The P SU(3) invariant of the Poincaré homology sphere.^1

Ruth Lawrence^2

Department of Mathematics, University of Michigan and Institute of Mathematics, Hebrew University, Jerusalem

Abstract. Using the R-matrix formulation of the sl_3 invariant of links, we compute the coloured sl_3 generalised Jones polynomial for the trefoil. From this, the P SU(3) invariant of the Poincaré homology sphere is obtained. This takes complex number values at roots of unity. The result obtained is formally an infinite sum, independent of the order of the root of unity, which at roots of unity reduces to a finite sum. This form enables the derivation of the P SU(3) analogue of the Ohtsuki series for the Poincaré homology sphere, which it was shown by Thang Le could be extracted from the P SU(N) invariants of any rational homology sphere.

1: Introduction

Suppose that M is a compact oriented 3–manifold without boundary. For any Lie algebra, g, and integral level, k, there is defined an invariant, Z_{k+čg} (M, L), of embeddings of links L in M, known as the Witten-Reshetikhin-Turaev invariant (see [Wi], [RT], [TW]). It is known that for links in S^3, Z_K (S^3, L) is a polynomial in q = exp^{2πi}_K , namely the generalised Jones polynomial of the link L.

Now assume that M is a rational homology sphere, with H = |H_1(M, Z)|. In the normalisation for which the invariant for S^3 is 1, denote the invariant for the pair (M, O/), as an algebraic function of q at K^{th} roots of unity, by Z_K (M). For a rational homology sphere M, G = P SU(N) and odd prime K, Z_K (M) ∈ Z[q] (see [B], [MR], [MW] and [TY]), so that for some a_{m,K}(M) ∈ Z, one has

Z_K (M) = ∞∑ m=0 a_{m,K} (M)(q − 1)^m . Although the a_{m,K} are not uniquely determined, it is known from [L] that there exist rational numbers λ_m(M) such that, a_{m,K} (M) ≡ λ_m(M) as elements of Z_K for all sufficiently large primes K. For integer homology spheres, λ_0(M) = 1 and λ_1(M) = N(N^2−1)λ(M) where λ(M) denotes the ( SU(2)– ) Casson- Walker invariant of M in Casson’s normalisation. As a result, one may define a formal power series

Z_∞(M) = ∞∑ m=0 λ_m(q − 1)^m ,

1 Mathematics Subject Classification Primary: 57M27 Secondary: 05A30 11B65 17B37 57R56 2 Partially supported by a Guastella Fellowship and by BSF Grant 1998119

2 Ruth Lawrence

with rational coefficients, which is an invariant of rational homology 3–spheres, M, known as the perturbative invariant of M. This is expected to be the asymptotic expansion of the trivial connection contribution to Z_K (M).

In this paper we use the R-matrix presentation of link and manifold invariants from [RT], to compute the P SU(3) invariant for the Poincaré homology sphere. Various calculations for the Lie group P SU(3) have been carried out elsewhere; we mention [OY], [T1] and [T2] specifically for P SU(3) computations while [KT1] and [KT2] obtained more general results on P SU(N) invariants. However the current paper gives, to our knowledge, the first explicit calculation of the coloured Jones polynomial of the trefoil, expressed in a form from which the P SU(3) perturbative invariant of the PHS can be directly obtained.

An outline of the present paper is as follows. In §2, the basic theory associated with the quantum group U_qsl_3 will be summarised. In §3, we follow [RT] and [L] to give a description of the sl_3 coloured Jones polynomial of a link, and of the P SU(3) invariant of 3-manifolds. This is applied in the last section to compute the coloured Jones polynomial of the trefoil and hence to to demonstrate how the coefficients in the P SU(3) perturbative invariant of the Poincaré homology sphere, may be computed. This is demonstrated for the coefficient of h, which is verified to be in agreement with the appropriate multiple of the Casson invariant, while the results of a computer computation of a few more terms are given.

2: R-matrix and representation theory for U_qsl_3

Let q = v^2 = e^h be a formal parameter. Define q-numbers, q-factorials and q-binomial coefficients according to

[n] = v^n − v^{−n} v − v^{−1} , [n]! = n∏ i=1 [i] , [ n m ] = [n]! [m]![n − m]! .

The dependence on q will be omitted from the notation.

2.1 The quantum group U_qsl(3)

The quantum group A = U_qsl(3) is defined by generators H_i, X_i and Y_i for i = 1, 2 with relations

[H_1, H_2] = 0 , [X_i, Y_j] = δ_{i,j} e^{hHi/2} − e^{−hHi/2} v − v^{−1} , [H_i, X_j] = A_{i,j} X_j , [H_i, Y_j] = −A_{i,j} Y_j , X^2_i X_j −[2]X_iX_j X_i + X_j X^2_i = 0 , for |i − j| = 1 , Y^2_i Y_j −[2]Y_iY_jY_i + Y_j Y^2_i = 0 , for |i − j| = 1 ,

The P SU(3) invariant of the Poincaré homology sphere. 3

where A_{i,j} denotes the matrix elements of the Cartan matrix ( 2 −1 −1 2 ) . The comultiplication Δ: A −→ A ⊗ A is given by Δ(H_i) = H_i ⊗ 1 + 1 ⊗ H_i , Δ(X_i) = X_i ⊗ e^{hHi/4} + e^{−hHi/4} ⊗ X_i , Δ(Y_i) = Y_i ⊗ e^{hHi/4} + e^{−hHi/4} ⊗ Y_i , with antipode S: A −→ A being an antihomomorphism acting on the generators by S(H_i) = −H_i , S(X_i) = −vX_i , S(Y_i) = −v^{−1}Y_i .

