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We present in this lecture the diffeology homotopy theory, that
generalizes to diffeological spaces the theory of homotopy on Eu-
clidean domain, and encompass the geometric theory of homotopy
of manifolds. In these times when homotopy can have more than
one meaning, this theory of homotopy shouls be understood as the
historic version of homotopy, built from loops. We can specify if
necessary and call it the “geometry homotopy theory of diffeolog-
ical spaces”.

We present the elementary constructions and definitions of the
theory of homotopy in diffeology. In particular, the definitions of
connectedness, connected components, homotopic invariants, the
construction of the Poincaré groupoid, the fundamental group and
the higher homotopy groups. We present the relative homotopy,
and the exact sequence of the homotopy of a pair. Thanks to the
functional diffeology on the space of paths of a diffeological space,
we define the higher homotopy groups by considering simply the
iteration of its space of loops. This theory has been originally
presented in my doctoral dissertation Fibrations difféologiques et
homotopie [Igl85].

Smooth Paths and Operations

1. Vocabulary [Smooth Paths in a Diffeological Space] We define
the set of smooth paths in X, a diffeological space, as

Paths(X) = C∞(R, X).
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The origin and the end of the path γ are defined by

0̂(γ) = γ(0) and 1̂(γ) = γ(1).

And the ends of γ are naturally defined by

ends(γ) = (γ(0), γ(1)).

The set Paths(X) is equipped with the functional diffeology, then:

0̂, 1̂ ∈ C∞(Paths(X),X), ends ∈ C∞(Paths(X),X × X).

We generally say “path” for ”smooth path”, since we almost never
consider not smooth paths.

Definition. We say that x and x ′ are connected or homotopic if
there exists a path such that:

ends(γ) = (x, x ′).

2. Vocabulary [Smooth Loops in a Diffeological Space] A loop in
X is a path γ with same ends, that is, such that 0̂(γ) = 1̂(γ). The
space of loops is denoted by Loops(X),

Loops(X) = {γ ∈ Paths(X) | 0̂(γ) = 1̂(γ)}.

If we want to specify the base point,

Loops(X, x) = {γ ∈ Paths(X) | x = 0̂(γ) = 1̂(γ)}.

Unless otherwise stated, all subsets of Paths(X) are equipped with
the subset diffeology.

3. Definition [Concatening Paths] Let X be a diffeological space.
We say that two paths γ and γ′ are juxtaposable if

1̂(γ) = 0̂(γ′)

and if there exists a path γ ∨ γ′ such that

γ ∨ γ
′(t) =

 γ(2t) if t ≤
1
2 ,

γ
′(2t – 1) if 1

2 ≤ t.

The path γ ∨ γ′ is called the concatenation of γ and γ′.

4. Definition [Reversing paths] Let X be a diffeological space. Let
γ be a path in X, let x = 0̂(γ) and x ′ = 1̂(γ). The path

γ̄ : t 7→ γ(1 – t)
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is called the reverse path of γ. It satisfies

0̂(γ̄) = 1̂(γ) and 1̂(γ̄) = 0̂(γ).

The map
rev: γ 7→ γ̄

is smooth, it is an involution of Paths(X). If γ and γ′ are juxta-
posable, then rev(γ′) and rev(γ) are juxtaposable, and

rev(γ′) ∨ rev(γ) = rev(γ ∨ γ
′).

5. Definition [Stationary paths] Let X be a diffeological space. We
say that a path γ is stationary at its ends, if there exist an open
neighborhood of ] – ∞, 0] and an open neighborhood of [+1,+∞[
where γ is constant. Formally, the path γ is stationary if there
exists ε > 0 such that

γ � ]–∞, +ε[ = [t 7→ γ(0)] and γ � ]1 – ε, +∞[ = [t 7→ γ(1)].

The set of stationary paths in X is denoted by

stPaths(X).

The prefix st is used to denote everything stationary.

Note 1. Two stationary paths γ and γ′ are juxtaposable iff 1̂(γ) =
0̂(γ′).

