CHAPTER 9

Symplectic Diffeology

The generalization of classical symplectic geometry to diffeology needs first an
appropriate extension of the classical notion of moment map.! We know already
that diffeology is suitable for describing, in a unique and satisfactory way, manifolds
or infinite dimensional spaces, as well as singular quotients. But, if diffeclogy excels
with covariant objects, like differential forms, it is more subtle when it is a question
of contravariant objects like vector fields, Lie algebra,? kernels, etc. Thus, in order to
build a good diffeological theory of the moment map and to avoid any unnecessary
debate, we must absolutely avoid depending on contravariant geometrical objects.

Actually, the notion of moment map is not really an object of the symplectic world,
but relates more generally to the category of spaces equipped with closed 2-forms.
The nondegeneracy condition is secondary and can be first skipped from the data.
This has been underlined explicitly by Souriau in his symplectic formulation of
Noether’s theorem, which involves presymplectic manifolds. On symplectic mani-
folds Noether’s theorem is void.? The moment map is just an object of the world of
differential closed forms,* and there is no reason a priori that it could not be ex-
tended to diffeology which offers a pretty well developed framework for Cartan-De
Rham calculus.

In order to generalize the moment map in diffeology, we need to understand its
meaning, and this meaning lies in the following simplest possible case. Let M be a
manifold equipped with a closed 2-form w. Let G be a Lie group acting smoothly on
M and preserving w, that is, gy (w) = w for all elements g of G, where g; denotes
the action of g on M. Let us assume that o is exact, & = dA, and moreover that
A also is invariant by the action of G. Then, for every point m of M, the pullback

IThe notion of moment map in the framework of classical symplectic geometry was originally
introduced in the early 1970s by Souriau; see [Sou70].

2Several authors, beginning with Souriau, proposed some generalizations of Lie algebra in diffeo-
logy. But it does not seem to exist a unique good choice. Such generalizations rely actually on the kind
of problem treated. I have preferred, until now, not to choose one definition over another.

3Noether’s theorem states that the moment map is constant on the characteristics of the 2-form; if
the form is nondegenerate, then the characteristics are justs the points.

“I recently introduced the name parasymplectic to denote a closed 2-form; see [PIZ21a].
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of A by the orbit map m : g — gy (m) is a left-invariant 1-form of G, that is, an
element of the dual of the Lie algebra ¢*. The map . : m — m*(A) is exactly the
moment map of the action of G on the pair (M, w) — at least one of the moment
mabps, since they are defined up to constants. As we can see, this construction does
not involve really the Lie algebra of G but the space ¥* of left-invariant 1-forms on
G. Since this space is well defined in diffeology, we just have to replace “manifold”
by “diffeological space”, and “Lie group” by “diffeological group”, and everything
works the same way. Thus, let us change the manifold M for a diffeological space’
X, and let G be some diffeological group. Let us continue to denote the space of
left-invariant 1-forms on G by ¥*, even if the star does not refer a priori to some
duality, and let us simply call it the space of momenta of the group G. Note that the
group G continues to act on ¢¥* by pullback of its adjoint action Ad : (g,k) — gkg™!,
so we do not lose the notions of coadjoint action and coadjoint orbits.

Next, if we got the good space of momenta, which is the space where the moment
maps are assumed to take their values, the problem remains that not every G-
invariant closed 2-form is exact. And moreover, even if such form is exact, there
is no reason for some of its primitives to be G-invariant. We shall pass over this
difficulty by introducing an intermediary, on which we can realize the simple case
described above. This intermediary is the space Paths(X), of all the smooth paths
in X, where the group G acts naturally by composition. And since Paths(X) carries
a natural functional diffeology, it is legitimate to consider its differential forms,
and this is what we do. By integrating  along the paths, we get a differential
1-form defined on Paths(X), invariant by the action of G. The exact tool used here
is the Chain-Homotopy operator . The 1-form A = #w, defined on Paths(X), is
a G-invariant primitive of the 2-form Q = (1* — 0*)(w), where 1 and 0 map every
path in X to its ends. Thus, thanks to the construction described above, we get a
moment map ¥ for the 2-form Q = d A and the action of G on Paths(X). But this
paths moment map ¥ is not the one we are waiting for. We need to push it down on
X, or rather on X x X. Now, if we get this way a 2-points moment map ¢ well defined
on X x X, it no longer takes its value in ¢*, as ¥ does, but in the quotient ¥*/T",
where T is the image by W of all the loops in X. Fortunately, I' = ¥'(Loops(X)) is a
subgroup of (¢*, +) and depends on the loops only through their free homotopy
classes. In other words, I" is a homomorphic image of the Abelianized fundamental
group ch‘b(X) of X. Well, it is not a big deal to have the moment map taking its
values in some quotient of the space of momenta, we can live with that, especially
if the group I is invariant under the coadjoint action of G, which is actually the
case.® But we are not completely done: the usual moment map is not a 2-points

5The space X will be assumed to be connected, as many results need this hypothesis.
6More precisely, the elements of I" are not just elements of ¥* but are moreover closed, and
therefore invariant, each of them, by the coadjoint action of G.
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function, but a 1-point function. Hence, we have to extract our usual moment
maps from this 2-points function ¢. This is fairly easy, thanks to its very definition,
the moment map ¥ satisfies an additive property for the concatenation of paths,
and the moment map ¢ inherits this property as a cocycle condition: for any three
points x, x” and x” of X we have {(x,x’) + {(x’, x”) = {(x, x”). Therefore, for X
connected, there exists always a map y. such that {(x, x") = w(x’") — u(x), and any
two such maps differ just by a constant. We get finally our wanted moment maps
w, defined in the diffeological framework. The only difference, with the simplest
case described above, is that a moment map takes its values in some quotient of the
space of momenta, instead the space of momenta itself. But this is in fact already
the case in the classical theory. It does not appear explicitly because people focus
more on Hamiltonian actions than just on symplectic actions. Actually, the group I
represents the very obstruction, for the action of G on (X, w), to be Hamiltonian.
We shall call I the holonomy of the action of G.

Now, let us come back to some properties of the various moment maps introduced
above. The paths moment map W' and its projection () are equivariant with respect
to the action of G on X and the coadjoint action of G on ¥*, or the projection of the
coadjoint action on ¢*/I". But this is no longer the case for the moment maps . The
variance of the maps . reveals a family of cocycles 0 from G to ¢¥*/T" differing just by
coboundaries, and generalizing the Souriau cocycles [Sou70]. Their common class
o belongs to the cohomology group H!(G, ¥*/I"), and will be called the Souriau
class of the action of G of (X, w). The Souriau class o is precisely the obstruction
for the 2-points moment map ¢ to be exact, that is, for some moment map p. to be
equivariant. Actually, o is just the pullback, at the group level, of the class of ¢
regarded as a cocycle. In parallel with the classical situation, every Souriau cocycle
0 defines a new action of G on ¥*/T", which we still call the affine coadjoint action
(associated with 0). And the image of a moment map p. is a collection of coadjoint
orbits for this action. We call these orbits the (I, 0)-coadjoint orbits of G. Two
different cocycles give two families of orbits translated by the same constant.

Let us remark that the holonomy group I" and the Souriau class ¢ appear clearly on
a different level of meaning: the first one is responsible for the non-Hamiltonian
character of the action of G and the second characterizes the lack of equivariance
of the moment maps.

Well, until now we did not use all the facilities offered by the diffeological framework.
Since we do not restrict ourselves to the category of Lie groups, nothing prevents
us from considering the group of all the automorphisms of the pair (X, w), that is,
the group Diff(X, w) of all the diffeomorphisms of X preserving . This group is a
natural diffeological group, acting smoothly on X. Thus, everything built above
applies to Diff(X, ), and every other action preserving w, of any diffeological
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group, passes through Diff(X, w), and through the associated object of the theory
developed here. Therefore, considering the whole group of automorphisms of
the closed 2-form  of X, we get a natural notion of universal moment maps ¥,
¢, and p,,, universal holonomy I, universal Souriau cocycles 6, and universal
Souriau class ,,. By the way, this universal construction suggests a simple and new
characterization, for any diffeological space X equipped with a closed 2-form c,
of the group of Hamiltonian diffeomorphisms Ham(X, w), as the largest connected
subgroup of Diff(X, w) whose holonomy vanishes.

It is interesting to note that, unlike the original constructions [Sou70] and most of
their generalizations, the theory described above is essentially global, more or less
algebraic, does not refer to any differential or partial differential, equation, and
does not involve any notion of vector field or functional analysis techniques.

Considering the classical case of a closed 2-form  defined on a manifold M, we
show in particular that « is nondegenerate if and only if the group Diff(M, ) is
transitive on M, and if the universal moment map y, is injective. In other words,
symplectic manifolds are identified, by the universal moment maps, with some
coadjoint orbits — in our general sense— of their group of symplectomorphisms.
This idea that every symplectic manifold is a coadjoint orbit is not new, it is actually
very natural and suggested by a well known classification theorem for symplectic
homogeneous Lie group actions [Kir76], [Kos70], [Sou70]. This has been stated
already in a different context, for example in [MW82] and [Omo86]. But the real
question is: How can we make this statement rigorous at a good price, without
involving the heavy functional analysis apparatus? This is what brings diffeology.

The examples and exercises at the end of this chapter show several situations
involving diffeological groups which are not Lie groups, or involving diffeological
spaces which are not manifolds. We can see, for example, the general theory
applying meaningfully to the singular symplectic irrational tori for which topology
is irrelevant. These general constructions of moment maps are also applied to a
few examples in infinite dimension, and also when finite and infinite dimensions
are mixed. Finally, two exercises on orbifolds exhibit a strong difference between
classical symplectic geometry and what we expect from its diffeological counterpart.
These examples show without any doubt the ability of this theory to treat correctly,
in a unique framework, avoiding heuristic arguments, the large variety of situations
we can find in the mathematical literature today. Infinite dimensional heuristic
examples can be found for instance in [Dnl99]. The solutions of some of the
exercises need tedious computations, which just shows diffeology at work in this
particular field.

In conclusion, besides the point that the construction developed in this chapter is a
first step in the elaboration of the symplectic diffeology program, I would emphasize
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the fact that, since {Manifolds} is a full subcategory of {Diffeology}, all the con-
structions developed here apply to manifolds and give a faithful description of the
classical theory of moment maps. As we have seen, there is no mention, and no
use, of Lie algebra or vector fields in this presentation. This reveals the fact that
these objects also are useless in the traditional approach, and can be avoided. And,
I would add, they should be avoided. Not just because they can then be extended
to larger categories, but because the use of contravariant objects hides the deep fact
that the theory of moment maps is a pure covariant theory. Let us take an example.
We know that since coadjoint orbits of Lie groups are symplectic they are even
dimensional. This is often regarded as a miracle, since it is not necessarily the case
for adjoint orbits. But if we think that the Lie algebra has little to do with the space
of momenta of a Lie group, there is no more miracle, just different behaviors for
different objects, which is unsurprising. Moreover I would add, but this can appear
as more or less subjective, that avoiding all this va-et-vient between Lie algebra and
dual of Lie algebra, the diffeological approach of the moment maps is much simpler,
and even deeper, than the classical approach. Compare for example the Souriau
cocycle constructions in the original “Structure des systémes dynamiques” [Sou70],
and in diffeology. The only crucial property used here is connectedness, that is,
the existence of enough smooth paths connecting points in spaces. Finally, it goes
without saying that the diffeological approach respects scrupulously the principle
of minimality required by mathematics.

The Paths Moment Map

We shall introduce the various flavors of moment map in diffeology step by step. The
first step consists, in this section, in defining the paths moment map.

9.1. Definition of the paths moment map. Let X be a diffeological space, and
let w be a closed 2-form defined on X. Let G be a diffeological group, and let
o : G — Diff(X) be a smooth action. Let us denote by the same letter the natural
action of G on Paths(X), induced by the action p of G on X, that is, for all g € G, for
all p € Paths(X),

e(g)(p) = p(g) o p = [t = p(g)(p(t))].

Let us assume now that the action p of G on X preserves w, that is, for all g € G,
0(g)*(w) = w, or p € Hom® (G, Diff(X, w)).

Let & be the Chain-Homotopy operator (art. 6.83), so £ is a 1-form on Paths(X),
and the action of G on Paths(X) preserves #w. This is a consequence of the variance
of the Chain-Homotopy operator (art. 6.84). Thus, for all g € G,

0(g)"(Hw) = Hw.
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Now, let p be a path in X, and let p : G — Paths(X) be the orbit map, p(g) = p(g)eop.
Then, the pullback p*(#w) is a left-invariant 1-form of G, that is, an element of
%*. The map

Y : Paths(X) — ¥¢*, defined by ¥'(p) = p*(Hw),

is smooth with respect to the functional diffeology, ¥ € 6 °°(Paths(X), ¥*). The
map ¥ will be called the paths moment map.

9.2. Evaluation of the paths moment map. Let X be a diffeological space and
 be a closed 2-form defined on X. Let G be a diffeological group, and let p be a
smooth action of G on X, preserving w. Let p be a path in X. Thanks to the explicit
expression of the Chain-Homotopy operator (art. 6.83), we get the evaluation of
the momentum ¥'(p) on any n-plot P of G,

1
wp)(P)r(arhf w[(i)w(pop)(uxp(sﬂ))]( )((1)) (;r)dt, @
0 =

for all r in def(P) and all &r in R". Now, as a differential 1-form, W'(p) is character-
ized by its values on the 1-plots (art. 6.37). Then, let f : t — f, be a 1-plot of G
centered at the identity 1, that is, f € Paths(G) and f(0) = 1. For every t € R,
let F, be the path in Diff(X, v) — centered at the identity 1y — defined by

Fois— Q(ft_l 0 fris)-

We have then

1
Y(p)(f).(1) = —f I (0) = —f i, (w)(p);(1)ds, (%)
0

p

where iFt(w) is the contraction of w by F, (art. 6.56). But, as an invariant 1-form
on G, the moment ¥'(p) is characterized by its value at the identity, for t = 0,

1
W(p)(fo(1) = —f ip(w) = —f p(w)(p) (D) dt withF=pof. ()
0

p

NOTE. Let f € Hom® (R, G), then ¥ (p)(f) is an invariant 1-form on R whose
coefficient is just fp ip(w), that is,

W(p)(f) =hs(p) x dt, where h¢(p) = —f ip(w).
p
The smooth map hy : Paths(X) — R is the Hamiltonian of f, or the Hamilton-
ian of the 1-parameter group f(R). Also note that the map h : Hom*°(R, G) —
% °° (Paths(X), R), defined above, is smooth.
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PROOF. Let us prove (Q). Let us recall that for every p € Paths(X) and every g € G,
p(g)=p(g)op =[t — p(g)(p(t))]. Thus, by definition,

W(p)(P),(8r) = p*(Hw)(P)(3r)
= Hw(poP)(3r)

Yrls\ . 1\ (o

JO 0)[ (r) — poP(r)(s+ t)j|(2) (0) (57‘) dt
Y 1[0

J; 0)[ (r) — (poP)(r)(p(s+ t))il((:) (0) (Sr) dt.

Let us prove (&). Let us apply the general formula (Q) for P = f. Introducing
u' =u—t and s” =s+5’, using the compatibility property of w(P o Q) = Q*(w(P))
and the p(f,) invariance of w, we get

(2]~ ot m)] - (o) 7)o
1\/0
= 0(firu ) (”))] ( )( )d/
J ()= oreaoen]_ (0)G)e
fo ( )Hp(fto I 1oft+u)(P(S””] )(é)@ds
1
- f © ( )'_)p(ft F()(p(s") } ()()
0 =)
f ( )-—>F(u )(P(S//))} ( )( )dS/
0 ( 7)
— F( )((”))} ()()
[
1
_J w[( )HF(u)(P(SH))] ()( )dS/
0

1
—J i, () (p)y (1)ds’
0

= —f ir, (©).
P

Let us prove the Note. Let f € Hom® (R, G). By definition of differential forms
and pullbacks, W(p)(f) = f*(¥(p)), but since f is a homomorphism from R
to Diff(X,w) and W(p) is a left-invariant 1-form on Diff(X, w), f*(¥(p)) is an
invariant 1-form of R, then W(p)(f) = f*(W(p)) = a x dt, for some real a. Thus,

v(p)(f).(1) =

|
e —
(>

=

ds’
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W(p)(f)r = ¥(P)(fo(1)xdt = hp(p)xdt, withh(p) = W (p)(f)o(1) = —fp ip(w),
where dt is the canonical 1-form on R. O

9.3. Variance of the paths moment map. Let X be a diffeological space, and let
w be a closed 2-form defined on X. Let G be a diffeological group and p be a smooth
action of G on X, preserving . The paths moment map W, defined in (art. 9.1), is
equivariant under the action of G, that is, for all g € G,

Wop(g)=Ad(g).o¥.

PROOF. Let us denote here the orbit map p, of p € Paths(X), by R(p), that is,
R(p)(g) = p(g) o p and ¥(p) = R(p)*(#w). Then, ¥(p(g)(p)) = ¥(p(g)op) =
R(p(g) o p)*(#w). But R(p(g) o p)(g") = o(g)(p(g) op) = p(g)op(g)op =
p(g’g) op = R(p)(g’g) = R(p) o R(g)(g"), thus R(p(g) o p) = R(p) o R(g), and
W(p(g)(p)) = (R(p) o R(g))*(AHw) = R(g)*(R(p)"(H#w)) =R(g)"(¥(p)). But since
W(p) is left-invariant, R(g)*(¥'(p)) = Ad(g),.(¥'(p)). O

9.4. Additivity of the paths moment map. Let X be a diffeological space and w
be a closed 2-form defined on X. Let G be a diffeological group and p be a smooth
action of G on X, preserving . The paths moment map W, defined in (art. 9.1),
satisfies the following additive property,

W(pVvp)="(p)+¥(p") and ¥(p) = —¥(p), with p(t) =p(1—¢),
for any two juxtaposable paths p and p’ in X.

PROOF. This is a direct application of the expression given in (art. 9.2, (<})), and of
the additivity of the integral of differential forms on paths. m|

9.5. Differential of the paths moment map. Let X be a diffeological space, and
let w be a closed 2-form defined on X. Let G be a diffeological group, and let p be
a smooth action of G on X, preserving . Let p be a path in X. Then, the exterior
derivative of the paths momentum W (p) is given by

d(¥(p)) = %] (w) — X;(w),
where x, = p(0) and x; = p(1), and the &%; denote the orbit maps.