It is convenient to introduce E_i = X_ie^{−hHi/4} and F_i = Y_ie^{hHi/4}. This then represents A by algebra generators H_i, E_i and F_i with i = 1, 2 and the following relations [H_1, H_2] = 0 , [E_i, F_j] = δ_{i,j} e^{hHi/2} − e^{−hHi/2} 1 − q^{−1} , [H_i, E_j] = A_{i,j}E_j , [H_i, F_j] = −A_{i,j} F_j , E^2_i E_j−[2]E_iE_jE_i + E_jE^2_i = 0 , for |i − j| = 1 , F^2_i F_j −[2]F_iF_j F_i + F_j F^2_i = 0 , for |i − j| = 1 .

The comultiplication is now given by Δ(H_i) = H_i ⊗ 1 + 1 ⊗ H_i Δ(E_i) = E_i ⊗ 1 + e^{−hHi/2} ⊗ E_i Δ(F_i) = F_i ⊗ e^{hHi/2} + 1 ⊗ F_i

while S(H_i) = −H_i, S(E_i) = −e^{hHi /2}E_i and S(F_i) = −F_ie^{−hHi/2}.

There is an adjoint action defined by ad = (L ⊗ R)( id ⊗ S)Δ, under which E_i acts according to (adE_i)x = E_ix − e^{−hHi/2}xe^{hHi/2}E_i . The opposite comultiplication Δ^′ = P ∘ Δ induces an adjoint action defined by ad^′ = (L ⊗ R)( id ⊗ S^′)Δ^′ under which F_i acts by (ad^′F_i)x = F_ix − e^{hHi/2}xe^{−hHi/2}F_i . Using these actions we define, for 1 ≤ i < j ≤ 3, E_{ij} and F_{ij} according to E_{ii+1} = E_i, F_{ii+1} = F_i while E_{13} = (adE_1)E_2 = E_1E_2 − vE_2E_1 , F_{13} = (ad^′F_1)F_2 = F_1F_2 − vF_2F_1 .

4 Ruth Lawrence

These new elements interact with H_i, E_i and F_i according to

[H_i, E_{13}] = E_{13} , [H_i, F_{13}] = −F_{13} ,

E_1E_{13} = v^{−1}E_{13}E_1 , F_1F_{13} = v^{−1}F_{13}F_1 , E_2E_{13} = vE_{13}E_2 , F_2F_{13} = vF_{13}F_2 ,

[E_1, F_{13}] = vF_2e^{−hH1/2} , [E_2, F_{13}] = −qF_1e^{hH2/2} ,

[E_{13}, F_1] = −qe^{hH1 /2}E_2 , [E_{13}, F_2] = ve^{−hH2/2}E_1 ,

[E_{13}, F_{13}] = q q^{−1} − 1 ( e^{h(H1+H2 )/2} − e^{−h(H1+H2 )/2} ) . There are three natural copies of U_qsl_2 inside U_qsl_3, namely those generated by the triples (H_1, E_1, F_1), (H_2, E_2, F_2) and (H_1 + H_2, E_{13}, −q^{−1}F_{13}).

There is a Poincaré-Birkhoff-Witt theorem [R] which allows the subalgebra generated by E_i for i = 1, 2, to be expressed as a vector space with basis elements of the form E^a_2 E^b_{13}E^c_1, with a, b, c ∈ Z^+. Similarly for the subalgebra generated by F_1 and F_2.

2.2 Finite dimensional U_qsl(3)-modules

The diagonal matrices e^{2πix1} e^{2πix2} e^{2πix3} with x_1 +x_2 +x_3 = 0, form a

maximal torus in SL_3. The roots are x_i − x_j with standard root basis {α_1, α_2} with α_i = x_i − x_{i+1}. The standard inner product then has (α_i, α_j) = A_{ij} . Dual to the standard root basis we have the standard weight basis {λ_1, λ_2} with (α_i, λ_j) = δ_{ij} . In our case, λ_i = ∑ j B_{ij} α_j , where (B_{ij}) is the inverse matrix to (A_{ij} ),

λ_1 =^{1/}3(2α_1 + α_2) , λ_2 =^{1/}3(α_1 + 2α_2) .

The positive roots are x_i − x_j for i < j, and half the sum of the positive roots is ρ = x_1 − x_3 = λ_1 + λ_2 = α_1 + α_2, also being the longest root.

The Cartan subalgebra of A is generated by H_1 and H_2.

For generic values of q (that is, away from roots of unity), any finite-dimensional irreducible representation of sl(3) has a deformation which is an irreducible representation of A. Such a finite-dimensional irreducible A-module, V_λ, has a highest weight vector u, for which E_1u = E_2u = 0, and is spanned as a linear space by F^m_2 F^n_{13}F^r_1 u with m, n and r non-negative integers. The action of H_i on v is as scalars, H_iu = a_iu, where λ = a_1λ_1 + a_2λ_2 is the highest weight of the module (a_1 and a_2 are arbitrary non-negative integers). With respect to the λ-basis for weights,

the actions of F_1, F_{13} and F_2 change the weight by ( −2 1 ) , ( −1 −1 ) and ( 1 −2 ) , respectively.

