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AssTrAcT. Diffeology extends differential geometry to spaces beyond smooth manifolds. This
paper explores diffeology’s key features and illustrates its utility with examples including singular
and quotient spaces, and applications in symplectic geometry and prequantization. Diffeology
provides a natural and effective framework for handling complexities from singularities and

infinite-dimensional settings.

INTRODUCTION: THE NEED FOR A BROADER FRAMEWORK

Why bother with diffeology? Classical differential geometry works well enough, doesn’t it? The
answer, to put it bluntly, is no. From the awkwardness of handling singularities to the limitations
imposed by infinite-dimensional spaces, the traditional framework is riddled with inadequacies.
Diffeology offers not just a patch, but a fundamental overhaul, a comprehensive theory, providing
amore natural and powerful foundation for smoothness. This paper will convince you thatit’s a
theory worth learning.

Classical differential geometry often falls short when dealing with quotient spaces that are not
manifolds (such as those arising from non-free group actions or dynamical systems), infinite-
dimensional spaces (like spaces of functions or groups of diffeomorphisms), and singularities.
To move beyond ad hoc modifications and heuristic constructions, a more general framework is
required, and diffeology provides an effective and minimal response to this need.

Diffeology overcomes these limitations by abandoning the compulsory Euclidean local model.
Smoothness is instead defined by a family of parametrizations (maps from Euclidean domains)
called ‘plots,” subject to a few natural axioms. This approach allows us to define smoothness in
situations where a traditional differentiable structure is unavailable.

As a category, diffeology exhibits remarkable properties: it is complete, co-complete, and Cartesian
closed. This means it is stable under all set-theoretic operations, and crucially, that sets of smooth
maps are themselves objects within the category. These categorical properties enable simple
constructions to address difficulties in ordinary differential geometry, but their true power lies in
the theory’s ability to provide a fine analysis of singularities and singular spaces, exemplified by
the irrational torus (the quotient of the 2-torus by a linear flow of irrational slope). This crucial
and discriminating example highlights these advantages and was a key motivation for diffeology’s
development. It is the conjunction of these categorical and specific properties that distinguishes

diffeology.

The mathematical framework of diffeology, which provides a powerful tool for studying such
spaces, was originally laid out by Jean-Marie Souriau in his seminal work “Groupes Différentiels”
[Sou8o]. Souriau’s axiomatic approach to defining smoothness of infinite dimensional groups
through plots paved the way for a consistent and flexible theory applicable to a wide range of
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spaces beyond traditional manifolds. It is worth noting that the seeds of this idea were also present
in the work of Kuo-Tsai Chen “Iterated Path Integrals” [Che77], which explored similar concepts
with a slightly different kind of plots and a different goal.

Of course, diffeology is not the only candidate for generalization; there are also noncommutative
geometry, Frélicher spaces, Sikorski differentiable spaces, derived differential geometry, and syn-
thetic differential geometry. However, Sikorski and Frolicher spaces render the irrational torus
trivial, while Frolicher spaces embed faithfully into {Diffeology} as reflexive spaces. Recent work
has exhibited a bridge between diffeology and noncommutative geometry, a connection that
deserves further exploration. The relationships with derived differential geometry or synthetic
differential geometry are, to my knowledge, yet to be fully clarified.

This paper serves as an invitation to diffeology. It focuses on presenting the core concepts and
applications and does not delve into technical constructions or proofs, except in a couple of
cases. For a deeper understanding, interested readers are encouraged to consult the textbook on
diffeology [PIZ13]. For a broader range of examples, please consult [P1Z2s].

Alast word of introduction before starting the hard work: I asked Gemini Google about diffeology,
this is what it replies to me.

Is ‘smoothness’ a property of spaces, or a construction of our mathematical tools?
Classical differential geometry often blurs this line, leading to artificial constraints.
Diffeology dares to redefine smoothness from the ground up, asking: what is the
most natural way to describe how we probe a space with smooth maps? The result
is a surprisingly powerful and flexible theory that liberates us from the limitations
of manifolds. So, why would you need diffeology? Perhaps because it offers a
more fundamental and less biased view of the smooth world.

I would argue that if an Al trained on the vast corpus of mathematical knowledge, identifies
the limitations of classical differential geometry and articulates the need for a more fundamental
approach like diffeology, then it speaks to the inherent validity and importance of this perspective.

1. THE CATEGORY {DIFFEOLOGY}: FOUNDATIONAL PROPERTIES

Everything starts with parametrizations which are the primary tool for investigating diffeological
spaces. A parametrization of a set X is any map P from a Euclidean domain (an open subset of a
Euclidean space) into X. A diffeology on X is a choice of parametrizations considered smoozh.
These smooth parametrizations are called plozs.

1. WHAT 15 A DIFFEOLOGY? A diffeology on a set X is a collection & of plots satisfying the
following axioms, considered the minimal conditions for a meaningful theory of smoothness:

(1) Covering. Every constant parametrization 7 — x from any Euclidean domain into X is a
plot. This ensures that every point x € X can be “reached smoothly.”

(2) Smooth Compatibility. Composition with smooth maps from Euclidean domains pre-
serves smoothness: If P : U — X isa plotand F : V — U is a smooth map, then
PoF:V —Xisaplot.

(3) Locality. Smoothness is a local property: Let P : U — X be a parametrization such that
for every » € U, there is an open neighborhood V.C U of r where P [ Vis a plot. Then
P isaplot.
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A diffeological space is a set equipped with a diffeology. It is crucial to note that the underlying
set initially possesses no additional structure; a topology may be subsequently derived, butitis a
secondary construction and can even be trivial, as in the case of the irrational torus.

Euclidean domains themselves are the first and most elementary examples of diffeological spaces,
equipped with the standard 6 *° diffeology where plots are ordinary smooth maps.

Diffeologies are partially ordered by inclusion, called fineness. On any set, the finest diffeology is
the discrete diffeology (plots are locally constant parametrizations), and the coarsest is the coarse or
vague diffeology (all parametrizations are plots). The set of diffeologies on a set forms a complete
lattice, meaning every subset of diffeologies has an infimum and a supremum. This property is
useful for discriminate diffeologies satisfying a given property.

2.SMOOTH MAPS. Amap [ : X — X’ between diffeological spaces is smooth if it maps plots to
plots by composition: for every plot P in X, foPisa plotin X’. The set of smooth maps from X
to X' is denoted by 6 >°(X, X/).

The plots in a diffeological space are exactly its smooth parametrizations.

By associativity, the composition of smooth maps is again a smooth map, which ensures that the
composition of smooth maps is well-defined, and that the diffeological spaces form a category. We

denote it by {Diffeology}.

The isomorphisms of this category are any smooth bijection f, such that its inverse f —lisalso
smooth.

3. ExAMPLE: THE IRRATIONAL TORUS. The irrational torus was one of the first non-trivial
diffeological spaces studied [DIZ83]. It remains a fundamental example illustrating the capabilities
of diffeology and was a key motivation for its development. The power of diffeology lies in the
combination of its categorical properties (complete, co-complete, and Cartesian closed) with the
highly non-trivial nature of the irrational torus. This non-triviality allows for generalizing the
prequantum bundle construction for any parasymplectic form' on manifolds with any group
of periods [PIZ9s]. The fiber of the generalized prequantum bundle, the forus of periods, is the
quotient of the real line by the group of periods. When the periods have more than one generator, it
is a generic irrational torus, not a manifold, and consequently, the prequantum bundle is also not
a manifold. This generalization reframes the traditional prequantum bundle (where the group
of periods has a single generator) as a special case within an infinite spectrum of possibilities, a

spectrum that is absent in smooth categories where irrational tori are trivial.

For clarity, we consider the torus T in C as the subset of complex numbers with modulus 1. A plot
in T is any smooth map 7 — z(7) = x(r) 4+ iy(r) in C such that | z(r)| = 1 forall r. A plot
in T? is a pair of plots in T, 7 = (z,(7), z,(7)), defining the 2-torus as a standard diffeological
space.

Let o« € R—Q be an irrational number, and consider the free action of the additive group R on

T? defined by:

_ (. 2int 2imot
t(z,2)) = ("™ 2,6"™ 2))

A closed 2-form.
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The irrational torus T, is defined as the quotient of T? by this action of R [DIZ83]. Since T? is
an Abelian group and the subset

(5;(71 — {(eZiTtt’EZimxt> | ¢ ER}
is a subgroup, the irrational torus is the group quotient
.
T, =T/.

Let class : T2 — T, be the projection. The diffeology of T, is defined by the parametrizations
7 — (7 ) such that, for every point 7 in its domain, there exists a neighborhood V of 7 and a
plot 7 = (z,(7), z,(7)) in T? such that

Forallr €V, <(r)=class(z,(7),zy(7)).
This is illustrated by the diagram of a plot P:
T2

class

The irrational torus, the quotient of an Abelian Lie group by a subgroup, is a diffeological group
but not a Lie group, because T, inherits the trivial topology and is not a manifold.

The irrational torus satisfies the following properties (op. cit.):

Fact1 The irrational torus T, is diffeomorphic to the quotient R/(Z + oZ).

Fact2 The projection 7w : R — T ~ R/(Z + oZ) is its universal covering, unique up to an
isomorphism.

Fact3 The first homotopy group of T, is isomorphic to Z+oZ C R.

Fact 4 Two irrational tori T, and Tﬂ are diffeomorphic if they are conjugate by a unimodular
transformation; that is, if there exists

an+b
co+d’

<d b> €GL(2,Z) such that g =

c d

Facts. Everydiffeomorphism of T, is the projection of some affine map x — Ax—+p where pis any
number, and Abelongs to a subgroup of the multiplicative group of non-zero real numbers,
isomorphic to the group of connected components of the group of diffeomorphisms

Diff(T,). And we have:*

. +1} X Z, if o is a quadratic number;
Diff(T ) ~ { ’ ’
mo(Dif(T,)) { {£1} otherwise.

Thus, the group Diff(T,)) is either isomorphic to {1} X Z x T, or {£1} x T, depending on
whether o is quadratic or not. The identity component Diff(T, )° is isomorphic to T itself,
acting by multiplication.

*A quadratic number is a solution of a quadratic equation with integer coefficients.
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i=1
plane ker(a) is irrational [IZL9o]. In this case, ty(Ditf(T,,)) is the group of units of an order of

There is a generalization of this result when o = (a;)”_, is a linear 1-form on R” and the hyper-

a finite field extension K, of Q associated with the coefficient ;.

The properties listed above for the irrational torus demonstrate how difteology can be used to
analyze such spaces.

4. EXAMPLE: MANIFOLDS, THE ROLE OF THE D-ToPOLOGY. Diffeology redefines manifolds us-
ing local diffeomorphisms, which, along with the D-topology, are central to modeling diffeological
spaces.

DEFINITION (LOCAL SMOOTH MAPS AND D-ToroL0GY). A map f : X D A — X' froma
subset A of a diffeological space X to a diffeological space X' is locally smooth if for every plot
P:U— XinX, foPisaplotinX'. Thisimplies P~ (A) C U is open (a Euclidean domain). The
subsets A of X where P~Y(A) is open for all plots in X form a topology on X, called the D-topology.
Smooth maps are D-continunous, and the D-topology is the finest topology making plots continuous.

The trivial D-topology of the irrational torus illustrates diffeology’s ability to capture smooth

local structure even in such critical case.

The composition of local smooth maps is locally smooth (including the empty map), and smooth
maps define a category with objects the D-open subsets of diffeological spaces [IZL18]. The
isomorphisms of this category are local diffeomorphisms.

DEFINITION (LOCAL DIFFEOMORPHISMS). A local diffeomorphism from a diffeological space
X to X! is an injective local smooth map f : X D A — X with a local smooth inverse f —1 : X' D
f(A)=A"-X

Local diffeomorphisms are instrumental in defining subcategories within diffeology based on
model spaces, such as manifolds:

DEFINITION (MANIFOLDS). A manifold is a diffeological space locally diffeomorphic to a En-
didean space.

Manifolds form a full and faithful subcategory of {Diffeology}, denoted {Manifolds}.

s. OPERATIONS ON DirreoLoGY. The diffeology of T, exemplifies a quotient diffeology,
one of the four fundamental categorical operations on difteologies: sums, products, subspaces,
and guotients. These operations ensure the stability of the category and are fundamental for
constructing new diffeological spaces from existing ones, expanding the theory’s scope. The
building blocks are Euclidean domains, and these operations are the tools upon which difterential
geometry is built. Using these operations ensures natural and consistent constructions, avoiding
the ad-hoc modifications often required in the traditional approach, which lacks this stability.

