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Abstract. Because symplectic structures have no local invariants, they have a huge

group of automorphisms, always big enough to be transitive. We show here, that a

symplectic manifold is always a coadjoint orbit of its group of symplectomorphisms,

in a sense involving affine action and holonomy. In other words, coadjoint orbits are

the universal models for symplectic manifolds. To establish that fact, and there is no

heuristic here, themain tool is theMomentMap for Diffeological Spaces. We shall see

by theway, that for a homogeneous presymplecticmanifold, the characteristics are the

connected components of the preimages of the universal moment map.

Introduction

At the end of the sixties, last century, coming fromdifferent points of view, Kostant, Kir-

illov and Souriau showed that a symplectic manifold (M,ω), homogeneous under the
action of a Lie group, is isomorphic — up to a covering— to a coadjoint orbit [Kos70]

[Sou70] [Kir74]. Souriau’s proof was based on the moment map which he introduced

during the same period. Now, the group of automorphisms Diff(M,ω) of a connected
symplectic manifold

1 (M,ω), is transitive onM. It is then tempting to look for an analo-

gous of the Kostant-Kirillov-Souriau (KKS) theorem, relative to Diff(M,ω), even if this
groups is not, strictly speaking, a Lie group.

This is what we present in this paper: considering a symplectic manifold (M,ω) and
its group of symplectomorphisms Diff(M,ω) as diffeological object, we show that the

universal moment map [Piz10] identifies the manifold M with a coadjoint orbit, linear

or affine, of its group of symplectomorphisms, for an extended version of the moment

map involving possibly the holonomy of the symplectic form:

Theorem 1. — Let (M,ω) be a Hausdor� symplectic Manifold. Then the universal
moment map µω : M → G ∗ω/Γω is a di�eomorphism onto its image, equipped with the
quotient di�eology of the group of symplectomorphisms.

The space ofmomentaG ∗ω, the holonomy group Γω, the universal moment map µω, are

defined always, for every diffeological space equipedwith a closed 2-form, independently
of their specific nature. Their definitions are recalled in the first section below.
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The group of symplectomorphisms.
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The idea that every symplectic manifold is a coadjoint orbit of its group of symplecto-
morphisms (or Hamiltonian diffeomorphisms), is not new. It appeared already at an

early age of symplectic mechanics, a few decades ago. It is mentionned for example, in

a functional analysis context, by Marsden & Weinstein in their paper on Vlasov equa-

tion [MW82, Note 3, p. 398], Taken up later by Omohundro, Weinstein’s student, in

his book on geometric perturbation theory in physics [Omo86, p. 364].

This is why it may be necessary to emphasise what makes our statement original com-

pared with the previous approaches of the subject. It is obviously the gain in techni-

calities by using diffeology versus functional analysis, but not only. It is the role of the

moment map in diffeology, for diffeological groups preserving a closed 2-form, which
is at the center of this construction. Let us be more specific: there is a general consent

to regard, by analogy, the moment map of Ham(M,ω) on a symplectic manifold as the
mapping that associates with each point m in M, the Dirac distribution at m. That

comes from the commonly accepted identification of the “Lie algebra” of the group of

Hamiltonian diffeomorphisms with the algebra of smooth real functions (modulo con-

stants). In our approach there is no freedom of choice, our results are founded on a

precise axiomatic that pre-exists the various heuristics, which aremade in general to force

fitting the sentence into a box. The diffeology framework turns, by its own internal logic,

heuristics into theorems.

In particular, there is no need of any presumptive Lie algebra. The moment map takes

its values directly in the vector space of left-invariant 1-form on the group of automor-

phisms — or its quotient by the holonomy group — and these differential forms are

defined categorically, and not by duality with some supplemental, unnecessary
2
, “tan-

gent space”. It is worth mentioning too that, building a heuristic for the moment map

of the whole group of symplectomorphisms is less easy than for the group of hamilton-

ian diffeomorphisms. The diffeology way, being at the same time conceptually more

satisfactory, is easier and a rest for the mind.

Let us add also that, not only the universal moment map identifies each point of the

manifold with somemomentum of the goup of symplectomorphisms, but it pushes for-

ward the smooth structure of the manifold onto the coadjoint orbit, for the quotient

diffeology of the group of symplectomorphisms.

It isworth alsomentioning that the theoremremains true replacing the groupDiff(M,ω)
by the subgroup Ham(M,ω) of Hamiltonian diffeomorphisms, which is the biggest

group of automorphisms that has no holonomy. In this case the moment map takes

its values inH ∗
ω , the space of momenta of Ham(M,ω).

By the way, and not less meaningful, we prove in (art. 6) a second theorem:

2
That does notmean that there will no case in the future of diffeologywhere some kind of tangent space

will be useful, but in this case it is not only distracting but wrong.
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Theorem 2. —The characteristics of a closed 2-form ω defined on a Hausdor� manifold
M, homogeneous under the action of Diff(M,ω), are the connected components of the
preimages of the universal moment map µω.
In that case, µω integrates the characteristic distribution m 7→ ker(ωm). This result will
actually apply to any homogeneous action of a diffeological group, and in particular to

the group of Hamiltonian diffeomorphisms.

Again, this gives a new interpretation of a symplectic 2-form — in opposition with

presymplectic — as a homogeneous 2-form whose levels of the moment map are (dif-

feologically) discrete
3
.

We give two examples: in (art. 7) we compute a classical moment map using the tech-

niques of diffeology, and in (art. 8) we compute the universal holonomy for the 2-torus.
Vocabulary. —For the sake of unificationwe shall call parasymplectic a general closed
2-form, without any other condition but to be smooth. It can be defined on a manifold
or on a diffeological space. A space equipped with a parasymplectic formwill be called a

parasymplectic space.
Also, a parasymplectic form ω, on a diffeological space X, will be said to be presymplec-
tic if its pseudogroup of local automorphisms Diffloc(X,ω) is transitive on X. This is

an interpretation of the (presymplectic) Darboux theorem for manifolds, regarded as a

definition in diffeology.

