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In this lecture we build the caregory of orbifolds, and also quasi-
folds, by modeling locally these spaces according to what they
should look like.

Orbifolds have been introduced by Ishiro Satake as V-Manifolds
in 1956 and 1957 [Sat56] [Sat56]. They have been introduced as
smooth structures for describing quotient spaces by a finite group
of transformations. We recall Satake construction first and show
then how we can rethink these spaces as diffeological spaces.
By the way we sho how diffeology solves a problem unsolved by
Satake and successors about what are smooth maps between orb-
ifolds, and buid then the subcategory {Orbifolds} of the catagory
{Diffeology}.
Let us mention that the word orbifold has been substituted to V-
manifold by Thurston in 1978 [Thu78], but it recovers the same
original Satake concept without modification.

Orbifolds, the Satake Definition

The elementary brick in Satake construction is the Local Uni-
formization System. It is a topological construction.
1. Definition [Local Uniformization System] Let M be a Hausdorff
space and U ⊂ M an open subset. A local uniformizing system for
U (l.u.s) is a triple (Ũ,G,ϕ), where Ũ is a connected open subset of
Rn for some n, where G is a finite group of diffeomorphisms of Ũ,1
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Figure 1. Local Uniformizing System.

and where ϕ : Ũ → U is a map which induces a homeomorphism
between Ũ/G and U.
Note. In the figure 1, we denote that homeomorphism from U/G
to U by f .
Local uniformizing systems are patched together by injections;
these can be thought of as the “transition maps". The following
definition is taken from [Sat57, p. 466]:
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Figure 2. Injection.

2. Definition [Injections] An injection from an l.u.s (Ũ,G,ϕ) to an
l.u.s (Ũ′, G′,ϕ′) is a diffeomorphism λ from Ũ onto an open subset
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of Ũ′ such that
ϕ = ϕ′ ◦ λ.

3. Definition [Defining Family] Let M be a Hausdorff space. A
defining family on M is a family F of l.u.s for open subsets of M,
satisfying conditions below. An open subset U ⊂ M is said to be
F-uniformized if there exists an l.u.s. (Ũ,G,ϕ) in F such that
ϕ(Ũ) = U.

(1) Every point in M is contained in one F-uniformized open
set, at least. If a point p is contained in two F-uniformized
open sets U1 and U2, then there exists an F-uniformized
open set U3 such that p ∈ U3 ⊂ U1 ∩ U2.

(2) If (Ũ,G,ϕ) and (Ũ′, G′,ϕ′) are l.u.s in F and ϕ(Ũ) ⊂ ϕ′(Ũ′),
then there exists an injection λ : Ũ → Ũ′.

In other words, if p ∈ U∩U′ there exist a third l.u.s. (Ũ′′, G′′,ϕ′′),
two injections λ : Ũ′′ → Ũ and λ′ : Ũ′′ → Ũ′ such that φ′ ◦ λ′ = φ′′ =
φ ◦ λ, as shows the Figure 3.
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Figure 3. Defining Family.

4. Definition [V-Manifold] The following definition is taken from
[Sat57, p. 467, Definition 1].
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A V-manifold is a composite concept formed of a Hausdorff topo-
logical space M and a defining family F.
Two defining families F and F′ are said to be directly equivalent
if there exists a third defining family F′′ containing both of them.
Two defining families are said to be equivalent if they are the
ends of a chain of directly equivalent defining families. Equivalent
families are regarded as defining one and the same V-manifold
structure on M.
In [Sat57, p. 467, footnote 1] Satake write:

But in the following we consider a V-manifold M
with a fixed defining family F. (i.e. a “coordinate
V-manifold” (M,F).

That is the convention we have made and when we say V-manifold
it is always a coordinate V-manifold (M,F) we have in mind.