1. Sums. The sum (or disjoint union) X of a family {X; },. , of diffeological spaces,
X:]_IXi ={(z,x)|i € Fandx €X,},
iesd
has the diffeology sum: the finest diffeology making each inclusion j; : X; — X smooth.
Its plots are 7 — (2(7), x(7)) where i(7) is locally constant and 7 +— x(7) isa plotin X;.
2. Products. The product X of a family {X; },_ , of diffeological spaces,
X= l_IXi ={(x))ies | %, €X;},

ied
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has the diffeology product: the coarsest diffeology making each projection 7t; : X — X,
smooth. Its plots are ¥ +— (x;(7)) where each r — x;(7) isa plotin X.

3. Subspaces. A subset X' of a diffeological space X inherits the subset diffeology: plots in X’
are plots in X. This is the coarsest diffeology making the injection j : X’ — X smooth.
X’ equipped with this diffeology is a subspace.

4. Quotients. A surjective map 7 : X — Q from a diffeological space X to a set Q defines
the guotient diffeology on Q: plots are 7 — g(r) that lift locally smoothly in X. That
is, for every 7 in the domain, there is a neighborhood V and a plot 7 — x(7) in X such
that ¢(7) = =(x(r)) forall » € V. This is the finest diffeology making 7 smooth. The
quotient X/~ of a diffeological space X by an equivalence relation ~ inherits a natural
quotient diffeology.?

In addition to these operations, the smooth maps between diffeological spaces form a diffeological
space under the functional diffeology, making spaces of smooth maps themselves objects within

diffeology.

5. Functional Diffeology (Spaces of Smooth Maps). A plot r — f, in € *°(X,X") (where
X and X' are diffeological spaces) is a parametrization on U such that (7,x) — £, (x),
defined on U x X, is smooth.

Example 1. Every diffeological space can be constructed from Euclidean domains by successively
applying these operations. For instance, the irrational torus is built from four copies of R (with
their standard diffeology, i.c., C x C) by taking the subspace T x T C C x C, then quotienting
T? by the orbits of R under the irrational solenoid %, to obtain T, = T?/.%,.

Example 2. Every diffeological space X is the quotient of the sum A of the domains of any
generating family* (the Nebula of the family) by the partition defined by the inverse images of
the evaluation function (F, 7) — F(r) from A" to X. Thus, every diffeological space can be
constructed from Euclidean domains using sums and quotients. (Considering Euclidean domains

as subspaces of products of R, we use all four operations.)

2. NAVIGATING SINGULARITIES WITH DIFFEOLOGY

6. How TO DO DIFFERENTIAL GEOMETRY WITH A SINGULAR OBJECT. Differential geometry
essentially consists of comparing spaces and their properties. Returning to the irrational torus,
let us illustrate how diffeology, an extended version of differential geometry, works in a concrete
situation. Assume that f : T, — T, is a diffeomorphism. Let t, : R — T, and 7t : R — T} be
the two projections from their universal coverings. Since 7, is a plotin T, it has a local lifting

3The quotient diffeology depends only on the partition of X into classes, not on how the partition is obtained. For
example, if two different group actions on X have the same orbits, the quotient diffeology is the same. This highlights
how diffeologies handle quotients.

4A family of plots generating the diffeology: the finest diffeology containing these plots (the intersection of all

diffeologies containing them).
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¢:I—>Roverf,thatis,f07ta [I:nﬁoq).

RoI—", R

ﬂal lﬂﬁ
T, — 6

f

Hence, for all 2, m in Z, there exist 7', m’ in Z such that

o(x +n+ ma) = o(x)+n' + m'B.
By differentiating this equality, and thanks to the fact that Z + aZ is dense in R, we deduce that
the map ¢ is affine:

o(x) =nx +u,

with A, p € R. Substituting this expression into the equality above, we deduce that there exist four
integers 4, b, ¢, d, such that
ao+b
ca+d

And since f is bijective, we conclude that this correspondence is a unimodular transformation.

B=

And this is how we conduct an analysis in diffeology, in this case.

7. QUOTIENT SPACES AND DIMENSION. Let us consider another type of singularity, and
examine the quotient space A, = R” /O(n), where O(#) is the orthogonal group. This space
can be identified with the half-line [0, oo[ equipped with the quotient diffeology induced by the
standard diffeology of R” and the map sq : R” — [0, co[, where sq(x) = ||x||*. The plots in
[0, oo[ that constitute the diffeology of A, are non-negative parametrizations 7 — ¢(7) that can
be expressed locally as £(7) = ||x(7)||*, where 7 +— x(7) is a smooth parametrization in R”.

The D-topology of A, coincides with the standard topology of [0, co[ C R for all 7. We now
consider the diffeology.

TuEOREM (DIFFEOLOGY OF THE HALF-LINES). For any two distinct integers n 7 m, the half-
lines A, and A, are not diffeomorphic. They are also not diffeomorphic to A o, = [0, oo equipped
with the subset diffeology.

The proof of this theorem relies on the concept of dimension in difteology, and the dimension
map [P1Zo7]. For a chosen point x € X, the germ of the diffeology at x is the set of all plots
P: U — Xin X centered at x, i.c., such that P(0) = x, where 0 € U. The germ of a diffeology
ata point x admits the same notion of generating family as the diffeology of the whole space. A
generating family Z, is a set of centered plots that generates the germ of the diffeology at x. The
dimension of such a family %, is defined by

dim(Z,) = sup dim(dom(P)).
PeZ,

The dimension of X at the point x is then defined as:

dim (X)= inf dim(Z)),

Z.€Gen, (X)

where Gen, (X) is the set of all generating families of X at x. Intuitively, dim (X) represents the
smallest dimension of a Euclidean domain needed to locally generate the diffeology around x. The
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map x — dim_(X) is called the dimension map. Since diffeomorphisms transform generating
families into generating families, the dimension map is a diffeological invariant.

THEOREM (DIMENSION INVARIANT). A diffeomorphism between two diffeological spaces maps
each point of the first space to a point of the second space with the same dimension.

Applying this to the half-lines, we can compute their dimension maps. For A, the origin (cor-
responding to ¢ = 0) has dimension 7, reflecting the 7 degrees of freedom in R” collapsing at
the origin under the quotient. Any other point ¢ > 0 has dimension 1, since locally, the half-line
behaves like a standard interval.

dimy(A,)=n and dim,(A,)=1, forallz>0.

This holds for 7 = 0o as well. Consequently, A, ;é A, ifn 75 m, as their dimension maps are
distinct. In this case, the dimension is sufficient to distinguish between non-diffeomorphic spaces,
or points within a space.

The dimension in diffeology can be useful in the context of quotients of manifolds. For example,
consider the quotient of a symplectic manifold (M2, w) by an effective action of the torus T”.
The dimension map of the quotient space Q,, = M?” /T" is related to the depth, a concept often
introduced ad hoc to describe the topological structure of Q,,.5 Specifically,

dim (Q,,) = n —depth(x).

In the local model, the quotient Q,, = C” /T” indeed has the D-topology of a corner [0, co[”.
The depth corresponds to the number of coordinates that are zero. The dimension at x is
determined by this formula, avoiding the ad-hoc introduction of the depth as a heuristic in this
construction.

We will see later that this is part of a natural stratification of diffeological spaces, the Klein stratifi-

cation.

8. KLEIN STRATIFICATION. The analysis of the half-lines reveals that the singular origins of
two half lines with different dimensions cannot be mapped by a diffeomorphism, but they can
by a homeomorphism. The case of the square presents similar scenario: consider the square
Sq=[0,1]* € R? equipped with the subset diffeology. Topologically, it is equivalent to a disc
D={xeR?|||x|]|<1},and a homeomorphism can map a point on the boundary to any other
boundary point. However, diffeomorphisms behave differently. While a diffeomorphism of the
disc can map any boundary point to any other boundary point, this is not the case for the square.
The orbits of diffeomorphisms exhibit a different structure:

D/Diff(D) = {boundary, interior},
Sq/Ditf(Sq) = {corners, edges, interior}.
Diffeologies can discern structures that are topologically equivalent, highlighting the finer resolu-
tion provided by diffeomorphisms, and motivates the following definition.

DEFINITION (KLEIN STRATA). The Klein strata of a diffeological space are the orbits of its local
diffeomorphisms.

SIn particular in the yet unpublished paper: Classification of Locally Standard Torus Actions by Yael Karshon and
Shintar6 Kuroki.
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| class

T
m :

R Alu,r)

Figure 1. The geodesic trajectories of the torus.

Several remarks are pertinent to this definition. First, Klein strata can be interpreted as inherent
singularities of the space. The diffeology detects these singularities and exposes them through
the action of local diffeomorphisms. Second, we use local diffeomorphisms rather than global
diffeomorphisms because singularities are local phenomena. Finally, the term "Klein strata” honors
Felix Klein [Kle72], who pioneered the redefinition of geometry as the study of a space acted upon
by a group.

THEOREM (KLEIN STRATIFICATION). The Klein strata of a diffeological space constitute an
internal stratification, termed the Klein stratification, which satisfies the fundamental frontier
condition: the D-topology closure of any stratum is a union of strata.

Traditional stratification theory typically begins with a topological space and imposes additional
requirements on the strata beyond the frontier condition. For instance, strata are often required
to possess a manifold structure compatible with the topology, and to be locally closed to ensure
the set of strata inherits a Hausdorff topology. These conditions are unnecessary in diffeology
for two main reasons: first, strata naturally inherit the subset diffeology, remaining within the
category of diffeological spaces. Second, as illustrated by the irrational torus, diffeology does not
necessitate a2 Hausdorff topology for the set of strata; it can be trivial or partially trivial and can

possess a highly non-trivial diffeology.

Historically, stratification theory developed a complex axiomatic framework and defined stratifi-
cations even for smooth manifolds, despite its original focus on singular subspaces of Euclidean
spaces, such as submanifolds with boundaries or corners, or algebraic subspaces. This is no longer
essential, as diffeology can directly handle these subspaces, equipped with their subset diffeology,
within the framework of diffeological spaces with Klein strata. To illustrate an application of
Klein stratification, consider the space of geodesics of the 2-torus, which combines strata that are
manifolds with strata that are not.

The geodesics® of the torus T are the projections onto the torus of the geodesics of R, The set
of oriented affine lines in R? is diffeomorphic to the tangent space of the circle S'. An affine line
is uniquely determined by a pair (#, ) € S' x R? such that # - » = 0, where the centered dot
denotes the inner product. The line associated with the pair (#,7)is A(u,7) = {r + tu},g.
This space is also equivalent to S! x R via (#,7) — (#,0 = u - Jr), where ] is a rotation by
7t/2. The space Geod(T?) of geodesics of T? is then diffeomorphic to the quotient (S x R)/Z?,
where the action of Z? is given by k(u#,0) = (4,0 + u - k) for all b = (m,n) € Z*. Letting

6Here, we consider oriented geodesic trajectories.
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1 = (cos(6),sin(0)), the action of Z* on S x R can be written as
(m,n)(u,0) = (u,0+ mcos() + nsin()).

Define
class(u,p) = (u,class ,(0)) = (u,{o+ k- u | k € Z*}),

and let pr : (#,class , (p)) — # be the projection of Geod(T?) onto S'. The fibers of this

projection are the tori
pr:Geod(T?) — S!, with T, = pr"(#) = R/[Z cos(6) + Zsin(0)].

The torus T, is irrational when cos(6) and sin(8) are linearly independent over Q, and rational,
diffeomorphic to a circle of the form R/aZ, otherwise. Therefore, the space of geodesics of
the 2-torus has a diffeology that combines manifolds, i.e., circles when the direction vector # is
rational, meaning R# intersects the lattice 73 non-trivially, and pure diffeological irrational tori
otherwise, when # is irrational, meaning R intersects 7?2 only at the origin.

The Klein stratification of Geod(T?) is precisely described in [PIZ2s]:

THEOREM. The orbits of Diff(Geod(T?)) are the preimages under the projection pr of the orbits
of GL(2,Z) acting on the circles S' by: M(Ru) = R(Mu) for all M € GL(2,Z).

This example illustrates how the analysis of the internal structure of a relatively complex space,
such as the space of geodesics of the 2-torus, can benefit from the diffeological concept of Klein
stratification.