Thanks. — I am grateful to the Hebrew University of Jerusalem Israel, who invited

me, and where I spent the wonderful time in which I elaborated the first version of this

article, a few years ago now.

3
Precisely: such that there is an homogeneous action of a diffeological group with discrete level of its

moment map.
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Review on theMomentMaps of a Parasymplectic Form

LetG be a diffeological group, we denote byG ∗ its space ofmomenta4ofG, that is, the

left-invariant differential 1-forms onG,

G ∗ = {ε ∈Ω1(G) | L(g )∗(ε) = ε, for all g ∈G}.

Now, let (X,ω) be a parasymplectic space with a smooth action ofG5
, g 7→ gX on X,

preservingω, that is, g ∗X(ω) = ω for all g ∈G. To understand the essential nature of the

momentmap, which is a map fromX toG ∗, it is good to consider the simplest case, and
use it then as a guide to extend this simple construction to the general case.

The Simplest Case. Consider the case where X is a manifold, andG is a Lie group. Let

us assume that ω is exact ω = dα, and that α is also invariant by G. Regarding ω, the
moment map6 of the action ofG on X is the map

µ : X→G ∗ defined by µ(x) = x̂∗(α),

where x̂ : G→X is the orbit map x̂(g ) = gX(x).
As we can see, there is no obstacle, in this simple situation, to generalize, mutatis mu-
tandis, the moment map to a diffeological group acting by symmetries on a diffeological
parasymplectic space. But, as we know, not all closed 2-forms are exact, and even if they
are exact, they do not necessarily have an invariant primitive. We shall see now, how we

can generally come to a situation, so close to the simple case above, that modulo some

minor subtleties we can build a good moment map in all cases.

The General Case. We consider a connected parasymplectic diffeological space (X,ω),
and adiffeological groupG actingonX andpreservingω. LetK be theChain-Homotopy

Operator, defined in [Piz13, §6.83]. We recall thatK is a linear operator fromΩk (X) to
Ωk−1(Paths(X))which satisfies the property

d ◦K +K ◦ d = 1̂∗− 0̂∗,

where t̂ (γ) = γ(t ), with t ∈ R and γ ∈ Paths(X). Then, the differential 1-formKω,
defined on Paths(X), is related to ω by d [Kω] = (1̂∗− 0̂∗)(ω), andKω is invariant by

G. Considering ω̄= (1̂∗− 0̂∗)(ω) and ᾱ=Kω, we are in the simple case: ω̄= d ᾱ and ᾱ
invariant byG. We can apply the construction above and define then theMoment Map
of Paths by

Ψ : Paths(X)→G ∗ with Ψ(γ) = γ̂∗(Kω),
and γ̂ : G → Paths(X) is the orbit map γ̂(g ) = gX ◦ γ of a path γ. The moment of
paths is additive with respect to the concatenation,

Ψ(γ ∨ γ ′) =Ψ(γ)+Ψ(γ ′).
4
I chose to callmomentum (plur. momenta) the elements ofG ∗.
5
A smooth action of a diffeological groupG on a diffeological space X is a smooth morhism ρ : G→

Diff(X), where Diff(X) is equipped with the functionnal diffeology.
6
Precisely, one moment map, since they are defined up to a constant.
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This paths moment map Ψ is equivariant by G, acting by composition on Paths(X),
and by coadjoint action onG ∗. Next, defining theHolonomy of the action ofG onX by

Γ = {Ψ(`) | ` ∈ Loops(X)} ⊂ G ∗,

the Two-Points Moment Map is defined by pushingΨ forward on X×X,

ψ(x, x ′) = class(Ψ(γ)) ∈G ∗/Γ,

where γ is a path connecting x to x ′, and where class denotes the projection from G ∗
onto its quotient G ∗/Γ. The holonomy Γ is the obstruction for the action of G to be

Hamiltonian. The additivity ofΨ becomes the Chasles’ cocycle condition

ψ(x, x ′)+ψ(x ′, x ′′) = ψ(x, x ′′).

LetAd : G→ Diff(G) be the adjoint action,Ad(g ) : k 7→ g k g−1
. That induces onG ∗

a linear coadjoint action

Ad∗ : G→ L(G ∗) with Ad∗(g ) : ε 7→Ad(g )∗(ε) =Ad(g−1)∗(ε).

Next, the groupΓ ismade of closed forms, invariant by the linear coadjoint action. Thus,

the coadjoint action passes to the quotientG ∗/Γ, and we denote the quotient action the
same way:

Ad∗(g ) : class(ε) 7→ class(Ad∗(g )(ε)).

The 2-points momentmapψ is equivariant for the quotient coadjoint action. Note that

the quotientG ∗/Γ is a legit diffeological Abelian group
7

Now, because X is connected, there always exists a map

µ : X→G ∗/Γ such that ψ(x, x ′) = µ(x ′)− µ(x).

The solutions of this equation are given by

µ(x) = ψ(x0, x)+ c ,

where x0 ∈X is an arbitrary point and c ∈G ∗/Γ is any constant. But thismap is a priori
no longer equivariant with respect to Ad∗ on G ∗/Γ. Its variance introduces a 1-cocycle
θ ofG with values inG ∗/Γ such that

µ(g (x)) =Ad∗(g )(µ(x))+ θ(g ),

with

θ(g ) = ψ(x0, g (x0))−∆c(g ), and ∆(c) : g 7→Ad∗(g )(c)− c

is the coboundary due to the constant c in the choice of µ. The cocycle θ defines then a
new action ofG onG ∗/Γ, that is, a quotient affine action :

Adθ
∗(g ) : τ 7→Ad∗(g )(τ)+ θ(g ) for all τ ∈G ∗/Γ.

7
For the quotient of the functional diffeology of G ∗ ⊂ Ω1(G) by Γ. In particular, for Lie groups, it is

always a productRk ×T`, k ,` ∈N.
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The moment map µ is then equivariant with respect to this affine action:

µ(g (x)) =Adθ
∗(g )(µ(x)).