PROOF. This is a direct application of the main property of the Chain-Homotopy
operator, d o X + % od = 1* —0*. Since dw = 0, d(Hw) = 1*(0) — 0*(w),

composed with p* we get p* od(Hw) = p* o 1*(w)—p* 0 0*(w), that is, d(p*(Hw)) =
(1op)*(w)—(00p)*(w). Thus, d(¥(p)) = £](w) — x5(w). O

9.6. Homotopic invariance of the paths moment map. Let X be a diffeological
space and o be a closed 2-form defined on X. Let G be a diffeological group, and
let p be a smooth action of G on X, preserving w. Let p, and p; be any two paths in
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X. If po and p; are fixed-ends homotopic, then ¥'(py) = W(p;). In other words, ¥
passes on the Poincaré groupoid of X (art. 5.15).

PROOF. Let s — p, be a fixed-ends homotopy connecting p, to p;, for example let
ps(0) = x¢ and p,(1) = x;, for all s. Let f be a 1-plot of G centered at the identity
1, that is, f(0) = 1, and let F = po f. We use the fact that the moment of paths is
characterized by its value at the identity, W'(p,)(f )o(1) = —fp; ir(w); see (art. 9.2,
(). Let us differentiate this equality with respect to s,

’ 7
2 (ve)rw)=-5 f o), it 5= 2.

The variation of the integral of differential forms on cubes (art. 6.70) gives

8f ip(w)
Ps

The second summand of the right term vanishes because dp, vanishes at the ends:
ps(0) = cst and p,(1) = cst. Now, thanks to the Cartan formula (art. 6.72),
d[ip(w)] = £p(w)—ip(dw). But w is invariant under the action of G, thus £z(w) =0,
and dw =0, so d[iz(w)] = 0. Thus, & fp ir(w) = 0 and therefore ¥'(py) = ¥(p,) =
W¥(p,), for all s. S |

1 1
f d[ip((o)](5ps)+f d[ig()(3p;)]
0 0

1
f d[ix(0)](3p,) + [iF(w)(aps)]l.
0 0

9.7. The holonomy group. Let X be a connected diffeological space, and let w be
a closed 2-form defined on X. Let G be a diffeological group, and let p be a smooth
action of G on X, preserving w. Let ¥ be the paths moment map (art. 9.1). We
define the holonomy I" of the action p by

I'={¥() | ¢ € Loops(X)}.

1. The holonomy I' is an additive subgroup of the subspace of closed mo-
menta, I" C Z (art. 7.17), that is,

dy=0andy—y'€Tl,

for any two elements y and vy’ in T".

2. The paths moment map ¥, restricted to Loops(X), factorizes through a
homomorphism from ;(X) to ¢*. Thus, I is a homomorphic image of
the Abelianized fundamental group n?b(X).

3. In particular, every element y of I' is invariant by the coadjoint action of
G on ¢*. For all g in G,

Ad,(e)(y) =1
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The holonomy TI" is the obstruction for the action p to be Hamiltonian. Precisely,

DEFINITION. The action of G on X is said to be Hamiltonian if I" = {0}.

Note that if Tc’l\b (X) = {0}, or if the group G has no Ad,-invariant 1-form except O,
the action p is necessarily Hamiltonian.

PROOF. We get immediately that y € I is closed, by application of (art. 9.5). Indeed,
for all paths p € Paths(X), d(W(p)) = %] (w)—%;(w), where x, = p(0) and x; = p(1).
Thus, for a loop £, since £(0) = £(1), d(¥'(£)) = 0. Now, let us choose a basepoint
X, € X. For every loop £ € Loops(X, x,), the momentum ¥'(£) depends on £ only
through its homotopy class (art. 9.6), so I" is the image of 7t;(X, x;). And, thanks to
the additive property of ¥ (art. 9.4), the map class({) — W(£) is a homomorphism.
Now, since X is connected, for every other point x; of X, there exists a path ¢
connecting x, to x;, ¢ = t — c(1—t) connects x; to x,. Thanks again to the additive
property of ', ¥ (CVLV ) =¥ @)+ FU)+F(c)=—¥(c)+¥(U)+ ¥ (c) =T ().
Then, since the map class(£) — class(C V £ V ¢) is a conjugation from (X, x,) to
1, (X, x1), I' is the same homomorphic image of 7;(X, x), for every point x € X.
Hence, we proved points 1 and 2. Point 3 is a direct consequence of (art. 7.17). O

Exercise

® EXERCISE 142 (Compact supported real functionsI). Let us denote by X the space
of compact supported real functions defined on R, equipped with the diffeology
defined in Exercise 25, p. 29. Precisely, P : U — X is a plot if and only if (a)
(r,t) = P(r)(t) is a real smooth map defined on U x R, and (b) for every r, € U
there exist an open neighborhood V c U of r, and a compact K C R such that for
every r €V, P(r) and P(r,) coincide out of K. We want to consider the following
bilinear form ¢ as a differential 2-form on X,

a(f, 8) =f f(0)g(e)de,

where the dot denotes the derivative with respect to the parameter t of f. For all
n €N, for every n-plot P : U — X, for all r € U and 3r, 8" € R", we define

+00

w(P)r(Sr,S’r)zf ar(ap(r)(«t))(8 )aP(r)(t)

ot (dr)dt.

1) Show that w is a 2-form on X.

2) Check that w realizes ®, that is, for any f, g € X,

o(f,g)= w( (;,) —sf +5’g)(;/) ((1)) ((1))
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Let us consider now the group G = (X, +) acting on itself by translation, that is, for
allueX,

T,(f)=f+uforall f €X.
3) Show that w is invariant by G.

4) Say why the holonomy group I, associated with the action of G on (X, w), must
vanish.

5) Show that, for any path p connecting f = p(0) to g = p(1), the paths moment
map is given, for any plot F of G, that is, a plot of X, by
) 5F(r)(t)

+00

dt.

¥(p)(F),(8r) = J

—0Q

(¢0-F

The 2-points Moment Map

The definition of the paths moment map leads immediately to the 2-points moment
map. The 2-points moment map satisfies a cocycle condition inherited from the additive
property of the paths moment map. This is the second step in the general construction.

9.8. Definition of the 2-points moment map. Let X be a connected diffeological
space, and let w be a closed 2-form defined on X. Let G be a diffeological group
and p be a smooth action of G on X, preserving w. Let " be the paths moment map
(art. 9.1), and let I" be the holonomy of the action p (art. 9.7). Then, there exists a
smooth map ¢ : X x X — ¢*/T" such that the following diagram commutes,

Paths(X) ¥ @G

endsl lpr

XxX — 9*T

¢

where pr is the canonical projection from ¥* onto its quotient, and ends maps p
to (p(0), p(1)). The map ¢ € €°°(X x X, ¢¥*/T") will be called the 2-points moment
map.

1. The 2-points moment map ¢ satisfies the Chasles cocycle relation, for
any three points x, x’, x” of X,

P, x) + P, x”) = P, x). ©)

2. The 2-points moment map () is equivariant under the action of G. Precisely,
for any g € G, and any pair of points x and x’ of X,

dlp(g)(x), p(g)(x")) = Ad; (g)((x, x)).
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PROOF. By construction ¢ is defined by {(x,x’) = classp(¥(p)), where p €
Paths(X), x = p(0), x’ = p(1), and classy-(a) denotes the class of o € ¥* in 4*/T .
The map ¢ is smooth simply by the general properties of subductions in diffeology.
Next, the first point is a consequence of the additivity of the paths moment map
(art. 9.4). The second point is a consequence of the equivariance of the paths
moment map of the Ad, invariance of I' (art. 9.3), and of the definition of the Ad£
action (art. 7.16). O

The Moment Maps

From the construction of the paths moment map given in (art. 9.1), and the 2-points
moment map given in (art. 9.8), we get the notion of 1-point moment maps, or simply
moment maps. This is the third step of the general construction, and the generalization
of the classical notion of moment maps.

9.9. Definition of the moment maps. Let X be a connected diffeological space,
and let w be a closed 2-form defined on X. Let G be a diffeological group and p be a
smooth action of G on X, preserving w. Let ¢ be the 2-points moment map defined
in (art. 9.8). There exists always a smooth map . : X — ¢*/T, called a primitive of
(), such that, for any two points x and x’ of X,

Px, x") = px") — plx).

For every point x, € X, for every constant ¢ € ¢*/I", the map . defined by

w(x) = P(xg, x) +¢

is a primitive of (. Every primitive p of ¢ is of this kind, and any two primitives p
and ' of ¢ differ only by a constant. The 2-points moment map ¢ will be said to
be exact if there exists a primitive ., equivariant by the action of G, that is, if there
exists a primitive p such that, for all g € G,

wop(g) =Ad.(g)op.
The primitives p of ¢, equivariant or not, will be called the moment maps.” Once

one p will be chosen, we shall call it “the moment map” since it is essentially unique,
means unique up to a constant.

NOTE. By the identity (9) of (art. 9.8), ¢ is a 1-cocycle of the G-equivariant co-
homology of X with coefficients in ¥*/T", twisted by the coadjoint action. Two
cocycles () and ()’ are cohomologous if and only if there exists a smooth equi-
variant map . : X — 9*/T" such that ¢/'(x,x") = {(x,x") + Au(x, x”), where
Ap(x, x) = p(x’) — w(x), and Ap is a coboundary. So, the 2-points moment map ¢

7These maps should have been called “1-point moment maps”, but to conform to the usual
denomination, we chose to call them simply “moment maps”.
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defines a class belonging to Hé(X, %*/T") which depends only on the form w and
on the action p of G on X. If the moment map ¢ is exact, that is, if class({)) = 0,
we shall say that the action p of G on X is exact, with respect to w. In this case,
there exists a point x, of X and a constant ¢ such that p : x — {(xg,x) + ¢ is an
equivariant primitive for (.

PROOF. Let us choose a basepoint x, € X. Since X is connected, for any x € X
there exists always a path p € X such that p(0) = x, and p(1) = x. Thus, defining
p(x) = P(xg, x) = class(¥'(p)), and thanks to the cocycle properties of (), we have
PO, x7) = P, x0) + P, X)) = Plxg, X)) — Pxg, x) = p(x’) — p(x). Now, since
¢ is smooth, p is smooth. Therefore, the equation {(x’, x) = pu(x’) — pu(x) always
has a solution in .

Now, let p. and p’ be two primitives of (). For each pair x, x” of points of X we have
W () = () = p(x") — (), that is, /(") — p(x’) = /() — p(x). Then, the map
x — W (x)—u(x) is constant. There exists ¢ € ¥*/T" such that p/(x) — u(x) =,
that is, u/(x) = p(x) + c. Since the map x — {(x,, x) is a special solution of the
equation in @: P(x’,x) = u(x’) — w(x), any solution writes pu(x) = P(x,, x) + ¢ for
some point x, € X and some constant ¢ € 4*/T". |

9.10. The Souriau cocycle. Let X be a connected diffeological space, and let o
be a closed 2-form defined on X. Let G be a diffeological group and p be a smooth
action of G on X, preserving w. Let () be the 2-points moment map defined in
(art. 9.8), and let p. be a primitive of ¢ as defined in (art. 9.9). Then, there exists a
map 0 € €°°(G, ¥*/T") such that

u(p(g)(x)) = Ad; (g)((x)) + 6(g).

This map 6 is a (¢*/T")-cocycle, as defined in (art. 7.16). For all g, g’ € G,
0(gg’) = Ad} (g)(6(g") +6(g).
We shall call the cocycle 0 the Souriau cocycle of the moment .

1. Two Souriau cocycles 6 and 6, associated with two moment maps p. and
’ are cohomologous, they differ by a coboundary

Ac:gm— Ad}:(g)(c) —c, wherece 9¥/T.

2. For the affine coadjoint action of G on ¢*/T" defined by 0 (art. 7.16), the
moment map . is equivariant. For all g € G,

poo(g)=Ad*(g)op.

3. For every cocycle 0, associated with some moment map ., there always
exist a point x, € X and a constant ¢ € ¢*/I" such that,

6(g) = (xo, p(g)(x0)) +Ac(g), forall g €G.
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4. The cohomology class o of 0 belongs to a cohomology group denoted by
H!(G, ¥*/T"). It depends only on the cohomology class of the 2-points
moment map . This class o will be called the Souriau cohomology class.

NOTE 1. Let x, be some point of X. The 2-points moment map ¢ (which can also
be regarded as a 1-cocycle) defines a 1-cocycle f from G to ¥*/T" by f(g,g’) =
P(p(g)(x0), p(g")(x0)). The cocycle f’ associated with another point x;, will differ
only by a coboundary. So, the Souriau cocycle ¢ represents just the class of the
pullback f = £;(¢) by the orbit map %, where £ : H:)(X, 9*/T") — HY(G, 9*/T).
And, by the way, it depends only on the restriction of w to any one orbit of G on X.
Hence, a good choice of the point x, can simplify the computation of .

NoOTE 2. The nature of the action p has strong consequences on the Souriau class.
For example, thanks to the third item, if the group G has a fixed point x, that is,
0(g)(xg) = x, for all g in G, then the Souriau class is zero and the cocycle ¢ is
exact, i.e., there exists an equivariant primitive p of ¢.

PROOF. Thanks to (art. 9.9), every moment map p writes p(x) = {(xq,x) + ¢,
where x,, is some fixed point of X and ¢ € ¢*/T". Thus, p.(p(g)(x))—Adf (@)(w(x)) =
P (x0, 0(g)(x))+c—Ad] (&)((xg, x)+¢) = P(xg, (g)(x)) +c—Ad. (&)(h(xg, X)) —
Ad} (g)(c) = dlxo, p(8)(x)) — dl(g)(x0), p(g)(x)) — Ac(g) = Plixg, p(g)(x)) +

Ple(g)(x), p(g)(x0)) —Ac(g) = P(xo, p(g)(x)) —Ac(g). Therefore, pu(p(g)(x)) —
Ad}:(g)(u(x)) is constant with respect to x. That proves points 1 and 4.

Now, the variance of 0, with respect to the multiplication of G, is a classical result of
cohomology (see for example [Kir76]). It is then obvious that, since two moment
maps p and y’ differ only by a constant, the associated cocycles 6 and 8’ differ
by a coboundary. The remaining items of the proposition are just the results of
elementary algebraic computations. |

Exercise

® EXERCISE 143 (Compact supported real functions, II). Let us consider the data
and notations of Exercise 142, p. 368.

1) Show that the moment map of the action of G on (X, w) is given, for any plot F
of G, that is, (X, +), by:

u(f)(E),(dr) = J f.(t)%& dt+ cst.

2) Compute the associated Souriau cocycle 0. Is this cocycle trivial?
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The Moment Maps for Exact 2-Forms

The special case where a closed 2-form is the exterior derivative of an invariant 1-form
deserves special care, since it justifies a posteriori the constructions above, by analogy
with the classical moment maps [Sou70].

9.11. The exact case. Let X be a connected diffeological space, and let w be a
closed 2-form defined on X. Let G be a diffeological group, and let p be a smooth
action of G on X, preserving w. Let us assume that v = do and that o also is
invariant under the action of G, that is, p(g)*(a) = o for all g in G. Let ¥ be
the paths moment map defined in (art. 9.1), and ¢ be the 2-points moment map
defined in (art. 9.8). Then, for every p € Paths(X)

W(p) = dlx, x") = x7 (o) — %5(e0),

where x; = p(1) and x, = p(0). Moreover, the 2-points moment map ¢ is exact,
and every equivariant moment map is cohomologous to

prx = X (o).

The action of G is Hamiltonian, I" = {0} and exact o = 0; see (art. 9.7) and
(art. 9.10). This shows, in particular, the coherence of the general constructions
developed until now.

PROOF. By definition of the paths moment map W(p) = p*(Hw), that is,
¥ (p) = p*(# (do)). But #(do) + d(Hex) = 1*(a) — 0*(ex), hence p*(# (der)) =
P*[1"(e) = 0%(0)) = d(Ho))], and W(p) = (10 p)"(@) = (00 p)* (o) —d[p" (A ())].
But 1op =X; and 0o p = %, then ¥ (p) = %] (o) — %5 (o) —d[p*(#)]. Now, A

is the real function
Ho:p— J o,
P

since p*(Ao) = Hoo P, for all g € G,

Ha(p(g)) = J. o= J. e(g) (o) = f o.

o(g)op p p
Thus, the function p*(a) : G— R is constant and equal to fp o.. Then, d[p*(Ho)]=
0, and ¥'(p) = xj(a) — X5(a). Hence, ¥'(p) = {(xo, x;) and I" = {0}.
Next, the function p : x — X*(a) is clearly a primitive of ¢, that is, {(xg, x;) =
@(x;) — plxg). But R(p(g)(x)) = % oR(g), where R(p(g)(x)) is the orbit map of

p(g)(x), g € G. Thus, w(p(g)(x)) = (XoR(g))" (o) = R(g)"(x*(a)) = R(g)*((x)) =
Ad,(g)(n(x)). Hence, p is an equivariant primitive of ) and o = 0. O
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Functoriality of the Moment Maps

In this section we focus on the behavior of the moment maps, and the various associated
objects, under natural transformations.

9.12. Images of the moment maps by morphisms. Let X be a connected
diffeological space, and let w be a closed 2-form defined on X. Let G be a diffeological
group, and let p be a smooth action of G on X, preserving . Let G’ be another
diffeological group, and let h : G’ — G be a smooth homomorphism. Let o’ =poh
be the induced action of G’ on X. Let us recall that the pullback h* : ¥* —» 9™ is a
linear smooth map.

1. Let ¥ : Paths(X) — ¢, and ¥’ : Paths(X) — ¥’ be the paths moment
maps with respect to the actions of G and G’ on X. Then, ¥/ = h* o ¥,

2. Let I" and I be the holonomy groups with respect to the actions of G
and G’ on X. Then, I'' = h*(T").

3. The linear map h* projects on a smooth homomorphism hj. : ¢*/T" —
@™ /T, such that the following diagram commutes.

%* h* 3 (g/*

1

9*/T — @™ /T’
T

4. Let ¢ and ()’ be the 2-points moment maps with respect to the actions of
G and G’. Then, (' =hj. o (.

5. Let . be a moment map relative to the action p of G. Then, ' = h}. o is
a moment map relative to the action o’ of G'.

6. Let u be a moment map relative to the action p of G, and let ' = p.ohj.
be the associated moment map relative to the action o’ of G’. Then, the
associated Souriau cocycles satisfy 6" = hy. o 0 o h, which is summarized
by the following commutative diagram.

Ge—N"

[

9*/T — 9™ T’
5
Said differently, if 0 is the Souriau cocycle associated with a moment p. of
the action p of G, and 1’ is a moment of the action o’ of G/, then 6" and
hi. o 8o h are cohomologous.
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NoTE. Thanks to the identification between the space of momenta of a diffeological
group and any of its extensions by a discrete group (art. 7.13), the moment maps
of the action of a group or the moment map of the restriction of this action to
its identity component coincide. Said differently, the moment maps do not say
anything about actions of discrete groups.

PROOF. To avoid confusion, let us denote by R(p) and R'(p) the orbit maps of G and
G’ of p € Paths(X), that is, R(p)(g) = p(g) o p and R'(p)(g) = ¢’(g) o p. We have
then, R'(p)(g) = ¢'(g) o p = p(h(g)) o p = (R(p) o h)(g). Thus, R'(p) =R(p)oh.