Orbifolds as Diffeologies

5. Definition [Diffeological Orbifolds] Let X be a diffeological space.
We say that X is an diffeolgical n-orbifold (or a D-orbifold) if X
is everywhere locally diffeomorphic to some Rn/Γ, with Γ a finite
subgroup of GL(n,R), possibly different from point to point. The
diffeological n-orbifolds are modeled on quotient spaces of type
Rn/Γ.
More precisely, for every point x ∈ X, there exist a finite group
Γ ⊂ GL(n,R), a (connected) Γ-invariant Euclidean domain Ũ ⊂ Rn

and a local diffeomorphism φ : Rn
⊃ Ũ → X.

The situation looks like the previous defintion of l.u.s, as illustrated
in Figure 4, except that here the quotient Ũ/Γ is equipped with
the quotient diffeology, the map class : Rn

→ Rn/Γ is the canonical
subduction and F is a local diffeomorphism.
These local diffeomorphisms are called charts of the D-orbifol X.
An atlas of X is any covering set A of charts. Of course there exists
a saturated atlas made of all charts.
Given an atlas A of X, that defines a generating family

F = {F ◦ class | F ∈ A},

where class is relative to the group Γ associated with F. We call F
the strict generating family associated with the atlas A.
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Figure 4. Generating Family for a D-orbifold.

6. Remark [Linear Action or Not?] In the previous definition, it
is equivalent to ask Γ to be a finite group of diffeomorphisms or
to be linear. Indeed, we define a Γ-invariant Riemmannian metric
by 〈u, v〉Γ = ∑γ∈Γ〈γu, γv〉, then the slice theorem states that this
action is equivalent to an orthogonal action.

7. Examples [Some Diffeological Orbifolds] It is important to clar-
ify a similar point we made for the diffeological definition of man-
ifold. Here again an D-orbifold come a priori as a diffeological
space, that is, equipped with a diffeology D. The fact that X is
an orbifold is a property of the diffeology, not the set itself, as the
following example will show.

(1) The first example, the simplest is certainly Δ1 = R/{±1},
which is equivalent to the half-line [0,∞[ equipped with the
pushforward of the standard diffeology of R by the squae
map x 7→ x2. The D-topology is the subset topology on
[0,∞[.

(2) The second classical example is the cone orbifold Cm =
C/Um, where Um = {exp(2iπk/m) | k = 1 . . .m}. The cone
orbifold Cm is equivalent to the set of complex numbers
C equipped with the pushforward of the standard diffeol-
ogy by the map z 7→ zm. The D-topology is the standard
topology of C.

(3) The third example is more elaborated, the waterdrop. This
is a diffeology defined on the sphere S2 ⊂ R3. A plot of the



6 PATRICK IGLESIAS-ZEMMOUR

waterdrop diffeology is a smooth parametrization ζ in S2

which is identified to C × R, with N = (0, 1) the North Pole,
satisfying:

ζ : U → C × R with

 ζ(r) =
(
z(r)
t(r)

)
,

|z(r)|2 + t(r)2 = 1.

such that, for all r0 ∈ U:
• if ζ(r0) 6= N, then there exists a small ball B centered at
r0 such that ζ � B is smooth.
• If ζ(r0) = N, then there exist a small ball B centered at
r0 and a smooth parametrization z in C defined on B such
that, for all r ∈ B,

ζ(r) =
1√

1 + |z(r)|2m

(
z(r)m

1

)
.

Note that this orbifold diffeology on S2 is a subdiffeology
of the standard diffeology of manifold, embedded in R3.
Note also that how it is possible to multiply the number of
conical points on the sphere.
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Figure 5. The Waterdrop Orbifold.

8. Example [Smooth Maps Between Orbifolds] We consider the
orbifold Cm = C/Um. Let f : R2

→ R2 be defined by

f (x, y) =


0 if r > 1 or r = 0

e–1/rρn(r)(r, 0) if 1
n+1 < r ≤

1
n and n is even

e–1/rρn(r)(x, y) if 1
n+1 < r ≤

1
n and n is odd,
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Figure 6. The function ρn.

where r =
√
x2 + y2 and ρn is a function vanishing flatly outside

the interval ]1/(n+ 1), 1/n[ and not inside, see Figure 6.