Note that, in particular, ifG is transitive on X, then the image of the moment map µ is
an affine coadjoint orbit inG ∗/Γ.
This construction extends to the category {Diffeology}, the moment map for manifolds

introduced by Souriau in [Sou70]. The remarkable point is that none of the construc-

tions brought up above involves differential equations, and there is no need of consider-

ing a putative Lie algebra either. That is a very important point. Themomenta appear as

invariant 1-forms on the group, naturally, without intermediary, and the moment map
as a map in the space of momenta.

The group of all automorphisms of a parasymplectic space is denoted by Diff(X,ω)
or byGω, it is a legitimate diffeological group. The constructions above give the space

of momenta G ∗ω, the universal path moment map Ψω, the universal holonomy Γω, the

universal two-points moment map ψω, the universal moment maps µω, and the universal
Souriau’s cocycles θω.

The group of Hamiltonian di�eomorphisms is denoted by Ham(X,ω) or by Hω, it is

the biggest group that has no holonomy [Piz10]. Its space ofmomenta and the universal

moment maps objects associated are denoted by:H ∗
ω , Ψ̄ω, ψ̄ω, µ̄ω, and θ̄ω.

A parasymplectic action of a diffeological groupG is any smoothmorphism h : G→Gω.

For a Hamiltonian action, h will be with values in Hω. The various moment maps ob-

jects associated with the actions ofG, are naturally subordinate to their universal coun-

terparts.

The UniversalMomentMaps of a SymplecticManifold

In this section we established the particular expression of the universal moment map,

and associated objects, for a parasymplectic manifold.

1. TheMomentMaps for ParasymplecticManifolds— LetM be a connected

manifold equipped with a closed 2-form ω. The value of the paths moment map Ψω at

the point p ∈ Paths(M) =C∞(R,M), evaluated on the n-plot F : U→Gω is given by

Ψω(p)(F)r (δr ) =
∫ 1

0
ωp(t )( ṗ(t ),δp(t ))d t (♦)

where r ∈U and δr ∈Rn
, δp denotes the lifting in the tangent space TM of the path

p , defined by

δp(t ) = [D(F(r ))(p(t ))]−1 ∂ F(r )(p(t ))
∂ r

(δr ) for all t ∈R. (♥)

Note 1 — Let us remind that if a differential 1-form is defined by its values on all the

plots, it is however characterized by the values it takes on the 1-plots. Moreover, any
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momentum of a diffeological group is characterized by its values on the 1-plots pointed
at the identity. Thus, in order to characterizeΨ(p), it is sufficient, in the formula above,
to considerF as a 1-plot pointed at the identity,F(0) = 1M, to choose r = 0 and δr = 1.

Note 2 — The same formula (♦) gives the paths moment map associated with the

group of Hamiltonian diffeomorphisms. For any plot F in Hω ⊂Gω and any path p in

M we have

Ψ̄ω(p)(F)r (δr ) =Ψω(p)(F)r (δr ).

Now, since by construction the holonomy of Hω is trivial, this expression gives also the

values of the 2-points moment map and we have, for any pair m, m′ ∈M

ψ̄ω(m, m′)(F) = Ψ̄ω(p)(F),

where p is a path in M such that m = p(0) and m′ = p(1). And, we get also the values
of the moment maps

µ̄ω : m 7→ ψ̄ω(m0, m)+ c ,

where m0 is any base point of M and some c ∈H ∗
ω . É

Proof. By definition, Ψω(p)(F) = p̂∗(Kω)(F) =Kω( p̂ ◦F), where p̂ is the orbit map

ϕ 7→ ϕ ◦ p , from Gω to Paths(M). The expression of the Chain-Homotopy operator

K , given in [Piz10], applied to the plot p̂ ◦F : r 7→ F(r ) ◦ p of Paths(M) gives

(Kω)( p̂ ◦F)r (δr ) =
∫ 1

0
ω
��

s
u

�

7→ ( p̂ ◦F)(u)(s + t )
�

( s=0
u=r)

�

1
0

��

0
δr

�

d t .

But ( p̂◦F)(u)(s+t ) = F(u)(p(s+t )), let us denote temporarily byΦt theplot (s , u) 7→
F(u)(p(s+ t )), then F(u)(p(s+ t ))writesΦt (s , u). Thus, by definition of differential
forms, the integrand

(I ) = ω
��

s
r

�

7→ Φt (s , r )
�

(0r)

�

1
0

��

0
δr

�

of the right term of this expression writes:

(I ) = Φ∗t (ω)(0r)

�

1
0

��

0
δr

�

= ωΦt (0r)

�

D(Φt )(0r)

�

1
0

�

, D(Φt )(0r)

�

0
δr

��

= ωF(r )(p(t ))

�

∂

∂ s

§

F(r )(p(s + t ))
ª

s=0
,
∂

∂ r

§

F(r )(p(t ))
ª

(δr )
�

.

But,

∂

∂ s

§

F(r )(p(s + t ))
ª

s=0
= D(F(r ))(p(t ))

�

∂ p(s + t )
∂ s

�

�

�

�

s=0

�

= D(F(r ))(p(t ))( ṗ(t )).
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Then, using this expression and the fact that, for all r in U, F(r )∗(ω) = ω, we have:

(I ) = ωF(r )(p(t ))

�

D(F(r ))(p(t ))( ṗ(t )),
∂ F(r )(p(t ))
∂ r

(δr )
�

= ωp(t )

�

ṗ(t ), [D(F(r ))(p(t ))]−1 ∂ F(r )(p(t ))
∂ r

(δr )
�

= ωp(t )( ṗ(t ),δp(t )).