The P SU(3) invariant of the Poincaré homology sphere. 5

It will sometimes be convenient to use the basis {α_1, α_2} for weights with re-

spect to which λ has coordinates ( b_1 b_2 ) = (_{2/3} a_1 +^{1/}3a_2 1/3a_1 +^{2/}3a_2 ) . Coordinates of weights

will now be elements of^{1/}3Z ×^{1/}3Z whose sum of coordinates is integral. The ac-

tions of F_1, F_{13} and F_2 change the weight in the α basis by ( −1 0 ) , ( −1 −1 ) , ( 0 −1 ) respectively. Indeed the weights occurring in V_λ form a hexagonal array { ( c_1 c_2 ) | | |c^i ∈ b^i + Z, −b^2 ≤ c^1 ≤ b^1, −b^1 ≤ c^2 ≤ b^2, −b^1 ≤ c^1 − c^2 ≤ b^2 }

with vertices ( b_1 b_2 ) , ( b_2 − b_1

b_2 ) , ( −b_2 b_1 − b_2 ) , ( −b_2 −b_1 ) , ( b_2 − b_1 −b_1 ) , ( b_1 b_1 − b_2 ) .

The dimension of the weight space with weight ( c_1 c_2 ) is 1+min(b_1 −c_1, b_2 −c_2, b_2 +

c_1, b_1 + c_2, b_1 + c_1 − c_2, b_2 + c_2 − c_1).

The q-Gel’fand-Tsetlin bases for irreducible modules are indexed by tableaux

m_{1,3} m_{2,3} m_{3,3}

m_{1,2} m_{2,2} m_{1,1} , where m_{i,j+1} ≤ m_{i,j} ≤ m_{i+1,j+1} ,

where the top row is fixed for a given module. In our case, m_{1,3} = a_1 +a_2, m_{2,3} = a_2 and m_{3,3} = 0. The dimension of this module is^{1/}2(a_1 + 1)(a_2 + 1)(a_1 + a_2 + 2).

2.3 Universal R-matrix for A

Rosso [R] gave a multiplicative formula for the universal R-matrix for the quantum group U_qsl(N + 1) (see also [KR] and [LS] where general formulae for U_qg are given), R = n∏ k=1 e ( (1 − q^{−1})^2(−q)^{1−l(β(k))}E_{β(k)} ⊗ F_{β(k)}; q^{−1} ) · exp ( h 2 t_0 ) ,

where n =^{1/}2N(N + 1) is the number of positive roots, β(1), . . . , β(n) enumerates the positive roots in an order generated by a choice of minimal representation of the longest element of the Weyl group and t_0 = ∑ i,j B_{ij} H_i ⊗ H_j . Here we use the quantum factorial e(u; q) = ∞∑ m=0 u^m (1 − q) . . . (1 − q^m) .

6 Ruth Lawrence

In our case N = 2, n = 3 and the order β(k) is x_2 − x_3, x_1 − x_3 and x_1 − x_2. These elements have lengths 1, 2 and 1, respectively, while E_{xi−xj} = E_{ij} and F_{xi−xj} = F_{ij} , so that R = e ( (1 − q^{−1})^2E_2 ⊗ F_2; q^{−1} ) e ( (1 − q^{−1})^2(−q^{−1})E_{13} ⊗ F_{13}; q^{−1} ) e ( (1 − q^{−1})^2E_1 ⊗ F_1; q^{−1} ) · e^{h6 (2H1⊗H1+2H2⊗H2+H1 ⊗H2+H2⊗H1 )} . This can be written as a sum over non-negative integers p, s, m, n and r R = ∑ p,s,m,n,r (h/6)^{p+s} p!s! v^{1/2m(m−3)+ 1/2n(n−7)+ 1/2r(r−3)}(−1)^n (v − v^{−1})^{m+n+r} [m]![n]![r]!

E^m_2 E^n_{13}E^r_1 (2H_1 + H_2)^p(H_1 + 2H_2)^s ⊗ F^m_2 F^n_{13}F^r_1 H^p_1 H^s_2 .

As in any quasi-triangular Hopf algebra, R^{−1} = ( id⊗S^{−1})R. Using the fact that S^{−1}(H_i) = −H_i, S^{−1}(E_i) = −E_ie^{hHi/2}, S^{−1}(F_i) = −e^{−hHi /2}F_i and S^{−1}(F_{13}) = −qe^{−h(H1 +H2)/2}(F_1F_2 − v^{−1}F_2F_1), we obtain

R^{−1} = ∑ p,s,m,n,r (−h/6)^{p+s} p!s! v^{− 1/2[m(m+1)+n(n+1)+r(r+1)]−rn+m(r−n)} (v^{−1} − v)^{m+n+r} [m]![n]![r]!

(−1)^nE^m_2 E^n_{13}E^r_1 (2H_1 + H_2)^p(H_1 + 2H_2)^s ⊗ H^p_1 H^s_2 v^{−(r+n)H1 −(n+m)H2} F^r_1 (F_1F_2 − v^{−1}F_2F_1)^nF^m_2 .

Finally, the element K ∈ A which will be placed at suitably oriented local maxima/minima in tangle diagrams (see §3) is K = q^{H1+H2} .

3: Definition of the P SU(3) manifold invariant

3.1 The generalised Jones polynomial

We will use the formulation of the generalised Jones polynomial [RT]. Suppose L is an oriented link in S^3 and A is a ribbon Hopf algebra. That is, A is a quasitriangular Hopf algebra with universal R-matrix, R ∈ A ⊗ A satisfying the Yang- Baxter equation R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12}. The square of the antipode is then given by S^2(a) = uau^{−1} , for all a ∈ A , where u = m(S ⊗ id)R_{21} and uS(u) is central. A is also equipped with a ribbon element v such that

v^2 = uS(u) , S(v) = v , ϵ(v) = 1 , Δ(v) = (R_{12}R_{21})^{−1}(v ⊗ v) . Let K = v^{−1}u so that S(K) = K^{−1}.

