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GEOMETRIC QUANTIZATION BY PATHS
PART II: THE GENERAL CASE

PATRICK IGLESIAS-ZEMMOUR

To the memory of Jean-Marie Souriau, who once asked me:
“Quoi de neufen diffeolog’y 2”

ABSTRACT. In Part I, we established the construction of the prequantum
groupoid for simply connected spaces. This second part extends the theory to
arbitrary connected parasymplectic diffeological spaces (X, ). We identify the
obstruction to the existence of the prequantum groupoid as the non-additivity
of the integration of the prequantum form Kw on the space of loops.

By defining a Total Group of Periods P, directly on the space of paths, which
absorbs the periods arising from the algebraic relations of the fundamental
group, we construct a prequantum groupoid T,, with connected isotropy
isomorphic to the torus of periods T, =R/P,,.

Furthermore, we propose that this groupoid T, constitutes the Quantum
System itself. The classical space X is embedded as the skeleton of units,
surrounded by a quantum fog of morphisms. We prove that the group of auto-
morphisms of the Quantum System is isomorphic to the group of symmetries
of the Dynamical System, Diff(X, w).

INTRODUCTION

This paper is the continuation of the author’s work on geometric quantization
by path [PIZ25a] within the framework of diffeology [PIZ13]. In Part I, we es-
tablished the construction of the prequantum groupoid T,, for connected and
simply connected parasymplectic spaces (X, w). We showed that this object,
defined as a quotient of the space of paths, encodes the prequantum geometry
more naturally than the traditional principal bundle approach. In particular,
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the quantum phase emerged intrinsically as the isotropy group of the groupoid,
isomorphic to the torus of periods.

However, the assumption of simple connectedness is restrictive. Many phys-
ically relevant systems, such as the torus or surfaces of higher genus, are not
simply connected. In these cases, the geometry of the space X introduces new
periods —surfacic periods— that are not captured by the spherical or toric
cycles alone. A naive application of the previous construction would fail to
produce a connected isotropy group, leading to a disconnected phase structure
that contradicts physical intuition.

In this Part IT, we extend the construction to arbitrary connected diffeological
spaces. Our strategy relies on a direct Path Approach: we identify the obstruction
to the additivity of the prequantum action directly within the space of loops
of X. This obstruction is measured by a cocycle defined on the fundamental
group of the space. By incorporating the values of this cocycle on the group
relations into the definition of the Total Group of Periods P,,, we ensure that the
prequantum structure closes on the quotient torus of periods T, =R/P,. The
only requirement for a non-trivial quantization is that this group of periods P,
differs from R, or equivalently, that the torus T, is not reduced to a point.

This generalization leads us to a broader conceptual proposal. We suggest that
the prequantum groupoid T,, constitutes the Quantum System itself. The classi-
cal space X sits inside it as the skeleton of units, surrounded by a quantum fog of
non-unit morphisms. We show that the symmetries of the classical system lift
fully and faithfully to this structure, satisfying the Dirac axioms for quantization
naturally.

This perspective resolves a long-standing ambiguity regarding the status of
conserved quantities in geometrically non-trivial systems. We show that the
"paths moment map," introduced in our previous work on the moment map
in diffeology [PIZ10], is precisely the intrinsic moment map of the quantum
groupoid. The holonomy group I', classically viewed as an obstruction to the ex-
istence of single-valued observables on the space of motions (violating Souriau’s
principle of the moment map), is reinterpreted here as a signature of strictly
quantum geometrical features. The classical moment map is then the shadow of
this "absolute quantum moment map". The groupoid framework thus accom-
modates systems like the Aharonov-Bohm effect without pathology, treating
multi-valued classical quantities as single-valued quantum morphisms.

I diffeology, a subset A C B is discrete if it carries the discrete diffeology (locally constant
plots). For a subgroup of R, being discrete is equivalent to being a strict subgroup (P #R). Thus,
we use "discrete” and "# R" interchangeably.
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The Missing Link to Feynman’s Integral. This construction offers a rigorous
geometric resolution to the intuition underlying Feynman’s path integral. Feyn-
man'’s approach seeks to extract quantum amplitudes by summing over the
space of all paths, relying on the interference of the phase factor exp(iS/#) to
isolate physical contributions.

Our approach reveals that geometric quantization is the dual operation: rather
than integrating over the "noise" of the infinite-dimensional path space, we
quotient it out. The equivalence relation defining the groupoid T, identifies
precisely those paths that possess the same symplectic action? (modulo peri-
ods).

The prequantum groupoid is, therefore, the geometric reification of the path
integral’s phase structure. It implies that there is no "hidden physics" in the
Feynman approach that is absent from the Dirac-Souriau program; the informa-
tion is identical, provided one looks for it in the correct place: not on the base
space X, but on the "floor above" —the space of paths Paths(X). The groupoid
provides the rigorous geometric container for the path integral, free from the
measure-theoretic difficulties of functional integration.

A Note on the Diffeological Framework. Itis crucial to emphasize that through-
out this work, all mathematical objects —the base space X, the space of paths
Paths(X), the group of periods P,,, and the resulting groupoid T,— are treated
strictly as diffeological spaces. We make no assumptions regarding their status
as manifolds, infinite-dimensional manifolds, or Lie groups.

The operations of taking quotients (such as the torus of periods T, =R/P,, or
the groupoid space of morphisms %) and forming functional spaces (such as
Paths(X)) are internal to the category of diffeology. They require no topological
or regularity conditions —such as the topological discreteness of the period
group or the local Euclidean nature of the quotient— to yield well-defined
smooth structures. This framework allows us to treat standard symplectic man-
ifolds, general parasymplectic spaces, singular quotient spaces, and infinite-
dimensional loop spaces within a single, uniform geometric theory.

1. THE GROUP AND THE TORUS OF PERIODS

The torus of periods, quotient of the real line R by the group of periods P, plays
a fundamental role in geometric quantization. In the general case, P, involves
three sources of periods: the spherical periods (from contractible spheres), the
toric periods (from the geometry of loop components), and the surfacic periods
(from the non-commutative homotopy of X).