Therefore,

Ψω(p)(F)r (δr ) :=Kω( p̂ ◦F)r (δr ) =
∫ 1

0
ωp(t )( ṗ(t ),δp(t )) d t ,

with δp given by (♥), is the expression announced above. �

2. The case of symplectic manifolds — Let (M,ω) be a Hausdorff symplectic

manifold. Let m0 and m1 be two points of M connected by a path p , m0 = p(0) and
m1 = p(1). Let f ∈C∞(M,R)with compact support. Let

F : t 7→ e tgradω( f )

be the exponential of the symplectic gradient of the f . Then, F is a 1-parameter group
of Hω and theHamiltonianmomentmap Ψ̄ω, computed at the path p , evaluated to the
1-plot F, is the constant 1-form

Ψ̄ω(p)(F) = [ f (m1)− f (m0)]× d t ,

where dt is the standard 1-form ofR. É

Proof. Let us remark that, in our case, the lifting δp defined by (♥) of (art. 1) writes
simply, with ξ= gradω( f ),

δp(t ) = [D(e sξ)(p(t ))]−1 ∂ e sξ(p(t ))
∂ s

(δs) = ξ(p(t ))× δs ,

where s and δs are real numbers. Then, the expression (♦) of (art. 1) becomes

Ψω(p)(F)s (δs) =
∫ 1

0
ωp(t )( ṗ(t ),ξ(p(t )) d t × δs

=
∫ 1

0
ωp(t )( ṗ(t ), gradω( f )(p(t )) d t × δs

=
∫ 1

0
d f
�d p(t )

d t

�

d t × δs

= [ f (p(1))− f (p(0))]× δs

We remind that, by definition, gradω( f ) =−ω−1(d f ). Now, it is clear that for all loop
` ofM,Ψω(`)(F) = 0, thus, F is a plot of Hω. And therefore, Ψ̄ω(p)(F) =Ψω(p)(F) =
[ f (m1)− f (m0)]× d t . �
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The UniversalModel for SymplecticManifolds

In this section we show that every symplectic manifold is a coadjoint orbit of its group

of automophisms.

3. Symplectic manifolds — Let M be a connected Hausdorff manifold. A closed

2-form ω on M is symplectic if and only if:

1. The manifold M is homogeneous under the action of Gω.

2. The universal moment map µω : M→G ∗ω/Γω is injective.

Hence, the moment map identifies M with a (Γω,θω)-coadjoint orbit Oω ofGω,

µω(M) = Oω ⊂G
∗
ω/Γω.

Remember thatG ∗ω/Γω is regarded here as an Abelian diffeological group.

We can replace the group of automorphisms Diff(M,ω) by the group of Hamiltonian

diffeomorphisms Hω, and the the universal moment map µω by the universal Hamil-

tonian moment map µ̄ω : M→H ∗
ω . Also, the Hamiltonian moment map µ̄ω identifies

Mwith a θ̄ω-coadjoint orbit Ōω ofHω, µ̄ω(M) = Ōω ⊂H ∗
ω . This is what we summarize

by the sentence: Every symplectic manifold is a coadjoint orbit.

Gω

M Oω

πM

µω

πO

On this diagram: on the left M ' Gω/St(x0), where x0 is any point in M, and πM :
ϕ 7→ ϕ(x0) is a principal fibration8with group the stabilizer St(x0)⊂Gω. On the right,

Oω 'Gω/St(µω(x0)), where St(µω(x0)) is the stabilizer for the affine coadjoint action
onG ∗ω/Γω, with respect to the universal cocycle θω. The Moment Map µω being then a

diffeomorphism.

Example. — These two examples show how the two conditions above are necessary.

The space (R2, d x ∧ d y) satisfies theses condition and is symplectic. However, if the

space (R2, (x2 + y2)d x ∧ d y) has still an injective universal moment map, as one can
check it easily, its group of automrphisms is not transitive, since (0,0) is fixed. And of
course, this space is not symplectic. É

Proof. A)Let us assume thatω is symplectic, that is, nondegenerate. Then, the groupGω
is transitive on M [Boo69]. Moreover, for every m ∈M, the orbit map m̂ : ϕ 7→ ϕ(m)
is a subduction [Don84]. Thus, the image of moment moment map µω is one orbit Oω
of the affine coadjoint action ofGω on G ∗ω/Γω, associated with the cocycle θω. Hence,

8
In the category {Diffeology}.
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for the orbitOω, equipped with the quotient diffeology ofGω, the moment map µω is a

subduction.

Now, let m0 and m1 be two different points of M such that µω(m0) = µω(m1), that is,
ψω(m0, m1) = µω(m1)− µω(m0) = 0 with m1 6= m0. Since M is connected, there

exists p ∈ Paths(M) such that p(0) = m0 and p(1) = m1. Thus, ψω(m0, m1) =
class(Ψω(p)), and ψω(m0, m1) = 0 is equivalent to class(Ψω(p)) = 0, that is,Ψω(p) ∈
Γω. Then, by definition of Γω, there exists a loop ` in M such that Ψω(p) = Ψω(`).
Without loss of generality, we can choose `(0) = `(1) = m0. Since M is Hausdorff

there exists a smooth real function f ∈ C∞(M,R), with compact support, such that
f (m0) = 0 and f (m1) = 1. Let us denote by ξ the symplectic gradient field asso-

ciated to f and by F the exponential of ξ. Thanks to (art. 2), we have Ψω(p)(F) =
[ f (m1) − f (m0)]d t = d t , on the one hand, and on the other hand Ψω(p)(F) =
Ψω(`)(F) = [ f (m0)− f (m0)]d t = 0. But d t 6= 0, therefore ψω(m0, m1) 6= 0. But,
ψω(m0, m1) = µω(m1)− µω(m0), then µω(m1) 6= µω(m0) and the moment map µω is

injective. Therefore, µω is an injective subduction on Oω, that is, a diffeomorphism.

For the group Hω the proof is somewhat simpler.

A’) Let us assume that ω is symplectic. We know that the group of Hamiltonian dif-

feomorphisms is transitive. The orbit map m̂ restricted to the group Hω is still a sub-

duction [Don84]. Thus, M is homogeneous under the action of Hω. Now let m0
and m1 be two different points of M. Let p be a path connecting m0 to m1, thus

µ̄ω(m1)− µ̄ω(m0) = Ψ̄ω(p). Since M is Hausdorff there exists a smooth real function

f ∈ C∞(M,R) with compact support such that f (m0) = 0 and f (m1) = 1. Let us
denote by ξ the symplectic gradient field associated to f and by F the exponential of

ξ. Thus, Ψ̄ω(p)(F) = d t by (art. 2). Hence, (µ̄ω(m1)− µ̄ω(m0))(F) = d t 6= 0 and

µ̄ω(m0) 6= µ̄ω(m0). Therefore µω is injective, that is, an injective subduction onOω, and

thus a diffeomorphism.

