DOES THE MOTOR CORTEX DRAW ON A WIRE PLANE?
A DIFFEOLOGICAL MODEL OF THE TWO-THIRDS POWER LAW
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ABSTRACT. The two-thirds power law of human motor control (v o< x*1/3) is geo-
metrically equivalent to constant equi-affine speed. In classical differential geometry,
however, the equi-affine metric is not a tensor: it depends on acceleration, which does
not transform covariantly under arbitrary coordinate changes. To recover tensorial
behavior, one must either restrict the symmetry group to the affine group or introduce
an affine connection — sacrificing full diffeomorphism covariance.

This article proposes a different geometric setting. We equip the Euclidean plane
with the wire diffeology, the smooth structure generated by all smooth curves. In this
diffeological space, the equi-affine metric becomes a true covariant 3-tensor under
the full diffeomorphism group — no restriction of symmetries, no additional structure
required.

The construction is motivated by a simple fact: the motor cortex traces curves, not
two-dimensional patches. Accordingly, curves are taken as primitive, echoing the
motor control literature in which movements are built from a repertoire of elementary
building blocks — motor primitives. The wire plane offers a geometric formalization of
this idea in which the two-thirds power law emerges as a fully covariant invariant.

INTRODUCTION

The Two-Thirds Power Law, v = ¢ - x~/3, expresses a robust empirical relationship

observed in human motor control: the speed v of a drawing movement varies inversely
with the cube root of the curvature x of its trajectory [2]. Geometrically, this law is
equivalent to the constancy of the equi-affine speed along the curve [4, 7]. In other
words, the law reveals an affine geometric invariant hidden in the kinematics of planar
hand movements.

In the standard framework of differential geometry, on the Euclidean plane R? with its
usual smooth structure, the equi-affine arc length is not a tensor. The reason is that
acceleration involves second derivatives, which do not transform covariantly under
arbitrary coordinate changes without introducing additional structure — an affine
connection. To recover tensorial behavior, one must restrict the symmetry group of
the plane to the affine group, effectively reducing the geometry to a preferred class of
local transformations. The manifold approach achieves the best it can: the equi-affine
length behaves as a tensor, but at the price of restricting the symmetries of the plane.
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This paper proposes an alternative. Instead of restricting the symmetries, we change
the smooth structure of the plane itself. We replace affine geometry with wire geometry
by equipping the plane with the wire diffeology — the smooth structure generated by all
smooth curves. In this diffeological space, which we call the wire plane, the equi-affine
length becomes a true tensor without any additional assumptions. No affine connection
is needed. No restriction of symmetries is required. The full diffeomorphism group is
preserved [11].

The wire plane offers two conceptual gains. First, the equi-affine metric — originally
born as a tensor, the cube root of a covariant 3-tensor — recovers its full tensorial
character under the entire diffeomorphism group. Second, the geometry is built from
curves, making it a natural idealization of the motor primitive repertoire proposed
by Flash and colleagues [5]. In this framework, curves are primitive; points are their
intersections.

A simple experiment illustrates the point. Close your eyes and draw a small oval in the
air. You experience the movement as a curve. The plane emerges from the curve, not
the other way around. The Two-Thirds Power Law still holds under these conditions [8].
This suggests that, at the level of motor planning, curves are primary — precisely the
perspective the wire plane formalizes.

The wire plane is a geometric model. Whether it corresponds to neural implementation
is a separate question, and one this paper does not address.

1. APRIMER ON DIFFEOLOGY

Diffeology provides a framework for describing smooth structures on spaces that may
not be manifolds. The key idea is to shift focus from charts (local coordinates) to plots
— smooth maps from Euclidean domains into the space. A diffeological space is a set
together with a collection of such plots, satisfying three simple axioms.

Definition (Diffeology). A diffeology on a setX is a set 9 of parametrizationsP :U — X,
where U is an open subset of R" for some n, such that:

(1) Covering. Every constant parametrization belongs to 9.

(2) Locality. IfP : U — X is such that every point of U has a neighborhoodV with
Ply €92, thenP € 9.

(3) Smooth compatibility. IfP € 9 andF :V — U is smooth (in the ordinary sense),
thenPoFe 9.

The elements of 9 are called plots. The pair (X, ?) is a diffeological space.

A smooth map f : X — Y between diffeological spaces is a function such that for every
plot P of X, f oP is a plot of Y. A diffeomorphism is a smooth bijection with a smooth
inverse.