The generalised coloured Jones polynomial of L is defined when each component L_i is coloured by a representation V_i of A and will be denoted by J_L(V_1, . . . , V_c). We will assume for simplicity that V_i are irreducible. Indeed, according to [RT], there is a functor, F, from the category of ribbon tangles to the category of vector spaces, under which links (closed tangles) map to scalars, namely J_L. This functor is defined by its images on the generators shown in Figure 1.

The P SU(3) invariant of the Poincaré homology sphere. 7

Figure 1: Generators of the category of tangles

The two orientations of crossing, in which the strands are labelled with representations V and W as shown, have as images the maps V ⊗ W −→ W ⊗ V given by P ∘ R and R^{−1} ∘ P , respectively, where P is the permutation of the factors. The four cup and cap sections transform to maps V^∗ ⊗ V −→ C V ⊗ V^∗ −→ C (x, y) −→ x(y) (y, x) −→ x(Ky) and C −→ V ⊗ V^∗ C −→ V^∗ ⊗ V 1 −→ ∑ i e_i ⊗ e^i 1 −→ ∑ i K^{−1}e^i ⊗ e_i respectively. Here {e^i} is the dual basis for V^∗ to the basis {e_i} for V .

Suppose that L has one component and T is a 1-tangle representation of L, that is T ∈ Morph(a, a), where a is the object consisting of one downward oriented point, such that its closure is ambient isotopic to L. Then the above prescription can be used to generate a map V −→ V , for any representation V (the colour of the one open strand). This map commutes with the action of A, so that if A is irreducible it is given by multiplication by a scalar, namely

J^′_L(V ) =

J_L(V ) J_U (V ) , where U is the unknot with framing zero. Indeed J_U (V ) is precisely the quantum dimension of the representation V . In this case, the above functorial prescription can be realised from T in the following way. Suppose T is presented as a tangle diagram in generic position, in which the crossings are between downward oriented strands. In the neighbourhood of each crossing decorate the crossing stands by elements of A according to Figure 2, and at local maxima or minima oriented leftwards decorate the strand by K ∈ A. Here R = ∑ i α_i ⊗ β_i where α_i, β_i ∈ A and i lies in an indexing set. For a tangle with several crossings, i_j denotes an element of the indexing set assigned to the j^{th} crossing.

8 Ruth Lawrence

Figure 2: Decorations on 1-tangle elements

Then F(T ) is the algebra element read off the diagram by tracing the tangle strand according to its orientation, and writing down the decorations in the form of a product from left to right, and then summing over all labels i_j .

3.2 P SU(3) 3-manifold invariant

As in [L], we will find it convenient to index irreducible A-modules as V_{μ−ρ} where μ = λ + ρ ∈ Λ_{++}. Thus if μ = k_1λ_1 + k_2λ_2 = c_1α_1 + c_2α_2, then k_i = a_i + 1 and c_i = b_i+1. The dimension of V_λ is^{1/}2k_1k_2(k_1+k_2) while the quantum dimension (Jones polynomial of the unknot with zero framing) is [μ] = [k_1][k_2][k_1 + k_2]/[2].

Suppose that q is a K^{th} root of unity. The prescription of [L] defines for a link L with c components and framing f_i = ±1 on the i^{th} component, ⟨L⟩ = ∑ μ_1,...,μ_c J^′_L(μ_1, . . . , μ_c) c∏ i=1 [μ_i]^2q ∑ i f_iΩ(μ_i) ,

where J^′_L denotes the coloured Jones polynomial coloured by representations V_{μi+ρ}, normalised to 1 on the unknot and the sum is over representations μ_i for which k_1 and k_2 are integers congruent modulo 3 with 0 < k_i < K and k_1 + k_2 < K. As noted in [L], if J^′_L is extended using certain symmetry properties, then equivalently (up to a constant which cancels in the computation of Z_K ), the sum may be taken over representations for which c_i ∈ {1, . . . , K − 1}. Here Ω(μ) is the framing normalisation

Ω(μ) = q^{1/3(a21+a1 a2+a2)+a1+a2} = q^{b21−b1b2+b2+b1 +b2}

= q^{1/3(k21 +k1k2 +k2 )−1} = q^{c21−c1c2+c2−1} .

The P SU(3) invariant of a 3-manifold M obtained from S^3 by surgery around a link L is then Z_K (M) = G^{−σ+}_+ G^{−σ−}_− ⟨L⟩ , where σ_± are the numbers of positive/negative eigenvalues of the linking matrix of L and G_± are the bracket values for the unknot with framings ±1. When L is a knot (c = 1) with framing f = ±1, this reduces to

Z_K (M) = ∑ μ q^{fΩ(μ)}[μ]^2J^′_L(V_{μ+ρ}) ∑ μ q^{fΩ(μ)}[μ]^2 . (3.2.1)

The P SU(3) invariant of the Poincaré homology sphere. 9

3.3 The P SU(3) perturbative invariant

Writing the coloured Jones polynomial as a power series in h (q = e^h), the coefficients are polynomials in the colour. More precisely, a version of the Melvin– Morton–Rozansky conjecture allows a representation in the form

J^′_L(V_{μ+ρ}) = ∑ i_1,i_2

a_{i1i2} (h) · q^{i1k1+i2k2} , (3.3.1)

where a_{i1i2} are power series in h, and the sum is over integers i_1 and i_2.