The proof of the converse proposition is the same consideringGω or Hω.

B)—B’) Let us assume thatM is an homogeneous space ofGω and µω is injective. Let us

notice first that, sinceGω is transitive, the rank ofω is constant. Thus, dim(ker(ωm)) =
const. Now, let us assume thatω is degenerate,dim(ker(ωm)) 6= 0. Sincem 7→ ker(ωm)
is a smooth foliation, for any point m of M there exists a smooth path p of M such

that p(0) = m and for t belonging to a small interval around 0 ∈ R, ṗ(t ) 6= 0 and

ṗ(t ) ∈ ker(ωp(t )) for all t in this interval. Then, we can re-parametrize the path p and

assume now that p is defined on the whole R and satisfies p(0) = m, p(1) = m′ with
m 6= m′, and ṗ(t ) ∈ ker(ωp(t )) for all t . Now, since ṗ(t ) ∈ ker(ωp(t )) for all t , using
the expression (♦) given in (art. 1), we getΨω(p) = 0G ∗ω and thus µω(m) = µω(m

′). But
this is a contradiction since m 6= m′ and we have assumed that µω is injective. Hence,

the kernel ofω is reduced to {0}. Therefore,ω is a non degenerate closed 2-form, that is,
symplectic. �
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4. The homogeneous case — Let (M,ω) be a connected symplectic manifold. As-
sume that M is homogeneous under a subgroup G ⊂ Hω. Then, the moment map µ
associated withG, as defined in the first section, is a covering onto its image.

For G a Lie group, this is the Souriau’s theorem [Sou70] on homogeneous symplectic

manifolds, but proved the diffeology way. It is illustrated by the example of (art. 7). É

Proof. Let p be a path in M such that µ ◦ p = const. Then, Ψ(p) = 0G ∗ , where Ψ
is the paths moment map of G. Thus, for any integer n and any n-plot F in G, we

have Ψ(p)(F)r (δr ) = 0, for all r ∈ dom(F) and all δr ∈ Rn
. Using the expression

of Ψ given in (art. 3) part B, we get

∫ 1
0 ωp(t )( ṗ(t ),δp(t ))d t = 0. Considering the 1-

parameter family of paths ps : t 7→ p(s t ), the derivative of Ψ(ps )(F)r (δr ) = 0, with
respect to s at s = s0, gives ωx (u,δx) = 0, with x = p(s0), u = ṗ(s0) ∈TxM and

δx = [D(F(r ))(x)]−1 ∂ F(r )(x)
∂ r

(δr ) ∈TxM.

Now, let v ∈ TxM be any vector, and let γ be a path in M such that γ(0) = x and

v = γ̇(0). Since M is assumed to be homogeneous underG, there exists a smooth path

r 7→ F(r ) in G such that F(r )(x) = γ(r ), with F(0) = 1G. Thus, for this F and for

r = 0, δx = v . Therefore, for all v ∈ TxM, ωx (u, v) = 0, that is, u ∈ ker(ωx ).
But ω is symplectic, then u = 0. Hence, ṗ(s0) = 0, for all s0. Therefore, the path p
is constant. p(t ) = x for all t . Thus, the preimages of the values of the moment map
µ are (diffeologically) discrete. Thanks to the double homogeneity: G over M, and by

equivariance,G over the (possibly affine) coadjoint orbitO = µ(M), µ is a covering onto
its image. �

The Presymplectic Case

Considering a parasymplectic formωon amanifoldM, one says thatω is presymplectic if
the dimension of the kernel of ω is constant over M. On a presymplectic manifold, the

characteristic distribution x 7→ ker(ωx ) is integrable, that is a consequence of a Fröbe-
nius theorem, the integral submanifolds are called characteristics ofω. By definition they
are connected.

5. Presymplectic spaces andtheNœther–Souriautheorem— For a presym-

plectic manifold The Darboux theorem (M,ω) states thatM is locally diffeomorphic, at

each point, to (R2k ×R`,ωst), where ωst is the standard symplectic form on the fac-

torR2k
and vanishes on the factorR`. This implies in particular that the pseudo group

Diffloc(M,ω) of local automorphisms9 is transitive. Conversely, if Diffloc(M,ω) is tran-
sitive, then the kernel of ω is constant and ω is presymplectic. That suggest a definition

in diffeology:

9
See [Piz13, §2.1] for local maps and local diffeomorphisms in general.
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Definition. —We shall say that a parasymplectic form ω, defined on a di�eological
space X, is presymplectic if its pseudogroup of local symmetriesDiffloc(X,ω) is transitive.
Let us come back to the case of a manifold M:

Proposition. —The Nœther–Souriau theorem, applied to the whole groupGω (which
is not a Lie group stricto sensu), states that the universal moment map µω is constant on
the characteristic of ω.
By functoriality, this proposition applies to any group of automorphisms.É

Proof. Then, the proposition is an immediate consequence of the explicit formula of

(art. 1). If a path p connects m to m′ and ṗ(t ) ∈ ker(ωp(t )), for all t , then for every
n-plot F ofGω, for every r ∈ dom(F), for every δr ∈Rn

, we have

Ψω(p)(F)r (δr ) =
∫ 1

0
ω( ṗ(t ),δp(t )) d t = 0.

Thus, 0 = Ψω(p), but ψω(m, m′) = class(Ψω(p)) ∈ G ∗ω/Γω. And since ψω(m, m′) =
µω(m

′)− µω(m), we have µω(m) = µω(m
′). �

6. Presymplectic homogeneous manifolds— LetM be a connected Hausdorff

manifold, and let ω be a parasymplectic form on M. LetG ⊂Gω be a connected sub-

group. If M is a homogeneous space
10
of G, then the characteristics of ω are the con-

nected components of the preimages of the moment maps µ.