9. ORBIFOLDS AND QUASIFOLDS. As we have seen with manifolds, modeling spaces in diffeology
is a powerful tool for defining new subcategories within the category of diffeology [P1Z13, Chap. 4].
Each subcategory starts within diffeology. A manifold is first given with its diffeology, and then its
diffeology satisfies some property that makes it a manifold: in this case, to be locally diffeomorphic
to a Euclidean space. Thisapproach favors the mathematical intuition that a manifold is something
that looks like a Euclidean space, locally, everywhere. We are not burdened, in the definition, by
gluing injections according to transition functions. The local diffeomorphisms do the job for us.
And many manifolds are indeed built that way, surfaces defined as level sets of smooth functions
on Euclidean spaces, like spheres for example, or are quotients of Euclidean spaces, like tori, and
the list doesn’t stop here.

The concept of orbifolds is of the same kind. First mathematicians encountered spaces that
looked like manifolds almost everywhere, except on some subset where they are locally obtained
as a quotient by a finite group action. The first example that comes to mind is the quotient
&L, =C/U, of the complex plane C by the group %,, = {exp(2ink/m) |k =0,...m—1}
of m-th roots of unity. A main difficulty starting with topology is that £, is topologically
equivalent to C. The singularity at the origin is eaten by the topology. So, even if intuitively
an orbifold is something that looks like a quotient of a Euclidean space locally, everywhere, we
don’t know how to express technically this resemblance, certainly not just involving topology.
This is what led Ishiro Satake in his two papers to define what he called V-manifolds by a lengthy,
complicated, definition [ISs6, ISs7]. The simple intuition that a V-manifold is just some space
locally looking like a quotient by a finite linear group was lost. Later, William Thurston, in his
lecture on the subject [Thuy8], changed the name of V-manifold to the more sexy orbzifold, but
didn’t change the definition.
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Figure 2. The TearDrop Orbifold structure on the Sphere S2.

Here again diffeology gives a simple answer [IKZ1o0]. Indeed:

DEFINITION (ORBIFOLD). An orbifold is defined as a diffeological space that is locally diffeomor-
phic to some guotient R" [T, where T is a finite subgroup of GL(n,R). The group T may change
from point to point.

But that definition would be empty if there was not the following theorem (op. cit.), where
intuition reclaims its rights:

THEOREM. Every Satake V-manifold is a diffeological orbifold for a natural diffeology associated
with a Satake’s defining family. Conversely, to every diffeological orbifold” is associated a Satake’s
defining family that is a V-manifold. These operations are inverse to each other.

To illustrate how diffeology handles this definition, consider the description of a plot { of the
teardrop orbifold structure on the 2-sphere > C C x R. Let N denote the north pole:

(A)If(7y) # N, then there exists a ball B centered at 7, such that ¢ | B is smooth.

(B) If g(7y) = N, there exist a ball B centered at 7, and a smooth parametrization z in C defined
on B such that, forall » € B,

Ur)= W@?’").

Here, the integer 72 > 1 determines the order of the singularity at the north pole where the space
is locally diffeomorphic to C/%,,,.

By embedding orbifolds into the category {Diffeology} we also gain the morphisms between
orbifolds, which are naturally smooth maps in the sense of the diffeology. This may seem like
a small gain, but it was a real difficulty, since Satake was unable to give a satisfactory notion of
smooth maps between orbifolds. This is what he wrote himself in [ISs7, page 469] as a footnote:

“The notion of C*°-map thus defined is inconvenient in the point that a composite

of two C*° -maps defined in a different choice of defining families is not always a

C* map.”
Indeed, it was too much to ask for a smooth map to lift locally on the local model equivariantly
with respect to the structure group I'. There is a famous counter-example elaborated in [IKZ1o,
Ex. 24] of a smooth map from simple orbifolds that has no locally equivariant lifting.

7Modulo a restriction imposed in Satake definition, on the absence of reflexions.
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Some people may argue that this construction is too simplistic and evacuate deeper concepts
related to another definition, more complicated, by way of groupoids. This would be an argument
if it was impossible to find, starting with the geometry of the orbifold, that is, its diffeology, a
groupoid capturing this complexity, but this has been done in [IZL18] by associating categorically
astructure groupoid to every difteological orbifold.

The Structure Groupoid. The construction begins by choosing a presentation of the orbifold X,
that is,

(1) The local model if defined by charts which are local diffeomorphism f from R” /T to X.

(2) Then, by garthering the charts in an a#/as, that is a family .¢/ of charts f : U — X whose
values f(U) cover X.

(3) Associated to this atlas is the strict generating family F made by the plots F = class o f,
defined on U = class ~'(U), with class : R” — R” /T,

(4) The nebula N of F is then defined as the sum of the domains of F, and the evaluation map
ev: N —X.

N = ]_I dom(F) and ev:(F,7r)—F(r)

FeZ

Actually, X identifies to the quotient of A by ev. In technical terms, ev is a subduction.
(5) Now, define the groupoid G whose the set of objects is the nebula .4, whose the morphisms
between (F, 7) and (F, r’) is not empty only if F() = F/(7’), and are the germs of the local
diffeomorphisms ¢ of A" that project onto the identity of X by the evaluation map ev, that is,
such that F= _F oo.

DEFINITION (STRUCTURE GROUPOID). This groupoid G is the structure groupoid associated to
the atlas of . It is equipped with a special diffeology defined as the quotient by germification of some
Sfunctional diffeology on local smooth maps, and becomes a diffeological groupoid.

THEOREM (EQUIVALENCE OF STRUCTURES GROUPOIDS). 1he orbifold X identifies with the
space of transitivity components of G,

X = A [Transitivity.

Different atlases give equivalent structure groupoids. Diffeomorphic quasifolds bave equivalent
structure groupoids.

Sketch of Proof. This the consequence of a fundamental theorem proved in [IKZ10] that every
local diffeomorphism of a groupoid lifts locally on .4 as a local equivariant diffeomorphism. And
it is extended to quasifold in [IZP21]. It is important to note that this is not the case for arbitrary
maps, as show the example [IKZ10, Ex. 24]. »

Thus, the equivalence class of structure groupoid is a diffeological invariant that is naturally
associated with the orbifold. Any of these groupoids G contains exactly the same information as
the effective orbifold groupoids found in mathematical literature, see [KM23].

That calls for a final remark. Actually the groupoid G is étale and Hausdorff, every étale and
Hausdorff diffeological (or Lie) groupoid whose space of transitivity components is a diffeological
orbifold can be called an orbifold groupoid. The non-eftective part is a structure over the groupoid,
which may add something to the groupoid but doesn’t change its base: its space of transitivity
components. This is like fiber bundles over a base space: many fiber bundles can share the same
base, it doesn’t add to the geometry of the base. However, the category of diffeological groupoids
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G over the same base X = Obj(G)/Transitivity could be an insteresting subject of study. This

category has an initial and final object which are X itself.

The structure groupoid that characterizes the internal smooth structure of the orbifold reflects
on its Klein stratification. Thanks to the following fact, proved in [GIZ23]:

PrOPOSITION. Two points x and x' inan orbifold X are on the same Klein stratum if and only if
their isotropies are conjugate modulo GL(n,R).

In other words, the Klein stratification of the orbifold, which expresses the internal singularities
of the space, follows the structure groupoid. Moreover, it is proved in this paper that:

THEOREM (GIZ). The Klein stratification of a (locally finite) diffeological orbifold is a standard
stratification: the strata are locally closed manifolds, and the set of strata, equipped with the guotient
diffeology, satisfies the T, separation condition.

Before leaving this section, a word on guasifolds. These objects were introduced outside the theory
of diffeological spaces by Elisa Prato [Prao1]. They were later integrated into diffeology under
a simplified definition,® following the model of orbifolds [IZP21]. This definition consists in
replacing the group I" by a countable subgroup of Aff(R”), the group of affine transformations.
In particular, the irrational torus fills in this subcategory. Almost everything said for orbifolds
continues for quasifolds, except perhaps the Klein stratification, which is no longer necessarily
standard. We have seen an example with Geod(T?), a quasifold equivalent to a quotient R? /Z?
which contains strata that are irrational tori.

3. SYMPLECTIC GEOMETRY IN THE DIFFEOLOGICAL SETTING

As is well-known, the treatment of singularities is a recurring challenge in differential geometry
and exterior differential calculus. Two principal areas where these challenges arise are: singular
quotients and infinite-dimensional spaces, both of which are particularly pertinent in symplectic
geometry.

Singularities are especially critical in the context of symplectic reduction. Symplectic reduc-
tion involves reducing a coisotropic submanifold W within a symplectic manifold M by the
kernel of the restricted symplectic form w. This process was thoroughly addressed in the seminal
work of Alan Weinstein and Jerrold Marsden [MW74] for the case where the quotient space
Q = W/ker(w [ W) is a manifold. However, the case where Q is merely a topological space,
possibly non-Hausdorff, remained largely unaddressed. In recent decades, singular reduction has
been addressed through staged approaches along stratifications, analogous to Marsden-Weinstein
reduction, as seen in works like [LSor1], and [Wati2] (which employs diffeological techniques).

Diffeology offers an original solution to this problem, which should be addressed in its full
generality. Since exterior differential calculus extends naturally to diffeological spaces, and quotient
spaces are always equipped with the quotient diffeology, the question can be reformulated as

Question: Let Q = W/ker(w [ W) be equipped with the quotient diffeology.
Does there exist a 2-form & on Q such that w [ W = class *(&)?

Because manifolds form a full and faithful subcategory of {Diffeology}, when Q is a manifold,
then & coincides with the Marsden-Weinstein construction. A complete answer to this question

8The orbifold’s syndrome.
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is not yet available, but we have partial results. We will examine two examples in the case of a
1-dimensional kernel.

The second problem that extends symplectic geometry beyond its traditional boundaries emerged
with the development of classical and quantum field theories. These theories introduced symplectic-
type structures on infinite-dimensional spaces such as spaces of functions and connections. We
will explore how tools like the moment map generalize to diffeology and apply to these cases. In this
section, we will also consider an example of symplectic reduction in an infinite-dimensional setting
with singularities. The combination of these two challenging situations further demonstrates the
versatility of diffeology.

10. DIFFERENTIAL FORMS AND EXTERIOR CALCULUS. A differential k-form owonadiffeological
space X assigns to each plot P in X a smooth form

o(P) € Q¥ (dom(P)),
such that, for all smooth parametrizations F in dom(P),
a(PoF)=F" (oc(P)).

The set Q¥(X) of differential £-forms on X is a real vector space.
Let £: X — X’ be a smooth map, and o’ € Q¥(X'). The pullback of o’ by f is defined by:

[H@)®)=o(f oP).
Note that the value of a form o on a plot P is simply the pullback of o by P: o(P) = P*(av).

Exterior differentiation is defined by the operator:
d : QF(X) — QFY(X), givenby do: P— d[o(P)]

The operator d is linear and smooth with respect to the functional diffeology. It satisfies d od = 0.

Crucially, the following criterion determines when a differential form descends to a quotient.
Consider a subduction 7 : Y — X between diffeological spaces, meaning that X is equivalent to
the quotient Y /.

CRITERION. Let oo € Q¥(Y). There exists a differential form B € QF(X) such that o= r*(B) if
and only if: for any two plots P,P' in Y, if t o P =m o P, then a(P) = ().

This criterion is a fundamental tool for determining if a differential form descends to the quotient
by an equivalence relation. This is essentially all we need for the subsequent discussion.

1. REDUCTION BY THE GEODESIC FLow. The space of geodesics® of a Riemannian manifold
(M, g) is a particular case of symplectic reduction that may be singular.

Consider the 1-form on the tangent space TM

n
A=udx, orinalocal chart: A= E wdx', with u; =g; ..

=1

91n this subsection, geodesic means oriented geodesic trajectory. We distinguish between geodesic trajectories and

geodesic curves, which are parametrized.
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It is the pullback of the canonical Liouville 1-form on T*M by the metric transposition # — #,
with #(v) = g(#,v). Its differential dAis a symplectic form, and its restriction to the unit tangent
bundle UM, the subspace of tangent vectors of norm 1, is a contact form:

dim(kerd2) = 1 and ker(A) Nker(d2) = {0}.
The kernel of the restriction of dAon UM is generated by the Reeb vector £: ker(dA | UM) = Rg

and A(E) = 1. The integral curves of this linear distribution project onto M as geodesic trajectories.
The set of characteristics of dA [ UM thus identifies with the set of geodesics of g on M:

Geod(M) = UM/ ker(dA).

When Geod(M) is a manifold for the quotient diffeology, dA | UM descends to Geod(M) as a
symplectic form . This is the case, for example, for the sphere 2, where Geod(S?) = S? via the
mapping (x,#) —{ =x Au.