Note 2. The concatenation of stationary paths is not associative,
if γ, γ′ and γ′′ are three stationary paths such that

1̂(γ) = 0̂(γ′) and 1̂(γ′) = 0̂(γ′′),

then γ ∨ (γ′ ∨ γ′′) is a priori different from (γ ∨ γ′) ∨ γ′′. For a finite
family of stationary paths (γk)nk=1 such that 1̂(γk) = 0̂(γk+1),
with 1 ≤ k < n, we prefer, for reason of symmetry, the multiple
concatenation defined by

γ1 ∨ γ2 ∨ · · · ∨ γn : t 7→


γ1(nt – 1 + 1) t ≤

1
n ,

· · ·
γk(nt – k + 1) k–1

n ≤ t ≤
k
n ,

· · ·
γn(nt – n+ 1) n–1

n ≤ t,

which is still a stationary path, connecting 0̂(γ1) to 1̂(γn).
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Figure 1. The smashing function λ.

6. Proposition [Homotopic Paths] Let X be a diffeological space.
Because Paths(X) is itself a diffeological space, it makes sense to
say that a path s 7→ γs in Paths(X) connects γ and γ′, that is,

[s 7→ γs] ∈ Paths(Paths(X)) = C∞(R, Paths(X)),

with γ0 = γ and γ1 = γ′.

• Free-ends homotopy. Such a path γ 7→ γs is called a free-ends
homotopy, connecting γ to γ′, or from γ to γ′.

• Fixed-ends homotopy. Now, let Paths(X,x, x ′) be the set of
paths in X connecting x to x ′, equipped with the subset diffe-
ology of Paths(X). A path [s 7→ γs] ∈ Paths(Paths(X, x, x ′)) =
C∞(R, Paths(X, x, x ′)) is called a fixed-ends homotopy from γ to
γ
′. But note that, by definition of the subset diffeology, [s 7→ γs] is

a fixed-ends homotopy if and only if [s 7→ γs] ∈ Paths(Paths(X))
and for all s ∈ R, γs(0) = x and γs(1) = x ′.

Proposition. A crucial property of homotopy in diffeology is that
every path γ is fixed-ends homotopic to a stationary path.

Indeed, let us consider the smashing function λ described by in
Figure 1, where ε is some strictly positive real number, 0 < ε� 1.
The real function λ satisfies essentially the following conditions,
and we can choose it increasing,

λ ∈ C∞(R,R), λ � ]–∞, ε[ = 0, λ � ]1 – ε, +∞[ = 1.

Let γ ∈ Paths(X). We have the following properties:

a) The path γ? = γ ◦ λ is stationary with the same ends as γ.
b) The path γ is fixed-ends homotopic to γ?.
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Note. As we know, not any two paths γ, γ′ ∈ Paths(X) such that
1̂(γ) = 0̂(γ′) can be juxtaposable, but we can always force the
concatenation by smashing them first. Hereafter, we shall use
often this smashed concatenation, denoted and defined by

γ ? γ′ = γ? ∨ γ
′?.

As a consequence of the point b),

Proposition If 1̂(γ) = 0̂(γ′), then γ ? γ′ connects 0̂(γ) to 1̂(γ′).
Moreover, if γ and γ′ are juxtaposable, then γ ∨ γ′ is homotopic to
γ ? γ′.

7. Proposition [Connected Components] Let X be a diffeological
space.

Proposition. To be connected, or homotopic, is an equivalence
relation on X whose class are called connected components. The
connected component of x ∈ X is denoted by

comp(x) = {x ′ ∈ X | ∃γ ∈ Paths(X), ends(γ) = (x, x ′)}.

The set of components is denoted by

π0(X) = {comp(x) | x ∈ X}.

Equipped with the quotient diffeology, π0(X) is dicrete.

Let x ∈ X, we denote by π0(X, x) the pointed space:

π0(X, x) = (π0(X), x).

Proposition. If X is connected, then

ends: Paths(X) → X × X

is a subduction.

8. Proposition [The sum of its components] Let X be a diffeological
space. The space X is the sum of its connected components. More
precisely, if X is the sum of a family {Xi}i∈I, then the connected
components of the Xi are the connected components of X. The
decomposition of X into the sum of its connected components is
the finest decomposition of X into a sum. It follows that the set
of components π0(X), equipped with the quotient diffeology of X
by the relation connectedness, is discrete.

