (1o = i¢3. Fix a primitive character x : p12—C* by sending (i2 to e .
Identify as usual Gal(Q(¢12)/Q) with (Z/12Z)* = {1,5,7,11} and order this set by conjugate pairs
as {(1,11),(5,7)}. Note that Q(¢12) = Q((3,1%) is biquadratic.

Let V = HY(C) as before. A basis for f*V is

12 12 12
(16) Li% = {wi%, wys, w53
The automorphism o = o1 4 of F 12 descends to an order 12 automorphism of C. We have
(17) octwiy = Gawi’, o*wy = (Hawy, o*wgy = (Tywss.
For each prime /, the first f-adic cohomology HJ(Jg, Q) inherits an action of p12 € Aut(C)
and admits an eigenspace decomposition
er(Jg Qo) = @ H,

where the sum is over (not necessarily primitive) characters ¢ : po—C* and H? is the cor-
responding eigenspace. This decomposition carries an action of Gal(Q(¢12)/Q) = (Z/12Z)* by
a(H?) = H?". Tt follows from (17) that

Hl’O(C) = HX @ sz o HX5,

after base change to C.

In general, the differential forms wy; arise from the new part of the Jacobian of C} if and

only if ged(m,r,s) = 1. In partlcular wig and wi% of (16) arise from the 2-dimensional abelian

variety A := A2 % over Q, while 2 - w2 ¢ arises as the pullback of the form w?,3 on FS via the map
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F12FS (z,y) — (22,5?). Note that fw?’3 is the regular differential form of the elliptic curve
E = Jﬁg = A%g over Q. We have an isogeny J ~ A x E over Q.
The elliptic curve E has CM by the imaginary quadratic field Q({s) = Q(¢3) with CM type {1}.

The L-function of E is given by the L-function of a Grossencharacter for Q({3) of infinity type

2
[1,0], namely the Jacobi sum 70 . The Jacobi sum i %X = 7'21%’X is a Grossencharacter for Q((12)

and satisfies

12, 6,x Q(¢12) .
Tye " =713 o Norm géj’) t Ig(e)—C™.

Since Gal(Q(¢12/Q(¢3))) = {1, 7}, it follows that 721726’X has infinity type [[1, 0], [0, 1]]. The submotive
HX* @ HX" of H is defined over Q(7) and arises from the elliptic curve E. Denoting by

¢+ Gal(Q(C12/Q(¢3))) = Gal(Q(i)/Q)—C~

the non-trivial character, we observe that

L /Q(Go), 8) = LI & HX7)[Q(0), 5) = L(E/Qi), 5)
= L(B/Q,$)L(E/Q, 5) = L5/ Q&) $) LT3 /QUG), € 8) = Lo 6"/ QG2), 5).

The abelian variety A = A% is isogenous over C to the product of two isomorphic elliptic curves

with CM by Q(i) and CM type {1}. We see that H'0(A) = HX & HX’ is defined over Q(i) and
HY% = {1,5} = Gal(Q(12)/Q(i)). We have

L(A/Q,s) = L(7{3*/Q(G12), 5),
and the infinity type of 711723“ is [[1,0],[1,0]]. The motive
M(A) = H*(A) & H*?(A) = (HX @ HX) & (HX @ HX')

is defined over Q and L(M(A)/Q,s) = (Tf%’XT;%’X/@(i), s).
Let H denote the motive H*(.J). The motive of interest is the (3,0) + (0,3) part of A H,

M=M?%=HoH 9 B ) o (HY o HX' © HX),
which is defined over Q(¢12)* = Q(v/3). The Beilinson-Bloch conjecture (11) predicts that
(18) ranky, GrQ(JQ(\/g)) = ordg—s L(M/Q(V/3), 5).

Proposition 4.2. We have L(M/Q(V/3),s) = L((M(A)® H'(E))/Q, s) and the order of vanishing

at s = 2 is equal to 0.