The behavior of Geod(M) when it is not a manifold is beyond the scope of ordinary differential
geometry, but diffeology elucidates it as a consequence of this theorem:

THEOREM (REDUCTION OF A CONTACT FOrRM). Let Y be a Hausdorff and second-countable
manifold equipped with a contact form \ There always exists on the space 6 of characteristics of d\
a parasymplectic form w, symplectically generated, such that

class*(w) = dA,

whereclass : Y — 6 =Y/ ker(d ) isthe projection. If Y bas dimension 2n—1 (contact manifolds
are odd dimensional), then € bas dimension 2n—2. When € is a manifold, then o is symplectic.

Because it is important to understand why such a theorem holds in diffeology, I will provide a
sketch of the proof that explains how it works. For more details, see [PIZ2s, p.275]

Sketch of Proof- The proof relies on the properties of the Reeb vector field &, whose flow preserves
A exp(£E)*(A) = A It consists in proving that d Asatisfies the condition to descend to the quotient
space 6. Let P and P’ be two plots in Y such that class o P = class o P’. This means that for
any parameter value 7, P(7) and P/(7) lie on the same characteristic curve of dA. This implies
the existence of a smooth parametrization s(7) such that P'(7) = exp(s(r)£)(P(r)), thanks to
a standard result in the theory of ordinary differential equations. Using the fact that the flow
preserves A, we have: AP’), = Nexp(s(7)E)(P(7))), = A(P),+ds, . Taking the exterior derivative
of both sides, we get dA(P’) = dA(P). Therefore, by the criterion for differential forms to descend
to the quotient in diffeology, there exists a (closed) 2-form w on 6 such that class*(w) = dA. »

COROLLARY. Asa reduction of the unit tangent bundle UM by the kernel of \, the space of geodesics
of a Riemannian manifold is always a parasymplectic space for the projection v of dn | UM.

This applies in particular to the geodesics of the 2-torus, for which, as we have seen, Geod(T?)is
not a manifold but combines circles and irrational tori depending on the slopes. Indeed, Geod(T?)
is the quotient space by the action of the additive group R whose stabilizers vary from point to
point, ranging from {0} to the groups %,, of the mth roots of unity, where 72 runs through N.
This clearly does not satisfy the conditions of the Marsden-Weinstein procedure, and the quotient
space is even non-Hausdorff. The singularities of this space, which are the different orbits of the
local diffeomorphisms, do not prevent the parasymplectic form w from being well-defined on

Geod(T?).
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This is an example of symplectic reduction in the presence of singularities." It demonstrates
how diffeology allows us to extend the concept of symplectic construction to spaces that are not
manifolds. The space of geodesics on the torus, despite its non-manifold nature, carries a natural
parasymplectic structure inherited from the contact form on its unit tangent bundle. The ability
to work with such structures on these types of spaces highlights the power and versatility of the
diffeological framework and unifies a geometric construction: the parasymplectic character of the
space of geodesics, which is otherwise impossible.

12. REDUCTION OF INFINITE DIMENSIONAL ELLIPSOIDS. We shall now examine an example of
symplectic reduction in diffeology within an infinite-dimensional space where the reduction is
singular. This example combines two situations that standard symplectic geometry cannot readily
handle. It demonstrates that in this infinite-dimensional case, despite the singularities, the sym-
plectic form descends to the reduced space when restricted to a generic level of the Hamiltonian.
For detailed technical information, refer to [PIZ16].

Consider the space of periodic functions from R to C:
ComR,C)={f €CTR,C) | f(x+1)=f(x)}.

Let Surf be the standard symplectic form on C,

1 - _
Surf,(52,8'z) = — [82 5z—3'2 82] ,
21

where z,82,8'z € C. Forall x €R, let
2: 62 (R,C)—>C with 2(f)=f(x)

per
be the cvaluation map. The pullback £*(Surf)/m is a closed 2-form on € (R, C). Let w be its

per
mean value:

e
0= —J x*(Surf)dx.
0

T

Evaluated onaplot P :  — f, we obtain:

L (9F (x) df.(x
w<P)y(ar,a’r):LJ0 { Fr0) 5,y 950 51

2im dr dr
f,(x), o df(x)
-3, d'r) 3, (57)}0,’96.

The vector space 6.7 (R, C) equipped with w is a diffeological symplectic space in a strong sense.™

We then transport this structure to the space & of Fourier coefficients via j : /' — (f,),cz- A
parametrization P : r — (f,(7)),,cz in & isa plotif:

(1) The functions f, : dom(P) — C are smooth.

(2) Their successive derivatives are uniformly rapidly decreasing:

3*f.(r)
P_n 0.
" 37’/6 |n]—o00

'Actually, what is symplectic in diffeology is open to debate.
"It is an (additive) diffeological group and an (affine) coadjoint orbit of itself.
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Next, the infinite product of tori T® = [, T is equipped with a tempered diffeology. A
parametrization { : ¥ = (z,(7)),ez in T is tempered if the z,, are smooth and if for every
k €N, for every 7, in the domain of the parametrization, there exist a closed ball B C dom({)
centered at 7, a polynomial P, and an integer N such that
9*z,(r)
drk

Equipped with tempered parametrizations, T is a diffeological group acting smoothly, by

Forall r € B, forallz > N, <Py(n).

automorphisms, on the symplectic space & of Fourier coeflicients by pointwise multiplication:
Forall t=(x,),, €T and Z=(2,),cz €8 : < Z=(x,Z,),cz-

The moment map, which will be defined later in full generality, of this action is

1 2 %

I ne’l
where 7, is the projection on the 7-th component, 6 € Ql(T) is the canonical volume form, and
o is a constant.

We choose a sequence of rationally independent real numbers o« = (e, ),, 7, with all 0 < o, < 1.
We induce the real line in the infinite torus as an irrational solenoid .7, = {(exp(2ima,t)), 7 |
t € R}. The restriction to this additive action of R has for moment map v defined by the
Hamiltonian :

WZ)=h(Z)dt with h(Z)=>a,|Z, ' +c,

ne’l
with ¢ a real constant. Let
57 ={2=2),c€6| Ta,lZ,P=1}.
ne’Z

be a generic level subspace of the Hamiltonian of the solenoid action and then reduce it by the
solenoid action. Note that SJ° is an infinite dimensional ellipsoid with axes o,. This action is not
free and generates infinitely many singular orbits:

Sl ={Z2eS|Z,,=0if m#n}, withn €Z,
isomorphic to circles of radius 1/, /a,,. The reduced space is an infinite guasi-projective space (an
infinite dimensional quasifold, although this has not yet been rigorously defined):

P> =S /R.

Despite the presence of singular orbits,
THEOREM. The restriction of the symplectic form w on the infinite ellipsoid S° descends to the
quotient PL° as a closed 2-form w, equipping the infinite quasi-projective space with a parasymplectic
structure.
Here, diffeology provides a direct approach to handling infinite dimensions with singularities,
avoiding the complexities of functional analysis, which may not be suitable for this problem. The

proof, which is entirely diffeological, is outlined below, as we cannot rely on a classical theorem
like the one used in the reduction of a contact form.

Sketch of Proof. We apply the general criterion mentioned earlier. Let P : U — S2° and P’ : U —
S2° be two plots such that class o P = class o P’. We consider separately the subset & = U, _,S}



WHY DIFFEOLOGY? 19

of singular orbits and the complementary set of principal orbits S3° — & (where the action is
free). Itis a fact that S2° — & is open in the D-topology. Thus, U, = P~!(S2° — %) is an open
subset of U. Since class o P =class o P/, P7!(S2° — &) =P (§° — ) = U,

Now, the restrictions of P and P’ to U, take values in the subset of So° consisting of principal
orbits of R, for which the action of R is free. Therefore, for each r € Uy, there is a unique
7(r) € Rsuch that, forall n, Z/ (r) = eZi"“nT(y)Zn(r). Since for all 7y € Uy, there exists z € Z
such thatZ (7,) ;é 0, there exists a neighborhood of 7, where Z, (7) ;é 0. On this neighborhood,
Z! (r)#0,and e?imn(r) = Z! (r)]Z,(r). Because r — Z(r) and r — Z,(r) are smooth, it

2imor,t(

follows that r — ¢ "), and hence t, are smooth.

Now, & = de with:

, 1 =——3dZ (r) 1 ——dZ (7)
EP or)= . Zﬂ r ’ or)= . Zn r L or
or)= 55 ST 20 0r)= 512 ST o
— d(r) .
+ o, 2, (r)Z,(r) )| —=—=(7)=¢e(P),(8r)+<"(dr),(37).
(Swi2,07) 0 0r) =0, (o115 ), o)
Therefore, [(P") — w(P)] [ U, = 0. By continuity, [(P") — w(P)] [UO =0, where Ijo is the
closure of U,,.

It remains to examine the complementary subset V = U—UO. The subset V is open, so P [ Vand
P/ | V are two plots of S° with values in the subset of singular orbits .. Since . has dimension
1, and w is a 2-form, the restrictions (P | V) and (P’ | V) are both zero. In conclusion,
o(P’) = w(P) everywhere on U. This proves that there exists a 2-form @ on P2 = S2° /R such
that class *(w) = . »

The restriction of the symplectic form w on the infinite ellipsoid S$° descends to the quotient
PS° as a closed 2-form w, equipping the infinite quasi-projective space with a parasymplectic
structure. This establishes that the reduction process yields a meaningful geometric structure
in a challenging infinite-dimensional and singular setting, providing a foundation for further
investigation of these geometric objects within diffeology. We anticipate analogous results for
general symplectic actions of Lie groups. The case of symplectic reduction for general symplectic
diffeological spaces may present different challenges.

4. CARTAN-DE RHAM CALcULUS AND HOMOTOPY INVARIANCE

Not only does diffeology provide solutions to conceptual problems such as the treatment of singu-
larities, but it also offers elegant alternatives to sometimes tedious theorem proofs, as exemplified
by the homotopy invariance of de Rham cohomology. This invariance states that the pullback
of a closed differential form by homotopic maps yields cohomologous forms. Consequently,
the morphism between de Rham cohomology groups induced by the pullback of smooth maps
depends solely on the homotopy class of the maps.

To prove this invariance within diffeology, we introduce the Chain Homotopy Operator (K), a
crucial tool that offers a direct and elegant proof of this theorem for diffeological spaces, and hence
for manifolds, given that they form a full and faithful subcategory of {Diffeology}. Diffeology’s

contribution in this context, as we shall see, lies in enabling us to work within the category with
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the space of paths and to utilize the coherent categorical concept of differential forms on this
infinite-dimensional space, which is not possible in ordinary differential geometry.

The Chain Homotopy Operator (K), detailed in [PIZ13a], will also be employed in the generaliza-
tion of the Moment Map in diffeology, further underscoring its significance.

13. HomoTory GrRouUPS, A TALE OF RECURSION. The Cartesian closed nature of the category
{Diffeology} allows us to reduce the construction of homotopy groups to the definition of the
space of connected components of a diffeological space. Let X be a diffeological space.

DEeriNiTION (HOMOTOPY). Two points x,x’ in X are homotopic, or connected by a path, or
simply connected, if there exists a smooth pathy in X such thatyv(0) = x and (1) = x’, where the
space of patbs is defined by

Paths(X) = ¢ (R, X),
equipped with the functional diffeology. The endpoints of a path are determined by the maps
t : Paths(X) — X defined by t(y) = y(t). The endpoints of a path are the pair ends(y) =
(OCy), 1(v))-
THEOREM (CONNECTED COMPONENTS). The relation of being homotopic is an equivalence
relation on X. The equivalence classes of this relation are called connected components, and the set
of connected components is denoted by

75(X) = X/Homotopy.
The partition of X into connected components is the finest partition that makes X the disjoint union
of its parts. Therefore, equipped with the quotient diffeology, o(X) is discrete.
Moreover, the connected components are also the components for the D-topology, this is why there is
no ambiguity to call them simply: components.

Proof. The proof of this theorem uses the classical concatenation of paths, defined when a path y
ends at the beginning of a path v’. However, since this operation does not necessarily preserve
smoothness, the paths are modified to be stationary at their endpoints by composition with a
smooth function that flattens the path at its endpoints (a "bump function”). Because the subspace
of stationary paths is homotopically equivalent to the space of paths (via a suitable deformation
retraction), this procedure introduces no inconsistency. We refer to [PIZ13, §5.7] for the proof
that the connected components are components for the D-topology. »

The fundamental group of a diffeological space X is defined using the fact that Paths(X) is a
diffeological space with the functional diffeology, and this applies to all its subspaces. Thus, their
sets of connected components are defined without any further specification.