(a) The standard diffeology on a manifold. If M is a smooth manifold, its standard
diffeology consists of all smooth maps P : U — M in the usual sense. This recovers the
ordinary smooth structure. In particular, for R?, the standard diffeology includes the
identity map (x, y)— (x, y), which has a 2-dimensional domain.
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(b) The wire diffeology on the plane. Now consider the same set R?, but with a different
diffeology.

Definition (Wire diffeology). A parametrizationP : U — R? is a plot of the wire plane
W if, locally around every point of U, it factors through a smooth curve. That is, for
each uy €U there exists an open neighborhoodV c U, a smooth curvey :R— R?, anda
smooth function q :V — R such thatPly =y ogq.

In other words, the only smooth maps into # are those that, locally, depend on only
one parameter. A 2-dimensional plot like the identity (x, y) — (x, y) is not allowed,
because it cannot be written as y o g for any smooth curve y. This restriction is what
allows the equi-affine metric to become a tensor, as we prove in Section 2.

(c) Why this is not a manifold. The wire plane % and the ordinary plane R? have the
same underlying set of points, and even the same topology [11]. Yet they are different
as diffeological spaces, their smooth structures are different. A key invariant is the
diffeological dimension: the smallest n such that the diffeology can be generated by
plots whose domains have dimension 7 [9, §1.78]. For R? with its standard diffeology,
this dimension is 2. For the wire plane #/, because every plot factors through a curve
(dimension 1), the dimension is 1.

Thus, the wire plane is a diffeological space of dimension 1 whose underlying topology
is 2-dimensional — something impossible for a manifold, where dimension and topo-
logical dimension coincide. This is precisely the kind of geometry that is natural for a
system — like the motor cortex — that accesses space only through curves.

(d) Plots are probes. The philosophical shift is worth emphasizing. In ordinary dif-
ferential geometry, the smooth structure is defined by charts: local homeomorphisms
from the space to R”. In diffeology, the smooth structure is defined by probes: smooth
maps from Euclidean domains into the space. If the space is a manifold, the two notions
coincide. But diffeology allows us to choose probes that match the physical or biological
constraints of the problem. For the motor cortex, the natural probes are 1-dimensional
curves — because the motor system produces trajectories, not 2-dimensional patches.
The wire diffeology is simply the result of taking this observation seriously.!

2. THE WIRE PLANE AND THE EQUI-AFFINE TENSOR

Covariant tensors are genuine objects in diffeology. They are defined as maps o that
associate to every plot P : U — X a smooth covariant tensor o(P) on the Euclidean
domain U, satisfying the chain-rule condition:

oP o F)=F*(o(P))

for every smooth parametrization F in the domain of P [9, §6.28 Note]. This definition
recovers the standard notion of a tensor field when X is a manifold.

IDiffeology has found applications beyond differential geometry. For instance, the probabilist Boris
Tsirelson used it as early as 2006 to handle singular quotient structures arising from Brownian local minima,
relying on an early “samizdat” version of the foundational text [9] [6].
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We now define the central object of this paper: the tensor on the wire plane that makes
the equi-affine length intrinsic. Since every plot of the wire plane factors locally through
a smooth curve, it suffices to define the tensor on curves (the generating family) and
verify that the definition respects reparametrization.

Definition (Equi-affine tensor on a curve). Lery : R — R? be a smooth curve. Let Surf
denote the standard volume form on R?, Surf(u, v) = det[u v]. Define a trilinear map on
the tangent space of R at t by

oly),(8t,8't,8"t)=Surf(y(¢)(51), ¥(£)(&'t,8"1)),

where(t) and¥(t) are the first and second derivatives of y, and 3¢t,5't,8"t e T,R~R.
For each v, oY) is a smooth covariant 3-tensor on R.

The following theorem is the main mathematical result of this paper.

Theorem. The family of tensors oY), defined for every smooth curvey inR?, extends
uniquely to a smooth covariant 3-tensor o. on the wire plane ¥/ .

Proof. First, note that o(y) is trilinear and smooth with respect to its arguments. Thus,
oY) is a smooth covariant 3-tensor on the domain where vy is defined. To prove it
descends to the wire diffeology, we must apply the descent criterion for differential
tensors defined on generating families [9, §6.41].
We must verify that for any two local decompositions of a plot P, sayP=yoqg and P =
v’oq’ (asillustrated in the following figure), the pullback tensors satisfy the compatibility
condition:

q*(oly)) = g™ (oY)

Let r € % be a point in the domain of the plot, and let 3r,8'r,3”r € R" be tangent

vectors. The pullback is given by:

q*(oly)),(3r,8'r,8"r) = aly),(5¢,8't,8"1),

with t = ¢g(r) and 8t =D(q)(r)(dr), and mutatis mutandis for &'t and 8" t.