1. By definition of the paths moment map, ¥/(p)=R/(p)*(#w)=(R(p) o h)*(Hw) =
h*(R(p)*(Aw)) = h*(¥(p)), that is, ¥/ = h* o W',

2. Since IV = ¥/(Loops(X)), and thanks to item 1, I"" = h*(T").

3. The map hj. is defined by classp(a) — classp/(h*(0)), for all @ € ¢*. If B =
o+, with y € T, then h*(B) = h*(a) + v/, with v/ = h*(y) € I (item 2). Thus,
class(h*(B)) = classy(h*()) and hj. is well defined. Thanks to the linearity of h*,
h¥. is clearly a homomorphism. For ¢*/T" and %™ /T"" equipped with the quotient
diffeologies, h}. is naturally smooth.

4. With the notations above, ¢ and ¢’ are defined by pro ¥ = ¢ o ends and
pr' o ¥’ = (’ o ends, where ends(p) = (p(0), p(1)), with p € Paths(X). Thus, by
item 1 and 3, pr' o h* o W = h}. o o pr, that is, pr' o W’ = (h}. o {) o pr. Hence,
hiod =,

5.Let W' = hfowand x,y € X. Then, p/(y)— W (x) = hfou(y) —hjou(x) =
hi(u(y) —w(x)) = hiod(y, x) = (¥, x). Thus, u’ is a moment map for the action
o of G.

6. According to (art. 9.10), there exists a point x, € X such that, for all
g e, 0(g") = (x0,0'(g')(x0)). Thus, thanks to the previous items, 8’(g") =
(R} o $)(xo, p(h(g"))(x0)) = h}.(d(xo, p(h(g"))(x0))) = h}.(6(h(g"))) = (hf 0B o
h)(g’). Hence, 6" =h}j. 00 oh. O

9.13. Pushing forward moment maps. Let X and X’ be two connected diffeolo-
gical spaces. Let w and ' be two closed 2-forms, defined respectively on X and X'.
Let G be a diffeological group, let p be a smooth action of G on X preserving w, and
let o’ be a smooth action, of G on X/, preserving '. Let f : X — X’ be a smooth
map such that w = f*(«’) and f o p(g) = p’(g) o f for all g € G. Then,

1. The paths moment maps ¥ and ¥ relative to the actions p of G on (X, ), and
o' on (X', w), are related by:

v=of,
where f, : Paths(X) — Paths(X’) is defined by f,(p) = f o p.
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The associated holonomy groups I" and I' satisfy

L={¥(fol)|LeLoops(X)} cI".

2. Let ¢ : 9*/T" — 4*/T” be the projection induced by the inclusion I' C T”. Let ¢
and ¢’ be the 2-points moment maps relative to the actions p and p’. Then, for any
two points of X, x; and x5,

P'(f Ger), £ (02)) = oy, x5)).-

3. For every moment map . relative to the action p, there exists a moment map p’
relative to the action o’, such that

weof=gou.

4. Let 6 and 9’ be two Souriau cocycles relative to the actions p and @’. Then, the
map ¢ o 0 is a Souriau cocycle, cohomologous to 8" and the two Souriau classes
o and o satisfy o’ = ¢,(0), where ¢, denotes the action of ¢ on cohomology,
¢, (class(0)) = class(¢ o 0).

PROOF. 1. By definition W(p) = p*(H#w), that is, ¥(p) = p*(# (f *(w'))). Thanks
to the variance of the Chain-Homotopy operator # o f* = (f,)* o #” (art. 6.84),
W(p) =p*o(f.) (A" w') = (f,op)"(#'w). Butforallg €G, f,op(g) = fop(g)op =
o'(g)of op =p'(g), where p’ = f op. Then, ¥(p) = p*(#'w') = ¥ (p’) =
¥ (f,.(p)). Therefore, ¥ = ¥’ o f,. Now, by definition of the holonomy groups,
I' = W(Loops(X)) = W'(f.(Loops(X))), and since f,(Loops(X)) C Loops(X'), we
have " c I".

2. Since I ¢ T, the map ¢ : classp (o) — classp (a), from 4*/T to ¢*/T7, is well
defined. Now, let x; = f(x;) and x;, = f(x;). There exists then p € Paths(X)
connecting x; to x,, and the path f,(p) connects x] to x;. By definition of ¢,
¢’(x1,x5) = classp, (W' (p')) = classp. (W' o f,(p)), and thanks to the first item,
classp/ (W'(p")) = classp (¥ (p)) = ¢(classp(¥'(p))). But classp (¥ (p)) = h(xy, x2).
Hence, '(x7, x5) = ¢(P(x1, X)), that is, ¢'(f (x1), f (x2)) = Py, x3).

3. According to (art. 9.9), for every moment map U there exist a point x, € X
and a constant ¢ € 9*/T" such that p(x) = {(xy,x) +c. Let us define ' by
W (x") = '(xg,x") + ', where x{ = f(x,) and ¢’ = ¢(c). Then, thanks to item 2,
O(f (x0), £ (0))= (P (x0, X)), and p’'(f (x))=d(P(x0, X))+ ()= (P (xg, x)+c)=
¢(u(x)). Hence, | satisfies ' o f = o .

4. Let 0 be a Souriau cocycle for the action p. According to (art. 9.10), 6 is coho-
mologous to & : g — P(xg, p(g)(x)), where x, is some point of X. Then, let x; =
f(x0), and & : g = ¢’ (x,0'(g)(xg)). Thus, §'(g) = ¢'(f (x0), 0'(g)(f (x0))) =
O'(f (x0), £ (p(g)(x0))) = d((xg, 0(g)(x0))) = ¢ © H(g). Now, since all Souriau
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cocycles, with respect to a given action of G, are cohomologous, the cocycle 8 is
cohomologous to &', and then cohomologous to ¢ o 9, that is, cohomologous to
¢ 0 0. Hence, ¢’ = class(6’) = class(¢ o 0) = ¢, (class(0)) = ¢,(o). m|

The Universal Moment Maps

In this section we build the universal moment maps, and related objects, associated
with the whole group of automorphisms Diff(X, w), where w is a closed 2-form on
a diffeological space X. We show then how these objects, associated with a smooth
automorphic action of some arbitrary diffeological group G, relate to the universal
construction.

9.14. Universal moment maps. Let X be a connected diffeological space, and
let w be a closed 2-form defined on X. We consider the group Diff(X, w), of all
the automorphisms of (X, w), equipped with the functional diffeology of group
of diffeomorphisms. We shall also denote this group by G,,. Every construction
introduced in the previous sections — the space of momenta, the paths moment
map, the holonomy group, the 2-points moment map, the moment maps, the
Souriau cocycles, and the Souriau class — apply for G,,. We shall distinguish these
objects by the index w. So, we shall denote by ¢ the space of momenta of G, by
W, : Paths(X) — ¢ the paths moment map, by I, = ¥, (Loops(X)) the holonomy
group, by ¢, the 2-points moment map, by p,, the moment maps, by 6, the Souriau
cocycles, and by o,, the Souriau class. Since G,, and its action on X are uniquely
defined by w, these objects depend only on the 2-form c.

Now, let G be a diffeological group, and let p be a smooth action of G on X, preserving
w, that is, a smooth homomorphism p from G to G,. The values of the various
objects ¥, I, ¢, p, 0, with respect to the action p of G on X, depend only on the
pullback p* and on ¥, I, {,,, W,, and 0, as it is described in (art. 9.12),

¥ o= ooV, ~ of o
r = p(I,) and { ; N ngogwo
b = o o, = 0r, %00

In this sense the objects G, [, W,,, ['ys Vs Mo 04> and o, are universal. That is
why we shall call ¥, the universal paths moment map, I',, the universal holonomy, {,,
the universal 2-points moment map, ., the universal moment maps, 0, the universal
Souriau cocycles, and o,, the universal Souriau class of .

NOTE. The universal holonomy leads naturally to the notion of Hamiltonian space,
the ones for which, for one reason or another, I',, = {0}.

9.15. The group of Hamiltonian diffeomorphisms. Let X be a connected diffeo-
logical space, equipped with a closed 2-form w. There exists a largest connected
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subgroup Ham(X, w) C Diff(X, w) whose action is Hamiltonian, that is, whose holo-
nomy is trivial. The elements of Ham(X, w) are called Hamiltonian diffeomorphisms.
An action p of a diffeological group G on X is Hamiltonian if and only if, restricted
to the identity component of G, p takes its values in Ham(X, w).

The group Ham(X, w) is precisely built as follows. Let us denote by G, the group
Diff(X, w) and by G its identity component. Let 7 : GZ) — G be the universal
covering. Since the universal holonomy I}, is made of closed momenta, every y € I,
defines a unique homomorphism k(y) from G‘; to R such that 7*(y) = d[k(y)]
(art. 7.17). Let

H, = () ker(k(v)),

verl,

and let H;, be its identity component. Then,

Ham(X, w) = Tc(IfIfo).

NOTE 1. The map f: GZ) — Hom(7;(X),R), defined by f(g) = [t — k(y)(&)], with
7 = class(¢) and y = W({), is a homomorphism, and H, = ker(f). In classical
symplectic geometry, the image F = val(f) is called, by some authors, the group of
flux of w.

NOTE 2. Since the Hamiltonian nature of a group of automorphisms depends
only on its identity component (see (art. 7.13) and (art. 7.14)), every extension
H c Diff(X, w) of Ham(X, w) such that H/ Ham(X, w) is discrete,® is Hamiltonian.
In particular ﬂ:(ﬁw) is Hamiltonian, or if T, = {0}, then Diff(X, w) is Hamiltonian,
and Ham(X, w) is the identity component of Diff(X, w).

NOTE 3. Let us choose a point x; in X, and let pu be the moment map with respect
to the group Ham(X, w), defined by p(x,) = 0. Let f be a 1-parameter subgroup of
Ham(X, ). Applying (art. 9.2, Note), we get the expression of p(x), for all x € X,
evaluated on f

X

p()(f) =hs(x) x dt with h(x) = —J ir(w).
Xo
The smooth function hf : X — R is the Hamiltonian (vanishing at x;) of the 1-
parameter subgroup f .

PROOF. Let us remark first of all that for every y € [, ©*(y) fﬁw = 0. Indeed,
n*(y) | H, = d[k(y)] | H, = d[k(y) | H,]. But, by the very definition of H,,
k(y) 1 H, =0, thus *(y) | H, = 0.

8Where H and Ham(X, w) are equipped with the subset diffeology of the functional diffeology of
Diff(X, w).
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(a) Let us prove that the holonomy of Ham(X, w) is trivial. Let H, = Tt(ﬁw), and
let us denote by ji  the inclusion H,, C G, by jg_ the inclusion H, c (N}Z), and by
T, H, — H,, the projection, so that Ju, © Ty, = 7o jg . Let Iy be theholonomy
of H,, then, according to (art. 9.12), Ty = j;; (I,). Thus, for every y € Ty
there exists y € I') such that y =y | H, = ]?_‘Iw(y). Hence, for all y € Iy,

i (1) = 5, G, () = Gin, 07, )" (y) = (o iy )'(y) = Jf, (m°(y)) = 7*(y) | H,
But w*(y) | I’—\IOJ = 0, thus «;; (¥) = 0, and since 7y is a subduction, ¥ = 0.
Therefore, the holonomy of H,, trivial, I'; = {0}.

(b) Let us prove now that every connected subgroup H € G, whose action is
Hamiltonian is a subgroup of Ham(X, w). Let H = 7w~ '(H) and H® be its identity
component. Let jy be the inclusion H C G, and jg. be the inclusion H® c GZ).
Let 7y =« | H, so that jyomy = 7o Jjge- Let I'y be the holonomy of H. Since
Iy = ji(I,) and Iy = {0}, for all y € T}, jii(y) = 0. Thus, for all y € T,
L U500) = 0. But 7G5 (1)) = G o m) (1) = (0 Jge)'(v) = Ji, (°(x) =
w*(y) | B, thus, for all y € T, =*(y) | H® = 0. Now, 7w*(y) = d[k(y)], hence
dlk(y) T fi°] = 0. Then, since H° is connected, k(v) is constant on H°, and since
k(v) is a homomorphism to R, this constant is necessarily 0. Thus, fec ker(k(y)),
for all y € T, that is, H° ¢ H,,. But since H°® is connected, H° C I/L\IZ) C H,,, and thus
H = n(H°) ¢ Ham(X, ©) = m(H). O

9.16. Time-dependent Hamiltonian. Let X be a connected diffeological space,
and let w be a closed 2-form defined on X. A diffeomorphism f of X belongs to
Ham(X, w) if and only if the two following conditions are fulfilled.

1. There exists a smooth path t — f, in Diff(X, w) connecting the identity

1y =foto f = fi.

2. There exists a smooth path t — ®, in 6 °°(X,R) such that

i (0) =—d®, with F, :s — f o f,,,

for all t. According to the tradition of classical symplectic geometry, the path
t — @, may be called a time-dependent Hamiltonian of the 1-parameter family of
Hamiltonian diffeomorphisms t — f,.

PROOF. Let us assume first that f satisfies the condition above, that there exists
a smooth path t — f, in Diff(X, ) such that f, = 1y, f; = f, and there exists
a smooth path t — @, in ¢°°(X,R) such that iy (0) = —d®,, for all t, where
F, :s— f'of, . Letus recall that Ham(X, ») = Tt(ﬁz)), with ﬁ; the identity
component of H, = m*{el‘m ker(k(y)), and let f € G;, be the homotopy class of the
path t — f,, notations of (art. 9.15). Then, let y € [, that is, y = ¥, ({), where £
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is some loop in M. By definition,

k() = f
[

Now, thanks to (art. 9.2, (&)),

1
YZJ IF")(E):J Y,(O)([t - £ D (Ddt.
t—f] [t—f] 0

YOt = f:D.(1) = —f g, (w) = f do, = f @, =0.
¢ ¢ at

Thus, k(v)(f) = 0 for ally € T, and f belongs to H,,, more precisely to the identity
component of ﬁw. Therefore, f € Ham(X, w).

Conversely, let f € Ham(M, w). Since Ham(M, w) is connected, there exists a path
t — f, in Ham(M, w) connecting 1, to f. And, since the projection 1t fﬁz) : ITIZ) —
Ham(M, w) is a covering, there exists a (unique) lift t — f, of t — f in ﬁ:), along
L) FI;, such that f, = 15, . This lift is actually given by f, = class(p,), with
p.:s— f,. Thus, forallt, f, € ﬁfo cH, = ﬂYEFm ker(k(y)), that is, for all y € T,
k(Y)(f[) = 0. In other words, for all £ € Loops(M), k(lFm(é))(ft) =0. But

J W, (0)
Pt

1
J. W, (O)(s = fie)s(1)ds
0

k(¥,(O)(f)

1
f W, () (s —st— f,),(1)ds
0

1
f (W, (O £) e (d(“)) ds
0

ds

J. Vo (O)(u = f,)u(1)du.
0

Thus, in particular 1 [, W,(0)(u — £,),(1)du = 0, and ¥,()(t — £,),(1) =
lim, o 1 [y ¥, (0)(u — £,),(1)du = 0, and since W, ()([t — £,1),(1) = — [, i, (@)
(art. 9.2, (&)), for all t and all £ € Loops(X), fé ir,(w) = 0. Then, since F, is a path
in Diff(X, ) centered at the identity, the Lie derivative of w by F, vanishes, and
by application of the Cartan formula (art. 6.72), we get £; » = 0, which implies
d[ig, (0)]+ip (dw) = d[if, (w)] = 0. Thus, the 1-form i, (©) is closed and its integral
on any loop £ in X vanishes, hence iFt(co) is exact (art. 6.89). Therefore, for all real
number t, there exists a real function ®, € ¢ °°(X,R) such that i, (0) = —d®,. The
fact that t — @, is a smooth map from R to € °°(X, R), for the functional diffeology,
is a consequence of the construction of @, by integration along the paths. |
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9.17. The characteristics of the moment maps. Let X be a connected diffeologi-
cal space equipped with a closed 2-form w. Let G be a diffeological group, and let
o be a smooth action of G on X, preserving . Let ¢ be the 2-points moment map
(art. 9.8). Thanks to the additive property of ¢, the relation %, defined on X by

x R x', if P(x,x") =041,

is an equivalence relation. The classes of this equivalence relation are the preimages
of the values of a moment map p, solution of p(x,x”) = u(x") — u(x) (art. 9.9).

DEFINITION. We shall define the characteristics of the moment map . (or ) as
the connected components of the equivalence classes of &, that is, the connected
components of the preimages of .

NOTE 1. This definition applies obviously to the universal moment map .. Since,
in this case, the characteristics depend only on ), it is tempting to call them the
characteristics of the 2-form w, especially when we have in mind the particular case
of homogeneous manifolds, treated in (art. 9.26).

DEFINITION. We shall define the characteristics of the 2-form  as the characteristics
of the universal moment map ..

We get then a general picture: by equivariance, the image of the universal moment
map W, is a union of coadjoint orbits of Diff(X, w), images of its orbits in X. The
moment map factorizes then through the space of characteristics of w, denoted here
by Chars(X, w), by a map 1, : Chars(X, w) — ¢ /I',,. The preimages by i, are the
connected components of the preimages by p.,,, that is, Q;l(m) = Tco(pt;l(m)). The
projection char,,, associating with each x € X the characteristic passing through x,
is a kind of symplectic reduction. But we do not know if, in general, the 2-form w
passes to the quotient, especially when the group of automorphisms has more than
one orbit. This is still an open question, but the framework is here.

X atl G IT,,

char, i
Chars(X, ®)

This construction is reminiscent of the Marsden-Weinstein symplectic reduction
[MaWe74], when it is applied to some subspaces W C X for the restriction « [ W.
There is, however, a small difference: we reduce first by the characteristics of w
and then by the moment map, which can be interpreted as a regularization of the
reduction by the characteristics.®

91t is not impossible that in particular, for the two-bodies problem [Sou83], it be precisely the
universal moment map which regularizes the space of motions.
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NOTE 2. We also can think of characteristics as arrows of the groupoid Chars, with
objects X and an arrow (x, x’) only if {)(x, x") = 0. Therefore, the characteristics
are the connected components of the transitivity components of this groupoid.

The Homogeneous Case

Because of its elementary character, the case of a homogeneous action of a diffeological
group G on a space X, preserving a closed 2-form w, deserves a special attention. We
shall see in (art. 9.23) how this applies to classical symplectic geometry.