9. Definition [Higher homotopy groups] Let X be a diffeological
space, and let x be a point in X. The higher homotopy groups
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of X, based at x, are defined recursively. Let us denote by x̂ the
constant loop

x̂ : t 7→ x.

Then, we define, for all integer n > 0:

πn(X, x) = πn–1(Loops(X, x), x̂),

For n = 1 it gives

π1(X, x) = π0(Loops(X, x), x̂) = (π0(Loops(X, x)), x̂),

which is called the fundamental group of X, based at x.

Proposition. The set π1(X, x) is equipped with a multiplication
defined by:

class(`) · class(`′) = class(` ∨ `′),

for all `, `′ ∈ Loops(X, x). This multiplication gives π1(X, x) a
structure of group:

a) the identity is class(x̂),
b) the inverse of class(`) is class(¯̀), where ¯̀ is the reverse of `.

Proposition. If x and x ′ are connected, then the goups π1(X, x)
and π1(X, x ′) are conjugated.

Now, let us define the recurrence

Loopsn+1(X, x) = Loops(Loopsn(X, x), x̂n),

and x̂n+1 = [t 7→ x̂n],

initialized by

Loops0(X, x) = X and x̂0 = x.

We have then:

πn(X, x) = π0(Loopsn(X, x), x̂n),

for all n ∈ N. For n ≥ 1, πn(X, x) = π1(Loopsn–1(X, x), x̂n–1),
which shows that the higher homotopy groups of X are the fun-
damental groups of some loop spaces, and therefore deserve their
name of “group”.

Note 1. that this is specific to diffeology since in traditional dif-
ferential geometry the set of loops of a manifold is not a manifold,
and talking about the π1 of a set of loops has no funded meaning.
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For example, π2(X, x) is the fundamental group of the connected
component of the constant loop x̂ in Loops(X, x) etc. Since loop
spaces are H-spaces, the groups πn(X, x) are Abelian for n ≥ 2.

Note 2. Let f : X → X′ be a smooth map, then f induced a map
from πn(X, x) to πn(X′, x ′), with x ′ = f (x), which is a group mor-
phism for all n > 0 and a morphism of pointed space for n = 0.

10. Construction [The Poincaré groupoid and fundamental group]
Let X be a diffeological space. Let Π be the following equivalence
relation on Paths(X),

γ Π γ
′ ⇔ {

there exist x, x ′ ∈ X and ξ ∈ Paths(Paths(X, x, x ′))

such that ξ(0) = γ and ξ(1) = γ′.

Said differently, γ and γ′ belong to the same component of

Paths(X, x, x ′),

the subspace of paths such that ends(γ) = ends(γ′) = (x, x ′). We
shall denote by Π(X) the diffeological quotient Paths(X)/Π, and by
class the canonical projection:

class : Paths(X) → Π(X) = Paths(X)/Π.

We shall denote again by ends the factorization of ends: Paths(X) →

X × X on Π(X).

Note that, if X is connected, then ends : Π(X) → X × X is a sub-
duction, and class � stPaths(X) → Π(X) is also a subduction.

The Poincaré groupoid X is then defined by

Obj(X) = X and Mor(X) = Π(X).

For all x and x ′ in X,

MorX(x, x
′) = Paths(X, x, x ′)/Π = π0(Paths(X, x, x ′))

is the set of fixed-ends homotopy classes of the paths connecting
x to x ′. The composition in the groupoid is the projection of
the concatenation of paths. For all τ ∈ MorX(x, x ′) and τ′ ∈

MorX(x ′, x ′′),

τ · τ′ = class(γ ∨ γ
′), where τ = class(γ) and τ

′ = class(γ′).

The paths γ and γ′ are chosen in stPaths(X), for the concatenation
γ ∨ γ′ to be well defined.



8 PATRICK IGLESIAS-ZEMMOUR

The construction of the Poincaré groupoid is summarized by the
following diagram.