Note. — In particular, if M is a homogeneous space of Gω, and thus of its identity

component, then the characteristics of ω are the connected components of the preim-

ages of the values of a universal moment map µω. This justifies a posteriori a general
definition for the characteristics of a homogeneous presymplectic diffeological space, as

the connected components of the preimages of the universal moment map.

Also, from a pure linguistic point of view, motion and moment (in French: mouvement
andmoment) share the sameLatin etymology:momentum11

. And in symplecticmechan-

ics, a motion of a dynamical system appears as an integral curve of a presymplectic struc-

ture, see [Sou70]. This theorem shows how the universal moment map confounds def-

initely these two apparently different objects. É

Proof. The Souriau-Nœther theorem states that if m and m′ are on the same character-
istic of ω, then µ(m) = µ(m′) (art. 5). We shall prove the converse in a few steps.

(a) Let us consider first the case when the holonomy of Γ is trivial, Γ = {0}. Let us
assume m and m′ connected by a path p such that µ(p(t )) = µ(m) for all t . Then, let
s 7→ ps be defined by ps (t ) = p(s t ), for all s and t . We have µ(ps (1)) = µ(ps (0)), that
is,Ψ(ps ) = 0G ∗ , for all s . Thus, for all n-plots F ofG, for all r ∈ dom(F), all δr ∈Rn

10
That means that the orbit map x̂ : G→M, defined by x̂(g ) = g (x), is a subduction.

11
See for example the Merriam-Webster dictionnary,

http://www.merriam-webster.com/dictionary/moment.
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and all s , Ψ(ps )(F)r (δr ) = 0. That is, after a change of variable t 7→ s t and noticing
that δps (t ) = δp(s t ) (art. 1,♥),

Ψ(ps )(F)r (δr ) =
∫ 1

0
ωps (t )

( ṗs (t ),δps (t ))d t =
∫ s

0
ωp(t )( ṗ(t ),δp(t ))d t = 0

Hence, after derivation:

∂

∂ s
Ψ(ps )(F)r (δr ) = ωp(s)( ṗ(s),δp(s)) = 0.

Next, let v ∈ Tp(t )(M), then v is the speed of some path c in M at the point p(t ), that
is,

c(0) = p(t ) and

d c(s)
d s

�

�

�

�

s=0
= v.

SinceM is assumed to be homogeneous under the action ofG, there exists a smooth path

s 7→ F(s) inG, centered at the identity, F(0) = 1M, such that F(s)(p(t )) = c(s). Then,
for s = 0 and δs = 1, we get from above,

δp(t ) = 1Tp(t )M
dF(s)(p(t ))

d s

�

�

�

�

s=0
=

d c(s)
d s

�

�

�

�

s=0
= v.

Hence, for every v ∈ Tp(t )M, ω( ṗ(t ), v) = 0, i.e. , ṗ(t ) ∈ ker(ωp(t )) for all t . There-
fore, the connected components of the preimages of the values of the moment map µ of
the groupG are the characteristics of ω.

(b) Let us consider the general case. Let M̃ be the universal covering of M, π : M̃→M
be the projection, and let ω̃= π∗(ω). Let Ĝ be the group of automorphisms of M̃ over

G, defined by

Ĝ= { ĝ ∈ Diff(M̃, ω̃) | ∃g ∈G and π ◦ ĝ = g ◦π}.

Let ρ : Ĝ → G be the morphism ĝ 7→ g . By construction, the group Ĝ is an exten-

sion ofG by the homotopy group π1(M). Let us show that the following sequence of

morphisms is exact:

1M̃ −→ π1(M)−→ bG
ρ
−→G−→ 1M.

We shall prove now a few lemmas presented as short propositions.

b1.— The morphism ρ is surjective. Indeed, let g ∈G. Consider g ◦π : M̃→M. Since

M̃ is simply connected, thanks to themonodromy theorem, there exists a smooth lifting

ĝ : M̃ → M̃, that is, π ◦ ĝ = g ◦ π. Let fix a point m ∈ M and a point m̃ ∈ M̃ over

m. Let m′ = g (m), the lifting ĝ is unique after chosing m̃′ = ĝ (m̃) in π−1(m′). Now,
let ĝ−1

be the lifting of g−1
defined by ĝ−1(m̃′) = m̃. Hence, ĝ−1 ◦ ĝ is a lifting of

1M, fixing m̃. But, 1M̃ also lifts 1M, fixing m̃. Thus, ĝ−1 ◦ ĝ = 1M̃, and ĝ−1 = ( ĝ )−1
.

Therefore, ĝ is a diffeomorphism satisfying π ◦ ĝ = g ◦π, it preserves then ω̃= π∗(ω):
it belongs to Ĝ. We proved that ρ is surjective.
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b2.—The kernel of ρ is exactlyπ1(M). First of all, M̃ is aπ1(M)-principal bundle overM,

the action of π1(M) preserves ω̃= π∗(ω). Thus, π1(M)⊂ Ĝ. Now, by the monodromy

theorem,ker(ρ) corresponds to the various liftings of 1M. But these liftings are uniquely

defined by their images of a base point m̃ ∈ π−1(m), and these points are just the k(m̃)
with k ∈ π1(M). Thus, ker(ρ) = π1(M). That achieves to prove that the morphisms
sequence above is exact.

b3.— The morphism ρ is smooth. The group Ĝ is equipped with the functional diffeol-

ogy. The morphism ρ is smooth if and only if, for all plot P : U→ Ĝ, the parametrisa-

tion ρ ◦P, with values inG, is smooth. By definition of the functional diffeology, P is a

plot in Ĝ means that ẽv: (r, m̃)→ P(r )(m̃) is smooth. And, ρ ◦P is a plot inG means

that ev: (r, m) 7→ ρ(P(r ))(m) is smooth. Consider then the commutative diagram:

(r, m̃) P(r )(m̃)

(r, m) π(P(r )(m̃)) = ρ(P(r ))(m)

ẽv

1U×π π

ev

Since the arrow 1U×π is a subduction and ẽv and π are smooth, ev is smooth. There-
fore, ρ is a smooth morphism.

b4.— The morphism ρ is a subduction. We have seen that ρ is smooth and surjective. It
remains to see that the plots of G lift locally into plots of Ĝ, according to criterion [Piz13,

§1.31]. Consider a plot r 7→ gr , that is, a parametrisation such that (r, m) 7→ gr (m) is
smooth. Let us choose a parameter r0, a point m0 ∈M, a point m̃0 ∈ π−1(m0), and a
point m̃′0 ∈ π−1(gr0

(m0)). Let us restrict the parametrisation to a small ball around r0.