9.18. The homogeneous case. Let X be a connected diffeological space equipped
with a closed 2-form w. Let p be a smooth action of a diffeological group G on
X, preserving w. Let us assume that X is homogeneous for this action (art. 7.8).
Let I be the holonomy of the action p, let 1 be a moment map, and let 0 be the
cocycle associated to p. Let xq be any point of X, and let py = u(xp). Let Stygro(ug)
be the stabilizer of ., for the affine coadjoint action of G on ¢¥*/T". Thanks to the
equivariance of the moment map ., with respect to the 6-affine coadjoint action
of G on ¥*/T", nop(g) = Adg’e(g) oy, the image ¢ = p(X) is a (I", 0)-orbit of G,
and St,(x) C StAdfﬁ(Ho)- Let us equip @ with the pushforward of the diffeology
of G by the orbit map {i, : g — Adf’e(g)(uo). Then, the orbit map %, : G — X is
a principal fibration with structure group St,(x,), the orbit map i, : G — 0 is a
principal fibration with structure group St,4re (1), and the moment map p: X — @
is a fibration, with fiber the homogeneous gpace StAdjﬁ(Ho) /8to(x0)-

NoTE 1. The moment maps p. are defined up to a constant. But that does not affect
the characteristics of ., which are the connected components of the subspaces
defined by p(x) = cst (art. 9.17).

NOTE 2. Let us consider the simple case do, where oo € ¢*. Its moment map
@ : G — 9* is the coadjoint orbit map p : g — Ad,(g)(o). A natural question is
then, is there a closed 2-form w, defined on the coadjoint orbit &, = (G), such
that u*(w) = da.? I don’t have a definitive answer to this question yet; the best
I can say is contained in the following proposition. Let us consider @, equipped
with the quotient diffeology of G.

PROPOSITION. There exists a closed 2-form w on 0, such that p*(w) = do, if and
only if o I Stag () is closed. In that case,  is the canonical symplectic structure of
coadjoint orbit of diffeological group.

There are particular cases, or special group diffeologies, for which the restriction
of o on its stabilizer Sty (o) is closed. For example, if G is a Lie group, then we
can use the Cartan formula to check it. But even simpler, if the stabilizer Stag ()
is discrete or 1-dimensional, then every 1-form is closed. Paul Donato has given
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in [Don94] an interesting example of a discrete stabilizer. Let us give here the
diffeological version of his construction. We consider G = Diff(S') and its universal
covering G, described in Exercise 28, p. 33, as the subgroup of diffeomorphisms
¢ of R such that ¢(x + 27) = @(x) + 27. The kernel of the projection w: G — G
is the subgroup 2nZ of the translations Ty : X — x + 27k, commuting with all
Qe G. Let P: U — G be an n-plot, and let r € U, 8r € R", and a defined by

o(P),(5r) = Z——{P(r)_ OP(s)(n)} (57).

One can check that o is a left invariant 1-form, and by the way an element of ¥*.
The moment map p is then given by
10

u(@)(P),(3r) = >

S AR GRELOLE 0] S CH}
0

s=r
Because a momentum is characterized by its values on arcs centered at the identity,
and because every arc y centered at the identity in G is tangential to some ray
h € Hom® (R, G), the computation of the stabilizer of &, for the coadjoint action, is
reduced to Donato’s computation in his paper, and it coincides with the orbits of
27tZ. Thus, do passes to the coadjoint orbit @,, which is actually diffeomorphic to
Diff(S!) itself, and symplectic according to the meaning we define below (art. 9.19).

PROOF. The triple fibration is an application of (art. 8.15).

G
y &‘ St, V {1 0(Uo)
X m 7

St, Fﬂ(“o)/St (x0)

Let us focus on Note 2. There exists a (closed) 2-form w on @, such that p*(w) = do
if and only if, for two plots P and P’ of G such that woP = p.oP’, then do(P) = dax(P’)
(art. 6.38). But o P = p. o P’ means that there exists a plot x of Sty. (o) such that
P/(r) = P(r) - x(r). Then, thanks to Exercise 127, p. 274, o[r — P(r) - »(r)], =
[L(P(r))*(@)](%), + [R(r)*(@)](P), = (), + [Ad, (x(r))(@)](P),, but since x
is a plot of the stabilizer of o for the coadjoint action, Ad,(»(r))(a) = o and
a(P") = a(P) + a(x). Thus, da passes to the quotient @, ~ G/Stg. (o) if and only if
do(x) = 0 for all plots % of Sty.(a), i.e., if and only if d[o I Sty.(o)] = 0. |

9.19. Symplectic homogeneous diffeological spaces. Let X be a connected
diffeological space and  be a closed 2-form defined on X.1°

10T shorten the vocabulary, I chose now to call parasymplectic any closed 2-form.



384 9. SYMPLECTIC DIFFEOLOGY

DEFINITION. We say that (X, ») is a homogeneous symplectic space if it is homoge-
neous under the action of Diff(X, w), and if the characteristics of the universal moment
map ., are reduced to points (art. 9.17).

For example, the 2-form da on Diff(S') described in the previous article (art. 9.18)
is symplectic in this sense. Let us recall that being homogeneous under the action
of Diff(X, ») means that the orbit map R(x) : Diff(X, w) — X, defined by R(x)(¢) =
¢(x), is a subduction, where x € X and Diff(X, ) is equipped with the functional
diffeology (art. 1.61).

NoOTE 1. The characteristics of the universal moment map ., are reduced to points
if and only if it is a covering onto its image, equipped with the quotient diffeology.
If it is the case for one universal moment map, then it is the case for every one.

NoOTE 2. The homogeneous situation where the moment map p, is not a covering
onto its image can be regarded as the presymplectic homogeneous case, as suggested
by (art. 9.26).

NOTE 3. Let G be a diffeological group, and let p be a smooth action of G on X,
preserving w. If the action p of G on X is homogeneous, then X is a homogeneous
space of Diff(X, w). And, if a moment map p : X — ¥*/T" is a covering onto its
image, then any universal moment map ., : X = ¢ /I, is. Thus, to check that a
homogeneous pair (X, w) is symplectic it is sufficient to find a homogeneous smooth
action, of some diffeological group G, for which a moment map is a covering onto
its image.

NOTE 4. It would be possible to relax the homogeneity hypothesis to have an
acceptable definition of a symplectic diffeological space :

DEFINITION. A closed 2-form w on a diffeological space X would be said symplectic if
Diff},.(X, w) is transitive on X, and if the characteristics of the universal moment map
W, are reduced to points.

The transitivity of local automorphisms is the diffeological version of Darboux’s
theorem, and the injectivity of the universal moment map (., the non-degeneracy of
w. This definition should perhaps be refined as to the role of the universal moment
map, a desired universal “local moment map” would be more appropriate.

PROOF. Note 1 is obvious, by definition of the characteristics (art. 9.17) and by
homogeneity (art. 9.18). Let us prove Note 3. To be homogeneous under the action
of G means that, for some point (and thus for every point) x € X, the orbit map
X : G — X, defined by %(g) = p(g)(x), is a subduction. So, % is surjective and,
for any plot P : U — X, for any r, € U, there exist an open neighborhood V of r
and a plot Q : V — G such that P [ V = X o Q, that is, P(r) = p(Q(r))(x) for all
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r € V. Since p is smooth, Q = p o Q is a plot of Diff(X, w), and P | V= % o Q. Since,
X : Diff(X, w) — X is surjective, it is a subduction and X is a homogeneous space
of Diff(X, w). Now, let us remark that, since the moment map is unique up to a
constant, if a moment map p is a covering onto its image ¢ equipped with the
quotient diffeology of G, then every other moment map (' = .+ cst is a covering
onto its image 0’ = @ + cst. Then, let x, be a point of X, and let u(x) = {(xy, x),
where ¢ is the 2-points moment map. Let ., = {,(xo, x). According to (art. 9.14),
W= 0r oW, Let 0 =u(X) = of. (1,(X)) = of. (G,), with G, = p,(X). Let m,, € 0,
and m = p;w(mw). If p,(x) = m,,, then p”Iim(pm(x)) = p;m(mm), that is, p(x) = m.
Thus, p_'(m,,) € w'(m). Therefore, if p~'(m) is discrete, then p_'(m,,) is discrete,
a fortiori, and if y is injective, then y,, is injective. |

Exercise

® EXERCISE 144 (Compact supported real functions III). Let us consider the space
(X, w) as defined in Exercise 142, p. 368. Show that (X, ®) is a homogeneous
symplectic space.

About Symplectic Manifolds

The case of classical symplectic manifolds (M, w) deserves special care. We shall see in
this section that, in this case, any universal moment map ., is injective and therefore
identifies M with a coadjoint orbit of Diff(M, w), in the meaning of (art. 7.16).

9.20. Value of the moment maps for manifolds. Let M be a connected manifold

equipped with a closed 2-form w. In this context, the paths moment map W, takes

a special expression. Let p be a path in M and F : U — Diff(M, w) be an n-plot, then
1

qu(p)(F)r(sr) = f (*)p(t)(p(t): 6p(t))dt’ (<>)

0
for all r € U and dr € R", where Jp is the lift in the tangent space TM of the path
p, defined by

(51). ©)

5p(t) = [DE(p(e)T TP

PROOF. By definition, W'(p)(F) = p*(#w)(F) = #w(p o F). The expression of the
operator ¢ (art. 6.83), applied to the plot p oF : r — F(r) o p of Paths(X), gives

1
(Hw)(p oF),(5r) = f © [(Z) o (o FYu)(s + t)]( | ((1)) (;r) dt.
0 -

But (p o F)(u)(s + t) = F(u)(p(s + t)), let us denote temporarily by ®, the plot
(s,u) —» F(u)(p(s + t)), so F(u)(p(s + t)) writes ®,(s,u). Now, let us denote by .#
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the integrand of the right term of this expression. We have

s 1 0
s = of()oen] L ()(3)
i} 1\[ 0
- o (3)2)
1 0
= @0 () (D(‘Dr)(?) (0) D) (gr))

oxon (o {FO6+} 2 rmpe}en).
DIEP(E)

50)
D(F(r))(p(£))(p(1)).

Then, using this last expression and the fact that F is a plot of Diff(M, w), that is,
for all r in U, F(r)*w = w, we have

But,

Js

2 e+ o0} (Prx0

g = wp(r)(pm)(D(F(r))(p(r))(p(r))
aF(r)(p(r))(8 ))

K6 ,))

wp(t)(p(t), [DE)(p(EN]™
= wyn(p(t),dp(t)).

1

Therefore, W,,(p)(F),(dr) = Aw(p oF),.(dr) = f W, (P(t),dp(t))dt. ]
0

9.21. The paths moment map for symplectic manifolds. Let M be a Hausdorff
manifold, and let » be a nondegenerate closed 2-form defined on M. Let m, and
m; be two points of M connected by a path p. Let f € ¥ °°(M, R) with compact
support. Let F be the exponential of the symplectic gradient grad,(f)," F is a 1-plot
of Diff(M, w), and precisely a 1-parameter subgroup. Then, the universal paths
moment map ¥,,, computed at the path p, evaluated on the 1-plot F, is the constant
1-form of R

W (p)(F) = [f (my) — f (mo)] x dt with F : ¢ = ¢! 8% 1),

where dt is the standard 1-form of R. Note that we are in the special case where F
is actually a 1-parameter subgroup of Ham(M, w) C Diff(M, w), and the function f
is a Hamiltonian of F.

ULet us recall that the symplectic gradient is defined by w(grad,,(f), ) =—df.
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PROOF. Let us remark that, in our case, the lift 3p defined by (art. 9.20, (©)) writes
simply

rg
5p() = [N 7 P D 5r) = e(p(0) x 3,

with € = grad,,(f), and where r and 3r are real numbers. Thus, the expression
(art. 9.20, ({>)) becomes

W, (p)(F),(3r)

1
J W, (P(1), E(p(1))) dt x3r
0

1
- f‘*)p(r)(P(t),8radw(f)(P(t)))dt><8r
0

1
dp(t)
= d dt x&
JO / ( d ) '
Lf (p(1)) — £ (p(0))] x 3,
that is, W,,(p)(F) = [f (my) — ()] x dt. D

9.22. Hamiltonian diffeomorphisms of symplectic manifolds. Let (M, w) be
a connected Hausdorff symplectic manifold. According to Banayaga [Ban78], a
diffeomorphism f is said to be Hamiltonian if it can be connected to the identity
1,; by a smooth path t — f, in Diff(M, w) such that

o) =do,with ) = § {fe0s w0}

where (t, x) — ¢.(x) is a smooth real function. If f is Hamiltonian according to this
definition, then it belongs to Ham(M, w), as defined in (art. 9.15). Conversely, any
element f of Ham(M, w) satisfies the above Banyaga’s condition. Thus, the defini-
tion of Hamiltonian diffeomorphisms given in (art. 9.15) is a faithful generalization
of the usual definition for symplectic manifolds.

PrROOF. This proposition is a direct consequence of the general statement given
in (art. 9.16) and the following comparison between the above 1-parameter fam-
ily of vector fields f, and the family F, of the (art. 9.16). Since f, o ft_1 = fo
(, t_l ofu)e ft_l, the vector fields f, and F, are conjugated by f,, precisely

fo=(f).(F), or f(x) =D(f ) CEF ).

This implies in particular that if the vector field f, satisfies Banyaga’s condition
for the function ¢,, then the vector field F, satisfies Banyaga’s condition for the
function ®, = —¢, o f,, and conversely, that is,

o(f,,-) = d¢,, if and only if w(F,, ) = —d®, with ®, = —¢, o f,.
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Let us check it. Let x € M, x’ = f,(x), 8x € T,M, and &x’ = D(f,)(x)(8x), then

0 (f(x),8x") = [do,]w(3x")
05,0 (f (D), DUFI)GX)) = [do, ], (D )(x)(3x))
05, 0 (DUD)E (), D(f)(x)Bx)) = [f(d.)](3x)
()] (Fe(x),8x) = d[f(9.)].(8x)
o, (F(x),8x) = d[¢,o f].(8x).

Thus, &, =—¢, o f;. m|

9.23. Symplectic manifolds are coadjoint orbits. Let M be a manifold, and let
 be a closed 2-form defined on M. We assume M connected and Hausdorff. Then:

THEOREM . The form w is nondegenerate, thus symplectic, if and only if:

A. The manifold M is homogeneous under Diff(M, w).
B. The universal moment map ., : M — ¢ /T, is injective.

In that case, the image 0, = u,(M) € ¥’/I, of the universal moment map'?
(art. 9.14) is a (T, 6,,)-coadjoint orbit of Diff(M, w) (art. 7.16), and p,, identifies M
with g, where 0, is equipped with the quotient diffeology of Diff(M, ). In other
words, every symplectic manifold is a coadjoint orbit.

NoTE 1. Let Ham(M, w) be the group of Hamiltonian diffeomorphisms, and let 5
be the space of its momenta. Let p : M — 5 be the moment map associated with
the action of Ham(M, ), and let 6 be the associated Souriau cocycle. Then, y; is
also injective, and identifies M to a 67 -coadjoint orbit g C 5 of Ham(M, ).

NOTE 2. Let us consider the example M = R? and o = (x? + y2?) dx Ady. Since R?
is contractible, the holonomy I, is trivial (art. 9.7). Next, w is nondegenerate on
R? — {0}, but degenerates at the point (0,0). Thus, (0,0) is an orbit of the group
Diff(R2, w), and actually R? — {0} is the other orbit. Hence, the universal moment
map ., such that y,(0,0) = Oy. is equivariant (art. 9.10, Note 2). Moreover, U,
is injective. The closed 2-form & not being symplectic, with an injective universal
moment map, shows that the hypothesis of transitivity of Diff(M, w) on M is not
superfluous is this proposition.

NOTE 3. Every symplectic manifold is a coadjoint orbit of its group of automorphisms,
or Hamiltonian diffeomorphisms, maybe affine when Souriau’s cocycle 6, is not
trivial; see also [PIZ16]. This theorem has been improved,

12The universal moment maps are defined up to a constant, but if one is injective, then they are all
injectives.
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THEOREM . Every symplectic manifold is a (linear) coadjoint orbit of the group of
automorphisms of its integration bundle.

Here, the term linear refers to the orbits of the linear coadjoint action of Aut(Y, ),
where 7 : Y — M is the (T,-principal) integration bundle over M, with T, being
the torus of periods of w, and A is the connection form of curvature w [Igl95].
The details can be found in [DIZ22]. The situation is sumarized by the following
commutative diagram:

T oy n'

e

M — #*
Um

where .&* denotes the space of momenta of Aut(Y,A) whose identity component
projects onto Ham(M, ), and 5#* is the space of momenta of Ham(M, ). Then, yy
is the moment map for Aut(Y, A) relative to the closed 2-form dA, p, is the moment
map for Ham(M, w) and {i,; is the projection of gy on M — because py is invariant
by T, — and 7n* is the transpose of the projection 7 : Aut(Y,A)° — Ham(M, w).

PROOF. Let us assume first that w is nondegenerate, that is, symplectic. Then, the
group Diff(M, w) is transitive on M [Boo69]. Moreover, for every m € M, the orbit
map i : @ — ¢(m) is a subduction [Don84]. Thus, the image of the moment map
W, is one orbit @, of the affine coadjoint action of G, on ¥ /I, associated with
the cocycle 0,,. Hence, the orbit 0, being equipped with the quotient diffeology of
G,,, the moment map y,, is a subduction.

Now, let m, and m; be two points of M such that p (m,) = y,(m;), that is,
P, (mgy, my) = p,(my) — p,(my) = 0. Let p € Paths(M) such that p(0) = m, and
p(1) = my. Thus, ¢ ,(my, m;) = 0 is equivalent to ¥, (p) = ¥,,(£), where £ is some
loop in M, we can choose £(0) = £(1) = m,. Now, let us assume that m, # m;. Since
M is Hausdorff there exists a smooth real function f € ¥ °°(M, R), with compact
support, such that f(my) = 0 and f(m,;) = 1. Let us denote by E the symplectic
gradient field associated with f and by F the exponential of €. Thanks to (art. 9.21),
on the one hand we have W(p)(F) = [f (m;) — f(my)]dt = dt, and on the other
hand W, (£)(F) = [f (mg) — f (mg)]dt = 0. But dt # 0, thus {,(mg, m;) # 0, and
the moment map y,, is injective. Therefore, ., is an injective subduction on 0,
that is, a diffeomorphism.

Conversely, let us assume that M is a homogeneous space of Diff(M, ) and that
W, is injective. Let us notice first that since Diff(M, w) is transitive, the rank of w is
constant. In other words, dim(ker(w)) = cst. Now, let us assume w is degenerate,
that is, dim(ker(w)) = 1. Since m — ker(w,,) is a smooth foliation, for every point
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m of M there exists a smooth path p in M such that p(0) = m and for t belonging to
a small interval around 0 € R, p(t) # 0 and p(t) € ker(w, () for all ¢ in this interval.
Then, we can reparametrize the path p and assume now that p is defined on the
whole R and satisfies p(0) = m, p(1) = m’ with m # m’, and p(t) € ker(w, ) for
all t. Next, since p(t) € ker(wp,)) for all t, using the expression (art. 9.20, (<)),
we get ¥, (p) = Oy:, that is, p,(m) = p,,(m’). But since m # m’ and we assumed
W, injective, this is a contradiction. Thus, the kernel of w is reduced to {0}, and w
is nondegenerate, that is, symplectic.