Paths(X) Π(X)

X × X

class

ends ends

The isotropy groups Xx = MorX(x, x) and the inverse of the ele-
ments of X(x, x ′) = MorX(x, x ′) are described by what follows:

a) For every point x of X, the isotropy group 1x ∈ Xx is the
component class(x̂), in Loops(X, x), of the constant path
x̂ : t 7→ x.

b) The inverse τ–1 of τ = class(γ) ∈ MorX(x, x ′) is the com-
ponent class(γ̄) of the reverse path γ̄ = rev(γ).

The structure group Xx = MorX(x, x), where x ∈ X, is the first
homotopy group, or the fundamental group, of X at the point x.
That is, π1(X, x).

If X is connected, then the fundamental groups are isomorphic.
They are precisely conjugate, if τ ∈ MorX(x, x ′), then

π1(X, x) = τ · π1(X, x ′) · τ–1.

In this case, the type of the homotopy groups π1(X, x) is denoted
by π1(X).

Definition. The space X is said to be simply connected if it is
connected, π0(X) = {X}, and if its fundamental group π1(X) is
trivial. In that case ends: Π(X) → X × X is a diffeomorphism.

Note. If X is not connected, then π1(X, x) is also the fundamen-
tal group of the connected component of x, that is, π1(X, x) =
π1(comp(x), x) = π1(comp(x)), since there is one type of funda-
mental group by component.

11. Construction [The Universal Covering] Let X be a connected
diffeological space, let Π(X) = Paths(X)/Π the space of motphisms
of the PoincarÃľ groupoid.

Proposition. The preimage

X̃x = ends–1({x} × X)



HOMOTOPY THEORY IN DIFFEOLOGY 9

is a simply connected diffeological space. The projection

π = 1̂ � X̃x

is a principal fiber bundle with group π1(X, x). The spaces X̃x and
X̃x ′ are equivalent and denoted generally by X̃.
The spaces X̃ is called the universal covering of X.
12. Theorem [Monodromy Theorem] Let π : X̃ → X be the univer-
sal covering of a connected diffeological space. Let f : Y → X be a
smooth map, where Y is simply connected.
Theorem There exists a smooth global lifting f̃ : Y → X̃. Let y ∈ Y,
x = f (y) and x̃ ∈ π–1(x), then there is a unique lifting f̃ such that
f̃ (y) = x̃.
JProof. Let y ′ ∈ Y and t 7→ yt a smooth path such that y0 = y
and y1 = y ′. Let xt = f (yt), t 7→ xt is a path pointed at x = f (y).
Let

f̃ (y ′) = class[t 7→ xt].

This is a lift of f . And f̃ (y ′) do not depend of the special choice
of the path t 7→ yt because Y is simply connected. I

Every Topological Space Admits a Universal Covering

For the topologist this sentence “Every Topological Space Admit a
Universal Covering” is incorrect, because every topologist is aware
of the theorem
Topology Theorem A pathwise connected topological space admits
a simply connected covering if and only if it is semi-locally simply
connected.
However, as an application of the theory of diffeology homotopy
and the previous construction of the PoncarÃľ groupoid and sub-
sequent universal covering, we get the following theorem, which is
also true:
13. Construction [The Universal Covering of a Topological Space]
Consider a pathwise connected topological space X, equip X with
the topo-diffeology for which the plots are the continuous parametriza-
tions. This diffeology was introduced at first by Paul Donato in
his thesis [Don84].
Thus, as a diffeological space, X admits a simply connected diffeo-
logical covering π : X̃ → X, for which the projection π is continuous.



10 PATRICK IGLESIAS-ZEMMOUR

Indeed, the continuous paths, which are parametrizations by def-
inition, are smooth for the topo-diffeology. Then, X equipped
with the topo-diffeology is connected and the construction (§10)
applies.

Rherefore, every topological space admits a unversal covering, in
the sense of diffeology.

We have to note that the D-topology of the topo-diffeology is a
priori finest than the initial topology. It contains a priori more
open sets.

Note also that in diffeology the projection π : X̃ → X is not a priori
a local diffeomorphism, nor a local homeomorphism.