Thanks again to the monodromy theorem, the map (r, m̃) 7→ gr (π(m̃)) has a unique
smooth lifting (r, m̃) 7→ m̃′r into M̃ such that, π(m̃′r ) = gr (m) and m̃′r0

= m̃′0. Let
ĝr : m̃ 7→ m̃′r . By construction π ◦ ĝr = gr ◦ π, and the map ĝr has an inverse, by

lifting the same way r 7→ g−1
r , mapping m̃′0 to m̃0. Now, since (r, m̃) 7→ ĝr (m̃) and

(r, m̃) 7→ ĝ−1
r (m̃) are smooth, we deduce two things: first of all, the maps ĝr and ĝ−1

r

are smooth, that is, ĝr ∈ Ĝ, and then r 7→ ĝr is a plot of Ĝ, and thus a (local) smooth

lifting of r 7→ gr . Hence, ρ is a subduction. Moreover now, as quotient space, G '
Ĝ/π1(M), and since the subgroup π1(M) is discrete, ρ is a covering. Note however that
Ĝ may be not connected.

b5.—The action of Ĝ on M̃ is homogeneous. Let us choose two points m ∈M and m̃ ∈
π−1(m). Let prm : G→M be the orbit map of m, with respect toG, prm(g ) = g (m).
By hypothesis, prm is a subduction. And let prm̃ : Ĝ→ M̃, be the be the orbit map of

m̃, prm̃( ĝ ) = ĝ (m̃). Wewill check that prm̃ is also a subduction. Consider the diagram:
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Ĝ M̃

G M

prm̃

ρ π

prm

All the arrows are subductions and ρ andπ are covering. Let r 7→ m̃r be a plot in M̃, and

let mr = π(m̃r ). Since prm is a subduction, there exists locally a smooth lifting r 7→ gr

in G such that gr (m) = mr = π(m̃r ). Now, there is a smooth lifting r 7→ ĝ ′r in Ĝ
such that ρ( ĝ ′r ) = gr . Thus, π(m̃r ) = mr = gr (m) = ρ( ĝ ′r )(m) = ρ( ĝ ′r )(π(m̃)) =
π( ĝ ′r (m̃)). Hence, r 7→ m̃r and ĝ ′r (m̃) are two smooth lifting in M̃ of r 7→ mr . Re-

stricted to a small ball, these two liftings differ only from a constant element k ofπ1(M),
that is m̃r = k( ĝ ′r (m̃)), but r 7→ ĝr = k ◦ ĝ ′r is also a smooth lifting of r 7→ gr . Thus,

there always exists locally a smooth lifting r 7→ ĝr in Ĝ such that m̃r = ĝr (m̃), that is,
m̃r = prm̃( ĝr ). Therefore, prm̃ is a subduction, and the action of Ĝ on M̃ is homoge-

neous.

b6.— The characteristics of ω are the connected components of the preimages of µ. First
of all, since M̃ is simply connected, there is no holonomy. The moment map µ̃ takes its
values in the space of momenta of Ĝ. But Ĝ being a covering ofG, there is a canonical

identification between the spaces of momenta of the two groups. Thus µ̃ : M̃ → G ∗
[Piz13, 7.13]. And thanks to the variance of the moment map [Piz13, §9.13], we have the

commutating diagram:

M̃ G ∗

M G ∗/Γ

µ̃

π class

µ

Now, consider the characteristic foliationker(ω̃). Since M̃ is a covering ofM, the tangent

map D(π) is an isomorphism fromker(ω̃) ontoker(ω). Therefore, the characteristics of
ω̃, that is, the integral manifolds of the characteristic distribution, maps onto the charac-
teristics ofω, and are connected coverings of their images. Hence, the characteristics ofω
are the projections by π of the characteristics of ω̃. Note that, since π1(M) preserve ω̃, it
exchanges the characteristics of ω̃, over the characteristics of ω. Now, let c = µ(m), one
has (µ ◦π)−1(c) = (class ◦ µ̃)−1(c), that is, π−1(µ−1(c)) = µ̃−1(class−1(c)). And then,
µ−1(c) = π(µ̃−1(class−1(c))). Let m̃ ∈ π−1(m) and c̃ = µ̃(m̃), then c̃ ∈ class−1(c).
Thus, class−1(c) = {c̃ + γ | γ ∈ Γ}. Hence,

µ−1(c) = π
�

µ̃−1{c̃ + γ | γ ∈ Γ}
�

.
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But for each γ ∈ Γ, either µ̃−1(c̃+γ) is empty or is a union of characteristics of ω̃, thanks
to previous paragraph a). Then, since µ̃−1(c̃) is not empty, µ̃−1{c̃+γ | γ ∈ Γ} is a union
of characteristics of ω̃. Its projectionbyπ, that isµ−1(c), is then aunionof characteristics
of ω. �

Examples

We give here two simple examples that illustrate the previous constructions of moment

maps, using the diffeological framework.