DEFINITION (FUNDAMENTAL GROUP).  The fundamental group of a diffeological space X
based at x € X is the space of connected components of the space of loops based at x, denoted by
(X, x) = my(Loops (X, x)), where
Loops(X,x) = {¢ € Paths(X) | £(0) = (1) = x}.

Equipped with the operation comp({) - comp({’) = comp(¢ V £"), where comp denotes the projec-
tion to the space of connected components, and IV denotes the concatenation of loops Cand V! (with
suitable reparametrization to ensure smoothness), 7(X, x) is a group with identity the component
of the constant loop at x, denoted by X : t — x.

This construction of homotopy warrants several remarks:
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(1) This definition coincides with the classical definition when X is a manifold.

(2) Italso yields the homotopy of the irrational torus: my(T,) = {T,}, 7,(T,) = Z% and
7to(Ditf(T,,)) = {£1} X Z or y(Ditf(T,)) = {£1}, depending on whether a is qua-
dratic or not.

(3) While the fundamental group of a diffeological space captures some geometric aspects,
‘it does not fully reflect the finer structure of diffeology. For example, half-lines A , are
contractible and have a trivial homotopy, which obscures their diffeological structures.

(4) Asanother example, the orbifold £,, = C/%,, is contractible and thus also has a trivial
homotopy. Its detailed diffeological structure is encoded in the structure groupoid, which
is not apparent at this level of homotopy.

(s) Nonetheless, homotopy remains a valuable tool in diffeology and deserves further devel-
opment, as initiated early in the theory [PIZ8s].

Now, let us introduce the higher homotopy groups recursively.

DeriniTION (HIGHER HOMOTOPY GROUPS). For any diffeological space X and x € X, the
higher homotopy groups are defined recursively by:

Forallk>1, m,(X,x)=m,_;(Loops(X,x),%).

An equivalent presentation of the higher homotopy groups, starting with Xy = X and x, = x, uses
the iteration:

X, =Loops(X,_1,xp_q) with x,=[t—x,_,]
Then, for all k> 1:
(X %) = 70y (X1 X —1)-

This presentation immediately reveals the group structure of the higher homotopy groups. For ex-
ample: 7,(X, x) = 7, (X, x; ), X; = Loops(X, x) and x; = %, then m,(X, x) = my(Loops (X, x,), £;) =
7t5(Loops(Loops (X, x), %), [t — [s — x]]).

14. DE Ruam ConoMmoroay. Differential calculus, particularly the manipulation of differential
forms, provides an intrinsic way to describe geometric objects and physical quantities in differential
geometry. Unlike vector fields or other contravariant tensorial objects, differential forms transform
naturally under smooth maps. This makes them ideal for studying geometry and physics not only

on manifolds but also, as we have seen, on general diffeological spaces.

Differential forms are fundamental in physics: Maxwell’s equations in electromagnetism, the
description of spacetime curvature in general relativity, the representation of gauge fields in gauge
theory, and the modern formulation of classical mechanics with symplectic forms all rely heavily
on them. Although differential forms are defined by local properties, their de Rham cohomology
groups capture aspects of the global structure. For example, if the first de Rham cohomology
group is non-trivial, then the space is not simply connected.

Consider a diffeological space X and its space of differential k-forms Qk (X). The vector space of
closed k-forms, where do. =0, is denoted by ZﬁR(X). The vector space of exact k-forms, where
o= d, is denoted by BﬁR(X). The k-th de Rbam cobomolaogy group (which is a vector space) is
then defined as usual by:

HE (X) = 28, (X) /B (X).
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The cohomology of the irrational torus can be computed, yielding H(liR(Ta) = R. This is not
surprising, as T, has dimension 1. However, its homotopy is 72, which contrasts with what occurs
in the differential geometry of manifolds. This discrepancy relates to the non-equivalence of
various cohomology theories in difteology [P1Z24].

15. THE CHAIN HoMoToPY OPERATOR. The chain-homotopy operator is a fundamental con-
struction in Cartan-de Rham calculus within diffeology [PIZ13a]. Since it involves differential
forms on infinite-dimensional spaces of paths, it extends beyond the scope of classical differential
geometry. This smooth linear integro-differential operator connects the de Rham complex of a
space to that of its space of paths:

K : Q7(X) — Q7! (Paths (X)),
satisfying the identity
doK+Kod = i*—é*

The significance of this operator is evident, in particular, in how it streamlines proofs in classical
differential geometry, as illustrated by the homotopy invariance of de Rham cohomology, discussed
in the next section.

It is also crucial in the construction of the moment map in diffeology, providing a shortcut for
the non-exact parasymplectic case and extending this fundamental tool of symplectic geometry
beyond manifolds.

The construction of the chain-homotopy operator is based on two operations: the contraction of
differential forms by slidings and the diffeological version of the Lie derivative.

(1) Contraction of differential forms by slidings. Let o be a k-form on X and t a germ of a
path in Diff(X), centered at the identity, ©(0) = 1y, called a s/iding. The contraction of
o by 7 is defined, for all plots P in X, by:

L (@)(P), (V1,.,0p_) = a<<i> —(t) oP(r)>(o) <é> <51> o <v;_1>

(2) Lie derivative by slidings. Let © be a sliding of X and a be a k-form. The Lie derivative of
o by 7 is defined by:

L

t=0 ‘

(3) Integration of forms on paths. Consider a k-form o on X, and the operator £ : Paths (X) —
X defined by £(y) = y(z). Let ® be the integral operator from Q*(X) to Q* (Paths (X)),
defined, for all plots P in Paths (X), by:

1

O(a)(P),(vy,...,0p) :J (), (v, ..., ) dL.

0

Then, the integro-differential operator K is defined as the composition of t_and ®:
K=1 00, KeL®Q"X),Q"!(Paths(X))).

The Chain Homotopy identity is derived by applying the Lie derivative to the integral operator ®
with respect to the 1-parameter group 7, and then applying the generalized Cartan formula (op.
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cit.):
£.0(e) = d[(o(a)]+ t(d(®(w) = d[e(O(a))]+1 [O(dor)]
—_————
i*(a)—é*(oc) dod=dod d[K(e)]+ K[da]

This construction, based on the Cartan-Lie derivative, demonstrates how diffeology enables us
to address problems directly, without involving unnecessary objects, particularly vector fields.
Their contravariant nature leads to multiple, non-equivalent definitions within diffeology. Their
inclusion should be avoided whenever possible, as is the case here, to maintain the general applica-
bility of the theorems. Avoiding vector fields and Lie algebras in diffeology is not merely a stylistic
choice but a requirement for our constructions and theorems to be applicable throughout the
entire category of diffeological spaces.

16. APPLICATION TO THE HOMOTOPY INVARIANCE OF DE RHAM COHOMOLOGY. Perhaps the
most compelling application of the chain-homotopy operator lies in the proof of the homotopy
invariance of de Rham cohomology. The use of infinite-dimensional spaces significantly simplifies
this proof, which is notoriously intricate and tedious when approached using standard differential
geometry techniques.

TaEOREM (HOMOTOPY INVARIANCE OF DE RHAM CoHOMOLOGY).  Let X and X' be two
diffeological spaces, and let t — f, be a smooth path in € (X', X). For any closed differential
form a.€ Q¥ (X), the forms (o) and f; (ex) are cobomalogous.

Proof. Let F : X’ — Paths (X)) be the map defined by F(x') =[t — £,(x’)]. Applying F* to the
chain-homotopy operator identity, we obtain:

Fi(dKa + Kd&) = F(1* ) —  FO(a)
N—— N—_—— N———

d(F"(Ko) =) (1oF)y(0)=f(0) (0oF) ()= fy'(a)
Thatis, f;"(ex) = fy" () +d. >
This example demonstrates the utility of diffeology, even within the context of traditional differ-

ential geometry, as it provides a rigorous proof applicable when X is a manifold. Furthermore,
the theorem’s applicability extends to all diffeological spaces, a point worth emphasizing.

5. THE MOMENT MAPS IN DIFFEOLOGY

The moment map is a fundamental tool in the study of symmetries in symplectic geometry.
Introduced by J.-M. Souriau in the 1960s, its significance spans a wide range of applications,
from the Noether-Souriau theorem on conserved quantities in classical mechanics to geometric
quantization and the classification of elementary particles as homogeneous symplectic spaces.

However, the application of moment maps becomes significantly more challenging in infinite-
dimensional settings, such as those encountered in models of field theory. For nearly half a century,
mathematicians and physicists have developed such models, equipped with candidate symplectic
structures and infinite-dimensional groups of symmetries. Notable examples of this work, where
heuristic approaches to moment maps have been proposed, include the work of M. Atiyah [AB82]
and S. Donaldson [Dnlgg].

Difteology provides a natural framework to successfully address these challenges and generalize
the concept of the moment map in a unified and rigorous manner. By offering a consistent



24 PATRICK IGLESIAS-ZEMMOUR

approach, diffeology obviates the need for ad hoc constructions and heuristics. Moreover, it
applies effectively to problems involving both infinite-dimensional and singular spaces [PIZ10].
This framework allows us, in particular, to work directly with the space of momenta, a key element
in this generalization.

Recall that a diffeological group is a diffeological space equipped with a group law such that the
product and the inverse maps are smooth. For example, every group of diffeomorphisms Diff(X)

of a diffeological space X is a diffeological group when equipped with the functional diffeology.

DEFINITION (MOMENTUM, MOMENTA). 4 momentum of a diffeological group G is a lefi-
invariant 1-form. The set of momenta forms a diffeological vector space under the functional

diffeology. We denote it by:
9 ={c€0'(G)|YgeG,L(g) () =¢},
where L denotes left multiplication: 1.(g): g’ — gg'.

It is important to emphasize that the space of momenta ¥* is nor defined by duality with a
presumed Lie algebra, even if the notation might suggest it. The introduction of Lie algebras
is unnecessary in the definition of the moment map, as we shall see, and indeed obscures the
fundamental simplicity of this object.

17. THE SIMPLEST CASE. Recall that a parasymplectic form on a diffeological space X is any closed
2-form on X, without regard to its regularity. Let G be a diffeological group acting smoothly on
X and preserving v, i.e., g*(w) = wforall g €G.

Assume that o is exact, possessing an invariant primitive a: v = daand g*a = a forall g € G.

DEFINITION (SIMPLE MOMENT Mavr). The map p.: X — 9* defined by

u(x) = 2"(a),

where X : G — X is the orbit map given by x(g) = g(x), is smooth, i.c, u € € (X, 9*). This

map . is 4 moment map for .

Note that this is one moment map for , associated with the chosen invariant primitive o.

18. THE GENERAL CASE. Closed invariant 2-forms are not always exact, and even if exact, may
not possess an invariant primitive. Diffeology addresses this issue directly by employing the chain-
homotopy operator to reduce to the simplest case. Let (X, w) be a connected parasymplectic
space.

(x) The Paths Moment Map. Define A€ Q'(Paths (X)) and w = dAby:
A=Kw and w= i*(co)—CA)*(co)

Here, 1* and 0* denote the pullback maps induced by the endpoint maps of the space of paths.
It is established that if G preserves w, then it preserves Ko (see [PIZ13, §9.3]). Considering the
action of G on Paths (X) with @ = d A, we are reduced to the simplest case g*(A) = A mentioned
earlier, but now on the space of paths. Then, N

DEFINITION (THE PATHS MOMENT MAP). The paths moment map is defined by:
W : Paths(X) — 9" with ¥(y) =7"(Kw).

The paths moment map satisfies two fundamental properties:
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(1) ¥ is equivariant with respect to the coadjoint action of G:"*
¥og, =Ad(g)o¥ where g (y)=goy.
(2) ¥ is additive: for composable paths y and v/,
Wy VY)=¥(y)+ ¥ ()

(2) The Two-Points Moment Map. The two-points moment map is the projection of the paths
moment map onto X X X. This projection provides a first step towards defining the moment
map of w on the space X:

P: X x X — 9T, with ¢(x,x") = class (¥(y)),
where class : 4* — 9*T and for any path y such that ends(y) = (x, x”). The subspace I' C ¢*
is the obstruction to the projection ends, i.c.,
I'={¥()|{ € Loops(X)}.

Itis a subgroup underaddition, consisting of closed Ad, -invariant momenta, and ¢4*/T is regarded
as an Abelian diffeological group. It is the holonomy of the action of G on (X, w), representing the
obstruction to the action of G being Hamiltonian. The action of G on (X, ) is Hamiltonian
precisely when I" = {0} and ¢ takes values in ¥*.