2Strictly speaking, one should write “parasymplectic action.” The word symplectic is not used
in its strict and rigorous sense, but only to give a flavor of the context.
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1.1. The Toric Periods. Let (X, w) be a connected parasymplectic diffeological
space. We recall the chain-homotopy operator K : Q¥(X) — QF~!(Paths(X)). For
€ Q?(X), let Ko = K(w) € Q! (Paths(X)).

Since d =0, the restriction of Kw to the space of loops Loops(X) is closed. We
decompose the loop space into its connected components:

Loops(X) = U L;.
iemy(Loops(X))

On each component L;, the restriction of Kw defines a local group of periods:

P, = {J Kw|oe Loops(L,-)} cR.
o

We define the Group of Toric Periods Py, as the subgroup of R generated by the

union of all local periods:
Pior = <U P; > .
i

We assume Py, is discrete. The quotient Ty, = R/Py; is the Torus of Toric Periods;
it comes equipped with its canonical volume forms 6, :

Tior =R/Pior  and 0y, €Q'(Ty,;) suchthat % (6,) = dit,

1.2. The Group of Indices. To capture the homotopy of X, we must structure
the set of components. Let us fix a base point xy € X. We consider the subspace
of based loops Loops(X, xg).

The set of connected components of Loops(X, xy) forms the fundamental group
of X. Let .¢ = mg(Loops(X, xp)). The concatenation of loops induces a group
operation on .#, denoted by x.

We choose a basis of loops B ={{;};cs such that:

(1) Foreachiec.#,{; € Loops(X, xq) belongs to the component i.
(2) For the identity element 1 €.#, we choose the constant loop: /1 = X;.

1.3. TheIntegration Function. We define an integration function ¢ : Loops(X, xy) —
T,or component-wise. For any loop ¢ in the component i € .#:

14
(p(f) = TCtor (f K(’J) € Tior,
¢

where 7, : R — Ty is the projection. The integral is well-defined in Ty, be-
cause any two paths from ¢; to ¢ within L; differ by a period in P; ¢ P,. By
construction, this function satisfies the differential relation:

(p*(etor) =Kw f LOOPS(X» Xo).
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1.4. The Surfacic Cocycle. The function ¢ measures the symplectic action
relative to the basis 98. However, ¢ is generally not a homomorphism with
respect to loop concatenation.

Consider two loops £ € L; and £’ € L ;. The integral defining ¢({ V¢’) decomposes
geometrically into two steps: first from the basis loop ¢, ; to the concatenation
of bases £; V{ , and then from ¢; V¢ to the target £ V £'.

a4 INT vt
f Kco:f Km+f Kw.
fl*] Zt*] Kl\/[]

Using the property of integrating concatenations over homotopies established
in Part I, the second term splits into the sum of individual integrals:

e 14 A
f Kco:J Kw+f Ko.
IS iz z

Consequently, we obtain the fundamental relation:
eV =1(i, )+ o) +el),

where the defect is measured by the surfacic cocyclet: ¥ x % — Ty,

Ve
(i, J) = Tor J Ko |.
Uiyj

Proposition 1.5. 1 The map < is a group 2-cocycle of .¢ with values in T,,. For
anyi,j, ke g:
(i, j)+(i*j, k)==(i, j*k)+=(j, k).

Proof. The proof follows from the associativity of loop concatenation up to
homotopy. We evaluate the integration function ¢ on the triple concatenation
£;VL VLl intwo ways. First, as (¢; V£ j)V{y, applying the decomposition formula
twice yields terms involving t(i, j) and t(i* j, k). Second, as ¢; V(£ ; V{} ), yielding
terms involving t(j, k) and <(i, j * k). Since the two concatenation orders are
homotopic (associativity), and the integral of Kw is invariant under fixed-ends
homotopy (modulo Py,,), the two expansions must be equal. Canceling the
individual terms @(¢;) + @(¢ ;) + ¢({ ) leaves the cocycle identity. [l

The value (i, j)—1(j, i) represents the symplectic area of the commutator [¢;, £ i I,
which corresponds to the curvature of the bundle over the surface defined by
the commutator.

1.6. The Central Extension. The cocycle t defines a group extension I" of the
fundamental group .¢ by the torus T,,;. The elements of I" are pairs (i, u) €
& x Tior with the multiplication law:

(i,u)-(j,v)=>(=*j,u+v+=(i,j)).
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, by,
ev(i/\ J

A
(]

\_/

L., t,

The Construction of the Surfacic Cocycle. The integration path from the basis
loop ¢, to £ V¢’ decomposes into the cocycle path (from £;,; to £; V{;) and
the concatenation of individual paths. Summing the integrals yields @({ V {") =
(i, j)+ @(€) + (E").

Remark. This extension is central. In the general theory of group extensions, the
multiplication involves an action p of the base on the fiber: u + p(i)(v)+ (i, j).
Here, the formula simply sums « + v, implying that the action p is the identity.
Consequently, elements of the fiber (1, z) commute with all elements of I':

(i,u)-1,a)=((,u+a)=(1,a)-(i, u).

This algebraic fact reflects the physical principle that the nature of the quantum
phase (the torus Ty,,) is intrinsic and does not change as one moves around the
fundamental group of the space.

1.7. The Total Group of Periods. We now define the total group of periods P,
intrinsically, absorbing the periods generated by the non-trivial homotopy.

Let F(.#) be the free group generated by the elements of .#. An element of F(.#),
aword w =(iy,..., i) € F(.#), is a relation if the product i; %--- % i; =1 in .#. Let
2 be the set of relations.