There are here many conjectures we can investigate about the re-
lationship between this universal covering and the pure topological
situation.

Diffeology gives us a procedure to smooth the space, even if it
is not semi-locally simply conected, enough to give it a unique
universal covering.

Let us recall that in topology a covering is a map π : X̃ → X which
is locally equivalent, in the sense of topology, to a direct product
with a dicrete fiber.

Relative Homotopy

We describe now the homotopy of a pair (X,A), where X is a
diffeological space and A is a subspace of X. We establish the
short and long exact sequences of the homotopy of the pair (X,A),
pointed at a ∈ A, which is a key ingredient of the exact homotopy
sequence of the diffeological fiber bundles.

14. Proposition [The short homotopy sequence of a pair] Let X be
a diffeological space, let A be a subspace of X, and let a ∈ A. Let

Paths(X,A, a) = {γ ∈ Paths(X) | 0̂(γ) ∈ A and 1̂(γ) = a}.

Let γ and γ′ be two paths belonging to Paths(X,A, a), a homotopy
from γ to γ′, relative to A, pointed at a is a path in Paths(X,A, a),
connecting γ to γ′. We shall also call it an (A, a)-relative ho-
motopy from γ to γ′. In Figure 2 the paths γ and γ′ belong to
Paths(X,A, a), with A = A1 ∪ A2. The path γ is (A, a)-relatively
homotopic to a loop in X, but not γ′. Let us consider the map
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Figure 2. Relative homotopy of a pair.

0̂ : Paths(X,A, a) → A

and the injection
i : A → X.

They made up a two-terms sequence of smooth maps:

Paths(X,A, a) 0̂
−→ A i

−→ X.

This sequence induces naturally the two-terms sequence of mor-
phisms of pointed spaces,

(Paths(X,A, a), â) 0̂
−→ (A, a) i

−→ (X, a),

where â = [t 7→ a]. Then, this sequence induces a two-terms
sequence on the space of components

π0(Paths(X,A, a), â)
0̂#−→ π0(A, a) i#−→ π0(X, a). (♥)

Note 1. ker(i#) — The kernel of i# is the subset of components
of A, contained in the component of X containing a.

Note 2. Val(0̂#) — The values of 0̂# are the components of A,
containing the initial points of the paths in X starting in A and
ending at a. In other words, the subset of the components of A
which can be connected, through X, to a. Now, it is clear that
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any component of A which can be connected to a by a path in X
is included in the component of X containing a. Conversely, every
component of A included in the component of X containing a can
be connected to a by a path in X, starting in A. So, we get the
equality,

ker(i#) = Val(0̂#).

Now, let us consider the inclusion of the triple (X, a, a) into (X,A, a).
It induces an injection, denoted by j, on the space of paths,

Paths(X, a, a) = Loops(X, a)
j

−→ Paths(X,A, a).

This injection descends, on the space of components, into a mor-
phism of pointed spaces,

π0(Loops(X, a), â)
j#
−→ π0(Paths(X,A, a), â). (♦)

Now, the concatenation of (♦) to the two-terms sequence (♥) gives
a three-terms sequence of morphisms of pointed spaces,

π0(Loops(X, a), â)
j#
−→ π0(Paths(X,A, a), â)) 0̂#−→

π0(A, a)
i#−→ π0(X, a). (♠)

Let us call, by abuse of language, first group of homotopy of X, rel-
ative to A, pointed at a, the pointed space denoted by π1(X,A, a),
and defined by

π1(X,A, a) = π0(Paths(X,A, a), â).

Since, by definition, π0(Loops(X, a), â) = π1(X, a) —regarded as
pointed space— the sequence of morphisms (♠) rewrites,

π1(X, a)
j#
−→ π1(X,A, a) 0̂#−→ π0(A, a) i#−→ π0(X, a). (♣)

This sequence is called the short sequence of the relative homotopy
of the pair (X,A), at the point a. We have seen that

ker(i#) = Val(0̂#);

moreover,
ker(0̂#) = Val(j#).