Proof. The motive

M(A)® HY(E) = (HX® HX @ HX) & (HX @ HX @ HX")
o (H o B @ ) @ (HX" @ HX" @ HX),

is defined over Q and the equality of L-functions is clear.
For the order of vamshmg, we proceed computationally as in the proof of Proposition 4.1. Define

12,x_12,x_12
the Grossencharacter ¢ = 7, 3%75 5%, ¥X. Then we have

L(M/Q(V3),s) = L(¢/Q(C12), 9),

and the infinity type of ¢ is [[3, 0], [2, 1]]. We identify ¢ in Magma by comparing values at all primes
above p € {5,7,11,13,17,19,23,37,73}. In Magma, the character is given by the commands:
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K:=CyclotomicField (12);

[:=Factorization (2«xIntegerRing (K))[1][1];
HG:=HeckeCharacterGroup (1);
DG:=DirichletGroup (I);

GR:=Grossencharacter (HG.0 ,DG.1°2 ,[[3,0] ,[2,1]]);

Using Magma the sign of the functional equation of L(M/Q(v/3),s) is +1 and

L(M/Q(V3),2) = L(¢/Q((12), 5) & 0.724.
O

By Proposition 4.2, the Beilinson—Bloch conjecture (11) predicts that the group GrQ(JQ( \/g)) is
torsion. In particular, it predicts that the class k(C) of the Ceresa cycle should be torsion. This
would follow from Proposition 3.2, if it were known that the complex Abel-Jacobi map is injective
on cycles defined over Q. In fact, since C' has genus 3, one can prove unconditionally that x(C')
is torsion using the argument of [3]. Indeed, Reid’s criterion shows that the quotient J/pjo is
uniruled, and proceeding as in [3], one deduces that x(C) is torsion in the Griffiths group. This
example therefore gives new evidence for the Beilinson—Bloch conjecture (11).

Remark 4.4. The conductor of the Grossencharacter ¢ is the prime ideal of Z[(12] of norm 4,
which we observe is remarkably small. Thus, the curve 01123 shows that

(a) the group Gri(J) can (and assuming the Beilinson-Bloch conjecture, does) have rank 0 some-
times, even for non-hyperelliptic Jacobians, and
(b) we need only look at one of the first non-hyperelliptic curves to find such rank 0 examples!

To make (b) more precise, we first recall a phenomenon which can be observed in tables of elliptic
curves: if N, is the minimal conductor of an elliptic curve E/Q with Mordell-Weil rank r, then
N, < Ny41. One can (conjecturally) define analogous integers N, for the ranks of the Griffiths
group Gry(J) of Jacobians J of genus g > 3 curves C/Q, using the Galois representation F°/F!
from Section 4.1 to define a notion of “Griffiths group conductor”. Then D' is one of the first
non-hyperelliptic curves in the sense that it has small Griffiths group conductor. Does the curve
D' have minimal Griffiths group conductor among all non-hyperelliptic genus 3 curves over Q?

4.3.3. The L-function of 01155 We attempted a similar computation for the third curve 011%, which
has genus 4. Since H*!(J) is 4-dimensional, the relevant L-function in this case is a product of
four Hecke L-functions for the degree 8 field Q((i5), of norm conductor as large as 2025. With
these large parameters, Magma was not able to compute the central values of these L-functions on
our laptops.

5. HYPERELLIPTIC ISOGENIES

It is of course desirable to prove that the Ceresa cycles kg 1) for D, D2 and D' are themselves
torsion (not just their images in the Griffiths group and intermediate Jacobian). We would also
like to understand, more generally, why certain non-hyperelliptic curves have torsion Ceresa cycles,
and whether there is a way to characterize them. During our computations, we noticed that these
curves share a certain property that seems relevant for these questions. Namely, each of these
curves admits a non-zero algebraic correspondence to the hyperelliptic curve C7" : y™ = x(1—x).
In fact, this property nearly characterizes the curves D?, D'2, and D', among all non-hyperelliptic
cyclic Fermat quotients, as we will explain.

Let J!", denote the Jacobian of C", and recall the new part A”",, which has CM by Z[(,,]. We
say two c7yclic quotients C'} and C’C’L’,‘,b; are isogenous if their correspbnding new parts are isogenous.
The isogeny relation among the curves CZ‘b is a coarser relation than the equivalence relation ~,,
introduced in Section 2.2. To check whether two such curves are isogenous, it is enough to check
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that the corresponding new parts have the same CM types, up to the action of Gal(Q((,)/Q).
Recall from Section 4.2 that the CM type of A", can be identified with the set

ap = 1{h € (Z/mZ)* : (ha) + (hb) < m}
The group Gal(Q((m)/Q) ~ (Z/mZ)* acts on the set of CM types by scaling.
Lemma 5.1. Up to isogeny, the unique hyperelliptic cyclic quotient of F™ is C{”l.