Recall that the fundamental group .¢ ~ 7; (X, Xp) is isomorphic to the quotient
of the free group F(.#) by the normal subgroup generated by 2. Geometrically,
arelation w corresponds to a specific concatenation of basis loops that is con-
tractible in X. While such a loop is homotopically trivial, the symplectic area it
encloses (measured by the cocycle) is not necessarily zero.
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We define the Accumulated Cocycle 7 using the universal property of free groups.
Leto :.# — I be the set-theoretic section defined by a(i) =(i,0). By the universal
property, ¢ extends uniquely to a group homomorphism ¥ : F(.#) — I".

Since 7 o W(i) =i for all generators, the homomorphism ¥ lifts the projection
p :F(#)— #. Consequently, ¥ maps the kernel of p (the relations 2) into the
kernel of 7 (the fiber Ty,).

For any relation w € #, we define 7 (w) by the condition:
¥(w)=(1,7(w)).

This value 7 (w) € T, represents the total phase accumulated by traversing the
loop corresponding to the relation w.

Definition 1.8. (Total Group of Periods) Let Hq;t C Ty be the subgroup gener-
ated by the values {7 (w) | w € #}. The Total Group of Periods is the preimage:

P, = Tct_oi(Hsurf) cR.

We assume P, # R. The quotient T,, = R/P,, is the Total Torus of Periods. By con-
struction, the cocycle t vanishes when projected to T,,, ensuring the additivity
required for the groupoid construction.

Remark (Minimality). This construction represents the minimal quantization
condition. The group P, is the smallest subgroup of R containing P, that
absorbs the symplectic areas of the fundamental relations. Any smaller group
would fail to trivialize the cocycle T in the quotient, leaving the integration
function ¢ non-additive and the groupoid structure ill-defined.

Proposition 1.9. 2 The Total Group of Periods P, is independent of the choice of
the basis of loops B ={l;},cy.

Proof. We prove that the accumulated cocycle 7 (w) is independent of the basis
modulo Py, by a pure geometrical argument.

1. Construction of the Deformation Path. Let # = {{;} and B = {E’j} be
two bases of loops at x,. For each index j € .#, let n; be a path in Loops(X, xo)
connecting the old basis loop to the new one:

n;(0)=¢; and n;(1) :ﬁ’j.
Let w =(iy,..., i) be arelation, meaning the product i; x---* i =1 in 1t;(X, Xp).
We define the path H in Loops(X, x;) connecting the composite loops of the two
bases. The construction is defined by the pointwise concatenation of the loops
inX:
H(s)=7;(s)VN;,(s)V---Vn; (s).
Since w is a relation, for every s € [0, 1], the concatenation H(s) is aloop in X

based at x; (homotopic to the constant loop). Thus, H is a well-defined path in
the functional space Loops(X, xo) fromL,, =¢; V---V{; toL/ = £;.1 Ve VE;.k.
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2. The Cycle in Loop Space. The accumulated cocycle 7 (w) is defined by the
integral from the identity loop ¢; (constant at xp) to L,,.

Lw
9(w)EJ Kw (mod Pyy,).
6
Similarly for the second basis:
L/lU
T'(w)= J Ko (mod Py,).
b
Consider the closed cycle I' in Loops(X) formed by the path defining 7 (w),

followed by H, and closed by the inverse of the path defining 7/(w). (Note that
{, =t} = Xy). The integral over this cycle is a toric period:

Lw U, U,
f Kw+f Kw—J Kw=0 (mod Pyy,).
0 Lw e’l

Substituting the terms, we isolate the difference:

9(w)—9’(w)z—f Kw (mod Py,).
H

3. The Swapping Argument. We calculate fH Kw explicitly to show it belongs to
Py,. The path H is represented by a plot ® : R? — X, defined by ®(s, ) =H(s)().
Here s is the homotopy parameter (the path variable) and ¢ is the loop parameter.
Using the definition of Kw:

s [ (3
S LG o g T

We swap the parameters to interpret this as an integral over a path H in the
transverse direction: H(z)(s)=®(s, t). Here, t becomes the path variable and s

the loop variable. Thus:
J Kw:—J Ko.
H H

We check the boundary conditions of H:

e At t = 0: H(0) is the path s — ®(s,0). Since all loops are based at x,
®(s,0)= xy. Thus H(0) = %,.
e At ¢ = 1: Similarly, ®(s, 1) = x,, so H(1) = .
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Since H starts and ends at the constant loop, it is a closed loop in the space
Loops(X). Therefore, its integral is a toric period:

f Ko € Pyy;.
H

This implies fH Kw € Py,,. Consequently, 7(w)=7’(w) in T,,. O

Remark 1.10. Geometrically, this result relies on the fact that the deformation
of a relation sweeps out a closed surface (a sphere or a torus) in X. Algebraically,
this corresponds to the fact that the variation of the accumulated cocycle is
a coboundary that vanishes on cycles (relations) modulo the periods. The
definition of P, ensures exactly that these geometric "bubbles" do not obstruct
the definition of the groupoid.

2. THE CHASLES COCYCLE

With the Total Torus of Periods T,, = R/P, established, we can now define a
global integration function on the entire space of loops Loops(X). This function
will serve as the foundation for the Chasles cocycle.

2.1. The Global Integration Function. Let w, : R — T, be the projection.
We define the function ¢ : Loops(X) — T,, component-wise. For any loop ¢
belonging to the connected component L; (indexed by i € .#), we set:

l
P)=m,, (f K(o).
4;

Here, ¢; is the basis loop chosen in Section 1. The integral is taken over any path
in Loops(X) connecting ¢; to £. Changing the path adds a period from P, C P,
so the value is well-defined in T,

The crucial property of P, is that it absorbs the surfacic cocycle. Consequently,
() becomes a homomorphism with respect to loop concatenation.

Proposition 2.2. 1 The function  is additive on based loops. For any two loops
(¢’ € Loops(X, xp):
GV E)=hO)+d(E).