The 2-points moment map ¢ remains G-equivariant and satisfies an additive property, making it

a Chasles cocycle:
b(g(x), g(x") = Ad,(p(x,x")) and (x,x") +b(x’,x") = b(x,x").
(3) The One-Point Moment Map. A one-point moment map is a solution . to the equation
O(x,x ) =p(x")—u(x) with p:X— 99T,
Since X is connected, the solutions differ by a constant and are given by:
w(x) = P(xq,x) + ¢, for some choice of xy € X and ¢ € G7/T.

The moment map p is no longer Ad, -equivariant but 6-affine Ad,-equivariant:

w(g(x)) = Ad (u(x))+6(g), where 6(g)=(xp, g(x)) —A(c)(g);

The map 6 : G — 9T is a 1-cocycle of G with values in $*/T, twisted by the coadjoint action.
We denote 6 € HY(G, 9*/T). The map Ac is a coboundary for this cohomology, A(c)(g) =
Ad,(g)(c)—c. Denoting by Ad” : g — Ad,(g)+ 6(g), the moment map . is Ad’-equivariant.

This construction warrants a couple of remarks.

(1) When X is a manifold and G a Lie group, if the action is Hamiltonian, then the 1-point
moment map coincides with Souriau’s definition in [Sou7o], and the cocycle coincides
with Souriau’s cocycle. Hence, we retain this terminology. In contrast to Souriau’s
construction, we avoid two elements: the Lie algebra of G and the need to solve any
differential equations. This is noteworthy and underscores that diffeology adopts a global
perspective.

2Recall that, for all g,k € G, ad(g)(k) = gkg ™!, and foralla € 9*, Ad, (g)(e) = [ad(g)]. ().
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(2) This construction applies, in particular, to the entire group of automorphisms G, =
Diff(X, ). The momenta and algebraic objects arising in this construction are indexed
by w and are termed universal: ¥, , ¢, u,,, I, and 6. They encapsulate all information
about the symmetries of w encoded in the diffeology of X.

19. ExXAMPLES: ATIYAH, DONALDSON AND VIRASORO. To illustrate the construction of the
moment map in diffeology, we will now present three key examples of moment maps in infinite-
dimensional settings. Further examples, including those in finite dimensions and on singular
spaces, can be found in [PIZ1o].

(1) The Moment of Imprimitivity. Let M be a manifold. The Abelian group A = 6°°(M,R)
actson T*M by f(gq, p) = (¢, p + d f(g)), where f € A. This action preserves the standard
symplectic form w=d p Adg. The moment map is

b (g p)mrdLf o fl@)] € "

The map [/ — f(q)] € €°°(A,R) is not invariant, but its differential is an invariant 1-form on
A. Note that p(q, p) = dSq, where 8 is the Dirac distribution. The moment map is thus the
differential of a distribution, a frequent occurrence.

(2) Topological Field Theory Example. Let T be an oriented surface. The Abelian group A =
%6°°(%,R) acts on the space of 1-forms Q!(Z), preserving the 2-form (e, B) = fz oA . For
all f € Aand o € Q'(2), let f(a) = o+ df. This example is drawn from the literature
[ABS2, Dnlgg]. Its moment map_in diffeology is:

p:aad[f-—»fzfda}eﬂ’*.

Here again, the moment map is the differential of a distribution: [da]: f — fz [ do. Heuristi-
cally, do is often considered as the moment map, but diffeology precisely defines its status.

(3) Virasoro. Consider the space X = Imm(S!,R?) of immersions of S' = R/2nZ in R?, and
o = da, the exterior derivative of

S PR
a(Sx)_L w(x(t)bx(t))dt,

where x € Imm(S', R?) and 8x is a variation of x induced by a parameter s — x_, i.e., X, = x

and dx = ‘Z—x; . The group Diff"(S!) acts on X by reparametrization: ¢(x)=x0 o

s=0
On the connected component of the standard immersion ¢ — (cos(t),sin(t)), the moment map

is, up to a constant:

2r x//% 2 dz
u<x><P>,(6r>:fO {H L toglle/(n ||2}audu,

where P: dom(P) — Diff_ (S') is an n-plot, » € dom(P), 87 € R?, u = ¢~ !(¢), t is the
parameter of x € Imm(S',R?), and 8% = D(7 > u)(7)(37).

The moment map is not Ad, -equivariant and defines a non-trivial cocycle of Diff_ (S') cohomol-
ogous to 0, defined by:

og)p) or)= [ LR, g,
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where g € Diff+(51) andy = gil, revealing the Schwarzian derivative as the integrand of the
right-hand side.

To conclude this chapter on generalized moment maps, it is evident that diffeology provides a
simple, rigorous, and effective framework for dealing with complex situations involving, as we
have seen, infinite-dimensional spaces and distributions, which pose significant challenges for
ordinary differential geometry. While functional analysis offers some tools, diffeology provides a
more direct and natural approach, yielding clear and expected results. These examples strongly
demonstrate the power and utility of diffeology.

6. GENERALIZED PREQUANTUM BUNDLES

Diffeology provides a flexible yet rigorous framework for addressing problems in areas such as
quantum mechanics but we expect also in quantum field theory. Geometric quantization, the
endeavor to realize Dirac’s program for quantizing finite-degree-of-freedom dynamical systems,
relies on the construction of a prequantum bundle over the symplectic manifold representing
the system’s space of solutions. Generalizing this construction to field theories, where the finite-
dimensional space of solutions is replaced by an infinite-dimensional space of fields, presents
significant challenges. Diffeology offers tools to address these challenges, enabling us to extend the
prequantization construction to this broader context. This extension begins with the diffeological

approach to fiber bundles.

20. DIFFEOLOGICAL FIBER BUNDLES. The question of how to define fiber bundles in diffeology
arose in 1983 with the computation of the homotopy of the irrational torus [DIZ83]. In the case
of the projection 7 : T2 - T, it might appear that we have a fiber bundle with fiber R. If this
were the case, we could apply the exact long homotopy sequence, and since R is contractible, we
would immediately obtain 7t;(T, ) = Z* (and 7, (T,) = O for all £ > 1). However, this approach
fails because T, is topologically trivial (i.c., it inherits the trivial D-topology by quotient) and the
projection T is not locally trivial.

T? « Total space

Fiber R — l‘"

T, <« Basespace

It was therefore necessary to revise the classical concept of fiber bundle to adapt it to the require-

ments of diffeology:

(1) The projection of a diffeological group onto its quotient by any subgroup is a diffeological
fibration.
(2) Diffeological fiber bundles satisfy the exact long homotopy sequence.

This problem was resolved in 1985 by replacing local triviality over the base with local triviality
along plots [P1Z8s].
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DEFINITION (FIBER BUNDLES). The projection 7 : Y — X is a (diffeological) fibration,” with
fiber F, if for every plot P: U — X, the pullback

pr: P*(Y) = U where P*(Y)={(r,y) € Ux Y |P(r)=m=(y)},
is locally trivial with fiber F.

That is, for every point in the domain U, there exists an open neighborhood V such that there is a
diffeomorphism ¢: V x F — pr (V) € P*(Y), satistying pr, o ¢ = pr,. This is summarized in

the following diagram:

VxF —2 5 pry) v —22

Y
\ pr, lr:
Pty
X

v
PV

This concept of local triviality along plots represents a departure from the classical definition of

fiber bundles, where triviality is required over open sets of the base space itself. In diffeology, this

weaker condition allows for a more flexible treatment of fiber bundles on spaces with non-standard

smooth structures, and ensures that fiber bundles satisfy the following:

1. When X is a manifold, local triviality along plots is equivalent to local triviality. If the fiber
F is also a manifold, then the total space Y is a manifold, and 7 is a fibration in the classical
sense. Hence, diffeological fiber bundles fully and faithfully extend their counterparts in
ordinary differential geometry.

2. The projection 7: G — G/H, where G is a diffeological group and H C G is any
subgroup,* is a diffeological fiber bundle. It satisfies local triviality along plots. This
is the case for the projection w : T2 — T, =T?/,.

3. Diffeological fibrations 7t : Y — X with fiber F satisfy the following exact long homotopy
sequence, where x € X and y € 71(x):

e nn(th) _)nn(Y’y)_)ﬁn(X’x> _)Tcn—l(F’y) e
= mo(Fy) = m(Y,y) — mo(X,x) — 0.

This property is crucial for preserving essential geometric tools and intuition within

diffeology.

Thus, this definition generalizes the classical concept of fiber bundles, providing the necessary flex-
ibility within diffeology without contradicting classical theory in the familiar setting of manifolds.
Covering spaces, an important class of fiber bundles, also extend naturally to diffeology.

DEFINITION (COVERING). 4 covering space of a connected diffeological space X is a diffeological
fiber bundle 7 : X — X, where the fiber n =\ (x) over any point x in X is a discrete diffeological

Jpﬂfé’.

Covering spaces are classified by the following theorem:

BThe terms “fibration” and “fiber bundle” are used interchangeably.
4Any subgroup equipped with the subset diffeology is a diffeological group.
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THEOREM (UNIVERSAL COVERING). Every connected diffeological space X admits a simply
connected universal covering T : X — X, unique up to isomorphism, with fiber the fundamental
group 7,(X, x). Every other covering is obtained as a quotient of X by a subgroup of 7,(X, x ).
The construction of X is sufficiently interesting to warrant a sketch; further details can be found
in [PIZ8s, P1Z13].

Sketch of Proof. Let & be the quotient space

X = Paths(X)/fixed-ends homotopy,

where the fixed-ends homotopy relation is defined as follows: paths y and v’ are fixed-ends
homotopic if:

(1) They have the same endpoints: ends(y) = ends(y”).
(2) There exists a path [s — v, ] in Paths (X) such that
(2) ends(y,) =ends(y) = ends(y’) forall s,
(b) Yo=yandy; =v".
As a quotient of a diffeological space, X is a diffeological space. It carries the structure of a
diffeological groupoid (op. cit.) whose objects are the points in X and whose morphisms are the
fixed-ends homotopy classes:

Obj(Z)=X and Mor,(x,x") =Paths(X, x, x")/fixed-ends homotopy.
The isotropy group at each point x is the fundamental group at that point:
Mory-(x,x) =7 (X, x).
Fixing a base point x in X, let
X =Mor,-(x,+) = Paths (X, x)/fixed-ends homotopy.
This space is equipped with the subset diffeology induced by the quotient diffeology on the space
of paths. Let
n:X—>X where w(class(y))= i(«{)
The space Xis simply connected, the projection 7 is a fibration, and the action of the isotropy
group (X, x) = Mor ,-(x, x) makes X a principal bundle.’s »
The universality of )N(, i.e., the fact that any other connected covering is a quotient of the universal
covering by a subgroup of the fundamental group, follows from the monodromy theorem.

TuEOREM (MONODROMY). Let 7 : X — X be the universal covering of a diffeological space
X. Let X' be a simply connected diffeological space and | € 6°°(X',X). Choose x' € X and
x = f(x'). Forany & € n~(x), there exists a unique lz'ftz'ng]; € 6°(X,X) such that of =f
and f(x') = &.

The construction of the universal covering space within diffeology represents a significant ad-
vancement in our ability to rigorously define and work with this important concept. While
mathematicians often possess a strong intuitive understanding of universal coverings, particularly
in familiar settings like manifolds, the challenge lies in translating this intuition into a mathe-
matically sound construction, especially when dealing with infinite-dimensional spaces or spaces

SPrincipal bundles are a crucial class of fiber bundle; essentially, they arise when the fibers are the orbits of 2 smooth
free action of a diffeological group [PI1Z13, §8.11].
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with non-standard smooth structures. Classical topological methods frequently fall short in
these scenarios, leading to ambiguities or limitations. Diffeology overcomes these limitations
by providing a general and rigorous framework for constructing universal coverings, offering a
powerful tool for exploring the topology and geometry of a much broader class of spaces. In
particular, diffeology enables us to define and construct universal coverings in cases where the base
space has a trivial D-topology or non-standard smooth structure, providing a level of generality
and rigor often unattainable with classical methods.

Thanks to this construction, we know, for example, that the identity component of every group
of diffeomorphisms of every diffeological space possesses a unique simply connected universal
covering. Consider, for instance, the group of direct diffeomorphisms of the circle St = R/2=Z,
equipped with its functional diffeology. Its universal covering is the group of diffeomorphisms
of the real line R satisfying /”(x) > 0 and f(x + 2r) = f(x) + 2=. Originally an example due
to P. Donato for homogeneous spaces [Don84], this result now holds within the more general
setting of diffeological spaces. Moreover, this construction applies not only to infinite-dimensional
diffeological spaces but also to singular ones, even those with a trivial D-topology, such as the
irrational torus T, whose universal covering is R and whose first homotopy groupis Z+oZ C R.
It is important to understand that when the 7, is discrete in 5(, it is discrete in the diffeological
sense: the plots are locally constant, as illustrated by the case of T|,.