Let us prove Note 1. According to a Boothby’s theorem, the group Ham(M, w) acts
transitively on M [Boo69]. With respect to this group, and by construction, the
holonomy is trivial: the associated paths moment map ¥ and the moment maps
w. take their values in 5. Let j : Ham(M, ) — Diff(M, w) be the inclusion, thus
the universal holonomy T’ is in the kernel of j*, and we get a natural mapping
jficu : 9%/, — 7. Now, the paths moment maps satisfy ¥ = jl’im oY, and
wy = jl’iL0 o, (art. 9.14). Then, since (art. 9.21) involves only plots of Ham(X, ),
the proof above applies mutatis mutandis to the Hamiltonian case, and we deduce
that the moment maps p;, are injective. By transitivity, they identify M with a
6 -coadjoint orbit of Ham(M, w).

Let us finish by proving the second note, that is, the universal moment map ., of
o = (x*+ y?) dx Ady is injective. First of all u,(0,0) = O4.. Now, if z = (x, y)
and 2’ = (x’,y’) are two different points of R?> and different from (0,0), then
there is a smooth function with compact support contained in a small ball, not
containing (0, 0) nor z, such that f(z") = 1. Then, the 1-parameter group generated
by grad,,(f) belongs to Diff(R?, ), and a similar argument as the one of the proof
above shows that p,(2) # W, (2"). We still need to prove that if z # (0,0), then
Mo (2) # Ogy.. Let us consider p(t) = tz and F(r) be the positive rotation of angle
27ntr, where r € R. The application of (art. 9.20, ({»)), computed at the point
r = 0 and applied to the vector 3r = 1, gives (1t/2)(x% + y?)? which is not zero.
Therefore, the moment map y.,, is injective. m|

9.24. The classical homogeneous case. Let (M, ) be a symplectic manifold.
Let G be a Lie group together with a homogeneous Hamiltonian action on (M, w),
that is, the holonomy I" of G is trivial. For the sake of simplicity we assume M
connected and G a Lie subgroup of Diff(M, ). By functoriality of the moment maps
(art. 9.12), we know that if a moment map . of G is injective, then every universal
moment map U, is injective (art. 9.23). But we are now in the opposite case, since
w is symplectic every universal moment map ., is injective, but what about p.? This
is actually the original case treated by Souriau in [Sou70]. He showed that the
moment map . is a covering onto its image, which is some coadjoint orbit & C ¥*
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(affine or not) of G. We give here the proof of this theorem, according to the present
framework. This case is illustrated by Exercise 146, p. 394.

PROOF. Let p be a path in M such that p o p = cst, that is, ¥(p) = Oy, where ¥ is
the paths moment map of G. Then, for any 1-parameter subgroup F € Hom®° (R, G),
¥(p)(F),(dr) =0, for all r and all 3r belonging to R. Adapting to our case the
expression of ¥ given in (art. 9.20), we get

9F(t)(m)

1
f w0 (P(t), Z(p(t)))dt =0, where Z(m) = at
0

t=0

Now, considering the 1-parameter family of paths p, : t — p(st), the derivative of
the above expression gives v, (p(0),Z(p(0))) = 0. But since G is transitive, by
running over all the 1-parameter subgroups F of G we describe the whole tangent
space T,,M, where m = p(0). And since » is nondegenerate, p(0) = 0. The path p
is thus constant, p(t) = m for all t in R. Therefore the preimages of the values of
the moment map p are discrete. But, p is a fibration (see (art. 9.18)), thus p is a
covering (art. 8.24) onto its image which is, by transitivity, a coadjoint orbit. O

9.25. The Souriau-Noether theorem. Let M be a manifold, and let w be a closed
2-form on M. We say that two points m and m’ are on the same characteristic'® of
w if there exists a path p connecting m to m’ such that p(t) € ker(w,,)) for all t.
Then, the universal moment map p.,, is constant on the characteristics of w.

NoTE 1. In particular, for any smooth action of a diffeological group G, preserving
w, the moment map . is constant on the characteristics of .

NOTE 2. This is an analogue to the first Ncether theorem, relating symmetries to
conserved quantities for Lagrangian systems. For a comprehensive presentation on
the subject, see the book of Y. Kosmann-Schwarzbach [YKS10].

PROOF. We have p,(m") — p,(m) = ¢,(m,m’) = class(¥,(p)) € ¥/T,, where
p is any (smooth) path connecting m to m’. Then, thanks to the hypothesis, we
can use a path p contained in the characteristic of « containing m and m’, that is,
p(t) € ker(w, ) for all t. Now, thanks to the explicit formula of (art. 9.20), for
every n-plot F of Diff(M, w), n € N, for every r € def(F), for every r € R",

1 1

W, (p(t),8p(t))dt = J 0xdt=0.

0

Yo, (p)(F),(8r) = J.

0

Thus, ¥,,(p) = 0 and therefore p,(m’) = pu,,(m). The note is a consequence of the
functoriality of the moment map (art. 9.14). Indeed, let p be the morphism from G

BBThis is the classical definition of the characteristics in the case of a closed 2-form  defined on a
manifold M. They are the integral submanifolds of the distribution m — ker(w,,).
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to Diff(M, w), then the paths moment map ¥, relative to G, satisfies W' = p* o W,,.
Thus, ¥,,(p) = 0 implies ¥'(p) = 0 which implies p(m) = w(m’), for any moment
map . relative to G. a

9.26. Presymplectic homogeneous manifolds. Let M be a connected Hausdorff
manifold, and let w be a closed 2-form on M. Let G C Diff(M, w) be a connected
subgroup. If M is a homogeneous space of G, then the characteristics of w are the
connected components of the preimages of the moment maps p.

NOTE. In particular, if M is a homogeneous space of Diff(M, w), and thus of its
identity component (art. 7.9), then:

THEOREM . The characteristics of  are the connected components of the preimages of
the values of the universal moment map .

This justifies a posteriori the definition of the characteristics of moment maps, for
the general case of homogeneous diffeological spaces, in (art. 9.17).

PROOF. The Souriau-Noether theorem states that if m and m’ are on the same
characteristic, then w(m) = u(m’) (art. 9.25). We shall prove the converse in a few
steps.

(a) Let us consider first the case when the holonomy I' is trivial, I' = {0}. Let us
assume m and m’ connected by a path p such that u(p(t)) = u(m) for all t. Then,
let s — p, be defined by p,(t) = p(st), for all s and t. We have p(p,(1)) = u(p,(0)),
that is, ¥'(p,) = Oy, for all s. Thus, for all n-plots F of G, for all r € def(F) and all
or € R", W(p,)(F),.(dr) =0, and hence

1
o= SHPIENED _ 2 00,000t = 0,509, 3005

where 8p(t) is given by (art. 9.20, (V). Next, let v € Tp(t)(M), then there exists
a path ¢ of M such that ¢(0) = p(t) and dc(s)/ds|,—o = v. Since M is assumed
homogeneous under the action of G, there exists a 1-plot s — F(s) centered at the
identity, that is, F(0) = 1, such that F(s)(p(t)) = c(s). Then, fors =0 and 8s =1,
we get from (art. 9.20, (V)),

dF(s)(p(t))
ds

_ dc(s)

3p(t) = 1r, s

s=0

s=0

Hence, for every v € T,(nM, w(p(t),v) =0, i.e., p(t) € ker(w, () for all t. There-
fore, the connected components of the preimages of the values of the moment map
W are the characteristics of .
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(b) Let us consider the general case. Let M be the universal covering of M, 7 : M —
M the projection, and let & = 7t*(w). Let G be the group defined by

G={¢ €Diff(M,®) | 3g€Gand to g = gom}.
Letp: G — G be the morphism g — g. The group G is an extension of G by the
homotopy group 7t; (M)

1— (M) c-%¢ 1.

1. The morphism p is surjective. Let g € G, let t — g, be a smooth path in G
connecting 1 to g. Let i € M and m = (i), the path t — g,(m) has a unique
lift t ~— 771, in M starting at  (art. 8.25). We can check that, § : i — r, is a
diffeomorphism of M, satisfying by construction o § = g o 7. Next, §*(®) =
g (m(w)) = g om*(0) = (10 )" (w) = (g o m)(0) = 7 (g"(w)) = n*(w) = &.
Thus, & €G.

2. The group G is transitive on M. Let /2 and i’ be two points of M, let m = ()
and m’ = wt(/m’). Since G is transitive on M there exists g € G such that g(m) =m’.
The lift g defined in part 1 maps 1 to m,, and we have =(f;) = n(/’) = m’. So
there exists an element k € 7t;(M) such that kg (f;) = 1’ (art. 8.26). Let § = ky 0§,
since to g = gom and §*(®) = (kg 0 &) (&) = g*(klf./l(do)) = g*(&) = &, ¢ belongs
to G, and maps 1 to i’.

3. The kernel of p is reduced to 7;(M). Let § € G such that o(g) = 1y, that is,
7o g = . Thus, for every i € M there exists (1) € 7t;(M) such that g(m) =
%(f)y (7). But the map x : M — (M) is smooth, and 7t;(M) discrete, so x is
constant. Therefore, there exists k € 7t;(M) such that g() = ky (i), for all i € M.

4. Since M is simply connected, G has no holonomy. Let {1 be a moment map of
the action of G on M. Since G is a discrete extension of G, their space of momenta
coincide (art. 7.13), thus {1 takes its values in ¢*, and since the action of G on
M is the image by the morphism p of the action of G on M, for every m € M,
p(m(m)) = class((u(n)) € ¥*/T" (art. 9.13). Next, let ¢ = p(m) = class({i(rn)) €
@* /T, m = (), and C = w(c). The preimage 7 *(C) = ! (u'(c)) is equal to
(wom)(c) = (class o) ™ (c) = (i (class (c)) = (= (((A) + ). Thus,

uw o) = n( U (o +Y)) with o = () and ¢ = class(ot).
yel'
Since G is transitive on M and since there is no holonomy, we can apply the result
of part (a): for every y € I', (i’ (oe + ) is a union of characteristics of &. Thus, the
union over all the y € I" is still a union of characteristics of . Hence, p~!(c) is the
7-projection of a union of characteristics of @&. But, since 7t : M — M is a covering
and since & = 7*(w), the Tt-projection of a characteristic of & is a characteristic of
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. Thus u!(c) is a union of characteristics of , and the connected components of
the preimages of the values of p are the characteristics of w. |

Exercises

@ EXERCISE 145 (The classical moment map). Let M be a connected Hausdorff
manifold equipped with a closed 2-form w. Let G be a Lie group: a diffeological
group which is a manifold. Let p : g — gy, be a Hamiltonian action of G on M. Let
us recall that a 1-parameter subgroup F € Hom® (R, G) is uniquely defined by its
derivative at the identity:
dF(t)
7= —— and Z€ ¥ =T; (G).
at |, 1,(G)

For Lie groups, the spaces Hom**(R, G), T;(G) and the space of invariant vector
fields on G are identified and called the Lie algebra of G.

We denote F(t) = e'2. The fundamental vector field Z,; is defined on M by

ot |

Let p be a moment map of the action of G on M, we shall denote

pz(m) = p(m)(t — e*)o(1).

1) Show that the moment map p. is defined, up to a constant, by the differential
equation

Zy(m) =

iz, (0) = —dyg, thatis, w,(Zy(m),dm) =—d[y;],(dm),
for all m € M and all dm € T,,(M).

2. Show then, using a basis of ¥, that Z — y; is linear.

@y EXERCISE 146 (The cylinder and SL(2,R)). We consider the space R?, equipped
with the standard symplectic form w = dx A dy, with X = (x, y) € R%. Check that
the special linear group SL(2,R) preserves v, and that its action on R? has two
orbits, the origin 0 € R? and the cylinder M = R% — {0}.

1) Justify, without computation, that the action of SL(2,R) on R? is Hamiltonian
and exact.

2) For every X € R?, let yx = [t — tX] € Paths(R?) connecting O to X. Use the
general expression of the paths moment map given in (art. 9.20), for p = yx and
E, =[s — €°?], with o € sI(2,R) — the Lie algebra of SL(2,R), that is, the space of
2 x 2 traceless matrices — to show that

u(X)(E,) = %(o(X, oX) x dt.



EXAMPLES OF MOMENT MAPS IN DIFFEOLOGY 395

3) Deduce that the moment map yy; = . [ M of SL(2,R) on M is a nontrivial double
sheet covering onto its image.

Examples of Moment Maps in Diffeology

The few following examples want to illustrate how the theory of moment maps in
diffeology can be applied to the field of infinite dimensional situations, but also to
the less familiar case of singular spaces. It is, at the same time, the opportunity to
familiarize ourselves with the computational techniques in diffeology.

9.27. On the intersection 2-form of a surface, I. Let X be a closed surface oriented
by a 2-form Surf, chosen once and for all. Let us consider Q(X), the infinite
dimensional vector space of 1-forms of X, equipped with functional diffeology. Let
us consider the antisymmetric bilinear map defined on Q*(Z) by

(a,B)HJ oA B,
p)

for all &, B in Q'(Z). Since the wedge-product o A B is a 2-form of ¥, there exists a
real smooth function ¢ € € °°(Z,R) such that o A B = ¢ x Surf. Thus, by definition,

fzocAB:fchxSurf.

1. A well defined differential 2-form w of Q!(X) is naturally associated with the
above bilinear form. For every n-plot P : U — X, for all r € U, 8r and 8 in R",

~_ [ 9P(r) aP(r)
co(P)r(Brﬁr)—fZ ar ar

2. The 2-form w is the differential of the 1-form A defined on Q!(X) by

(dr)A ).

A(P),(5r) = %f P(r) A ag(rr)(ar), and = d.
]

3. Consider now the additive group (% °°(%,R),+) of smooth real functions on X,
and let us define the following action of ¢ °°(Z,R) on Q!(X),

forall f € ¢°(Z,R), f = f =[a— a+df].
Then, the additive group % °°(Z,R) acts by automorphisms on the pair (Q'(2), w),
for all f in ¥°°(Z,R), f*(w) = w.

Note that the kernel of the action f — f is the subgroup of constant maps, and the
image of 6°°(Z,R) is the group Ble(E) of exact 1-forms of X.

4. Let p € Paths(Q!(X)) be a path connecting o, to ;. The paths moment map
W¥'(p) is then given by

¥ (p) = (aq()\)+d[f — éLf x dal])—(&gmm[f — %Lf x docOD.
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On this expression, we get immediately the 2-points moment map ()(cty, 0t1) = ¥'(p),
for any path p connecting o, to ;. Note that, since Q!(Z) is contractible, the
holonomy of the action of € °°(Z,R) is trivial, I' = {0}, and the action of ¥ °°(Z,R)
is Hamiltonian.

5. The moment maps of this action of ¥°°(Z,R) on Q'(X) are, up to a constant,
equal to

p:oc»—>d[f'—>JEf><do<:|.

Moreover, the moment map p is equivariant, that is, invariant, since the group
€°°(Z,R) is Abelian,

for all f € €°°(Z,R), wof = .
In summary, the action of 4°°(%,R) on Q!(Z) is exact and Hamiltonian.

NOTE. The moment map p(a) is fully characterized by da. This is why we find in
the mathematical literature on the subject that the moment map for this action is
the exterior derivative (or curvature, depending on the authors) oo — do. But as
we see again on this example, the diffeological framework gives to this statement a
precise meaning. Let us also remark that the moment map p. is linear, for all real
numbers t and s, and for all o and B in Q!(Z), p(t o +sB) = t u(ax) +sw(p). The
kernel of p is the subspace of closed 1-forms,

ker(y) = Zp(2) = {a € Q'(2) | do = 0}..
The orbit of the zero form 0 € Q'(Z) by 6 (X, R) is just the subspace Bl () C

Z1.(2), see (art. 9.29, Note 3) for a discussion about that.

PROOF. 1. Let us check that  defines a differential 1-form on Q!(Z). Note that,
for any r € U = def(P), P(r) is a section of the ordinary cotangent bundle T*X,
P(r) =[x = P(r)(x)] € €°°(Z,T*X), where P(r)(x) € T;(X). Thus,

8P(r) 8P(r)(x) 8P(r)(x)
ar

©Or)=[x—»—"—(0r)], a (dr) e TR(Z),

where aP(r)(x)/ar denotes the tangent linear map D(r — P(r)(x))(r). The
formula giving o is then well defined. Now, w(P), is clearly antisymmetric and
depends smoothly on r. Hence, w(P) is a smooth 2-form of U. Let us check that
P — w(P) defines a 2-form on Q!(X), that is, satisfies the compatibility condition
(P o F) = F*(w(P)), for all F € €¥°°(V,U), where V is a real domain. Lets €V, 3s
and &'s two tangent vectors to V at s, let r = F(s), and compute

0P o F(s) JPoF(s)
Js

3s (8%)

w(PoF),(8s,85) = J (83s) A
b



EXAMPLES OF MOMENT MAPS IN DIFFEOLOGY 397

dP(r) aF(s)

_ oP(r) dF(s) /
N J; dr Os (®s) A ar (&)
= F*(w(P)),(Ss,ds).

Thus, (P o F) = F*(w(P)), and w is a well defined 2-form on Q'(X).

2. First of all, the proof that the map P — A(P) is a well defined differential 1-form
of Q}(X) is analogous to the proof of the first item. Now, let us recall that &> = dA
means d(A(P)) = w(P), for all plots P of Q!(Z). Let us apply the usual formula of
differentiation of 1-forms on real domains,

de,(8r,8r) = 8(,(37)) — &'(¢,(3r)),

where 8 and & are two independent variations. For the sake of simplicity let us
denote
op ( )

o =P(r), So = ——(3r), So=

[SJ oc/\6’oc—8’f oc/\8oc]
s ®

[J. 50(/\8’0(-&—0(/\56’0(—] 6’0(/\60(4—0(/\8’50(],
o >

[J 80(/\8’0(—J 8’0(/\80(]

s )

[J 80(/\6’oc+f 60<A6’o<]
s )

SaA S

3P(r)

(37).
Then,

d(A(P)).(8r,dT) =

N =

N =

but 3d’a = &’dex, thus

d(A(P)),(8r,8)

N =

N[

I
o p—

= ,(8r,37).