Proof. Let{ € L; and {’ € L;. Then ¢V {’ € L;,;. By definition of the surfacic
cocycle T (see Section 1), the integration relative to the basis satisfies:

e ‘ v I
J Kcozf Kco+f Kco+f Kw (mod Py,).
Ligj ¢ £ i

Projecting to T,,, we have:

GEV )= PO+ PE) + 1o (i, ).
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However, by construction of P, the values of the cocycle T (and its accumu-
lations on relations) lie in P,,. Therefore, w,(t(i, j)) =0in T,. Thus, ¢ is addi-
tive. ]

2.3. The Chasles Cocycle. We recall the space of pairs of paths with common
endpoints, Paths,(X) = ends*(Paths(X)). Let (y,y’) € Paths,(X), that is, two paths
with the same endpoints ends(y) = ends(y’). The concatenation y V¥’ is a loop.
Although it is not necessarily based at xy, its free homotopy class allows us to
evaluate (¢ effectively.

To be precise, let us define the Chasles function © : Paths,(X) — T, by:
O(y,Y) =B V(Y VYIV9),
where & is any path connecting the base point x, to the starting point v(0).

Independence of 3. Let L=y V¥’. Let d and &’ be two paths connecting x, to
v(0). Leto =98"V 5, which is a loop based at x,. Consider the concatenation
o V3= (3 V3)V3. The homotopy from oV 3 to &’ consists of retracting the
segment 3V 3 to a point that sweeps no area. Consequently, we have the strict
equality of integrals (not just modulo periods), allowing us to write:

O VLV )=((6 V) VLV (a V)
d(oV(SVLVS) V)
G(e)+PB VLY )~ (o)
DB VLVS).

Thus, the value ®(y,y’) is intrinsic.

3. THE PREQUANTUM GROUPOID

3.1. The Quantum Broth. Before crystallizing the structure into a groupoid,
we must recognize the fundamental object from which all quantum geometry
derives. We call the pair (Paths(X), Kw) the Primordial Quantum System, or more
picturesquely, the Quantum Broth.® This infinite-dimensional space contains
every possible history of the system. The 1-form Kw assigns a "potential phase"
to every infinitesimal variation of a path. However, this space is "noisy": it
contains infinitely many distinct paths that are physically indistinguishable
because they differ by variations carrying no symplectic action.

The construction of the groupoid T, is the process of distilling this broth. We
identify paths that carry the same phase information, collapsing the infinite

3This structure has a concrete existence in diffeology; it is not merely a figure of speech.
Diffeology was expressly developed to handle such infinite-dimensional structures—a functional
space equipped with a genuine differential form—with simplicity and rigor. It applies with equal
force to spaces like the torus of periods, which are topologically trivial yet diffeologically rich.
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redundancy of the broth into the precise, finite-dimensional geometry of the
groupoid.

3.2. The Equivalence Relation. We define the equivalence relation ~, on
Paths(X) that performs this distillation:

Y ~,Y ifandonlyif: ends(y)=ends(y’) and ®(y,y")=0.

This relation identifies paths that have the same endpoints and whose concate-
nation encloses a symplectic area belonging to the period group P,,.

3.3. Definition of the Groupoid. The quotient space defines the morphisms of
our structure.

Definition 3.4. (The Prequantum Groupoid) The Prequantum Groupoid T, is
the quotient of the space of paths by this relation:

Obj(T,)=X, Mor(T,)=% =Paths(X)/~,, -

The composition is induced by the concatenation of paths: [Y],-[Y']le =Y VY lo-

This object unifies the prequantum geometry, as illustrated below.

class o,
(Paths(X), Kw) > (Tyy, )
v ®
m\ A
=\ ‘\,/
The Prequantum
The space of paths X=X, we w)

Groupotd

The Prequantum Reduction. The diagram illustrates the construction of the
prequantum groupoid T, as a quotient of the space of paths. The projection class,,
descends the path-space 1-form Ko to the unique prequantum 1-form A on the
groupoid. The curvature of A projects further to the difference of symplectic forms
®wO w on the space of endpoints X x X. This structure identifies T, as the geometric
object capturing the quantum phase information distilled from the paths.

3.5. Structural Properties. The resulting object is a bona fide diffeological
groupoid equipped with a connection.

Theorem 3.6. 2 The groupoid T, satisfies the following structural properties.
(1) Itisa fibrating diffeological groupoid overX.
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(2) The isotropy group at any point x, T, ., is isomorphic to the torus of
periods T,,.

(3) Thereexists aunique left-right invariant 1-formAon % such thatclass’ () =
Kow.

(4) The curvature relates to the parasymplectic form by d\ = trg*(w)—src*(w).

Proof. The proof follows the lines of the simply connected case (Part I), with the
crucial adaptation that the period group P, now accounts for the non-trivial
homotopy.

1. Groupoid Structure. The additivity of ¢ ensures that ~, is compatible with
concatenation. If y ~, y; and 7 ~,, 1, then the difference ®(y vV 7,v1 V11)
decomposes into sums of ® terms that vanish.

2. Isotropy. The isotropy at x; is the set of loops [¢], such that (¢, X,) = 0, which
means (¢) = 0. Thus, T,, ,, ~ker(p)\ Loops(X, xy) ~ T,. Since X is connected,
all isotropy groups are isomorphic.

3. The Form A. The relation y ~,, v’ implies f ;{/ Kw € P,,. Locally, this means Ko
descends to the quotient % just as in the simply connected case. The invariance
and curvature properties follow from the properties of the chain-homotopy
operator K. O

3.7. Uniqueness and Classification.

The construction described in the previous articles yields a specific, canonical
prequantum groupoid T, associated with the form w. Since the construction
relies on the canonical 1-form Ko, this groupoid is unique up to a canonical
isomorphism (a change of base loops corresponds to a gauge transformation).

However, one may ask if there exist other prequantum groupoids over X with
the same curvature w that are not isomorphic to T,,. A prequantum groupoid is
generally defined as a fibrating groupoid over X with fiber T, equipped with a
connection 1-form A satisfying d\’ = trg* v — src* w.