By translating the summand, one can show, as for one-dimensional Gauss sums, that ∑ k_1,k_2

q^{i1k1+i2k2} · q^{f/3(k21 +k1k2+k2 )} = q^{−f(i21 −i1i2+i2)} ∑ k_1,k_2

q^{f/3(k21 +k1 k2+k2 )} , (3.3.2)

where the sum is over the parallelogram in c_i’s mentioned in the previous section (equivalently, over a fundamental region with k_1 and k_2 congruent modulo 3, up to translations in the k_1 and k_2 directions, say modulo 3K). Since [k]^2 = (v − v^{−1})^{−2}(q^k + q^{−k} − 2), we can expand [μ]^2 as

[k_1]^2[k_2]^2[k_1 + k_2]^2 = (v − v^{−1})^{−6} ∑ a,b C_{ab}q^{ak1+bk2} , (3.3.3)

where f_{ab} take non-zero integer values for precisely 17 lattice points (a, b), as represented by the matrix

C = 1 −2 1 0 0 −2 2 2 −2 0 1 2 −6 2 1 0 −2 2 2 −2 0 0 1 −2 1

in which the lattice coordinates a and b take the values −2, −1, 0, 1 and 2. Evaluating the individual sums obtained from this expansion, using (3.3.2), it follows that ∑ k_1 ,k_2

[k_1]^2[k_2]^2[k_1 + k_2]^2q^{f/3(k21 +k1k2 +k2 )} = − 6[2]fq^{−2f} (v − v^{−1})^3 ∑ k_1,k_2

q^{f/3(k21 +k1k2 +k2 )} .

Equation (3.2.1) now gives

Z_K (M) = − 1 6 [2]fq^{2f} (v − v^{−1})^3 ∑ i_1,i_2 b_{i1i2} q^{−f(i21−i1 i2+i2)} , (3.3.4)

10 Ruth Lawrence

where [μ]^2J^′_L(V_{μ+ρ}) = ∑ i_1,i_2 b_{i1i2} q^{i1 k1+i2k2} ,

and b_{i1i2} are Laurent power series in h. A term q^{i1k1 +i2k2} in J^′_L contributes q^{i1k1+i2 k2} [μ]^2 = (v − v^{−1})^{−6}[2]^{−2} ∑ a,b C_{ab}q^{(i1+a)k1 +(i2+b)k2} to J^′_L[μ]^2 and therefore its contribution to Z_K (M) is, according to (3.3.4) f 6 [2]^{−1}(v − v^{−1})^{−3}q^{−f(i21−i1i2+i2)} [ 6q^{2f} − 2q^f (q^{2i1−i2} + q^{i2−2i1} + q^{2i2−i1} + q^{i1−2i2} + q^{i1+i2} + q^{−i1−i2} ) + 2q^{−f} (q^{3i1} + q^{−3i1} + q^{3i2} + q^{−3i2} + q^{3i1−3i2} + q^{3i2−3i1} ) − q^{−2f} (q^{4i1−2i2} + q^{2i2−4i1} + q^{4i2−2i1} + q^{2i1−4i2} + q^{2i1+2i2} + q^{−2i1 −2i2} ) ] . It can be directly verified that this represents a power series in h (with only nonnegative powers of h) ∑_∞ n=0 p_n(i_1, i_2)h^n where the first three terms are given by

p_0 = 1 , p_1 = −4fΔ , p_2 = 5Δ^2 + 2Δ ,

where Δ = i^2_1 − i_1i_2 + i^2. More generally, p_n is a polynomial in i_1 and i_2 of degree at most 2n. Thus we have a linear map from terms in J^′_L(V_{ρ+μ}) to terms in Z_r(M), over the ring of formal power series in h, τ: B −→ Q[[h]] q^{i1k1+i2k2} −→ ∞∑ n=0 p_n(i_1, i_2)h^n ,

where B is the ring generated by q^{i1k1+i2k2} over Q[[h]]. The coefficient p_n itself can be extended linearly to a map B −→ Q[[h]], and can be expressed as the formal evaluation at k_1 = k_2 = 0 of a differential operator of order 2n (in h^{−1 ∂}_{∂k1} and h^{−1 ∂}_{∂k2} ). The following lemma is an immediate consequence, and will be used in the next section to compute the first coefficients in the perturbative P SU(3) invariant of the Poincaré homology sphere.

Lemma 3.3.5 If x ∈ B is a product of r terms (r ≥ 2n) of the form q^{a1k1+a2k2+b} − q^{a′1k1+a′2 k2+b′} (with a_i, a^′_i, b and b^′ integers), then p_n(x) is divisible by h^{r−2n} and hence τ(x) is divisible by h[^{r+12} ].

The P SU(3) invariant of the Poincaré homology sphere. 11

For K ∈ N, J^′_L reduces to a finite combination of terms as in (3.3.1), that is the sum over i_1 and i_2 becomes a finite sum. Then Z_K (M) = τ(J^′_L). On the other hand, one can always write J^′_L in the form of an infinite sum of form (3.3.1), the only dependence on K being via the variable q, which is such that at a root of unity, all but a finite number of terms vanish. Thus, so long as certain formal convergence conditions are satisfied by J^′_L (which it can be seen from the R-matrix description of J^′_L are always satisfied), τ(J^′_L), where J^′_L is considered as an infinite series (3.3.1), will be a well-defined power series in Q[[h]]. This is Z_∞(M), the P SU(3) perturbative invariant of M.