3. Let us compute the pullback of A by the action of f € €°*°(X,R). LetP: U —
Q!(X) be an n-plot, and let r € U and 8r € R",

F* WP, (8r) = WfoP),(dr)
= MNre—P(r)+df),(dr)

= ;f(P(erf)Aa ©r)
z

= ;Jp(r)/\ap(r)(a )+1 fdf/\ap(r)(S)
z z
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2 (1
A(P),(57) + 5{5 L df A P(r)}(Sr)

LONCORE f f % d@r) | o)
z

Next, we define, for every f € €°°(Z,R), ¢(f) : Q1(Z) —» R by

(p(f)ZO(H;f f xdo.
T

Then,
d(e(f))(P),(8r) = a{lf fx d(P(r))}(Sr)-
ar\2 J;
Thus,
FX(P),(3r) = A(P),(8r) — (do(f))(P),(3r),
that is,

FX ) =r—d(o(f)).
Hence, d[f*(\)] = dA, and o = d) is invariant by the action of €°°(3,R).

4. Let p be a path in Q!(XZ) connecting a, to o;. By definition W(p) = p*(Hw).
Applying the property of the Chain-Homotopy operator d o ¢ +.# od = 1* —0* to
= dA\, we get

¥(p)

P dn)

= p*(A* () —0"() —d (W)

= (LepyMW—(00p) W —dl(#N)op]
= &N =N —d[f = ANp(FN]

But #AP(f)) = ANf op) = [z, A= [ f*(4), and since f*(3) = A—d(o(f)),
ANPUN = [, A= [ d(@(f) = [, A= o(f)(o1) +o(f )oxo)- Therefore,

¥(p) = &) —agN)—dLf = —(f (o) + @(f )ow)]
_ Ak Ak 1 1
= al(l)—a0(7\)+d[f'—>zfzfxdal—zjzfxdao].

We get then the paths moment map ¥,

¥(p) = (aq(x)m[f — éLf x dalD—(ag(x)M[f — %Lf x docOD.

Concerning the 2-points moment map ¢, we clearly have ({(ag, o) = ¥(p), for any
path connecting o, to ;.
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5. The 1-point moment maps are given by p(o) = {(ety, o) for any origin o,. Let us
choose o, = 0. So,

wa) =6a*(A) +d[f — éf f x doc] —0* (V).
x

But 0*()) is not necessarily zero. Let us compute generally &*(A). Let P : U — Q'(X)
be an n-plot, &*(A)(P) = M& o P) = Nr — &(P(r)) = M(r » oo+ d(P(r))), and

Nr— a+d(P(r)))

1 J (ot +P(r)) A i(oc +d(P(r)))

= J(““’( A 2480
ar

_ 1 8d(P(r)) ad(P(r))
= 2Loc/\ ar 2JP()/\ ar

Then,
3d(P(r))

6 W =0 WP = 5 f N
z

Therefore,

p(o)(P),

@) — ")), + d[f -1 f fx da](P)r
)

a1 2d(P(r) )
= 2fzoc/\ oy +3r{ JEP(r) doc}

_ é;{JaAd(P(r))+P(r)xda}
_ ;U P(r)xdoc},

u(oc)zd[f Hfzf xdoc].

Now, let us express the variance of p. Let f € ¥€°°(X,R) and F(a) be the real
function F(a) : f — fz f x da, such that p(o) = dF(c). We have u(f(a)) = (o +
df)=dF(o+df)but, for every h € €°°(Z,R), Floe+df)(h) = fzh xd(o+df)=
fzh x do. = F(a)(h). Then, for all f € €*°(Z,R), pOf = . The moment map
w is invariant by the group ¢ °°(Z,R). The Souriau class is zero, the action of
€ °°(X,R) is then exact and Hamiltonian.

which gives finally

Let us end with the computation of the kernel of the moment map p.. Clearly, w(at) =
0 if and only if dF(o) = 0. But since € °°(Z, R) is connected (actually contractible
as a diffeological vector space), dF(o) = 0 if and only if F(at) = cst = F(a)(0) = 0.
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But F(e) = 0 if and only if, for all f € €°°(Z,R), fzf x do. = 0, that is, if and only
if doo=0. O

9.28. On the intersection 2-form of a surface, II. We continue with the example

of (art. 9.27) using the same notations. Let us introduce the group G of positive
diffeomorphisms of (X, Surf), that is,
*(S
géiurf) > 0}‘

G=
{ urf

The group G acts by pushforward on Q!(Z). For all g € G, for all & € Q}(X),
g.(c) € Q'(X), and for all pairs g, g’ of elements of G, (g 0 g), = g, © g/, and this
action is smooth.

1. The pushforward action of G on Q!(X) preserves the 1-form A, and thus the
2-form w. For all g € G, (g,)*(A\) = A, and (g,)*(w) = w. Thus, the action of G is
exact, o = 0, and Hamiltonian, I" = {0}.

2. The moment maps are, up to a constant, equal to the moment y,

u(e)(P),(3r) = 1 f anp(ry (D),

)
for all « € Q}(X), for all n-plots P, where r € def(P) and 8r € R". In particular,
applied to any 1-plot F centered at the identity 15, that is, F(0) = 15, we get the
special expression

p(e)(F)o(1) = —3 f

)

oA Ep(a) = —f ip(o) x do,
%

where £x(o) and iz(o) are the Lie derivative and the contraction of o by F. Note
that it is not surprising that the Lie derivative of a is closely associated with the
moment map of the action of the group of diffeomorphisms.

PROOF. 1. Let us compute the pullback of A by the action of g € G, that is, (g,)*(A).
Let P : U — Q(Z) be an n-plot, let r € U, and 8r € R", then

(£ OP),(5r) = g, oP), (@)
_ 22.(P(r))
= ZL G ”AT( )

= ;L a.(P0n 70" )(6 ))

f pr) A 2P0 (5
)

N =

ar
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_ 1 ap(r)

A(P), (57).

Thus, Ais invariant by G, and so is w = dA.

2. Since the 1-form A is invariant by the action of G, we can use directly the results
of the exact case detailed in (art. 9.11). The moment map is, up to a constant,
@ o= &*(A). Then, let P: U — G be an n-plot, let r € U, 3r € R". We have:

w(o)(P),(3r) o*(A)(P),(8r)
NéoP),(8r)
= Nr—P(r),(e)),(3r)

- ;J P, n TP D o)
>

_ 1 o OP(r).(a)
= zLa/\p(r) (T(Sr)).

Now, let P =F be a 1-plot centered at the identity, F(0) = 15. Let us change the
variable r for the variable t. The previous expression, computed at t = 0 and
applied to the vector 8t = 1 gives immediately

w(e)(F)p(1) = éf oA w
z

=0
But, by definition of the Lie derivative,

(ro@) _LEOh@) g

Thus, we get the first expression of the moment map p. applied to F, that is,

t=0

W((Flo(1) =—3 f oA £4(0).

p)
Now, on a surface a Ada = 0, but ip(ax Ada) = ig(o) x daa—o A ig(do), thus ip(et) x
do = a Aig(da). Then, using the Cartan-Lie formula £¢(o) = ip(dot) + d(ip(a0)),

f oA Eg(o)
b

f o A [ig(der) + d(ig(e) ]
>

f iF(a)doc+f o A d(ip(a))

% b

f iF(a)da+f iF(oc)da—f dloAip(a)]
z p) z

= Zf ip(o)dar.
b
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And finally, we get the second expression for the moment map, that is,

we)(F)o(1) = —J ip(a) x dot,
b
for any 1-plot of the group of positive diffeomorphisms of the surface X, centered
at the identity. |

9.29. On the intersection 2-form of a surface, III. We continue with the example
of (art. 9.27), using the same notations. Let us consider the space Q!(Z) as an
additive group acting onto itself by translations. Let us denote by tg the translation
tg : o= o+ B, where o and 8 belong to Q'(Z).

1. The 2-form w is invariant by translation, that is, t’(w) = w for all « € Q).
This action of Q!(X) onto itself is Hamiltonian but not exact.

2. The moment maps of the additive action of Q!(X) onto itself are, up to a constant,

equal to
u:a-—»d[BHJ oc/\ﬁ:|.
pX

In other words, p(o) = d[w(a)], where w is regarded as the smooth linear function
o(o) : B— w(a, B), defined on Q'(X). Moreover, the moment map . is linear and
injective.

3. The moment map p. is its own Souriau cocycle, 6 = p. The moment map p
identifies Q'(Z) with the 0-affine coadjoint orbit of 0 € Q!(Z)*. Be aware that
Q!(Z)* denotes the space of invariant 1-forms of the Abelian group Q*(X£), and not
its algebraic dual.

NoTE 1. This example is analogous to finite dimension symplectic vector spaces.
The 2-form  can be regarded as a real 2-cocycle of the additive group Q*(X). This
cocycle builds up a central extension by R,

(oc,t)-(oc’,t’)=(oc+oc’,t+t/+f oc/\ot/)
s

for all (e, t) and (o, t') in Q}(Z) x R. This central extension acts on Q!(X), pre-
serving w. This action is Hamiltonian, and now exact. The lack of equivariance,
characterized by the Souriau class, has been absorbed in the extension. This group
could be named, by analogy, the Heisenberg group of the oriented surface (2, Surf).

NOTE 2. According to (art. 9.19), the space Q!(X), equipped with the 2-form w,
is a homogeneous symplectic space. This is the first simple example of an infinite
dimensional symplectic space, where diffeology avoids losing us in considerations
about the kernel of w and on the relations between algebraic duals.
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NOTE 3. The preimage of zero by the moment map of the Abelian group ¢ *°(Z,R)
on Q'(X) in (art. 9.27) is the subgroup of closed forms Z} (X) c Q'(X). This
group acts homogeneously on itself and its moment map for the restriction of the
2-form o is the projection of the moment map of the action of ¢ °°(Z,R), that
is, W e —> d [ﬁ — fz oA B], but now o and {3 are closed. The characteristics of
this moment map are the orbits of the subgroup p/~1(0), that is, the subgroup of
o € Z}(Z) such that fz a AP =0 forall B € Z} (). This is the subgroup of exact
1-forms BéR(Z). Then, the image of |’ identifies naturally with the quotient space
Hix(2) = Z [, (2)/Bi(2). Moreover, the closed 2-form passes to this quotient, it
is the well known intersection form, denoted here by w;,, © [ Z}jR(Z) = U (W)
This is an example of symplectic reduction in diffeology (see also (art. 9.17, Note)),
the full general case will be addressed in a future work.

PROOF. Let us compute the pullback of A by a translation. Let P : U — X be an
n-plot, let r € U, and let 3r € R",

t,(W(P),(3r)

Aty o P),(3r)
= Ar—P@)+al.(or)

-1 J () +ayp JED TN 5,
- ar

- 1f pi) A P 5y + 1f on PO )
) 2 )

2 or or

= AP),(5r)+ d[ﬁ — ;J oA B}(P)r(Sr).
p)
Let us define next, for all o« € Q!(X), the smooth real function F(a) by

F(O‘):B'_’;f oA PB.

)
Then,
£ (A) = A+ d(F(a)) and t () = w.

Next, Q!(X), as an additive group, acts on itself by automorphisms. Let us compute
the moment maps. Let p be a path in Q!(X), connecting &, to &, then

w(p) = &i(%)—&’g(h)—d[BHfd(F(B))]
p

= 63N — & (W) —d[B — F(B)(a) —F(B)(exo)]
{og (M) —d[B = F(B)(1) 1} — {op (W) —d[B — F(B) (o) I}
= {&3(W) +d(F(oy))} — {65 (AN) + d(F(exp))}-
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Thus, the 2-points moment map is clearly given by (g, ;) = ¥'(p). Now, the
moment maps are, up to a constant, equal to

(o) = (0, 00) = &5 (W) + d(F()) — 0*(W).
But for any plot P : U — Q!(X),
& (N(P)—0*(W)(P)

M&oP)—AN0oP)
= Nr—P(r)+o)—ANr—P(r))

= dlp—1 f AB|(P)
3 ) o)
= d(F(a))(P).
Hence, &*(A\)(P) — 0*(A) = d(F(«)) and p is finally given by

M(oc)=2d(F(a))=d[BH f

b

oA B}.
The moment map p. is not equivariant, the Souriau cocycle 0 is given by

w(ty,(8)) = ulo+ ) = w(B) + 6(ex), with 6(a) = p(r).

Considering the Note, the moment map p. is clearly smooth and linear. Let o € ker(p),
u(a) = 0 if and only if d(F(e)) = 0, that is, if and only if F(a) = cst = F(a)(0) = 0.
But F(o))(B) = 0, for all B € Q'(X), implies o = 0. Therefore, y. is injective. O

9.30. On symplectic irrational tori. Consider the smooth space R", for some
integer n. For all u € R", let t,, be the translation by u, that is, t, : x — x + u. Let ®
be a 2-form of R" invariant by translation, that is, for all u € R", t’(®) = w. Thus,
® is a constant bilinear 2-form, thus closed, dw = 0. Let us consider the moment
maps associated with the translations (R", +). Since R" is simply connected, the
holonomy is trivial, I = {0}. Let p be a path in R" connecting x = p(0) to y = p(1),
the paths moment map ¥'(p), and the 2-points moment map ()(p) are given by

W(p) =P(x,y) = o(y —x),

where w(u) is regarded as the linear 1-form w(u) : v — w(u, v). The moment maps
are, up to constant, equal to the linear map

B x - o(x),
and the Souriau cocycle 0 associated with y is equal to p. For allu € R,
0(u) = pu) = w(w).

Consider now a discrete diffeological subgroup K C R". Let us denote by Q the
quotient Q = R"/K and by 7t : R® — Q the projection. Let us continue to denote
by t, the translation on Q, by u € R", that is, t,(q) = 7t(x + u), for any x such that
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g = m(x). Now, since w is invariant by translation, w is invariant by K, and since K
is discrete, w projects on Q as a R"-invariant closed 2-form denoted by w, that is,

0o = T, (), or =7 (0q).

Note that the translation by any vector u of R" on Q is still an automorphism of w,
1. The holonomy I of the action of (R", +) on (Q, wg) is the image of the subgroup
K by u,

Thus, if w # 0 and if K is not reduced to {0}, then the action of (R", +) on (Q, wg)
is not Hamiltonian and not exact.

2. The moment map | : R" — R™ projects on a moment pq such that the following
diagram commutes.

R" [ s R™

nl lpr

Q=R"/K TR R™ /u(K)
For all g € Q, uo(q) = pr(w(x)) for any x such that ¢ = 7w(x). The Souriau cocycle
0, associated with pg, for all u € R", is given by

Bo(10) = Lg(m(w)).

Hence, if we consider the space Q as an additive group acting on itself by translations,
then the moment map ., coincides with its Souriau cocycle 6.

3. The map p is a fibration onto its image whose fiber is the kernel of y, that is,
val(p) ~ R"/E, E = ker(u). And, the map ., is a fibration onto its image p(R")/(K)
whose fiber is ker(ug) = E/(KNE). If  : R — R™ is injective (which implies that
n is even), then the moment map . is a diffeomorphism which identifies Q with
its image R™/u(K).

NoOTE 1. Regarded as a group, Q = R"/K acts onto itself by projection of the
translations of R". Since the pullback by 7 : R* — Q is an isomorphism from £* to
R™ (R" is the universal covering of Q), the moment maps computed above give
the moment maps associated with this action.

NOTE 2. This construction applies to the torus T? = R?/Z2. The action of (R?,+),
is obviously not Hamiltonian, but the moment map yr- is well defined. And, pr-
identifies T2 with the quotient of R%* — the (I'y, B )-coadjoint orbit of the point
0 — by the holonomy I, = w(Z2) c R%, according to the meaning of a coadjoint
orbit we gave in (art. 7.16). As strange as it may sound, the torus T2, equipped
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with the standard symplectic form w, is a coadjoint orbit of R, or even a coadjoint
orbit of itself. This is a special case of the (art. 9.23) discussion.

NoTE 3. All this construction above also applies to situations regarded as more
singular that the simple quotient of R" by a lattice. It applies, for example, to the
product of any irrational tori. An (n-dimensional) irrational torus Ty is the quotient
of R" by any generating discrete strict subgroup K of R". See for example [IgLa90]
for an analysis of 1-dimensional irrational tori. For example, we can consider the
product of two 1-dimensional irrational tori Q = Ty; x T, quotient of R> = R x R by
the discrete subgroup oy (ZP) x ox(Z%), where oy : RP — R and o : R? — R are
two linear 1-forms with coefficients independent over Q. In this case, the moment
map g will also identify Ty; x Ty with the quotient of R — (T, 6g)-coadjoint
orbit of 0 — by I'y = w(ay(ZP) x ax(Z?)). This is the simplest example of totally
irrational symplectic space, and totally irrational coadjoint orbit. Note that these
cases escape completely the usual analysis, of course, but also the analysis in terms
of Sikorski or Frolicher spaces; see Exercise 80, p. 123.

PROOF. First of all, the fact that there exists a closed 2-form wy on R/K such that
7*(wg) = w is an application of the criterion of pushing forward forms, in the
special case of a covering (art. 8.27). Now, the computation of the moment map
of a linear antisymmetric form « on R" is well known, and independently of the
method gives the same result pu(x) = w(x). The additive constant is set here by the
condition (0) = 0. But the value of the paths moment map ¥'(p) can be computed
as well by the general method, applying the particular expression

dp(t)
dt ’

1

0

of the Chain-Homotopy operator for manifold, where p is a path and 8p is a variation
of p. Then, since the result depends only on the ends of the path, choose, for any
two points x and y in R", the connecting path p : t — x + t(y — x). Let us recall
that W(p) = p*(Hw), let u and Su in R”, note that p,(t,) =t,op = [t — p(t) +ul.
Then,

¥(p),(du) = p*(Hw),(du)
= (H©),0p(3(t, 0p)), With 8p =0
1
= f w(p(t),du) dt
0
= w(y —x,du).

Thus, W(p) = ¢(x,y) = o(y —x) = o(y) —o(x), and p : x — o(x), x € R".
Consider now ), since R" is the universal covering of Q, every loop £ € Loops(Q, 0)
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can be lifted into a path p in R” starting at O and ending in K. In other words,
I'={¥()| £ €Loops(Q)} = {¥(t — tk) | k € K} = w(K).

The other propositions are then a direct application of the functoriality of the
moment map described in (art. 9.13), and standard analysis on quotients and
fibrations. |

9.31. The corner orbifold. Let us consider the quotient 2 of R? by the action of
the finite subgroup K ~ {£1}?, embedded in GL(2,R) by

{(; ?)

The space 2 = R?/K (Figure 9.1) is an orbifold, according to [IKZ10]. It is diffeo-
morphic to the quarter space [0, 0o[ x [0, co[ C R?, equipped with the pushforward
of the standard diffeology of R? by the map 7 : R — [0, 0o[ x [0, oo[, defined by,

e,s’e{il}}.

n(x,y) = (x? y*) and 2 =~ (R?).