Following the classification established in [PIZ95] for generalized prequantum
fiber bundles, the set of isomorphism classes of such structures is not trivial.
Any two prequantum groupoids T and T” with the same curvature differ by a
"flat" structure, which corresponds to a character of the fundamental group
x € Hom(7t; (X), T,,).

Specifically, the groupoid T, constructed here corresponds to the trivial charac-
ter. Other non-isomorphic groupoids can be obtained by "twisting" T, with a
character y that cannot be lifted to R (i.e., it is not the period of a closed 1-form).

This leads to the general classification theorem, generalizing the result on fiber
bundles to the groupoid context:
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Theorem 3.8. (Classification) The set of isomorphism classes of prequantum
groupoids with curvature w is an affine space modeled on the group of characters
HY(X, T,,). Modulo the gauge transformations induced by Hamiltonian automor-
phisms (exact 1-forms), the moduli space of prequantum structures is canonically
identified with the extension group:

M (X, 0) ~ Ext(rt; (X)?°, P,,).

Our path-based construction T, provides the canonical origin (the zero element)
of this moduli space.

4. SYMMETRIES OF THE QUANTUM SYSTEM

We now address the symmetries of this structure. The result mirrors the simply
connected case, demonstrating the robustness of the path-space construction
against homotopic complexity.

4.1. The Automorphism Group. Let Aut(T,,,A) be the group of automorphisms
of the groupoid T, that preserve the prequantum form A. Let Diff(X, ) be the
group of parasymplectic diffeomorphisms of X.

Theorem 4.2. 3 The projection 7 : Aut(T,,, \) — Diff(X, w), defined by restricting
the automorphism to the space of objects, is an isomorphism of diffeological
groups.

Aut(T,, A) ~ Diff(X, w).

Proof. Surjectivity. Let g € Diff(X, ). The map g acts on Paths(X) by com-
position: y — govy. Since g*w = o, the chain-homotopy operator satisfies
g*(Kw)=Kw. Consequently, integrals of Kw are preserved. This implies that g
preserves the set of periods P, (all spherical, toric, and surfacic periods are geo-
metric invariants of w). Thus, ify ~, v/, then g oy ~, g oy’. The map descends
to a well-defined automorphism & on % Since class’ (h*A) = (class,, 0g J*(A) =
g*(class; (A) = g*(Kw) = Kw = classj, (), and class,, is a subduction, we have
h*A=A

Injectivity. Let i be an automorphism of T, covering the identity on X. Then
for any morphism y € %, h(y) can be written as h(y)= o(src(y))- y for some
sectiono : X — T, where o(x) € T, , for each x. The condition that h preserves
the prequantum form, h*A=A, implies that the section o is locally constant (its
derivative must vanish). Since X is connected, o must be a constant section.

Furthermore, as an automorphism, 2 must preserve the identity morphisms. Let
1, =class,(X) € % be the identity morphism at x. Then h(1,)=1,. Applying
our formula, we get:

h(1x)=oa(src(ly))- 1, = o(x)- 1, = o(x).
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Therefore, we must have 6(x)=1, for all x €X.

This means the section o is the identity section. It follows that for any y € %

h(y)=o(src(y)) y =lsc) ¥ = -
Thus, h is the identity automorphism on %/, and the projection is injective. [

4.3. The Quantum Moment Map. The existence of the invariant form A al-
lows for the definition of an equivariant moment map ¥ on the prequantum
groupoid T,,, for the action of the symmetry group G, = Aut(T,, A) >~ Diff(X, ®).
Explicitly, ¥': % — ¢*, where ¥ is the dual of the Lie algebra of G, is given by:

Y(y)=7"N),
where j : G, — % is the orbit map j(g)=g(y) [PIZ10].

This map corresponds to the descent of the "paths moment map" W, defined
in [PIZ10] to the quotient %'. The restriction of ¥ to the isotropy groups T,,, ,, =~
T, captures the holonomy of the system. If the holonomy is non-trivial, the
moment map cannot descend to a single-valued function on X. However, it
remains a well-defined, single-valued function on the Quantum System T,,.
This resolves the apparent conflict with Souriau’s principle for systems like the
Aharonov-Bohm effect: the moment map exists, but its domain is the quantum
groupoid, not the classical space.

4.4. The Holonomy and Souriau’s Principle. This construction sheds new
light on the theory of moment maps in diffeology. In [PIZ10], we identified the
holonomy group I' = Wp,ms(Loops(X)) as the obstruction for the moment map
to descend to the space of motions X.

We can now identify W}, as the intrinsic moment map of the Quantum System
(the groupoid T,,). The condition I" = {0} corresponds to the principle of the
existence of the moment map, which Souriau posited as essential for a system
to constitute a "Dynamical System" in the strict sense (see [Sou70, p.161]).

Systems with I" # {0}, such as the Aharonov-Bohm effect, violate this classical
principle: their dynamical quantities (momenta) are well-defined only on the
prequantum groupoid T,,, not on the classical skeleton X. The groupoid frame-
work resolves this paradox: the moment map W,, exists and is single-valued, but
its domain is the Quantum System T, not the classical space X. The Aharonov-
Bohm effect is thus identified as a strictly quantum phenomenon captured by
the intrinsic geometry of the groupoid, vindicating Souriau’s principle by lifting
it to the correct geometric arena

5. ARECONSTRUCTION OF THE DIRAC PROGRAM

The structural rigidity of the prequantum groupoid suggests a significant reori-
entation of the geometric quantization program. Classically, the quantization
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v
Paths(X) pee @
W v,
T
ends &4 PIr

Jends

XxX —— 4*/T,
dx

The Factorization of the Moment Map. The diagram illustrates how the moment
map Wpms, defined on the space of paths, descends to the prequantum groupoid
% . The map ¥, represents the intrinsic moment map of the Quantum System.
The further descent to the classical space of motions X x X is obstructed by the
holonomy group I';,. The projection pr- indicates that on the classical skeleton,
the moment map is only defined modulo the quantum holonomy I, recovering
Souriau’s multivaluedness for "non-true" physical systems.

of symmetries is viewed as a reconstruction problem: given a group G acting on
(X, w), one seeks to construct a unitary representation of G on a Hilbert space.
This process is often plagued by obstructions, requiring central extensions or
metaplectic corrections at the very outset.