Remark now that

f (AX) = hX(A)f (X), with X ∈ R2 and A ∈ SO(2).

On the annulus

1
n+ 1

< r ≤
1
n
, with

{
hX(A) = 1R2 if n is even, and

hX(A) = A if n is odd.

Now, the function f descend onto a smooth map ϕ from the cone
orbifold Cm to itself. In particular because the homomorphism hX
flips from the identity to trivial on any successive anulus, ϕ has
no local equivariant smooth lifting.

This is a big difference with diffeomorphisms for which it is proven
that the stabilizer of one point is locally mapped equivariantly into
the stabilizer of the image by a homomorphism.

R2 R2

Cm = R2/Um Cm = R2/Um

f

classm classm

ϕ

This example is the very illustration of the unsuccessful attempt to
define smooth maps between orbifolds as locally equivariant maps,
on the level of local symmetry group, and that answer Satake
footnote in [Sat57, page 469],

“The notion of C∞-map thus defined is inconvenient
in the point that a composite of two C∞-maps de-
fined in a different choice of defining families is not
always a C∞ map.”
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Embedding of orbifolds into a category such as {Diffeology} could
has solved this question. The existence of good smooth maps be-
tween orbifolds is crucial for having a covariant satisfactory theory
of orbifolds.

Equivalence between V-Manifolds and D-orbifolds

9. Proposition [V-manifolds are D-orbifolds] Let M be a Haus-
dorff topological space. A defining family F on M determines a
diffeology of orbifold. Namely, the diffeology generated by the
parametrizations ϕ : Ũ → U, for all (Ũ,G,ϕ) ∈ F.

10. Proposition [Equivalence of Defining Families] Let M be a
Hausdorff topological space. If two defining families F and F′ on
M generate the same diffeology then they are equivalent. More
precisely, the union F′′ = F ∪ F′ is a defining family.

11. Proposition [D-orbifolds are V-manifolds] Conversely, let X be
a D-orbifold, then equip X with the D-topology (assumed Haus-
dorff). Let A be an atlas of X, the strict generating family of the
atlas A is a defining family in the sense of Satake, and equip X
with a structure of V-manifold for its D-topology.

Two different atlases A and A′ give equivalent Satake defining
families, essentially because they are sub-atlases of the maximal
atlas.

12. Proposition [Equivalence of definitions] The two constructions
above are, up to an equivelence, inverse one from each other.

Note. Actually, Satake defined only what ca we call reflexion free
V-manifolds. But there was no technical obstacles to extend the
definition to any V-manifold.

The proofs of these late propositions are consequence of the precise
description of what we can call now the internal structure of a D-
orbifold.

Internal Structure of a D-orbifold

13. Definition [The Groupoid G of Germs of Local Diffeomor-
phisms] Let X be any diffeological space. We define the groupoid
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G of germs of local diffeomorphisms of X as follow:{
Obj(G) = X,
Mor(G) = { germ(ϕ)x | ϕ ∈ Diffloc(X) and x ∈ dom(ϕ)}.

The source maps, the target maps and the composition of germs
of local diffeomorphisms are defined as follows:{

src(germ(ϕ)x) = x, trg(germ(ϕ)x) = ϕ(x).
germ(ϕ)x · germ(ϕ′)x ′ = germ(ϕ′ ◦ϕ)x, with x ′ = ϕ(x).

The pseudo group of local diffeomorphisms of X is equipped with
the functional diffeology of pseudo group, that is, the diffeology of
local smoth map for the pairs (f , f –1), where f ∈ Diffloc(X). Let
then define the germ map by:{

G = {(ϕ, x) | ϕ ∈ Diffloc(X) and x ∈ dom(ϕ)}.
germ : (ϕ, x) 7→ germ(ϕ)x.