7. The cylinder and SL(2,R)— This is a classical example for which the moment

maps of a transitiveHamiltonian action of a Lie group is a nontrivial covering. I use this

example here to show how the algorithm of the moment map in diffeology works in a

concrete case. Let us consider the real space R2
equipped with the standard symplectic

form surf = d x ∧ d y , with (x, y) ∈ R2
. The special linear group SL(2,R) preserves

the standard form ω. Its action on R2
is effective and has two orbits, the origin 0 ∈ R2

and the “cylinder” M = R2−{0}. The restriction ω= surf �M is still symplectic and

invariant by SL(2,R). SinceR2
is simply connected the holonomy of SL(2,R) is trivial,

so its action is Hamiltonian. And since 0 is a fixed point, the 2-points moment map ψ
is exact [Piz10, §6.2, Note 2]. Then, there exists an equivariant moment map µ : R2→
sl(2,R)∗ such that ψ(z, z ′) = µ(z ′)− µ(z), for all z, z ′ ∈ R2

[Piz10]. Moreover, we

know an explicit expression for µ. For every z ∈ R2
, let pz = [t 7→ t z] ∈ Paths(R2)

connecting 0 to z . The general expression given in (art. 1) (♦) and (♥) gives, in the

particular case of p = pz and Fσ = [s 7→ e sσ], with12 σ ∈ sl(2,R), the following:

µ(z)(Fσ) =
1

2

surf(z,σz)× d t .

By choosing various σ in sl(2,R), we can check that µ(z) = µ(z ′) if and only if z ′ =±z .
Restricting this construction toM, which is an orbit of SL(2,R), and thanks to the func-
toriality of the moment maps [Piz10], the moment map µM = µ �M of SL(2,R) on M
is a non trivial double sheets covering onto its image O = µ(M). It is possible to com-
plicate this example by considering the universal covering M̃ of M, equipped with the

pullback ω̃ of ω by the projection π : M̃→ M. Then, the action of the universal cov-

ering S̃L(2,R) on M̃ is still effective homogeneous and Hamiltonian, and the moment

map µ̃ factorizes through π and has the same image O . É

8. The linearcylinder— The example of the cylinder is interesting because it shows

simply and explicitly what happenswhen a symplectic form is exact but not its primitive.

So, let M = R× S1
equipped with the 2-form ω = dα, and α = r × d z/i z , where

(r, z) ∈R×S1
and S1

is identified with the complex numbers of modulus 1. The mani-

foldM is also a groupG, acting by gM(r, z) = (r + ρ, ζz), with g = (ρ, ζ). Now, for all

12sl(2,R) denotes the Lie algebra of SL(2,R), that is, the vector space of real 2× 2 traceless matrices.
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g ∈G,

g ∗M(α) = α+ β(g ) with β(g ) = ρ
d z
i z

, β ∈C∞(G,Z1
DR(M)).

The form β(g ) is closed for every g ∈ G as it must be. The holonomy group Γ is the

subgroup of allΨ(`) = ˆ̀∗(Kω), where ` runs over the loops of M (notations [Piz10]).

We have,

ˆ̀∗(Kω) = ˆ̀∗(Kdα) = ˆ̀∗(1̂∗α− 0̂∗α− d [Kα]) =−d [K α ◦ ˆ̀],

but
ˆ̀(g ) = g ◦ `, thusKα ◦ ˆ̀(g ) =Kα(g ◦ `), and then

Ψ(`) = ˆ̀∗(Kω) = −d
�

g 7→
∫

g◦`
α
�

=−d
�

g 7→
∫

`
g ∗(α)

�

= −d
�

g 7→
∫

`
α+

∫

`
β(g )

�

=−d
�

g 7→
∫

`
β(g )

�

= −d
�

g 7→
∫

`
ρ

d z
i z

�

=−d [g 7→ 2πkρ]

= −2πk × dρ,

where k ∈ Z represents the class of the loop ` (we know thatΨ(`) depends only on the
homotopy class of ` [Piz10, §4.7 - 2]). Hence, the form a = dρ is a good closed (even
exact) invariant 1-form ofG, that is a momenta ofG. And,

Γ = {2πk × a | k ∈ Z} with a = dρ.

Now, the space G ∗ of momenta of the Lie group G is generated by a = dρ and b =
dζ/iζ, the quotient G ∗/Γ is thus equal to [Ra/2πZa]×Rb which is equivalent to

S1×R. É

9. The holonomy of the torus — We shall compute the holonomy group Γω for

the 2-torus T2 = R2/Z2
, equipped with ω = class∗(d x ∧ d y), the canonical volume

form on T2
. We denoted by class : R2→T2

, the canonical projection.

We know that Γω is a homomorphic image of the first homotopy group of T2
, that is,

π1(T
2) = Z2

. We choose then a canonical representant of every homotopy class:

`n,m = [t 7→ class(nt , mt )], with n, m ∈ Z.

We will show now that the map j : (n, m) 7→ Ψω(`n,m) is injective. Since Ψω(`) is a
closed 1-formon the groupDiff(T2,ω) for any loop` [Piz10], it is sufficient, if (n, m) 6=
(0,0), to find a loop γ in Diff(T2,ω) such that

∫

γ Ψω(`n,m) 6= 0. We have

∫

γ
Ψ(`) =

∫ 1

0
Ψω(`)(γ)s (1)d s =

∫ 1

0

�∫ 1

0
ω`(t )(˙̀(t ))(δ`(s , t ))d t

�

d s ,
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with

δ`(s , t ) = [D(γ(s))(`(t ))]−1 ∂ γ(s)(`(t ))
∂ s

Consider now two integers j , k ∈ Z, we check immediately that

γ(s) =
�

class
�

x
y

�

7→ class
�

x + s j
y + s k

�

�

is a loop in Diff(T2,ω) based at the identity. For that γ, and for `= `n,m , we have:

˙̀
n,m(t ) = class∗

�

n
m

�

and δ`(s , t ) = class∗

�

j
k

�

.

Then,

ω`(t )(˙̀(t ))(δ`(s , t )) = det
�

n j
m k

�

= nk −m j .

Thus,
∫

γ
Ψω(`n,m) = nk −m j .

Hence, j (`n,m) = 0 only for n = m = 0. Therefore, j is injective and Γω ' Z2
. É
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