Our framework offers a different paradigm. Since the group of automorphisms
of the prequantum groupoid coincides with Diff(X, ), we possess ab initio a
canonical, linear, and faithful representation of the entire symmetry group.

5.1. The Quantum System. We propose to define the Quantum System as the
pair (T, A), unique as the quotient of (Paths(X), Kw). The space X is embedded
as the skeleton of units Obj(T,,) € Mor(T,,). The non-unit morphisms appear
as a quantum fog surrounding the skeleton of classical motions, if we regard
X as the space of motions of a dynamical system. A remarkable benefit of this
path-based construction is that the symmetries of the classical system become,
exactly and without modification, the symmetries of the Quantum System: we
have only one system.

In this view, quantization is not a process of synthesis (building a representation),
but a process of selection (polarization). We select a subspace of multiplica-
tive functions on T,, (the wave functions) determined by a polarization. The
"quantum anomalies" arise solely because the symmetry group does not pre-
serve this selection. They are not defects of the prequantum geometry, but the
necessary geometric cost of projecting the universal symmetry onto a specific
observational framework.
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Remark: Dirac via Feynman. This construction revisits the Dirac quantization
program in conformity with Feynman'’s perspective. The prequantum groupoid
T, should be viewed as a condensed space of paths that preserves the quantum
1-form and the symmetries of the system. The projection class,, is equivariant,
intertwining the raw action on histories with the quantum action on morphisms,
as well as relating the potential Ko with A. Thus, the space of paths still stands
over the groupoid; it is not discarded.

5.2. Derivation of the Dirac Axioms. In the case where X is a smooth symplec-
tic manifold, we can verify that this construction satisfies the historical Dirac
axioms for quantization.

1. The Identity. The constant function u = 1 generates the zero vector field
E1 =0. The corresponding flow is the identity 1x. The unique lift to the groupoid
is 1, . Thus, the operator associated with the constant function is strictly the
identity operator.

2. The Commutator. Let u, v € C*°(X). Their Hamiltonian vector fields £ ,, €,
lift uniquely to vector fields €, €, on T,, preserving A. The quantum operator is
defined as it = i i€ ,. A direct computation of the Lie bracket on the groupoid
yields:

[, 0]=[in,, i€, )= —h*[E,,E,]|=—h2(—E(, ) =—i{u, v).

Thus, the Dirac commutator relation is derived directly from the geometry of
the groupoid.

Remark (The General Case). For general diffeological spaces, where tangent
spaces may be ill-defined” or the Poisson algebra of functions unavailable, the
Poisson structure is understood covariantly. As detailed in [P1Z25], the Poisson
bracket is defined via the orbit map of the symmetry group into the space
of 2-momenta, that is, the space of left invariant 2-form. The isomorphism
Aut(T,,, A) ~ Diff(X, w) ensures that this covariant Poisson structure is faithfully
represented by the quantum system, extending the correspondence principle
beyond the scope of manifolds.

6. EXAMPLES

We illustrate the construction of the prequantum groupoid through a series
of examples ranging from exact symplectic structures to those with irrational
periods and flat connections. These examples demonstrate how the groupoid

As recently demonstrated by Taho [Tah25], there exist infinitely many non-isomorphic tan-
gent functors on diffeological spaces extending the classical definition for manifolds. This lack
of a unique canonical tangent structure reinforces the necessity of a covariant approach that
avoids reliance on tangent vectors.
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framework unifies cases that are treated disparately in standard geometric
quantization.

A. The Exact Cases (Trivial Groupoid, Non-Trivial Holonomy). When the
parasymplectic form w is exact, the group of periods is trivial, yet the homotopy
of the space is preserved in the holonomy of the groupoid.

6.1. The Punctured Plane. Let X = R? — {0} equipped with the form w = ‘iﬁfj%’ .

In polar coordinates, w = d(log(r)d6). Despite the non-trivial fundamental
group 1;(X) ~ Z, the form is exact globally. Consequently, the group of periods
is trivial:

P,={0} and T, ,=R.

The prequantum groupoid is the trivial additive groupoid T,, ~ X x R x X. How-
ever, the holonomy is non-trivial: a loop y at radius r accumulates an action
Aly) = fY log(r)d6. Two loops at different radii correspond to distinct mor-
phisms in the groupoid, distinguishing the "magnetic" geometry even in the
absence of quantized periods.

6.2. The Plane with Two Holes. Let X = R?> —{p;, p,}. The fundamental group
is the free group on two generators, 7t;(X) ~ (a, b). Since X is an open surface,
H?(X,R) =0, and any closed 2-form w is exact. Thus, P, = {0}.

This example confirms that a complex homotopy (non-abelian ;) does not
force a non-trivial isotropy group. The prequantum bundle is trivial (R-fibers).
The geometrical complexity is entirely encoded in the values of the action (the
holonomy) on the free group, not in the curvature of the bundle.

B. The Compact Cases (Discrete Periods). These are the standard cases of
geometric quantization where the geometry forces the quantization of periods.

6.3. The Torus T?. Let X = R?/Z? equipped with the standard symplectic form
w=dxAdy. As calculated in Section 1, the group of toric periods is P, =Z.
The torus of toric periods is T;,; = R/Z.

The fundamental group is 7t;(X) ~ Z2. The fundamental relation defining the
torus is the commutator ABA'B™! = 1, where A and B are the generators of the
lattice.

The "Surfacic Period" associated with this relation is the integral of w over the
surface bounded by the commutator loop. Geometrically, this corresponds to
the total area of the fundamental domain:

J o =Area(T?)=1.
fund. domain
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Therefore, P, must contain both the toric periods (Z) and the total area (1). In
this standard case, they coincide:

P, =Pir =Z.