The letter 2 will denote indifferently the quotient R% /K or the quarter space 7, (R?),
and the meaning of the letter 7t follows. Be aware that the corner orbifold is not a
manifold with boundary, £ is not diffeomorphic to the corner equipped with the
induced diffeology of R?. That said, we remark that the decomposition of 2 in
terms of point’s structure is given by

Str(0,0) = {£1}?, Str(x,0) = Str(0, y) = {£1}, and Str(x, y) = {1},

where x and y are positive real numbers. Then, since the structure group of a
point is preserved by diffeomorphisms [IKZ10], there are at least three orbits of
Diff(2), the point 0, = (0,0), the regular stratum 2 = ]0, 0o[? and the union
of the two axes, ox and oy. In particular, any diffeomorphism of 2 preserves the
origin 04. Actually, these are exactly the orbits of Diff(£). Let us remark that, since
dim(£2) =2 (art. 1.78), every 2-form is closed.

1. Every 2-form of £ is proportional to the 2-form  defined on £ by
x
() : (y) —4xy xdx Ady,

that is, for any other 2-form «’ there exists a smooth function ¢ € €°°(£,R) such
that o’ = ¢ X w.

2. The space (2, w) is Hamiltonian, I',, = {0}, and the action of G,, is exact, that
is, g,, = 0. In particular, the universal moment map ., defined by 1,,(05) =0, is
equivariant.
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FIGURE 9.1. The corner orbifold 2.

3. The universal equivariant moment map ., vanishes on the singular strata {0},
ox and oy, and is injective on the regular stratum 2. Therefore, the image p.,(2)
is diffeomorphic to an open disc with a point somehow attached on the boundary.

PROOF. 1. Let ' be a 2-form on £, and let &' be its pullback by &, &' = w*(w’).
Thus, there exists a smooth real function F such that & = F x dx Ady. But
since wo k = m, for all k € K, we get ee’F(ex,€’y) = F(x,y), for all (x,y) €
R? and all ¢, ¢’ in {£1}. Thus, F(—x,y) = —F(x,y) and F(x,—y) = —F(x, y).
In particular, F(0,y) = 0 and F(x,0) = 0. Therefore, since F is smooth, there
exists f € €°°(R?,R) such that F(x, y) = 4xyf(x,y), with f(ex,€'y) = f(x,y).
Therefore, & = f x &, with & = 4xy x dx Ady, that is, & = d(x?) A d(y?), but
x — x% and y — y? are invariant by K so, they are the pullback by 7t of some
smooth real functions on 2. Thus, d(x2) and d(y?) are the pullback of 1-forms on
2, let us say d(x?) = 7*(ds) and d(y?) = ©*(dt), so & = *(w), where w = dsAdt
is a well defined 2-form on £. Now, since f(ex,&’y) = f(x, y) means just that f
is the pullback of a smooth real function ¢ on £, it follows that any 2-form «’ on
£ is proportional to , that is, &' = ¢ x w, with ¢ € €°°(L,R).

2. The orbifold is contractible. The deformation retraction (s, x, y) — (sx,sy) of R?
to {(0,0)} projects on a smooth deformation retraction of £. Thus, the holonomy
is trivial, I" = {0}. Now, since the origin O is the only point with structure {1},
every diffeomorphism of £ preserves the origin 0,. Then, the 2-point moment
map is exact, see (art. 9.10, Note 2), the Souriau class is zero, o, = 0. Let q be
any point of £ and let p,(q) = $(04,q). This is an equivariant moment map and
P-w(ogz) = LI)(O.QZ’ OQ) =0.

3.Let q € 2, thus y,(q) = ¥(p) for any path p connecting 04 to g. Let g belong
to a semi-axis ox or oy, and let us choose p = t — A(t)q, where A is a smashing
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function equal to 0 on ] — 00,0] and equal to 1 on [1,+0o[. Thus, for all t €R,
p(t) belongs to the same semi-axis as q. Thanks to (art. 9.2, (©)), for any 1-plot ¢
of Diff(2, w,,) centered at the identity,

1
W(p)(0)(1) = J © [(i) = o(r)(A(s + t)q)} ((1)) ((1)) de.
0 )

But (s, ) — ¢(r)(A(s+t)q) is a plot of the semi-axis, and thanks to item 1, the form
vanishes on the semi-axis. Thus, the integrand vanishes and W'(p)(¢),(1) = 0. Then,
since 1-forms are characterized by 1-plots and since momenta are characterized by
centered plots, 1,,(q) = 0 for all ¢ € £ belonging to any semi-axis.

On the other hand, let q¢ and q’ be two points of the regular stratum £. Since
7 [ {(x,y) | x > 0and y > 0} is a diffeomorphism, and since & [ {(x, y) | x > 0 and
y > 0} is a symplectic Hausdorff manifold, there exists always a symplectomorphism
¢ with compact support & C {(x,y) | x > 0 and y > 0} which exchanges g and
q’. Then, the image of this diffeomorphism on £ can be extended by the identity
on the whole 2. Therefore, the automorphisms of  are transitive on the regular
stratum. The fact that the universal moment map is injective on the regular stratum
comes from what we know already on symplectic manifolds (art. 9.23). |

9.32. The cone orbifold. Let £, be the quotient of the smooth complex plane
C by the multiplicative action of the cyclic subgroup Z,,, mth-roots of unity. The
space £,, (Figure 9.2) is an orbifold, according to [IKZ10]. We identify 2, to the
complex plane C, equipped with the pushforward of the standard diffeology by the
map T, : 2 — 2.

2,=C/Z,withZ, ={CeC|{" =1} withm > 1.
The plots of &,, are the parametrizations P of C which write locally P(r) = ¢(r)™,

where ¢ is a smooth parametrization in C. Let us remark first that the decomposition
of 2, in terms of structure group, is given by

Str(0) = Z,,, and Str(z) = {1}, if 2 # 0.

And secondly that there are two orbits of Diff(£,,), the point 0 and the regular
stratum £,, = C— {0}. In particular any diffeomorphism of 2,, preserves the
origin 0. It is not difficult to check that {7,,} is a minimal generating family, thus
dim(£,,) = 2 (art. 1.78), and every 2-form on £,, is closed.

1. Every 2-form of £,, is proportional to the 2-form  defined by
T (w):z—>dx Ady withz =x +iy.

For every other 2-form «' there exists a smooth function f € €°°(£2,,,R) such that
o =f x o



410 9. SYMPLECTIC DIFFEOLOGY

N/

X

N\

Plane Cone Orbifold

X

FIGURE 9.2. The cone orbifold 2;.

2. The space (2, w) is Hamiltonian, I',, = {0}, and the action of G,, is exact, that
is, o, = 0. In particular, the universal moment map p,,, defined by p,(0) =0, is
equivariant.

3. The universal moment map ., is injective. Its image is the reunion of two
coadjoint orbits, the point 0 € ¢, value of the origin of £, and the image of the
regular stratum 2,,.

PROOF. Let us first prove that the usual surface form Surf = dx A dy is the pullback
of a 2-form w defined on £,,. We shall apply the standard criterion and prove
that for any two plots ¢; and ¢, of C such that «,, o ¢; = 7, © ¢,, we have
Surf(¢;) = Surf(¢,), that is, ¢, (r)™ = ¢, (r)™ implies Surf(¢p,) = Surf(¢p,). First
of all let us recall that, since we are dealing with 2-forms, is is sufficient to consider
2-plots. So, let the ¢; be defined on some real domain U C R?. Let r, € U, we split
the problem into two cases.

1. ¢1(rg) # 0 — Thus, ¢,(ry) # 0, there exists an open disc B centered at r, on
which the ¢; do not vanish. Thus, the map r — ¢(r) = ¢,(r)/¢,(r) defined on
B is smooth with values in Z,,. But, since Z,, is discrete there exists { € Z,, such
that ¢,(r) = T x ¢,(r) on B. Now, Surf is invariant by U(1) D Z,,. Therefore
Surf(¢;) = Surf(¢,) on B.

2. ¢1(ry) = 0 — Thus, ¢,(ry) = 0. Now, we have Surf(¢p;) = det(D(¢;)) x Surf,
where D(¢;) denotes the tangent map of ¢;. We split this case in two subcases.

2.a. D(¢4),, is not degenerate — Thus, thanks to the implicit function theorem,
there exists a small open disc B around r, where ¢, is a local diffeomorphism onto
its image. Since ¢;(r)™ = ¢,(r)™, the common zero r, of both ¢; and ¢, is isolated.
Thus, the map r — ¢(r) = ¢,(r)/¢d,(r) defined on B— {ry} is smooth, and for the
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same reason as in the first case, { is constant. Then, ¢,(r) =C x ¢,(r) on B—{ry}.
But since ¢;(ry) = 0, this extends on B. Therefore, Surf(¢,) = Surf(¢,) on B.

2.b. D(¢1);, is degenerate — Let u be in the kernel of D(¢,),,. Then, ¢, (ry+su)™ =
¢o(rg +su)™ for s small enough. Hence, differentiating this equality m times with
respect to s, we get at s =0, D(¢4),,(1)™ = D(¢,),, ()™ = 0. Therefore, D(¢,),, is
also degenerate at r, and thus Surf(¢,),, = Surf(¢,),, = 0.

Thus, we proved that for all r € U, Surf(¢,), = Surf(¢,),. Therefore, there exists
a 2-form w on £,, such that ©t} (w) = Surf, and this form © is completely defined
by its pullback. Now, since the pullback by 7, of any other 2-form «’ on 2, is
proportional to Surf, the form ’ is proportional to «. Now, for the same reasons
as in (art. 9.31), the universal holonomy I', is trivial, the Souriau class o, is
zero, and the universal moment map p,, defined by p,(0) = Oy. is equivariant.
Moreover, the regular stratum £ is just a symplectic manifold for the restriction of
. Every symplectomorphism with compact support which does not contain 0 can
be extended to an automorphism of (£, w). Thus, since the compactly supported
symplectomorphisms of a connected symplectic manifold are transitive [Boo69],
the regular stratum £ is an orbit of Diff(2, ») and, the universal moment map is
injective on this stratum (art. 9.23). Therefore, the moment map ., maps injectively
2 onto the two orbits, {04.} and p,(2). O

9.33. The infinite projective space. Let 5 be the Hilbert space of the square
summable complex series

A= {z =(Z)%,

n
ZZi ‘Zi < OO},
i=1

where the dot denotes the Hermitian product. The space 5 is equipped with the
fine structure of complex diffeological vector space (art. 3.15). Let P : U — 2
be a plot, then for every r, € U there exist an integer n, an open neighborhood
V € U of ry and a finite family & = {(A,,Z,)}4er, Where the Z, € 5, and the
Mg € €°°(V,C"), such thatP [V :r— >, _, A (r)xZ,. Such a family {(A,Z,)}qen
is called a local family of P at the point r,. We introduced the symbol dZ in Exercise
99, p. 194, which associates every local family & = {(A,, Z,)}4ea, defined on the
domain V, with the complex valued 1-form of V

dZ(F) 11— D A (1)Z,.
acA
For every A, = x, +1y,, where x, and y, are real smooth parametrizations, dA, =
dx, +idy,. There exists on 5 a 1-form o defined by

1i[Z-dZ—dZ-Z].

O(:?
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1. As an additive group (¢, +) acts on itself, preserving do. Let Z € 5#, and let t;
be the translation by Z, then t;(do) = dot. This action is Hamiltonian but not exact.
Let p be the moment map of the translations (¢, +), defined by w(0,.) =0,

w(Z) = 2d[w(Z)] with w(Q) : Z — %[c Z2—7-(] € € (#,R).

The moment map . is injective and (%, do) is a homogeneous symplectic space.

2. Let U(4#) be the group of unitary transformations of 5#, equipped with the
functional diffeology. The group U(s#) acts on ¢ preserving o. The action of
U(s#) on (52,da) is exact and Hamiltonian. Let P : U — U(4#) be an n-plot. The
value of the moment map ., for the action of U(s#) on (5, do), evaluated on P, is
given by

ap(r)(z) aP(r)(Z)

(dr)—

w(Z)(P), (57) = —[P( )(Z)- @r)- P(r)(Z)]

where, r e U, 8r € R" and if

c’)P(r)(Z)(8 Y=o 3. 2D 503,

P(r)(Z) =t Y, Au(1)Z,, then ar

a€A a€A

3. The unit sphere & C ¢ is a homogeneous space of U(5¢); see Exercise 126,
p. 267. The fibers of the equivariant moment map p of the action of U(s#) on
(&,do | &) are the fibers of the infinite Hopf fibration 7t : ¥ — & = & /S!, where
S! € C acts multiplicatively on . There exists a symplectic form o on 2, called
the infinite projective space, such that w*(w) = da [ &; see Exercise 100, p. 194.
The equivariant moment map of the induced action of U(#) on & is injective.
Therefore, equipped with the Fubini-Study form, & is a homogeneous symplectic
space and can be regarded as a coadjoint orbit of U(:#).

PROOF. Let us prove what is claimed here and has not been already proved in a
previous paragraph or exercise.

1. Since # is contractible, there is no holonomy. Now, let { € ¢, and let t
be the translation t;(Z) = Z + {. A direct computation shows that t’g(oc) =a+
d[w(?)]. Thus, do is invariant by translation t’g(doc) = do.. Now, let p be a path
connecting 0, to Z, we have w(Z) = ¥'(p) = p*# (da) = Z*(oc) 0* e(0)—d[Aoop].
But on the one hand we have Z = t,, thus Z*(a) — (o) =t (oc) —15,(a) =

o+ d[w(Z)] — o = d[w(Z)], and on the other hand, p(C) =ty op. Thus, Hoo
b=Jf,0=[g@= [ o+ [ dw@]= [ a+w@)2), since w(K)(0,) = 0.
Hence, W(Z) = d[w(Z)]—d[{ — w(L)(Z)]. But w({)(Z) = —w(Z)(Y), then p(Z) =
d[w(Z)]—d[¢ — —w(Z)(C)] = 2d[w(Z)]. Next, let Z be in the kernel of y, thus
w(Z) = cst = w(0,) = 0. But w(Z)(Z') =0 for all Z’ € »# if and only if Z = 0,,,



EXAMPLES OF MOMENT MAPS IN DIFFEOLOGY 413

we have just to decompose Z into real and imaginary parts and use the fact that the
Hermitian norm on ¢ is nondegenerate. Therefore, | is injective.

2. Since the 1-form o is invariant by U(#), this statement is a direct application of
(art. 9.11). O

9.34. The Virasoro coadjoint orbits. Let Imm(S', R?) be the space of all the im-
mersions of the circle S' = R/2nZ into R?, equipped with the functional diffeology.

1. For all integers n and all n-plots P : U — Imm(S!,R?), let a(P) be the 1-form
defined on U by

21

~ 1 o | BR(Y (D)
o(P),(3r) = L ”P(r),(t)”2<1>(r) “)'ar (6r)>dt,

where r € U and 3r € R". The prime denotes the derivative with respect to the
parameter t, and the brackets (- | -) denote the ordinary scalar product. Then, o is
a 1-form on Imm(S*!, R?).

2. We consider now the group Diff, (S!), of positive diffeomorphisms of the circle,
and its action on Imm(S!, R?) by reparametrization. For all ¢ in Diff, (S!), for all x
in Imm(S!,R!), we denote by ¢(x) the pushforward of x by ¢, that is,

P(x) =@ (x)=xo0¢".

Let F : Diff, (S!) — €¢°°(Imm(S!,R?),R) defined, for all ¢ € Diff (S'), by

21
F(p):x— f log |x(t)I| d log(¢'(¢)).
0
Then, the map F is smooth and for every ¢ € Diff(S!),

@* (o) = aa—d[F(e)].

It follows that the exact 2-form w = do, defined on Imm(S!, R?), is invariant by the
action of Diff(S!). Moreover, the action of Diff(S') is Hamiltonian.

3. Let x, : class(t) — (cos(t),sin(t)) be the standard immersion from S* to R2. The
moment maps for o restricted to the connected component of x, € Imm(S*,R?),
relative to Diff, (S!), are given by

o { x| d?

e — =1 ‘@I* ¢ Su du + cst,
I IE  du? og |lx" @)l } udu + cs

w(x)(r — @), (3r) = f

0

where r — ¢ is any plot of Diff, (S') defined on some n-domain U, r is a point of
U, dr € R*, u= @ !(t), and du = D(r — u)(r)(dr).
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4. With the same conventions as in item 3, the Souriau cocycles of the Diff, (S!)
action on Imm(S*, R?) are cohomologous to

2m 4 2 _ I /
0(g)(r > ), (5r) = f 3y (u)* — 2y (W)Y (u)

. TP ou du,

where g € Diff, (S') and y = g~!. We recognize in the integrand of the right hand
side the Schwartzian derivative of y.

5. Let B be the function defined, for all g and h in Diff, (S'), by

21
Bg,h) = J log(g o h)'(t) dlogh’(t).
0

Then, for all g and h in Diff, (S!),

F(gog')=F(g)og +F(g)—B(g. g
This function $ is known as the Bott cocycle [Bot78]. The central extension of
Diff, (S!) by B is the Virasoro group. Its action on Imm(S!, R?), through Diff, (S'),

is still Hamiltonian, and now exact. This is a well known construction which will
not be more developed here.

NoOTE. This example, built on purpose [Igl95], gathers the main ingredients found
in the literature on the construction of Virasoro’s group. It illustrates the whole
theory, by linking objects that originally appeared in disorder.

PROOF. The proof is actually a long and tedious series of computations. To make it
as clear as possible, we shall split the computations into a few steps.

The 1-form o. We prove first that o is a well defined 1-form on Imm(S!,R?). Let
F: U — U be a smooth m-parametrization. Let s € V, 3s € R™. Denoting by r the

point F(s), we have
" 1 INEI21010)
I I P T LR RO e e M

— 2m 1 . AP(E(s))(t)
B Jo m<P(F(S)) (| ZPEDO

27
= JO e )1’(t)||2 ()U()‘ap(r)(t)(aF(S)@ ))>

= oo 5009))
= F(a(P)),(3s).

Thus, a(P o F) = F*(a(P)), o satisfies the compatibility condition and is then a
differential 1-form on Imm(S', R?).