4: Evaluations on the trefoil

4.1 Diagrammatric evaluation

We use the 1-tangle realisation, T , of the trefoil knot shown in Figure 3. The prescription given in the last section gives

F(T ) = ∑ i_1i_2i_3

β_{i3} α_{i2} β_{i1} Kα_{i3} β_{i2} α_{i1} .

Figure 3: Trefoil

Suppose that V is an irreducible representation of U_qsl_3. Then F(T ) will act as multiplication by J^′_L′ (V ) on V , and this action may therefore be determined by calculating the action on the highest weight vector u. Here L^′ is the trefoil with framing three. Using the formula for the universal R-matrix given in the last section, we see that α_{i1} is a product of H_i’s with E^{m1}_2 E^{n1}_{13} E^{r1}_1 , which annihilates u unless m_1 = n_1 = r_1 = 0. Similarly from β_{i3} , we see that m_3 = n_3 = r_3 = 0. Thus we obtain

J^′_L′ (V )u = ∑ p1,s1,p2,s2,p3,s3 m,n,r (_h 6 )_{p1+s1+p2+s2+p3+s3} p_1!s_1!p_2!s_2!p_3!s_3!

(−1)^n (v − v^{−1})^{m+n+r} [m]![n]![r]!

v^{1/2[m(m−3)+n(n−7)+r(r−3)]}H^{p3}_1 H^{s3}_2 E^m_2 E^n_{13}E^r_1 (2H_1 + H_2)^{p1} (H_1 + 2H_2)^{s2} H^{p1}_1 H^{s1}_2 K(2H_1 + H_2)^{p2} (H_1 + 2H_2)^{s2} F^m_2 F^n_{13}F^r_1 H^{p2}_1 H^{s2}_2 (2H_1 + H_2)^{p1} (H_1 + 2H_2)^{s1} u .

12 Ruth Lawrence

Performing the sum over the p_i’s and s_i’s gives

J^′_L′ (V )u = ∑ m,n,r (−1)^n (v − v^{−1})^{m+n+r} [m]![n][r]!

E^m_2 E^n_{13}E^n_1 F^m_2 F^n_{13}F^r_1 u q^{a21+a1 a2+a2+a1+a2} v^{1/2[m(m−7)+n(n−15)+r(r−7)]−3ma2−3n(a1+a2)−3ra1} .

A change of framing by 1 contributes a factor q^{1/3(a21+a1 a2+a2)+a1+a2} , as can be verified by computing the action of ∑ i β_iKα_i, coming from a 1-tangle representation of the unknot with framing 1. Thus the coloured Jones polynomial of the trefoil with zero framing, L, is given by

J_L(V ) J_U (V ) u = ∑ m,n,r (−1)^n (v − v^{−1})^{m+n+r} [m]![n][r]!

E^m_2 E^n_{13}E^n_1 F^m_2 F^n_{13}F^r_1 u v^{1/2[m(m−7)+n(n−15)+r(r−7)]−3ma2−3n(a1 +a2)−3ra1−4a1 −4a2} . 4.2 Quantum group calculation

We shall calculate the action of E^m_2 E^n_{13}E^r_1 F^m_2 F^n_{13}F^r_1 on the highest weight vector u in the irreducible A-module, V_λ with highest weight λ = a_1λ_1 + a_2λ_2. This action will be multiplication by a scalar.

Let u_{m,n,r} = F^m_2 F^n_{13}F^r_1 u. By the Poincaré-Birkhoff-Witt theorem [R], a basis for the subalgebra of A generated by F_1 and F_2 is {F^m_2 F^n_{13}F^r_1 }_{m,n,r}, and therefore the vectors u_{m,n,r} span V_λ.

Since [E_1, F_{13}] = v^2e^{−hH1 /2}F_2, we can inductively show that

E^s_1F_{13} = F_{13}E^s_1 + v^{s+1}[s]e^{−hH1/2}F_2E^{s−1}_1 .

Again using induction, one obtains

E^s_1F^n_{13} = min(n,s) ∑ j=0 v^{j(j+s−n+1)} [ n j ] [s]! [s − j]! e^{−hjH1/2}F^j_2 F^{n−j}_{13} E^{s−j}_1 . (4.2.1)

Since {F^p_1 u}^{a1}_{p=0} is a U_qsl_2-module, under the action of the subalgebra generated by H_1, E_1 and F_1, thus

E^t_1F^r_1 u = v^t

[r]![a_1 − r + t]! [r − t]![a_1 − r]! F^{r−t}_1 u . (4.2.2)

The P SU(3) invariant of the Poincaré homology sphere. 13

Applying (4.2.1) to the vector F^r_1 u and using (4.2.2) with t = s − j, we find that E^s_1u_{m,n,r} = F^m_2 (E^s_1F^n_{13})F^r_1 u is given by E^s_1u_{m,n,r} = min(n,s) ∑ j=max(0,s−r) v^{j(j−s−a1 +2r)+s} [ n j ][ r s − j ] [s]![a_1 − r + s − j]!