The prequantum isotropy is R/Z, recovering the standard prequantization of
the torus.

6.4. Surface of Genus g > 1. Let X, be a compact surface of genus g > 1
with area form . Since my(Zg) = 0, Py, = {0}. Also, since there are no non-
contractible tori in X for g > 1, Py, = {0} and Ty, = R.

The total periods must therefore come entirely from the surfacic cocycle .
Consider the loop yg representing the fundamental relation R = [ [[ay, by] (the
boundary of the fundamental polygon).

Geometrically, the integral of K along this relation represents the total area of
the surface. Algebraically, this value is generated by the cocycle t evaluated on
the commutators. Therefore:

P, =Area(X,)-Z.

The prequantum isotropy group is T,, , ~ R/(Area(Z g) -Z). This illustrates the
necessity of the surfacic cocycle: here P, was zero, yet P, is non-trivial.

C. The General Cases (Irrational and Flat). These examples highlight the
unique power of the diffeological framework.

6.5. Composite Systems and Irrational Periods. Let us consider a composite
system formed by two independent elementary systems. For instance, let X =
S? x §?, equipped with the product symplectic form:

0= 5,0 ® S, = pr;(s;surfs.) + s, pry(surfs.),
where surfs. is the standard area form on the sphere normalized such that
fsz surf; =1, and sy, s, € R are the coupling constants.
The space X is simply connected. The group of periods is generated by the
spherical periods of the two factors (elements of 1,(X) ~ Z® Z). Thus:

P,={ns;+ms,|n,meZ}=s2+s,Z.

The nature of the prequantum isotropy depends crucially on the rationality of
o.= S,/ 81, the ratio of scales.

1. The Rational Case. If . € Q, sayoc=p/q, then P, = %Z. The group of periods

is discrete and isomorphic to Z. The torus of periods T, ~ R/ %Z is a circle. This
recovers the standard case where the system admits a prequantum line bundle.

2. The Irrational Case. If a ¢ Q, the group P, is a dense subgroup of R. In
the classical framework of geometric quantization, this system is considered
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"non-quantizable" because no principal bundle with structure group U(1) exists
with curvature w. However, in our diffeological framework, the prequantum
groupoid T, is perfectly well-defined. The isotropy group is the irrational torus:

T, =R/(Z+aZ).

This space is a "bad" quotient in topology (non-Hausdorff), but a standard and
well-behaved object in diffeology (the model of the irrational flow on the torus).

This example demonstrates that the "integrality condition" of Kostant-Souriau
is not a condition for the existence of the prequantum geometry, but rather a
condition for the quantum phase T,, to be a smooth manifold. The diffeological
prequantum groupoid captures the geometry of systems with incommensurable
periods without obstruction, suggesting a generalized quantum mechanics
where the phase factor lives in a generalized torus.

6.6. The Aharonov-Bohm Effect. Let X = R? — {0} with w = 0. The canonical
groupoid is trivial. However, the moduli space of prequantum structures is
H(X,T,)~T,. The Aharonov-Bohm system corresponds to a "flat" groupoid
Tag with non-trivial holonomy determined by the flux ®:

[Y]ag = (¥(0), n®,v(0)).

Jean-Marie Souriau noted that describing this effect with functions on the space
of motions leads to multi-valued Hamiltonians or apparent conservation vi-
olations. Our framework resolves this: the Hamiltonian is well-defined and
conserved, but it generates a flow on the non-trivial groupoid Tag. The energy
is preserved, but the geometric structure carrying it is twisted.

7. DISCUSSION

The construction of the prequantum groupoid T, presented here is valid for
any connected parasymplectic space, regardless of the rationality of its periods
or the categorical nature of the underlying diffeological space. It applies to
manifolds, orbifolds, quasifolds, and infinite-dimensional spaces such as loop
spaces or connections. This generality invites a re-evaluation of several standard
concepts in geometric quantization.

The Topological Blind Spot. This construction highlights a fundamental epis-
temological rupture with standard geometric quantization. Historically, quanti-
zation relied on Chern-Weil theory, governed by topological invariants (Chern
classes). This created a "blind spot": for spaces with coarse topology (like
the irrational torus or leaf spaces of foliations), topological tools detected no
structure, leading to the conclusion of non-quantizability.
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Our result demonstrates that the obstruction was in the category used, not
the geometry. Diffeology succeeds where topology fails because it defines the
fundamental group and periods via smooth probes (plots), not open sets. For
the irrational torus, topology sees a point, but Diffeology sees the dense winding
(7, ~7?), allowing a non-trivial prequantum groupoid. Thus, the condition for
quantization is not topological non-triviality, but diffeological discreteness of
the group of periods.

Relation to Other Frameworks. The use of groupoids and path spaces in quan-
tization has a rich history, and it is useful to situate our construction within
this landscape. Weinstein and Karasev introduced symplectic groupoids to
integrate Poisson manifolds [Wei87, Kar87], where prequantization typically
involves constructing a bundle over the groupoid. Brylinski and others explored
the geometry of the loop space and the transgression of the 3-form to define pre-
quantum structures in infinite dimensions [Bry93]. More recently, the language
of gerbes and stacks has been employed to address topological obstructions
and non-integrality [Mur96].

Our approach differs by remaining strictly within the framework of geometry
(a.k.a. diffeology). Instead of moving to higher categorical structures (stacks) or
remaining in the unreduced space of loops, we construct a prequantum object
directly over the base space, reducing the path space to the intrinsic degrees
of freedom of the system. Diffeology allows us to treat the resulting quotients
(whether singular, irrational, or infinite-dimensional) as valid geometric spaces,
incorporating non-integral periods as intrinsic features of the geometry rather
than obstructions requiring a change of category.

The Intrinsic Decomposition of Periods. The definition of the Total Group of
Periods P,, offers an intrinsic decomposition of the symplectic action, indepen-
dent of external homological machinery. Standard quantization often imports
the second homology group H,(X,Z) as a topological datum to define periods.
Our construction "disarticulates" the period group into three geometric com-
ponents strictly internal to the homotopy of the path space:

(1) Spherical Periods (P;,): Arising from contractible loops (genus 0 bub-
bles).