We equip Mor(G) with the pushforward of the diffeology of G by
the map germ. That makes G a diffeological groupoid. That means
essentially that:
(a) the multiplication and the inversion are smooth maps
(b) and the inclusion Obj(G) ↪→ Mor(G) by the identities is an
induction.
14. Definition [The Structure Groupoid of an Orbifold] Let X be
an n-orbifold, A be an atlas, F be the strict generating family over
A, N be the nebula and ev be the evaluation map, that is:

N =
∐
F∈F

dom(F) and ev : N → X with ev(F, r) = F(r).

We call Structure Groupoid G of the orbifold X the subgroupoid of
the groupoid of germs of local diffeomorphisms of N that descend
on the identity of X along ev. That is,

MorG((F, r), (F
′, r ′)) =

{
germ(ϕ)r

∣∣∣∣ ϕ ∈ Diffloc(Rn), r ′ = ϕ(r)
F′ ◦ϕ = F � dom(ϕ)

}
Note. In order to show the dependency of the structure groupoid
with respect to the atlas A we need the two following lemma.
15. Proposition [Lifting the identity] Let Q = Rn/Γ. Consider a
local smooth map F from Rn to itself, such that class ◦F = class.
In other words, F is a local lifting of the identity on Q. Then,
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Figure 7. The Groupoid of the Waterdrop.

Rn
⊃ Ũ Rn

Q

class

F

class

Theorem. F is locally equal to some group action F(r) =loc γ · r,
where γ ∈ Γ.

JProof. Let us assume first that F is defined on an open ball B.
Then, for all r in the ball, there exists a γ ∈ Γ such that F(r) = γ·r.
Next, for every γ ∈ Γ, let

Fγ : B → Rn
× Rn with Fγ(r) = (F(r), γ · r).

Let Δ ⊂ Rn
× Rn be the diagonal and let us consider

Δγ = F–1γ (Δ) = {r ∈ B | F(r) = γ · r}.

Lemma 1. There exist at least one γ ∈ Γ such that the interior Δ̊γ
is non-empty.

J Indeed, since Fγ is smooth (thus continuous), the preimage Δγ
by Fγ of the diagonal is closed in B. However, the union of all the
preimages F–1γ (Δ) — when γ runs over Γ — is the ball B. Then, B
is a finite union of closed subsets. According to Baire’s theorem,
there is at least one γ such that the interior Δ̊γ is not empty. I
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Lemma 2. The union Δ̊Γ = ∪γ∈Γ̊Δγ is an open dense subset of B.

J Indeed, let B′ ⊂ B be an open ball. Let us denote with a prime
the sets defined above but for B′. Then, Δ′γ = (Fγ � B′)–1(Δ) = Δγ∩

B′, and then Δ̊′γ = Δ̊γ∩B′. Thus, B′∩Δ̊Γ = B′∩(∪γ∈Γ̊Δγ) = ∪γ∈Γ̊Δ
′
γ,

which is not empty for the same reason that ∪γ∈Γ̊Δγ is not empty.
Therefore, Δ̊Γ is dense. I
In conclusion: the tangent linear map D(F): B → GL(n,R) is
smooth, then continuous, thus D(F)–1(Γ) is closed. But, Δ̊Γ, which
is an open dense subset of B, is contained in D(F)–1(Γ). Hence, B
is contained in D(F)–1(Γ) (its own closure) which is contained in
B. Thus, D(F)–1(Γ) = B. Then, since B is connected, D(F)(B) ⊂ Γ

is connected. But Γ ⊂ GL(n,R) is discrete, then D(F)(B) = {γ},
for some γ ∈ Γ. I
16. Proposition [Lifting Local Diffeomorphisms] Let Q = Rn/Γ and

Q′ = Rn′/Γ′, Then,
Theorem. Every local smooth lifting f̃ of any local diffeomorphism
f , from Q to Q′, is necessarily a local diffeomorphism, from Rn to
Rn′. In particular n = n′. Moreover, let

x ∈ dom(f ), x ′ = f (x)

and r, r ′ ∈ Rn such that

class(r) = x and class(r ′) = x ′.