Note 3. ker(0̂#) — The kernel of 0̂# is the set of the components
of Paths(X,A, a) whose initial point belongs to the component of
A containing a.
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Note 4. Val(j#) — The values of j# are the components of the
γ ∈ Paths(X,A, a) which are (A, a)-relatively homotopic to some
loops in X, based at a.

In short, the relative homotopy sequence of the pair (X,A), at the
point a, is exact.

JProof. We need only check that

ker(0̂#) = Val(j#).

Let us recall that, on the one hand, ker(0̂#) is made up of the
components of Paths(X,A, a) whose initial point belongs to the
same component of A, containing a. On the other hand, Val(j#)
is the set of the components of paths γ ∈ Paths(X,A, a) which are
(A, a)-relatively homotopic to some loops in X, based at a.

Note 1. Val(j#) ⊂ ker(0̂#). If a path γ is (A, a)-relatively homo-
topic to some loop in X based at a, its initial point is connected,
in A, to a, and belongs to the same component of A containing a.

Note 2. ker(0̂#) ⊂ Val(j#). Let us consider a component of A
contained in the same component of X containing a. Let γ be a
stationary path in X, beginning in A and ending at a such that its
beginning belongs to the component of A containing a. Let γ(0) =
x. Since x and a belong to the same component of A, there exists a
stationary path c in A connecting a to x (Fig. 2). Let ξ(s) = [t 7→
c(s + (1 – s)λ(t))], where λ is the smashing function. Thus, ξ
belongs to Paths(Paths(X,A, a)) and ξ(s)(1) = c(1) = x = γ(0).
So, σ(s) = ξ(s)∨γ is a homotopy connecting (c◦λ)∨γ ∈ Loops(X, a)
to x̂ ∨ γ, which is homotopic to γ. Therefore γ is (A, a)-relatively
homotopic to a loop in X, based at a. I

15. Proposition [The long homotopy sequence of a pair] Let X
be a diffeological space, let A be a subspace of X, and let a ∈ A.
Let us denote again by i the natural induction i : Loops(A, a) →

Loops(X, a). There is no ambiguity with the injection i of §14,
since the spaces involved are not the same. Then, let us consider
the two-terms sequence of smooth maps

Paths(Loops(X, a), Loops(A, a), â) 0̂
−→ Loops(A, a) i

−→ Loops(X, a).

Or, if we prefer, by denoting

X1 = Loops(X, a), A1 = Loops(A, a) and a1 = [t 7→ a],
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the above two-terms sequence of smooth maps writes

Paths(X1, A1, a1)
0̂
−→ A1

i
−→ X1.

We can then apply the construction of the previous paragraph and
get the short sequence of relative homotopy of the pair (X1, A1),
at the point a1. Let us denote again by j the natural induction
from Loops(X1, a1) to Paths(X1, A1, a1). Thus, we have,

π1(X1, a1)
j#
−→ π1(X1, A1, a)

0̂#−→ π0(A1, a1)
i#−→ π0(X1, a1). (♦)

Let us define the second group of relative homotopy of the pair
(X,A), at the point a, by

π2(X,A, a) = π1(X1, A1, a1) = π0(Paths(X1, A1, a1), a1).

So, the short exact sequence (♦) writes now

π2(X, a)
j#
−→ π2(X,A, a) 0̂#−→ π1(A, a) i#−→ π1(X, a). (♥)

But the right term π1(X, a)=π0(X1, a1) is just π0(Loops(X, a), â),
that is, π1(X, a), regarded as a pointed space. It is also the left term
of the relative homotopy sequence of the pair (X,A) at the point
a. Let us connect the right term of the short homotopy sequences
relative to the pair (X1, A1), to the left term of the short homotopy
sequences relative to the pair (X,A). We get

· · · π2(X,A, a)
0̂#−→ π1(A, a) i#−→ π1(X, a) j#

−→ π1(X,A, a) 0̂#−→ π0(A, a) · · · .
Then, let us describe the connection of the morphisms of these
two relative homotopy sequences at the junction π1(X, a).

Note 1. ker(j# : π1(X, a) → π1(X,A, a)) — This kernel is the set of
classes of loops of X based at a which can be connected, relatively
to (A, a), to the constant loop â.