(2) Toric Periods (Py,,): Arising from the geometry of the loop space com-
ponents (genus 1 cylinders).

(3) Surfacic Periods (7): Arising from the non-commutativity of the funda-
mental group (genus > 1 commutators).

By generating P, from these sources, the path space reveals the "homologi-
cal" constraints of the system without ever leaving the realm of smooth paths,
adhering to the diffeological principle of minimal external construction.
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The Universality of the Quantum Unit. This perspective extends naturally
to the interaction between distinct systems. If we accept as a fundamental
principle that any two quantum systems can interact to form a composite
system, then their respective period groups must be commensurable. This
requires a universal quantum unit of action, s (Planck’s constant), such that
P, € hZ for all physically realizable systems.

In this view, the "Universal Quantum Torus" is Tqyan: = R/hZ. The isomorphism
between the geometric isotropy group T,, = R/P,, and the group of phases U(1)
is mediated by the Planck constant 77 = h /2.

The Wave Function as a Multiplicative Map. The identification of the groupoid
as the quantum system suggests a natural, intrinsic definition for the wave
function. In the standard bundle approach, a wave function is a section of a
line-bundle, which requires a local trivialization and transition functions.

In the groupoid framework, a quantum state is simply a smooth, complex-valued
function ¥ defined on the space of morphisms % that is multiplicative:

Py y)=¥y)- ¥
This condition enforces that W transforms according to a character of the
isotropy group T,, (the quantum phase). Specifically, for any loop T € T, ,,
we have W(t - y) = x(t)¥(y). This definition is covariant, requires no auxil-

iary choices (like open covers), and naturally accommodates the action of the
symmetry group Diff(X, w) via pullback.

Intrinsic Quantization of Reduced Spaces. The diffeological framework re-
solves the debate regarding whether "quantization commutes with reduction."”
Our approach grants the reduced space an autonomous status. Once the reduc-
tion is performed, the quotient space Q is a fully defined diffeological space. If
the parasymplectic form descends to a closed 2-form w on Q, we can apply our
construction directly to Q.

The reduced system is thus immediately "clothed" in its own prequantum struc-
ture. The unit map x — 1, embeds the classical space X strictly into the space of
morphisms of T,,. The classical space sits inside the prequantum groupoid like
a sharp skeleton, enveloped by the "quantum fog" of non-identity morphisms.
In this view, quantization does not need to commute with reduction; rather,
reduction defines the physical system, and quantization renders it quantum.

Singularities and the Constancy of the Phase. This intrinsic construction clar-
ifies the treatment of singularities. Alternative approaches often model pre-
quantization on stratified spaces by allowing the fiber to degenerate. In our
framework, because the groupoid is constructed from the global period group
P, the isotropy group T,, remains constant everywhere, even at singular points.
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This respects the physical intuition that the phase degree of freedom is a uni-
versal constant of the theory, not a local variable. The singularity of the reduced
space is encoded in the rich structure of the groupoid morphisms (the paths),
not in the degeneration of the fiber.

Following the program of Dirac [Dir30] and Souriau [Sou70], we regard the
space of motions as the primary physical reality. While Marsden and Wein-
stein [MW74] provided a powerful tool for analyzing symmetries, the process
of reduction can obscure the global geometry of the system, particularly in the
presence of singularities [SL.91]. As demonstrated by the author’s work on the
geometry of geodesics [PIZ19, PIZ25b], and in the spirit of the optical analogy
in symplectic mechanics [GS84] or Sternberg’s general covariance [Ste06], the
space of motions often possesses a unified structure (such as the conformal
co-symplectic structure) that is fragmented by reduction. Our diffeological
construction preserves this unity, ensuring that the quantum phase—the "extra
floor" required by Groenewold and Van Hove—remains a universal constant of
the theory, rather than a variable dependent on the stratification.

The Source and the Screen. We propose that the prequantum groupoid T,, is
the Quantum System in its objective state. Polarization is analogous to placing
a screen or lens on this Quantum Source. The "quantum anomalies" (central
extensions, metaplectic signs) are artifacts of the screen, not defects of the
source. The prequantum groupoid supports the full symmetry group Diff(X, w)
faithfully, while a specific polarization may break this symmetry.

The Geometric Alternative to Path Integration. The path-based nature of our
construction suggests a deep connection to Feynman’s path integral formulation.
Feynman’s method extracts the quantum signal by averaging over the noise of
infinite path fluctuations. Our method adopts the inverse strategy: we quotient
out the noise. The projection class,, : Paths(X) — T, acts as a geometric filter,
identifying all paths that carry the same phase information.

The groupoid T, is thus the space of pure signals. This suggests a geometric
factorization of the path integral, separating the universal geometric phase
(captured by the finite-dimensional groupoid) from the dynamical amplitude.

Quantization as Transmutation. Ultimately, this framework suggests that geo-
metric quantization is the revelation of intrinsic relational geometry. The classi-
cal space of motions X presents a static view where states are isolated points.
The prequantum groupoid T, reveals the dynamic reality: it is the geometry of
a system where motions are allowed to transmute into one another.

The morphisms of the groupoid are the channels of these transmutations, op-
erated through the "one-dimensional nerves" of the paths. In this view, the
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quantum phase is not an external variable; it is the measure of the symplectic
area swept by these nerves during the transmutation.

Mutual Relativity and the Groupoid. The groupoid construction over X x X
reflects mutual relativity. Quantities like action or phase are relational, connect-
ing states x and x’, not attributes of a single state. The traditional approach of
fixing a reference state x, breaks covariance and introduces artifacts via coho-
mology. Our groupoid T, avoids this by being purely additive and covariant,
preserving the full symmetry group Diff(X, w) without central extensions. It is
the geometry of pure relation.
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