[a_1 − r]! u_{m+j,n−j,r−s+j} . (4.2.3) Next observe that [E_{13}, F_2] = ve^{−hH2/2}E_1, so that E_{13}u_{m,n,r} = E_{13}F_2u_{m−1,n,r} = F_2E_{13}u_{m−1,n,r} + v^{2m+n−a1−a2 +r+1}[n]u_{m,n−1,r} + v^{2m+n−a2−r+1}[a_1 − r + 1][r]u_{m−1,n,r−1} using (4.2.3) with s = 1 to reduce E_1v_{m−1,n,r}. Iterating this equation leads to E_{13}u_{m,n,r} = F^m_2 E_{13}u_{0,n,r} + v^{m+n−a1−a2+r+2}[m][n]u_{m,n−1,r} + v^{m+n−a2−r+2}[m][a_1 − r + 1][r]u_{m−1,n,r−1} . (4.2.4)

Since [E_{13}, F_{13}] =^{q2}_{1−q} ( v^{H1+H2} − v^{−H1−H2} ) , one can prove inductively that E_{13}u_{0,n,r} = F^n_{13}E_{13}u_{0,0,r} − v^3[a_1 + a_2 − n − r + 1][n]u_{0,n−1,r} .

The first term vanishes, since E_{13}F^r_1 u = 0. Substituting this into (4.2.4) gives E_{13}u_{m,n,r} = − v^{m+3}[a_1 + a_2 − m − n − r + 1][n]u_{m,n−1,r} + v^{m+n−a2 −r+2}[m][a_1 − r + 1][r]u_{m−1,n,r−1} . Applying this equation recursively leads to E^k_{13}u_{m,n,r} = min(k,r) ∑ i=max(0,k−n) (−1)^{k−i}v^{i(n−a2 −r+i−k−1)+k(m+3)} [ k i ]

[m]![a_1 − r + i]![r]![n]![a_1 + a_2 − m − n − r + k]! [m − i]![a_1 − r]![r − i]![n − k + i]![a_1 + a_2 − m − n − r + i]! u_{m−i,n−k+i,r−i} . (4.2.5) The particular case of interest for us is E^n_{13}u_{m+j,n−j,j} =(−1)^{n−j} v^{−j(j+a2+1)+n(m+j+3)}[n]! [m + j]![a_1]![a_1 + a_2 − m − j]! [m]![a_1 − j]![a_1 + a_2 − m − n]! u_{m,0,0} . Combining with (4.2.3) for s = r and noting that E^m_2 F^m_2 u = v^{m [m]![a2]!}_{[a2−m]!} u, we obtain

E^m_2 E^n_{13}E^r_1 F^m_2 F^n_{13}F^r_1 u = min(n,r) ∑ j=0 (−1)^{n−j} v^{j(r+n−a1 −a2−1)+r+m+n(m+3)} [ n j ][ r j ] [n]![r]!

[m + j]![a_1]![a_2]![a_1 + a_2 − m − j]! [a_1 − r]![a_2 − m]![a_1 + a_2 − m − n]! u .

14 Ruth Lawrence

4.3 P SU(3) invariant of the Poincaré HS

Combining the results of the last two subsections gives the coloured Jones polynomial of the trefoil as

J_L(V ) J_U (V ) = ∑ m,n,r min(n,r) ∑ j=0 (v − v^{−1})^{m+n+r} [ n j ][ r j ] [m + j]![a_1]![a_2]![a_1 + a_2 − m − j]! [m]![a_1 − r]![a_2 − m]![a_1 + a_2 − m − n]! (−1)^j v^{1/2[m(m−5)+n(n−9)+r(r−5)]−3ma2−(3n+j+4)(a1 +a2)−3ra1+j(r+n−1)+mn} . Observe that the dependence of the summand on the colour variables a_1 and a_2 is via a factor

(v − v^{−1})^{m+n+r}v^{−(3n+3r+j+4)a1 −(3m+3n+j+4)a2} [a_1] . . . [a_1 − r + 1] · [a_2] . . . [a_2 − m + 1] · [a_1 + a_2 − m − j] . . . [a_1 + a_2 − m − n + 1] ,

which is (v −v^{−1})^j times a product of m+r +n−j differences of the form q^{l(a1 ,a2)} − q^{l′ (a1,a2)} where l and l^′ are affine linear functions of the colours a_1 and a_2. By the lemma in §3.3, the contribution to Z_r(M) coming from this term will be divisible by h^{[(m+r+n+j+1)/2]}. Thus, in order to compute the coefficient of any power of h in τ(J^′_L), only a finite number of terms (m, n, r, j) will be involved. The resulting series is Z_∞(M), the perturbative P SU(3) invariant of M.

In particular, those terms contributing to h^0 and h^1 terms in Z_∞(M) will come from m + n + r + j ≤ 2. The restriction j ≤ n, r ensures that in these cases j = 0. The values of (m, n, r) and the associated terms in J^′_L are listed below. We have transformed a_i into k_i = a_i + 1, while the last column lists the contribution (up to order h) to Z_∞(M).

(0, 0, 0) : q^{4−2k1−4k2} (1, 0, 0) : q^{4−2k1−3k2} − q^{5−2k1−4k2} (0, 1, 0) : q^{4−3k1−3k2} − q^{6−4k1−4k2} (0, 0, 1) : q^{4−3k1−2k2} − q^{5−4k1−2k2} (2, 0, 0) : q^{4−2k1−4k2} − (q^5 + q^6)q^{−2k1−5k2} + q^{7−2k1−6k2} (0, 2, 0) : q^{4−4k1−4k2} − (q^6 + q^7)q^{−5k1−5k2} + q^{9−6k1−6K2} (0, 0, 2) : q^{4−4k1−2k2} − (q^5 + q^6)q^{−5k1−2k2} + q^{7−6k1−2k2} (1, 1, 0) : q^{4−3k1−4k2} + q^{8−4k1−6k2} − q^{7−4k1−5k2} − q^{5−3k1−5k2} (1, 0, 1) : q^{4−3k1−3k2} + q^{6−4k1−4k2} − q^{5−3k1−4k2} − q^{5−4k1−3k2} (0, 1, 1) : q^{4−4k1−3k2} + q^{7−6k1−4k2} − q^{5−5k1−3k2} − q^{6−5k1−4k2}