21. GENERALIZED PREQUANTUM BUNDLE: A QUOTIENT OF PAaTHS. The concept of a prequan-
tum bundle is fundamental in geometric quantization, providing the initial step in a geometric
framework for quantizing classical systems. This framework aims to implement Dirac’s program,
which seeks to associate a Hilbert space to each symplectic manifold (representing the space
of solutions of a dynamical system) and to map the algebra of real functions to the algebra of
operators, such that the Poisson bracket is mapped to the Lie bracket. The space of smooth
functions on the symplectic manifold can be interpreted as the Lie algebra of the group of auto-
morphisms (symplectomorphisms) via the symplectic gradient. Thus, Dirac’s program can be
more precisely stated as the search for a unitary (or projective) representation of the group of sym-
plectomorphisms into the group of unitary (or projective) transformations of the Hilbert space.
A primary difficulty is addressed by replacing the symplectomorphisms with the automorphisms
of a prequantum bundle over the symplectic manifold, known as quantomorphisms. Despite
successes, such as in the harmonic oscillator, geometric quantization has limitations, e.g., the
hydrogen atom. Nevertheless, research continues, particularly as many physical systems involve
spaces beyond smooth manifolds, necessitating a generalized approach to geometric quantization,
beginning with a generalized prequantum bundle.

Mathematically, a prequantum bundle over a symplectic or parasymplectic manifold integrates
a closed 2-form, analogous to integrating a closed 1-form. Consider a closed 1-form o on a
diffeological space X. If X is simply connected, o is exact, possessing a primitive:‘(’

f(x)=£a:= f ) (D),

where y connects a base point x, to x. Indeed, o« = df . If ais not exact, consider its pullback &

to the universal covering, which is simply connected. Then, G is exact; let fbea primitive. The

The notation ), (1) applies to general diffeological spaces; for manifolds, it is equivalent to a(y(t)).
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obstruction for f to descend to X is its values on the orbits of the fundamental group, i.e., the
integral of o over loops in X. Let

P, = {J olle Loops(X,xO)},
{
denote the group of periods of o.. If P, is discrete,"” then define the torus of periods as
T, =R/P,.

THEOREM (INTEGRATION OF CLOSED 1-FORMS). There exists a smooth map f € 6 (X, T,)
such that o = f *(0), where 0 is the canonical volume form on'T ,, the pushforward of dt on R. In

Jact, f~ factors through a covering )A(a, a quotient of X by the kernel of f, with f~ =fopr,.

s

% Pl % R dt
x x, lpr [p
X —— T =R/P, o

The diffeological fibration 7, : )A(a — X, with the real function f , integrates the closed 1-form .
When P = {0}, we recover the exact case.

When X is a standard manifold, P, is always discrete, generalizing the familiar case where P, = aZ.
In that instance, T, is the circle of perimeter 2. This construction extends to all diffeological

spaces, provided P, is discrete (P, 75 R).

The prequantum bundle over a parasymplectic space (X, ») is analogous, with the covering )A(a
replaced by a principal fiber bundle 7t : Y — X, with structure group T, (the torus of periods of

), and the real function f replaced by a connection 1-form A with curvature w.

In what follows, we assume that X is a simply connected diffeological space, i.e., 7,(X) = {X}
and 7, (X, x) = 75(Loops (X, x)) = {0} for any base point x. Let w be a closed 2-form on X. As
in the construction of the moment map in diffeology, we employ the chain-homotopy operator K
to transition from X to Paths (X). The 1-form Ko € Q!(Paths (X)), restricted to Loops (X, x),
is closed because dw = 0, and on Loops (X, x), 0=1, implying 0"(w [ Loops(X, x))— 1*(w I
Loops(X,x))=0. Let P and T denote the group of periods and the torus of periods, respec-
tively, of Kw on Loops (X, x):

P, = {J Ko | o € Loops (Loops(X,x),fc)} and T ,=R/P,,

where % represents the constant loop based at x. For any pair of paths y and v’ that share the same
endpoints, i.e., y(0) =v/(0) and y(1) = y'(1), the juxtaposition y V ¥/, where Y'(£) = y'(1 —t),
forms a loop in X based at the origin of the two paths. Define the following equivalence relation
on Paths(X, x):

vy’
Y ’:Y/ & ends(y) =ends(y’) and J KoeP,,

A
X

7Discreteness in diffeology means plots are locally constant. In R, every proper subgroup is discrete. Thus, P, being
discrete is equivalent to P, #R.
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where the integral is taken over a path in Loops (X, x) connecting x toy V¥’. This relation is
well-defined because every path is fixed-ends homotopic to a stationary path, and the integrals of
closed forms are constant on homotopy.™® Let % be the quotient

% = Paths(X)/ ~ with class : Paths(X) —» &.

The space % is the space of morphisms of the diffeological groupoid G defined by:

Obj(G)=X and Morg(x,x") = {class (v) | ends(y) = (x,x")}.
Groupoid multiplication is defined by path juxtaposition: if y(1) = y/(0), then class () -
class (v") =class (Y VY').
Let us introduce the operations of precomposition L and postcomposition R on &

L(z)(*) =R(T)(z) =77

wheret = class (), 7’ = class (y’),and y(1) = ¥(0). The central property of this construction

is articulated in the following theorem:

THEOREM (PREQUANTUM PRIMITIVE). There exists a 1-form Non ¥ satisfying:

(1) Ais the pushforward of Ko, i.e., class ' (A) = Ko.

(2) Nis invariant under precomposition and postcomposition in %, expressed as:

{ L(t)*(A\ [ Morg(x,*)) = A[Morg(x',*),
R(t)*(A [ Morg(*,x')) = A[Morg(*,x),

We designate (%, N) as the prequantum groupoid associated with (X, w), and Nas the prequantum
primitive of .

The isotropy group at a point x is equivalent to the torus of perods T :

Morg(x,x)=Loops(X,x)/~=R/P_ =T,.

Sketch of Proof. The proof, while technical, presents no significant difficulty [PIZ13, §8.42]. It is
noteworthy that for the isotropy groups:

o
J Ko _JKco—f Kw modP,.
14 /4
Z%:}f Kco:J Ko modP,.
2 2

Moreover, the integral { — f f Ko, from Loops (X, x) to R, induces an isomorphism of diffeo-
logical groups from Morg(x,x) = Loops(X,x)/~toR/P_ =T . »

Consequently,

DEFINITION (PREQUANTUM BUNDLE). Forcach x € X, define %, = Morg(x, *) equipped
with the subset diffeology. The projection 1: ¥, — X is a principal bundle with structure group the
isotropy group ar X, equivalent ro the torus of periods T . The prequantum 1-form  restricted to %,

A
is a connection 1-form A whose curvature is o, i.c., 1*(0)) =dn

8For detailed technical exposition, consult [PIZ13, §8.42].
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| )
Paths(X) ——2 s & « 1 g
m‘ lends 1
XxX — X

P

Recall that a connection 1-form A on a principal bundle 7t : Y — X with structure group an

irrational torus is a differential 1-form which is:

(1)
(2)

Invariant under the torus action: t*(A) = A for all elements t in the torus.
Calibrated: *(A) = 6, where y is the orbit map y(t) = (), and 6 is the standard volume
form on the torus.

Its exterior differential d projects to the base space as a parasymplectic form, termed its curvature.

(1)

(2)

(4)

For manifolds X, the construction of the prequantum bundle has been approached
differently, including the non-simply connected case [P1Z9s]. The comprehensive result
is that such generalized prequantum bundles are classified by Ext(H!(X, Z),P,). The
general non-simply connected case within diffeology is an ongoing area of research.

The prequantum groupoid, constructed as a quotient of (Paths(X), Kw) and endowed
with its prequantum 1-form A, exhibits a source-target symmetry absent in the prequan-
tum bundle. This symmetry suggests a potential deep connection between Feynman
path integral quantization and geometric quantization, a relationship warranting further
investigation.

In this general picture a wave function would be an morphism ¢ from the prequan-
tum groupoid %, with values into some Abelian algebraic structure, that s, ¢(t - )=
d(7) - (), where T = class (y) and t' = class (v") with y(1) = v/(0), and denoted
multiplicatively for coherence with the familiar case when P, = $HZ, and the algebraic
structure is C.

Focusing solely on the prequantum bundle limits the study of symmetries of w. While
a Lie group G preserving o can be represented in the group of quantomorphisms only
under specific conditions (see, for example, [Sou70]), it admits a direct representation
in Aut(%, ) via g(class (v)) = class (g o). The moment map associated with this
action is the projection of the paths moment map ¥ : class ,(y) — %+, which then
descendsto p : X x X — 4*/T".

In summary, we have extended the concept of the prequantum bundle, a cornerstone of geometric

quantization, to the broader framework of diffeological spaces. By utilizing the chain-homotopy

operator and the groupoid structure of paths, we have constructed a prequantum groupoid (%, )

that generalizes the traditional prequantum bundle and reveals a unique source-target symmetry.

This symmetry, absent in the standard prequantum bundle, hints at a deeper connection between

Feynman path integral quantization and geometric quantization, a relationship deserving of

turther exploration.

Furthermore, we have demonstrated that the prequantum groupoid provides a more comprehen-

sive approach to understanding symmetries of the symplectic form w, overcoming limitations
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inherent in the prequantum bundle formulation. The direct representation of Lie groups pre-
serving o within the automorphism group of (%) and the associated paths moment map offer
powerful tools for exploiting these symmetries.

This generalization not only addresses the need to extend geometric quantization to spaces beyond
smooth manifolds but also opens new avenues for investigating the fundamental connections
between classical and quantum mechanics. The prequantum groupoid, with its enhanced sym-
metry properties and broader applicability, provides a robust foundation for future research in
quantization theory, particularly in contexts involving infinite-dimensional spaces, as in quan-
tum field theory, and spaces with singularities, as in symplectic reduction. The ongoing work
on the non-simply connected case promises to further solidify the relevance and efficacy of this
generalized approach.

22. EVERY SYMPLECTIC MANIFOLD 1S A COADJOINT ORBIT. In the late 1960s, Kostant, Kirillov,
and Souriau, working from different perspectives, demonstrated that a symplectic manifold (M, w)
homogeneous under the action of a Lie group is isomorphic to a coadjoint orbit [Kos7o, Souzo,
Kir74]."” Souriau’s proof relied on the moment map, a fundamental tool he introduced during
that period.

Consider a connected symplectic manifold (M, w). Its group of automorphisms, denoted Diff(M, w)
(also known as the group of symplectomorphisms), acts transitively on M. It is natural to consider
(M, w) as a coadjoint orbit of its group of symplectomorphisms, analogous to the Kostant-Kirillov-
Souriau (KKS) theorem. However, Diff(M, w) is not a Lie group, and the KKS theorem cannot
be directly applied. This issue has not been extensively addressed, perhaps due to the lack of a
suitable framework. Functional analysis could be considered, but its heavy formalism is less suited
to the intuitive geometric nature of this problem.

As we will see in this section, diffeology provides a natural and efficient framework to address this,
achieving a significant result with minimal additional structure. Thanks to the universal moment
map discussed earlier, (M, o) is equivalent to an affine coadjoint orbit of Diff(M, ). Although
this affine action, defined by a twisted cocycle of the symplectomorphisms, is a limitation, we
prefer to identify the symplectic manifold with an ordinary coadjoint orbit, i.e., an orbit of the
standard linear coadjoint action. This can be achieved by passing to a central extension of the
group of automorphisms, using the prequantum bundle construction.

It is worth noting that students of symplectic geometry often find the fundamental nature of
symplectic manifolds confusing. I have even encountered a question on MathOverflow asking
whether every symplectic manifold is a cotangent bundle. With the construction enabled by the
flexible diffeological framework, we can provide a clear answer: No, every symplectic manifold is a
coadjoint orbit.

Instead of the entire group of symplectomorphisms, we consider the subgroup of Hamiltonian
diffeomorphisms, which is also transitive on (M, ) [Boo69]. Itis useful to introduce this group
in the context of any parasymplectic space, as its definition does not depend on the space being a
manifold.

THEOREM (HAMILTONIAN DIFFEOMORPHISMS). Forany connected parasymplectic space (X, ),
there exists a largest connected subgroup Ham(X, w) C Ditf(X, w) whose holonomy is trivial,

Or a covering of a coadjoint orbit.
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meaning that the values of its paths moment map on loops are zero. This subgroup is called the group
of Hamiltonian diffeomorphisms.