Then, the local lifting f̃ can be chosen such that

f̃ (r) = r ′.

JProof. Let the local diffeomorphism f be defined on U with
values in U′. By definition of local diffeomorphism, they are both
open for the D-topology. Then Ũ = class–1(U) is open in Rn.
Since the composite f ◦ class : Ũ → U′ is a plot in Q′, for all r ∈ Ũ
there exists a smooth local lifting f̃ : Ṽ → Rn′, defined on an open
neighborhood of r, such that class′ ◦f̃ = f ◦ class � Ṽ.

Rn
⊃ Ũ ⊃ Ṽ Rn′

Q ⊃ U Q′

class

f̃

class′

f
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Let x = class(r), x ′ = f (x), r ′ = f̃ (r), and then x ′ = class′(r ′).
Next, let Ũ′ = class′–1(U′). Since the composite f –1 ◦ class′ is a
plot in Q, there exists a smooth lifting f̂ : Ṽ′ → Rn, defined on an
open neighborhood of r ′, such that class ◦f̂ = f –1 ◦ class′ � Ṽ′. Let
r ′′ = f̂ (r ′), which can be different from r.

Rn Ṽ′ ⊂ Ũ′ ⊂ Rn′

Q U′ ⊂ Q′

class

f̂

class′

f –1

Now, we consider the composite f̂ ◦ f̃ : W̃ → Rn, where W̃ = f̃ –1(Ṽ′)
is a non-empty open subset of Rn since it contains r. Moreover,
f̂ ◦ f̃ (r) = r ′′. It also satisfies class ◦(f̂ ◦ f̃ ) = class. Indeed, class ◦(f̂ ◦
f̃ ) = (class ◦f̂ ) ◦ f̃ = (f –1 ◦ class′) ◦ f̃ = f –1 ◦ (class′ ◦f̃ ) = f –1 ◦ (f ◦
class) = (f –1 ◦ f ) ◦ class = class. Thus, thanks to §15, there exists,
locally, γ ∈ Γ such that f̂ ◦ f̃ = γ � W̃. By the way, r ′′ = (f̂ ◦ f̃ )(r) =
γ · r. Let f̄ = γ–1 ◦ f̂ , then: class ◦f̄ = class ◦γ–1 ◦ f̂ = class ◦f̂ =
f –1 ◦ class′, and f̄ is still a local lifting of f –1. Thus f̄ ◦ f̃ = 1W̃,
that is, f̄ = f̃ –1 � W̃. We conclude that, around r, f̃ is a local
diffeomorphism. Now, if we consider any another point r ′′′ over
x ′, there exists γ′ such that γ′ · r ′ = r ′′′; changing f̃ to γ′ ◦ f̃ and
f̄ to f̄ ◦ γ′–1, we get f̃ (r) = r ′′′, and f̃ and f̄ still remain inverse
of each other. Thus, for any r ∈ Rn over x and any r ′ ∈ Rn over
x ′ = f (x), we can locally lift f to a local diffeomorphism f̃ such
that f̃ (r) = r ′. I
17. Definition [Equivalence Between Categories, Groupoids] Let A
and C be two categories. Let us recall that, according to [SML78,
Chap. 4 § 4 Thm. 1], a functor

S: A → C

is an equivalence of categories if and only if,

(1) S is full and faithful,
(2) each object c in C is isomorphic to S(a) for some object a

in A.

If A and C are groupoids, the last condition means that,

(2’) for each object c of C, there exist an object a of A and an
arrow from S(a) to c.
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Figure 8. Equivalence of Categories.

In other words: let the transitivity-components of a groupoid be
the maximal full subgroupoids such that each object is connected
to any other object by an arrow. The functor S is an equivalence
of groupoids if

(1) it is full and faithful,
(2) it descends surjectively on the set of transitivity-components.

A C

Comp(A) Comp(C)

comp

S

comp

S∗

18. Proposition [Equivalence of Structure-Groupoids] Consider an
n-orbifold X. Let A be an atlas, let F be the associated strict
generating family, let N be the nebula of F and let G the associated
structure groupoid.