Proof. For m odd this follows from Proposition 2.1. For m even, we observe that A", is isogenous
to Ay, 5 since they both have CM type {t € (Z/mZ)*: (t) < m/2}, by direct computation. Thus
this case also follows from Proposition 2.1. O

We can classify those non-hyperelliptic curves C", which are isogenous to a hyperelliptic one.
A result of Koblitz and Rohrlich implies that this can only happen if ged(m,6) > 1 [16]. In fact,
there are only finitely many examples with m # 2 (mod 4):

Proposition 5.2. Suppose C = C}, is non-hyperelliptic and m # 2 (mod 4). Then C is isogenous
to CTY if and only if (m,a,b) is equwalent to one of the following:

{(9,1,2),(12,1,3), (15, 1,5), (21,1, 2), (21, 1,3), (24,1,5), (24, 1, 7), (60, 1, 10), (60, 1, 19)}.

Proof. That there are no examples with m > 180 is a special case of a result of Aoki [1, Thm. 0.1],
who determined when two cyclic Fermat quotients are isogenous to each other. From staring at his
classification, we quickly rule out any “exceptional isogenies” from CT7", with m # 2 (mod 4), to a
non-hyperelliptic C;”b For m < 180, it is enough to check which of the finitely many equivalence
classes of curves C(Tb has new part A7, with the same CM type as A7, up to automorphisms of

Gal(Q(¢m)/Q) ~ (Z/mZ)*. Tt turns out that up to equivalence the only non-hyperelliptic curves
cr " with this CM type are those listed. O

Notice that the first three curves on this list are D?, D2 and D'5. When m = 2 (mod 4), the
situation is somewhat different, since there are actually infinitely many examples.
Proposition 5.3. Suppose C = C is non-hyperelliptic and m = 4k + 2, for some k > 0. Then
C is isogenous to CTYy if and only if (m,a,b) is equivalent to (m,1,k) or one of the following:
(14,1,2),(18,1,2),(18,1,5),(30,1,2), (30,1, 3), (30, 1,4), (30, 1, 8), (30, 2, 3),
(42,1,2), (42,1,4), (42,1,5),(42,1,8), (42,1,11), (42,1, 15), (78, 1, 16).
Proof. The proof is similar. The infinite family Cm can again be read off of Aoki’s result. g

We say a non-hyperelliptic C'"" b 18 minimal if it does not cover any non-hyperelliptic cyclic Fermat
quotient of lower genus. For our purposes, the minimal non-hyperelliptic C", are the first curves
to study, since if the Ceresa cycle of a curve has infinite order, so will the Ceresa cycle of any cover.
For example, the curve C’1 listed above is isogenous to a hyperelliptic curve, but it also covers the

Klein quartic curve C7, 12 . Since the latter has infinite order Ceresa cycle [15,21], so does C

Proposition 5.4. If C = C™ ap 1S G minimal non-hyperelliptic cyclic Fermat quotient whzch 18
isogenous to CTYy, then C' is equwalent to one of the following curves:

{(97 1, 2)7 (127 1, 3)7 (157 1, 5)7 (217 1, 3)} U {(4k +2,1, k) ke Z}
Proof. For each curve (m,a,b) in Proposition 5.2, we must determine whether there exists a divisor
d | m, such that Cg, 4 is non-hyperelliptic. We have Cg;  ~ Cm%“? where g = ged((da), (db), (d(m
a —b))), a = (da)/g and ¥/ = (db)/g. For example, the only interesting subcover of C% 5 1s

017’3 ~ 01771, which is hyperelliptic, so it is minimal. We must do the same to the 15 sporadic
examples with m =2 (mod 4), but we find that they are all non-minimal. O
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Thus, the curves DY, D2 D% and C1213 are characterized as the minimal non-hyperelliptic cyclic
Fermat quotients C", with m # 2 (mod 4) that are isogenous to a hyperelliptic one.

Remark 5.1. Not all curves of the form C’i“?'Q are minimal, but infinitely many of them are. For
example, if 4k 4+ 2 = 2p for some prime p, then the curve is minimal.

5.1. Future directions. It is natural to wonder whether there is an algebraic correspondence from
CTY to D™ which sends the Ceresa class of C7 (in the Chow group of J{") to that of D™ or to
some multiple of it. This would prove that the Ceresa cycle is torsion in these cases, and it would
give a nice geometric explanation as well. In other words, even though the curves D™ are not
hyperelliptic, perhaps the motives H2973(Jac(D™)) are hyperelliptic in a certain sense. We hope
to study this question in future work. It would also be interesting to compute numerically the
Abel-Jacobi image of the Ceresa cycle for the genus 9 curve (3’12713, to see whether it too is torsion,
despite the fact that Beauville’s method does not apply.
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