−→ −→ −→ −→ −→ −→ −→ −→ −→ −→

1 + (4 − 16f)h (−1 + 20f)h (−2 + 28f)h (−1 + 20f)h −8fh −8fh −8fh −4fh 4fh −4fh

Hence Z_∞ = 1 + 24fh + O(h^2), in agreement with [L] which predicts that the coefficient of h in the P SU(N) perturbative invariant of an integer homology sphere

The P SU(3) invariant of the Poincaré homology sphere. 15

is N(N^2 − 1)λ(M), where λ(M) is the Casson invariant. Using Mathematica [Wo], the above algorithm can easily be implemented to give the first few terms for both positive and negative integer surgery on the trefoil (that is, for the Seifert fibred manifolds Σ(2, 3, 5) and Σ(2, 3, 7)),

Z_∞(M^+) = 1 + 24h + 432h^2 + 7920h^3 + 161424h^4 + 3718483.2h^5 + · · · , Z_∞(M^−) = 1 − 24h + 576h^2 − 15264h^3 + 455904h^4 − 15324595.2h^5 + · · · .

Changing variable to x = q − 1, we get series

Z_∞(M^+) = 1 + 24x + 420x^2 + 7496x^3 + 149934x^4 + 3409140x^5 + 97500090x^6 + 2508211080x^7 + · · · , Z_∞(M^−) = 1 − 24x + 588x^2 − 15848x^3 + 479334x^4 − 16263600x^5 + 615044648x^6 − 25720830360x^7 + · · · ,

which we can expect to have integer coefficients as for the (SU(2)) Ohtsuki series for integer homology spheres.

Acknowledgements The author would like to thank Dror Bar-Natan, Thang Le, Lev Rozansky and Dylan Thurston for many conversations on the subject of computations of 3-manifold invariants. She would also like to thank John Bryden for the invitation to a very stimulating workshop in Calgary during July 1999, which he organised on the subject of Invariants of Three-Manifolds, and where the idea for this paper originated. The author would like to acknowledge partial support from BSF Grant 1998119 and from a Guastella Fellowship.

References [B] C. Blanchet, ‘Hecke algebras, modular categories and 3-manifolds quantum invariants’, Topology 39 (2000) p.193–223.

[KR] A.N. Kirillov, N. Reshetikhin, ‘q-Weyl Group and a Multiplicative Formula for Universal R-Matrices’, Commun. Math. Phys. 134 (1990) p.421–431.

[KT1] T. Kohno, T. Takata, ‘Symmetry of Witten’s 3-manifold invariants for sl(n, C)’, J. Knot Th. Ramif. 2 (1993) p.149–169.

[KT2] T. Kohno, T. Takata, ‘Level-rank duality of Witten’s 3-manifold invariants’, Adv. Stud. Pure Math. 24 (1996) p.243–264.

[L] T. Le, ‘On perturbative P SU(N) invariants of rational homology 3-spheres’, Topology 39 (2000) p.813-849.

[LS] S.Z. Levendorskii, Ya.S. Soibelman, ‘Some applications of the quantum Weyl groups’, J. Geom. Phys. 7 (1990) p.241–254.

16 Ruth Lawrence

[MR] G. Masbaum, J. Roberts, ‘A simple proof of integrality of quantum invariants at prime roots of unity’, Math. Proc. Camb. Philos. Soc. 121 (1997) p.443–454.

[MW] G. Masbaum, H. wenzl, ‘Integral modular categories and integrality of quantum invariants at roots of unity of prime order’, J. Reine Angew. Math. 505 (1998) p.209–235.

[OY] T. Ohtsuki, S. Yamada, ‘Quantum SU(3) invariant of 3-manifolds via linear skein theory’, J. Knot Th. Ramif. 6 (1997) p.373–404.

[RT] N.Yu. Reshetikhin, V. Turaev, ‘Ribbon graphs and their invariants derived from quantum groups’, Comm. Math. Phys. 127 (1990) p.1–26.

[R] M. Rosso, ‘An analogue of P.B.W. theorem and the universal Rmatrix for U_hsl(N + 1)’, Comm. Math. Phys. 124 (1989) p.307–318.

[T1] T. Takata, ‘On quantum P SU(n) invariants for lens spaces’, J.

Knot Th. Ramif. 5 (1996) p.885–901.

[T2] T. Takata, ‘On quantum P SU(n) invariants for Seifert manifolds’, J. Knot Th. Ramif. 6 (1997) p.417–426.

[TY] T. Takata, Y. Yoshiyuki, ‘The P SU(N) invariants of 3-manifolds are algebraic integers’, J. Knot Th. Ramif. 8 (1999) p.521–532.

[TW] V. Turaev, H. Wenzl, ‘Quantum invariants of 3-manifolds associated with classical simple Lie algebras’, Internat. J. Math. 4 (1993) p.323–358.

[Wi] E. Witten, ‘Quantum Field Theory and the Jones Polynomial’, Commun. Math. Phys. 121 (1989) p.351–399.

[Wo] S. Wolfram, ‘Mathematica — a system for doing mathematics by computer’, Addison Wesley (1989).

E-mail: ruthel@math.huji.ac.il

First version: February 2001 © 2001 R. Lawrence