Proposition. The fibers of the subduction ev: Obj(G) → X are
exactly the transitivity-components of G. In other words, the space
of transitivity components of the groupoid G associated with any
atlas of the orbifold X, equipped with the quotient diffeology, is
the orbifold itself.

Theorem. Different atlases of X give equivalent structure groupoids.
The structure groupoids associated with diffeomorphic orbifold are
equivalent.

In other words, the equivalence class of the structure groupoids of
a orbifold is a diffeological invariant.
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Figure 9. The Groupoid of Δ1.

The proof of this theorem is based on the propositions §15 and
§16.

JProof. Let us start by proving the proposition. Let F: U → X
and F′ : U′ → X′ be two generating plots from the strict family F,
and r ∈ U ⊂ R and r ′ ∈ U′ ⊂ R′. Assume that

ev(F, r) = ev(F′, r ′) = x,

that is,

x = F(r) = F′(r ′).

Note that

F = f ◦ class � U and F′ = f ′ ◦ class′ � U′,

where f , f ′ ∈ A. Then, let

ψ = f ′–1 ◦ f with ψ : f –1(f ′(U′)) → U′,

is a local diffeomorphism that maps

ξ = f (class(r)) to ξ
′ = f ′(class′(r ′)).

Then, according to §16:

(1) n = n′,
(2) there exists a local diffeomorphism ϕ of Rn, lifting locally
ψ and mapping r to r ′. That is

class′ ◦φ =loc ψ ◦ class and ψ(r) = r ′.
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Its germ realizes a morphism (an arrow) of the groupoid G con-
necting (F, r) to (F′, r ′), which are then on the same transitivity
component:

F(r) = F′(r ′) ⇒ comp(F, r) = comp(F′, r ′).

Of course, when F(r) 6= F′(r ′) there cannot be an arrow, by defini-
tion. Therefore, the fibers of the evaluation map are the transitive
components of the structure groupoid G of the orbifold.

sａａ

ssａ

Dmbtt)s*

tａａ

t
tａ

Dmbttａ)t*

yY

V Vａ

g gａ

hfsn) *

V0A
Vａ0Aａ

j

ᵠ

Figure 10. Lifting the identity.

Now, for the theorem: let A and A′ be two atlases of X and consider

A′′ = A
∐

A′.

With an obvious choice of notation:

Obj(G′′) = Obj(G)
∐

Obj(G′),

and G′′ contains naturally G and G′ as full subgroupoids. The
question then is: how does the adjunction of the crossed arrows be-
tween G and G′ change the distribution of transitivity-components?
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According to the previous proposition, it changes nothing since, for
G, G′ or G′′, the set of transitivity-components are always exactly
the fibers of the respective subductions ev. In other words, the set
of groupoid components is always X, for any atlas of X. Thus G
and G′ are equivalent to G′′, therefore G and G′ are equivalent. I

Quasifolds as Diffeologies

19. Definition [Quasifolds] The notion de quasifold has been pro-
posed by Elisa Prato in [Pra01], it extend the notion of orbifold.
The original definition, which has been modified once or twice, has
been revisited by diffeology as follow:
Definition A diffeological space X is said to be a n-quasifold if it
is locally diffeomorphic everywhere to a quotient Rn/Γ, where Γ is
a countable subgroup of Aff(Rn).
The main difference is that the group Γ can be infinite, but count-
able.
The first example would certainly be the irrational torus Tα =
R/(Z + αZ) with α ∈ R – Q.
20. Proposition [Quasifolds versus Orbifolds] The construction of
the structure groupoid on orbifolds and the lemma attached is
similar in the case of quasifolds. We get the same lemmas and
results. For the details see [IZP20].
The map f , defined in §8, descends also on the quotient

Cα = C/{e2iπkα}k∈Z,

where α ∈ R–Q, into a smooth map φ. The same phenomena that
occurs for the orbifolds there occurs also for the quasifolds.
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