(85)>dt




EXAMPLES OF MOMENT MAPS IN DIFFEOLOGY 415

Let us consider now the action of Diff, (S!) on Imm(S*, R?). This action is obviously
smooth from the very definition of the functional diffeology of Diff, (S'). Let us
denote ¢! by ¢ such that

¢ (P)=a(poP)=alr —»P(r)oe  ]=alr —P(r)o¢].
Note that Diff, (S') acts on speed and acceleration of any immersion x, by
(xo0)'(t) x'(9(6)) - ¢'(0),
(x0¢)"(t) x"(9(6)) - ¢'(6)* +x(9(£)) - 9" ().
Let us denote by Q the plot @ o P, that is, Q = [r — P(r) o ¢], such that
3Q(r) (t)

©

o
IQ(r) (eI
for all r € U and all 3r € R". Now, from (Q) we have

QrY(t) = (P(r)ed)'(t) = P(r)(e(6))-¢'(t),

QY1) = (P(r)ed)'(t) = P(r)"(@(t)) - ¢'(£)* +P(r) (o(t)) - 9" (1)

Let us write a(¢ o P),(8r) according to this decomposition,

2m 2m
Adt+f Bdt.
0

21
(o P), (5r) = J <Q(r)”(t)
0

(or )>dt

o oP),(dr) = f

0
One has first,

— 1 % ez | P (9(0) - 9'(1)
N GICORTEMRICORC ot en).
that is,
- Y ey M
= Iy P ) o) (0

Since ¢, and thus ¢, is a positive diffeomorphism, after the change of variable
t — ¢(t) under the integral, we get already

21
f Adt = o(P),.(Sr).
0

Next,

1
PGy (0(6)) - ' (0)I12

(Pyto-oco| D),

then,

S 1 ap(r)(cp(r)) 0"(1)
Jo B‘“‘L ||P(r)f(q>(t))||2<P()(4’“”‘ (”> Ok
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Let us then denote for short,

P’ (r)(t)

x =P(r), x’=P(r), and 8x’ = |: 2 (dr )]

Using that, for any variation 3, we have the identities

1
Sllvl = (v | 5v) and Slog vl = ——3llv]| =
vl 8 vl lIvil?

we get, with a change of variable s = ¢~!(t) in the middle,

(v18v),

21 27 1 ”(t)
LBdt _ J oy e o)

21
f 3log [lx(¢(t))ll d log(e'(¢))
0

27

_ s f log 1 (6(6))]| d log(¢/ (1))
0
27

- 5 f log 1% (o~ (6))l| d log((o ™Y ()
0
21

B SJ log [|x’(s)I| d log[ (™)' (¢(s))]
0

27
_ s f log [1x'(s)]| d log(¢(s))
0

27
- -2 fo log [P (9] d og(e/(51) } 31)

21
= f dlog |lx’(p(t))]| dlog(d’(t))
0

- - 2 {r@een}en
= —d[F(g)](P),(3r).
Coming back to a(¢ o P),(8r), we get finally
o oP),(3r) = a(P),(8r) — d[F(¢)]1(P),(3r),
that is,
@* (o) = e —d[F(¢)].

Hence, the exterior derivative w = da is invariant by the action of Diff, (S!), and
since the difference ¢*(a) — o is exact, this action is Hamiltonian.

The 2-points moment map. Now, let us compute the 2-points moment map ¢ of the
action of Diff, (S!) on (Imm(S',R?), w). Let p be a path connecting two immersions
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xo and x;. Thus, ¥(p) = p*(H#w) = p*(H da) = p*(1*(a) — 0* () — d(H)) =
£3(00) — %5 (o) — d(Howo p). But, for all ¢ € Diff, (S'),

sarsr=|_a=[ 500
o(p) p
=f a—J. dF(e) =f o.—F()(x1) + F(@)(x0).
p P P

We get from there

W(p) = ¢lxg,x1)
{x7(c) +d[ep — F(p)(x1)]} — {x5(0) + d [ — F(@)(xp)]}-

But note that £*(a) + d[¢@ — F(¢)(x)] is not a momentum of Diff, (S).

The 1-point moment maps. Let us compute the moment map {(x,, x). Let
m = {X*(a) + d[¢ — F(@)(x) }(r — ¢),(37).
Let us denote for short

A = 2@ )6,

B = d[@HF(cp)(x)](rH(p)r(ar)zMgn

ar
We shall use the notation m,, A, and B, for the immersion x,, thus

(g, X)(r = 9),(8r) = m—mg = A+B—Ag—By.

But £*(o)(r = @) =k o [r — @]) =oar — x o), then let ¢ = ¢!, we get

21 , -
Zfo ||(xoq)1)’(t)||2<(x°¢)”(t) 9(xo0) (1)

ar
Let us now introduce

u=0(t), u' =¢'(t), and u” = ¢" ().

Then, the decomposition given by (Q) writes

(8r)>.

(x o) (t)=x"(u)-u' and (x 0 ¢)"(t) = x"(u) - u*+x'(u) -u”.
Next, let us use the prefix & for the various variations associated with dr, that is,
dx =D(r — x)(r)(dr). Then,

d(x00)(t)

3 ®r)=3[x'(w)-u']=x"(u)-Su-u'+x'(u) 3.

Thus,

27
A= f L (x"(Wu? + x"(Wu” | x"(Wu'du + x'(W)du') dt
o lIx@)Pu?
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21y 2 2,y " "
[T o gy [T DL o
0 0 u

llx" ()| llx" ()|

27 u,,
+f —8u'dt.
o W

Now,
_OF@)() s FF@)) . o=
B= T or = A or = —3[F(¢)(x)],
with
21 27
F()(x) = f log |x"((6))]| dlog¢'(t) = f log [|x’(w)|| dlog(u").
0 0

Then, after the variation with respect to 3r and an integration by parts, we get

B f o (), x ()
0

[l (W)

2%, " " 2T,y "
— _f <X (u): X (u)> au% dt +J (X (u)’ X (ll)) u/ 6 log(u/) dt
0

[l (W2 o @2

_ J T ) J T, w)
0 u

[l ()| o x@I?

Therefore, grouping the terms and integrating again by parts, we get

27 7 2 27 / 7 21Ty
A+B=J Hx(u)”8udu+2f Mx(“»swdwf = su'dt
0 0 o U

" 2m
Su" dt —f log||x’(w)]| 5d log(u)
u 0

@2 @2
21 27 27
ol @ W
= ————dudu—2 —1 oudu+ — du'dt
L el 28 ) g o8I @liouduk | o

Zﬂ: 27
Ix”"(WI?  d? o o
) Il du? dudu+ — du'dt.

Jo {IIX’(u)II2 du? og [lx'(w)||* ¢ Sudu o "

Now, since ||x;(t)[| = 1 we get the value of the 2-points moment map,

2n 1"
(o )(r > 9),(5r) = f {”’“ (”)”2—‘Izlogux%u)nz}audu
0

'@l du?

27
— J dudu.
0

The second term of the right hand side of this equality is a constant momentum of
Diff, (S!), so it can be forgottent. Thus, every moment map, up to a constant, is
equal to this moment p.

Souriau cocycle. The Souriau cocycle associated with the immersion x, is defined by
0(g) = P(xg, g(xg)); see (art. 9.10). We replace then, in the expression of () above,
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x by g(xg) = xg0¢~", that is, x = x oy, and 6(g)(r — ©),(3r) = Y(xo, X ©Y).
Let us note next that
(x0 o) () = xg(y(@)y'(u) and (x0 0 Y)" (u) = xg (v (W)’ (W)* + xg(w)y” (w),
and let us recall that ||x;|| = [|x; || = 1, and that (x; | x;) = 0. We get,
[’ @)II* = ¥'(w)? and [|Ix" @I = v'@)?* +y" (),

which gives

@R o WP
ewi T e
d> , Y Wy’ (W) —y" (w)?
aalosl@lp = 2T

Thus,

27
3Y//(U)2 _ ZY”/(U)Y/(L[)

5} — S =

(8)(r = ), (5r) fo T

21 27
J v/ (w)? 8udu—f Sudu.
0 0

But, after a change of variable u — v = vy(u), we get

dudu

+

2

21 271
f v (W)? Sudu = j Guy’ (W) y'(w)du = f v dv.
0 0

0
Then, the two last terms cancel each other, and we get the value claimed in the
proposition for the Souriau cocycle 6.

Bott’s cocycle. The real function F(g o h) —F(g) o h — F(h) is constant since X is
connected, and its differential is equal to (g o h)*(a) — h*(g*()), that is, 0. Now,
to make B(g,g’) =F(g)o g’ +F(g") —PB(g,g’) —F(g o g’') explicit, it is sufficient
to compute the right hand member on the standard immersion x,, for which the
speed norm is equal to 1, and thus log ||x’(¢)|| = O for all t. We get then

Blg.h) = F(g)(xooh™")—F(h)(xe) —F(g o h)(xo)

27
- +J log |(xo o h™1) (1)l dlog g'(t)
027:
= +J log(h™')'(t) dlogg’(t)
027:
_ f logh'(h™(1)) dlog g/(¢)
0

27
— —f logh’(s) dlog g’(h(s))
0
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2r
= +J log(g o h)'(t) dlogh’(t).
0

And this is the standard expression of Bott’s cocycle. m|

Exercise

® EXERCISE 147 (The moment of imprimitivity). Let X be a diffeological space. Let
Q!(X) be the vector space of 1-forms of X, equipped with the functional diffeology
(art. 6.45). Let Taut be the tautological 1-form defined on X x Q!(X) and let Liouv
be the Liouville 1-form defined on the cotangent bundle T*X; see (art. 6.48) and
(art. 6.49). Let us consider then the additive diffeological group of smooth functions
% °°(X,R), acting smoothly on X x Q'(X) by right action,

fi(x,0) = (x,aa—df)

for all f € €°°(X,R) and (x, o) € X x Q}(X). This action has a natural projection
on the cotangent T*X, and this action will be denoted the same way,

filx,a) = (x,a—df(x))
for all f € €°°(X,R) and (x,a) € T*X.

1) Show that, for all f € € °°(X,R), the variance of the tautological form and the
Liouville form are given by

f*(Taut) = Taut — prj(df) and f*(Liouv) = Liouv —t*(df).
Observe that the exterior derivatives dTaut and w = dLiouv are invariant by the

action of € *°(X,R).

2) Let p be a path in T*X, connecting (x,, a,) = p(0) to (x;,a;) = p(1). Show that
the paths moment map W' and the 2-points moment map ¢, with respect to the
2-form w = dLiouv, are given by

¥ (p) = P((xg,a0), (x1,a1)) =d[f — f(x1)]—d[f = f(x)].

3) Check that, for all x € X, the real function [f — f(x)] is smooth. We call it the
Dirac function of the point x, and we denote it by J,.
3, =[f = f(x)1€ €< (¥ (X,R),R).

Show that the differential dd, = d[f — f(x)] is an invariant 1-form* of the
additive group ¥ °°(X,R). Show that every moment map of the action of € °°(X,R)
on T*X is, up to a constant, equal to the invariant moment map

w:(x,a)—dd, =d[f — f(x)].

4This differential has nothing to do with the derivative of the Dirac distributions in the sense of

De Rham’s currents.
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Note that the moment p is constant on the fibers T;X = m!(x), and if the real
smooth functions separate’ the points of X, then the image of the moment map p.
is the space X, identified with the space of Dirac’s functions.

4) Show that the action of 6 °°(X,R) on (T*X, w) is Hamiltonian and exact, that is,
I'={0} and 6 =0.

This example, in the case of differential manifolds, appears informally in Ziegler’s
construction of a symplectic analogue for systems of imprimitivity in representation
theory [Zie96]. It is why the moment map p may be called the moment of imprimi-
tivity. The diffeological framework then gives to it a full formal status and even
extends it.

Discussion on Symplectic Diffeology

Symplectic diffeology is more a program than a complete theory. The last decades
of theoretical research in mechanics — in completely integrable systems, quantum
mechanics, or quantum field theory etc. — have shown a special interest in struc-
tures which seem to be symplectic even if they do not live on manifolds but on
spaces, generally infinite dimensional, where the formal constructions of symplectic
geometry do not apply as is. Building a formal framework for these symplectic-like
structures is not just a desire of formalism, but a need to embed these heuristic
constructions in a well delimited and workable mathematical construction. There
are different ways to approach these problems, such as functional analysis, infinite
dimensional manifolds a la Banach, or maybe others. A diffeological approach
is one of them, but has the virtue of involving a very light apparatus of mathe-
matical tools. Axiomatics, reduced to only three axioms, cannot be simpler and
the great stability of the category, under set theoretic operations, is a gift for this
kind of problem, where infinite dimensions and what is admitted to be considered
as singularities are a burden for classical geometry. On the other hand, the light
structure of diffeology does not seem to be a weakness. The construction of the
moment maps, associated with a closed 2-form on any diffeological space, shows
the whole — and deals correctly with the — complexity of the various situations
without exaggerating technicalities. This is clearly shown in the few examples given
in the previous sections of this chapter. So, even if it seems clear that diffeology
is adequate for such a generalization of symplectic (or presymplectic) geometry,
we still need a good definition, or at least a serious discussion, about what is a
symplectic diffeological space? Or what does it mean to be symplectic in diffeology?

A relatively good answer has been given at least in the case of homogeneous
spaces, that is, in the case of a closed 2-form « defined on a space X homogeneous

swhich means, f(x) = f(x’) for all smooth real functions f if and only if x = x’.
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for its group of automorphisms Diff(X, w); see (art. 9.18) and (art. 9.19). In
this case the situation is clear: a universal moment map distinguishes between
being presymplectic or symplectic. The homogeneous space (X, w) is symplectic if a
universal moment map ., is a covering onto its image, or, which is equivalent, if the
preimages of its values are diffeologically discrete. Otherwise it is presymplectic,
and the characteristics of p, can be regarded as the characteristics of the 2-form
, by analogy with what happens in the special case of homogeneous manifolds
(art. 9.26). The symplectic homogeneous case has been illustrated, in particular, by
the Hilbert space 5 or the infinite dimensional projective space & (art. 9.33), even
by the singular irrational tori (art. 9.30). The fact that these spaces are symplectic
is now a well defined property, according to the definition given in (art. 9.19).

Why is the homogeneous case so important? Because for a closed 2-form  defined
on a manifold M, being symplectic implies to be homogeneous under Diff(M, w),
with moreover the universal moment maps ., injective (art. 9.23). The homogeneity
of M under the action of Diff(M, w) is a strong consequence of two things: firstly
w is invertible, has no kernel; and secondly, every symplectic manifold is locally
flat, that is, looks locally like some (R?", w,,). There exists only one local model of
symplectic manifold in each dimension, this is the famous Darboux theorem.

In diffeology, we have not a unique model to propose for all the covered cases:
from singular tori to infinite projective space. But we can replace advantageously
the local model of symplectic manifolds by the strong requirement of homogeneity.
We remark that we could replace the global homogeneity by a local homogeneity,
but this would lead to unwanted subtleties, for now. Our question is then: Do we
want to preserve the fundamental property of homogeneity for symplectic diffeological
spaces? The answer to this question is not that obvious.

If we want to preserve the property of homogeneity, the problem is just solved by
(art. 9.19). But the example of the cone orbifold ¥, (art. 9.32) is a real cultural
or sociological obstacle. Many mathematicians want to consider the cone orbifold,
equipped with the 2-form described in (art. 9.32), as symplectic, because it is the
quotient of the symplectic space (R?, w,,) by a finite group preserving the standard
symplectic form wg. Unfortunately the cone orbifold is not homogeneous, the
origin is fixed by every diffeomorphism. However, even according to diffeology,
regarding %, as a symplectic diffeological space makes sense: the cone orbifold
is generated by symplectic plots — in this case the only plot T, : R> — %,,. Let
us remark that the corner orbifold (art. 9.31) does not satisfy this property, and
cannot be symplectic even according to this definition. Yael Karshon suggested,
in private discussions, to define symplectic diffeological spaces as diffeological
spaces generated by symplectic plots, that is, plots P such that «(P) is symplectic.

6] would be tempted to call these spaces, quasi symplectic.



DISCUSSION ON SYMPLECTIC DIFFEOLOGY 423

Mowment map

injective wow injective

v ’ ’
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et - nfinite projective space * Infinite Hilbert sphere )
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S 5 manifolds
4
&
g
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E ‘R2 0= (P+ 52) dxndy * Almost everything

<

FIGURE 9.3. Distribution of examples.

Although this makes sense, it is a way we have not explored yet. In particular, the
relationship between such a space and the moment maps needs to be clarified, as
well as the relationship with the action of the group of automorphisms and the
nature of its orbits. The idea behind this is to consider symplectic reductions as
symplectic spaces independently of the regularity of the distribution of the moment
map strata.

Another approach should consist of only requiring the universal moment maps to be
injective or at least to have discrete preimages, since the preimages of a universal
moment map seem to realize the characteristics of w. Let us note that the cone
orbifold satisfies this property, but not the corner orbifold, which is satisfactory.
Unfortunately, the space R? equipped with the 2-form w = (x% + y?)dx A dy also
satisfies this property, and it is clearly not symplectic. It seems that we have to
either abandon this approach, or to go deeper into it.

So, what remains? If we want to include the cone orbifold in the category of
symplectic diffeological spaces we have to give up homogeneity by the group of
automorphisms. Or, if we do not want to give up homogeneity, we abandon the cone
orbifold and certainly many other examples of diffeological spaces, generated by
symplectic plots. For now, the set of examples and theorems in symplectic diffeology
is not large enough to make a reasonable choice. It is why there is no general
definition of symplectic diffeological spaces here. But, we can just deal with these
spaces, equipped with closed 2-forms, by trying to get the maximum of information
as we did in the examples above, sumarized in the Figure 9.3: the nature of the
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characteristics of the universal moment map, the injectivity or not of the universal
moment map, the transitivity of the group of automorphisms or the nature of its
orbits, the computation of the universal holonomy, and the Souriau class, etc. We
have all the tools needed to treat the examples given by the literature or by the
physicists, and maybe to define what the word symplectic means in diffeology is
not that important after all. ..

A few more words. Why do we need the 2-form to be nondegenerate? From a
physicist’s point of view, we do not need that, actually it is the opposite. A pair
(X, w), with w a closed 2-form, represents what we could call a dynamical structure.
The characteristics of w, that is, the connected components of the preimages of
the universal moment map, describe the dynamics of the system, together with
the partition into orbits by the group of automorphisms. This is what physicists
are interested in: they want equations describing the evolution of their systems.
The fact that, in classical mechanics, the space of characteristics is symplectic is
fortuitous, a consequence of the presymplectic nature of the dynamical structures
involved.” Then, the group of automorphisms of the space of characteristics is
transitive and, by equivariance, the image of the moment map is one coadjoint
orbit. In the general case of infinite dimension spaces, orbifolds, singular reductions
etc., there is no reason for the automorphisms to be transitive, and the image of
the universal moment map is just some union of coadjoint orbits, and then, maybe,
not symplectic. The picture is clear, and that is what we have to deal with. Another
critical question is of the symplectic reduction of a subspace W C X: the reduced
space may be simply defined as the space of characteristics of the dynamical 2-form
o restricted to W, or its regularization, that is, the image of the universal moment
map of the restriction. It is actually not different from the general case where
the subspace coincides with the whole space. The task is then to describe this
image and what, from the 2-form, passes to the quotient or to the image? For the
structure of the space of characteristics we get two diffeologies: the first one is
the natural quotient diffeology on the space of characteristics, the second one is
the diffeology induced on the image of the universal moment map by the ambient
space of momenta. They may coincide or not, but they both have their role to play.

"However, as Lagrange showed, the fact that the motion space is symplectic is important for the
perturbations calculus in mechanics, see [1gl98].