In what follows, we denote Diff(X, w) by G, and Ham(X, w) by H .

Sketch of Proof. Let ég be the universal covering of the identity component G of G,. Every ele-
ment v of the holonomy group I', is a closed 1-form on G,,. Let k() be the real homomorphism
on G0 such that 7*(y) = d[k(y)]. Let

PAIm = ﬂ ker(/e(y)).

©

Then, H, = Tc(IiIS)) is the largest connected subgroup of G, with trivial holonomy. We denote

by 7 : (N}g — Gg the projection from the universal covering. »
This theorem and its proof rely on several features of diffeology:

* The existence of a universal simply connected covering for every diffeological space.
* The consistent definition of differential forms on every diffeological space.

* The consistent definitions of pullback and exterior differential.

* The property that a closed 1-form on a simply connected space is exact.

Even when X is a manifold, proving this theorem in the traditional framework requires the ad
hoc construction of time-dependent Hamiltonians [P1Z13, §9.16].

Next, let 1, denote the moment map for the group H,,. Then, based on the preceding discussion
of moment maps, we have:

o X — A", and  {,(g(x)) = Ad,(g)(R,(x))+6,(2),
where éw is the cocycle associated with the action of H,.

The fundamental theorem upon which the result that every symplectic manifold is a coadjoint
orbit rests is the following [PIZ17]:

THEOREM (To BE A SyMpLECTIC FORM). Let o be a parasymplectic form on a manifold M.
Then, w is symplectic if and only if:

(1) The action of H, is transitive on M.

(2) The associated moment map |1, is injective.

Sketch of Proof. The condition that the action of H | is transitive is due to Boothby [Boo6].
The demonstration that {1, is injective is based on the following: let 725 and m2, be two distinct
points of M. Let p be a path connecting m, to m,, thus i (m,) — &, (m,) = ¥, (p). Since M is
Hausdorff, there exists a smooth real function /€ 6 °°(M, R) with compact support such that
f(my)=0and f(m,)=1. Let £ denote the symplectic gradient field associated with £, and let
F be the exponential of . Thus, W, (p)(F) = d ¢ by the application of the paths moment map to
manifolds. Hence, (1, (72,) — i1,,(m,))(F) = dt # 0, implying {1,,(m,) # {1,,(m,). Therefore,
[, is injective. »

It is important to note that these two conditions are necessary. For example, on R2, the 2-form
w= (x2 + yz)dx Ady is closed, and i, is injective, but the action of H | is not transitive, since
ker(w), = R2. Now, the orbit map 7 : H, — M is a subduction [Don84], i.e., the diffeology of
M is the pushforward of the functional diffeology on H,,. Then:
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THEOREM (SYMPLECTIC MANIFOLDS ARE COADJOINT ORBITS). Let (M, w) be a symplectic
manifold. Then, the moment map (., : M — F€* is a diffeomorphism from (M, w) to its image
O C J€;. Here, O is equipped with the quotient diffeology induced by the action of H  equipped
with the functional diffeology, and its symplectic structure is the pushforward of w.

However, the orbit & can be affine when the cocycle éw is non-trivial. To eliminate this affine
character, we consider a prequantum bundle 7 : Y — M, with connection form Aand structure
group T, where T, =R/P_ and P is the group of periods of w. For manifolds, this construction
applies to any homotopy type of M [PIZgs].

THEOREM (PREQUANTUM BUNDLE AUTOMORPHISMS). The identity component of the group of

automorphisms of the prequantum bundle (Y, R) is a central extension of the group of Hamiltonian
diffeomorphisms of (M, w) by the torus of periods T, summarized by the following exact sequence:

1— T, —> Aut(Y,2)° BN Ham(M, w) — 1
The projection pr induces a pullback pr* : € — .o,%, where .¢/;" denotes the space of momenta
of Aut(Y,7). Let py : Y — .¢/;" be the moment map associated with dA=n*(w), i.e., py(y) =
7*(). Note that the moment map py is constant on the fibers of w : Y — M, since Aut(Y,2)isa
central extension by T . Let py be its projection onto M, i.e., py = pyy © 7. Then:

THEOREM (SYMPLECTIC MANIFOLDS AS LINEAR COADJOINT ORBITS). The moment map
WUnp Of the action of the group of automorphisms of (Y, N) on M, is injective and identifies M with a
linear (i.e., non-affine) Ad,-coadjoint orbit.

This is summarized by the following commutative diagram:

0
Y —Y> Vd}\*
i Um p r*

M— s

Mo
In conclusion: to obtain symplectic manifolds as /inear coadjoint orbits, we leverage the capabilities
of diffeology to handle infinite-dimensional groups (the group of quantomorphisms) and singular
spaces (the torus of periods). This example demonstrates how these combined capabilities of
diffeology provide a comprehensive and satisfactory resolution to a problem difficult to address in
traditional frameworks.

7. DIFFEOLOGY MEETS NONCOMMUTATIVE GEOMETRY

The connection between diffeology and Alain Connes’ Noncommutative Geometry has a rich
history, dating back to the early 1980s. Connes introduced noncommutative geometry [AC8o,
ACos] to address the spectrum of the Hamiltonian in the quantum model of quasi-periodic
potentials [DS7s].

During the same period, Jean-Marie Souriau laid the groundwork for diffeological spaces with
his “groupes différentiels” [Sou8o], initially developed for studying groups of diffeomorphisms.
In 1983, with Paul Donato, intrigued by Connes’ work on irrational foliations, we discovered
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Figure 3. Periodic and quasi-periodic potentials.

that Souriau’s “groupes différentiels” provided a surprisingly non-trivial description of the topo-
logically trivial irrational torus [DIZ83]. This pivotal moment marked the shift from Souriau’s
“groupes diftérentiels” to the theory of diffeological spaces and spurred its development as a gen-
eralization of differential geometry. This included the development of diffeological groups and
Cartan-de Rham calculus, as well as the introduction of new chapters like fiber bundle theory,
higher homotopy theory, the study of singular objects like orbifolds, quasifolds, and internal
singularities such as Klein stratifications etc.

However, the relationship between diffeology and noncommutative geometry remained un-
clear for many years. It is only recently that the deep connection between these two fields has
been revealed through the construction of C*-algebras structurally associated with orbifolds and
quasifolds [IZL18, IZP21]. This construction has the minimal property that diffeomorphic quasi-
folds correspond to Morita equivalent C*-algebras, unveiling the organic relationship between
diffeology and noncommutative geometry.

The connection between diffeology and noncommutative geometry is established following Jean
Renault’s groupoid approach to noncommutative geometry. It concerns exclusively orbifolds
and quasifolds, as defined in §9. It follows the scheme:

{Diffeology} D {Quasifolds} C*-Algebras

N e

Groupoids

Let £ be a quasifold, which includes orbifolds as a particular case. The structure groupoid G,
associated with an atlas .¢/, with a strict generating family & and nebula A" as the object space,
satisfies Renault’s conditions:

DEFINITION (C*-ALGEBRA OF A QUASIFOLD). The structure groupoid of a quasifold L, as
defined in §9, is étale and Hausdorf]. As such, it meets the conditions required for Renault’s construc-
tion [Ren8o] of a C*-algebra U, obtained by completing the compactly supported complex functions
on G with respect to the uniform norm, equipped with the counting measure. The convolution and
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involution are defined by:

frg()=D_f@ 1)@ ") and frx)=f(7'),

BeG*
where x = src(y), and z* is the complex conjugate of z € C. The sums are assumed to converge.
The association of the C*-algebra 2l to the atlas .7 is a morphism in the sense:

THEOREM (EQUIVALENT C*-ALGEBRAS). Different atlases yield Morita-equivalent algebras,
and C*-algebras associated with diffeomorphic quasifolds are Morita equivalent.

Sketch of Proof. The proof utilizes the Muhly-Renault-Williams theorem on C*-algebras defined
by groupoids [MRW87], by constructing a form of “cobordism” between the two groupoids,
composed of arrows of the same kind. The elements of this “cobordism” are illustrated in Figure
(4). They are germs of equivariant transversal diffeomorphisms ¢ between the two atlases, lifting
local diffeomorphisms ¢ over a germ of the identity of £. »

Figure 4. The MRW “Cobordism”.

The Morita equivalence between C*-algebras is the minimal condition for a categorical functor

from the subcategory of quasifolds to the category of C*-algebras, as required by noncommutative
geometry.

Examples. Let us conclude with two examples, apart from the well-known irrational torus associ-
ated with the irrational rotation algebra [Rie81]. The first example is the *-algebra of the orbifold
A, =R/{£1}. Thesingleton F ={sq:t— ¢ 2} is a strict generating family, and the structure
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groupoid G is the groupoid of the action of I' = {£1}, i.e,,

Obj(G) =R and Mor(G) ={(t,e,et) |e = +1} ~R x {£1}.
A continuous function f on Mor(G) to C is a pair of functions f = (a,b), where a(t) =
f(t,1)and b(t) = f(t,—1). With this convention, applying the definition reminded in the

preamble, the convolution product is represented by matrix multiplication in the module M,(C)®

%O(R,C), with
f=(a,b)—M with M(¢) = <Z((";>> 5((:;))

where the superscript T denotes transposition, and the asterisk denotes element-wise complex

> and M*(£) = ["M(1)",

conjugation.

For the second example, consider the quasifold € = R/Q. The structure groupoid is the
groupoid of the action of Q on R. Its arrow space is simply R x Q. Now, the quotient R/Q is
also diffeomorphic to the Q-circle Sq= St/ Uq, where Uq = {exp(2imcr)} +eq is the subgroup
of rational roots of unity. The arrow space of the structure groupoid of this quotient is simply
St x %Q' The exponential x — z = e2i™% establishes a MRW-equivalence between the two
groupoids. Their associated algebras are Morita equivalent. The associated algebra consists of
families of continuous complex functions indexed by rational roots of unity, i.c., (fr)fe% with

finite support. The convolution and algebra conjugation are:
(f #8)(2) =D for(02)g,(2) and £ (2) = filrz)',

where T =1/t =%, the complex conjugate.

Now, consider / and let % , be the subgroup in U generated by Supp( f); this is the group
of some root of unity € of order p. Let MP<C> be the space of p X p matrices with complex
coefficients. Define f +— M, from & to M (C) ® 6¢°(S',C), by

M(z)? = £..(oz), forallz€S'ando,t€ U,.

This gives a representation of G in the tensor product of the space of endomorphisms of the
infinite-dimensional C-vector space Maps(%q, C) by 6°(S', C), with finite support.

In conclusion, A key distinction between diffeology and noncommutative geometry lies in their
respective approaches to geometric objects. Noncommutative geometry frequently prioritizes
algebraic constructions, sometimes at the expense of a clear underlying geometric picture. In
contrast, diffeology, with its emphasis on the construction of diffeological spaces, offers a more
geometrically driven methodology. For example, instead of beginning with the irrational rotation
algebra A, as a purely algebraic entity, diffeology first constructs the irrational torus Ty as a
well-defined diffeological space, and subsequently derives the associated C*-algebra through a
categorical process. This approach provides a clearer geometric foundation, aligning with the
perspective of a geometer.

8. CoNcLUSION: THE POWER AND POTENTIAL OF DIFFEOLOGY

From the inscription above Plato’s Lyceum, ‘Let no one ignorant of geometry enter here,’ to the
modern era, physics has been inextricably linked with geometry, to the point that the two were
confused. The evolution of physics has often mirrored the development of geometric tools, with
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differential geometry playing a pivotal role in expressing the fundamental laws of nature. Yet, even
with its immense power, classical differential geometry encounters limitations when faced with
complex spaces and structures, such as quotients, infinite-dimensional spaces, and spaces with
singularities.

Diffeology emerges as a natural extension of this geometric tradition, offering a simple yet pro-
foundly versatile framework for addressing these challenges. Much like the fundamental concepts
that underpin physics, diffeology operates on a set of clear and concise principles. By shifting the
focus from local charts to parametrizations, it provides a means to express the ideas of physicists
with remarkable directness, often by simply translating them into the appropriate diffeological
language. This ability to capture the essence of physical phenomena within a more flexible geomet-
ric structure underscores the potential of diffeology to push the boundaries of our understanding,
just as the geometers of old sought to unlock the secrets of the universe through their rigorous
explorations.

We began with the irrational torus, a bridge from noncommutative geometry, and used it to
launch our exploration of diffeology. Having traversed its diverse applications —from singularities
to quantum bundles — we return to the irrational torus, but now revealing the hidden link that
sparked our journey.
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