Note 2. Val(i# : π1(A, a) → π1(X, a)) — This is the set of classes
of loops in X, based at a, which are fixed-ends homotopic to a loop
in A.

Now, if a loop in X, based at a, can be smoothly deformed into
a loop contained in A, then it can be retracted relatively to A
into the constant loop â. Conversely, if a loop of X, based at a,
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is connected relatively to (A, a) to the constant loop â, then it is
fixed-ends homotopic to a loop in A. In other words,

ker(j# : π1(X, a) → π1(X,A, a)) = Val(i# : π1(A, a) → π1(X, a)).

Thus, the connection of the two short exact relative homotopy
sequences is exact. Now, let us define the higher relative homotopy
groups of the pair (X,A) at the point a by recursion. Let us remark
first that the inclusion i : A → X induces an inclusion

in : Loopsn(A, a) → Loopsn(X, a).

Then, we can define

Pathsn+1(X,A, a) = Paths(Loopsn(X, a), Loopsn(A, a), ân),

for every integer n, and this gives the higher relative homotopy
groups

πn+1(X,A, a) = π0(Pathsn+1(X,A, a), ân)

= π1(Loopsn(X, a), Loopsn(A, a), ân).

Now, we can iterate the above connection of short relative homo-
topy sequences for each degree n + 1 → n, and we get the long
exact relative homotopy sequence of the pair (X,A), at the point
a.

· · · i#−→ πn(X, a) j#−→ πn(X,A, a) 0̂#−→ πn–1(A, a) i#−→ πn–1(X, a) · · ·
· · · i#−→ π1(X, a) j#

−→ π1(X,A, a) 0̂#−→ π0(A, a)
i#−→ π0(X, a).


JProof. We need only check that

ker(j# : π1(X, a) → π1(X,A, a))

is equal to
Val(i# : π1(A, a) → π1(X, a)).

Let us recall that ker(j#) is made up of the loops of X based at a
which can be connected, relatively to (A, a), to the constant loop
â, and Val(i#) is the subset of the classes of loops in X, based at
a, which are fixed-ends homotopic to a loop in A.

Note 1. ker(j#) ⊂ Val(i#). Let ` be a loop in X, based at a,
(A, a)-relatively homotopic to the constant loop â. Let γ be the
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Figure 3. A relative homotopy of a loop to the con-
stant loop.

homotopy. So, for all s ∈ R,

γ(0) = `, γ(1) = â, γ(s)(0) ∈ A and γ(s)(1) = a.

The properties of γ are schematized by Figure 3. Let us consider a
line of R2, turning around the origin, its intersection with the cube
describes a homotopy connecting ` to γt=0 ∈ Loops(A, a). More
precisely, let us consider first the path γ′ : s 7→ [t 7→ γ(t)(st)] in
Loops(X, a). The path γ′ connects ` to [t 7→ γ(t)(t)]. Then, let us
consider the path γ′′ : s 7→ [t 7→ γ((1 – s)t)(t)] in Loops(X, a). The
path γ′′ connects [t 7→ γ(t)(t)] to γs=0 ∈ Loops(A, a). Therefore, `
is (A, a)-relatively homotopic to a loop in A, based at a.

Note 2. Val(i#) ⊂ ker(j#). Let comp(γ) ∈ Val(i#). We can choose
γ ∈ Loops(A, a). The path ξ : s 7→ [t 7→ γ(s + (1 – s)t)] is a
(A, a)-relative homotopy connecting γ to the constant loop â. I

16. Application [The long homotopy sequence of a fiber bundle]
Consider a diffeological fiber bundle π : Y → X with fiber F, then
the long exact sequence of a pair induced a long exact sequence of
the fiber bundle

· · · i#−→ πn(Y, y) π#−→ πn(X, x) ∂
−→ πn–1(F, y) i#−→ πn–1(Y, y) · · ·

· · ·
j#
−→ π1(X, x) ∂

−→ π0(F, y) i#−→ π0(Y, y)
π#−→ π0(X, x).
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