R
27N
U P W
R
Diagram: Independence of Parametrization. The diagram illustrates that the measure-

ment of the tensor does not depend on which curve (y or Y’) is used to represent the plot.
This compatibility condition is a requirement for the geometry to be intrinsic.

Since y o g =y’ o q’, differentiating once yields the collinearity of the tangent vectors:

Y(2)3t =Y'(t")3¢’. )
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Differentiating a second time, we apply the chain rule for second derivatives:
D?(y o g)(r)(&'r)(8"r)=(£)(d t)(&"t)+Y(£)D*(q)(r)(&r)B"r).

Equating this with the expansion for y’ o q’, we have:

()& )" 1) +¥(r)D*(g)(r)('r)(3"r)
= /()8 )" 1)+ (¢)D*(q Nr)(E )" T).

We now substitute these expressions into the definition of a. We calculate the value of
the tensor for the primed decomposition:

Surf(y'(£)8¢, ¥/t )& t')8"t")) = Surf(Y(t]&‘, () t)d"t)
+Y(1)D*(q)(r)(&'r)(&"r)
— (€YD P ) )

By linearity of Surf in the second argument, this splits into the main term plus terms
involving the second derivatives of the parametrizations. Specifically, the extra terms
are of the form:

Surf(y(2)3¢, Y()-D*(q)(r)(&'r)(3" 1))
and
surf(v(1)5¢, —Y'(#)- DHq )r)E 13" T)).
However, because of condition (<), the vectors y(¢) and y/(¢’) are collinear. Since the
volume form Surfis alternating, Surf(u, v) = 0 whenever u and v are collinear.

Therefore, these extra terms vanish identically. We are left with:
Surf(Y(£)(31), ()3 £)(3"1)) = Surf(Y'(')(3¢"), /(') t')(S"t")).

This proves that g*(a(y)) = g*(a(y’)). Consequently, a descends to a unique smooth
covariant 3-tensor on the wire plane. (]

The equi-affine arc length element y/|o| is therefore an intrinsic geometric quantity
(a 1-density) on the wire plane, derived from the covariant 3-tensor . We will con-
tinue to call  the equi-affine tensor, even though no affine connection or restriction
of symmetries is needed for its definition. Thus, on the wire plane, the equi-affine
length transforms as a tensor under the full diffeomorphism group — a property the
standard smooth structure cannot achieve without restricting symmetries or adding a
connection.

Remark. The construction generalizes toR" for any n > 2. For a curvey inR", define

%n(Y): = Vol, (Y(£), (1), ..., Y"(1)),

whereVol,, is the standard volume form on R". The same descent argument applies: the
volume form vanishes when its arguments are linearly dependent, which handles the
extra terms from reparametrization exactly as in the n = 2 case. The resultingo.,, is a
covariant tensor of degree n(n +1)/2 on the wire space W, (see[1] for the classical theory
of such invariants).
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3. DISCUSSION

The mathematical result of this paper is simple and, in retrospect, perhaps even obvious:
if one takes seriously the fact that the motor cortex draws curves — and only curves —
then the natural smooth structure on the plane is not the usual 2-dimensional manifold
structure, but the wire diffeology generated by all smooth curves. In this diffeological
space, which we call the wire plane, the equi-affine length underlying the Two-Thirds
Power Law becomes a true covariant 3-tensor. No affine connection is needed. No
restriction of symmetries is required.

This result should be compared with the standard geometric interpretation of the Two-
Thirds Power Law. In the usual framework, the equi-affine length is not a tensor. To
make it behave like one, one must either fix a preferred coordinate system or add an
affine connection [4, 7]. Both options introduce additional structure that is not directly
observable. Worse, they sacrifice full diffeomorphism covariance: the equi-affine length
transforms as a tensor only under the affine subgroup, not under arbitrary smooth
coordinate changes.

The wire plane restores this covariance. On the wire plane, the equi-affine length
transforms as a tensor under the full diffeomorphism group. This is what one expects
from a well-posed geometric invariant — that it should not depend on a preferred class
of coordinate systems. The wire plane achieves this not by adding structure, but by
choosing a smooth structure built from curves.

This choice aligns with a well-established idea in motor control research: the motor
system builds complex movements from a repertoire of elementary building blocks —
motor primitives — which can be combined and transformed according to syntactic
rules [5, 10]. The wire plane provides a direct geometric formalization of this idea. If
the repertoire consists of curves (strokes), then the natural smooth structure on the
plane is the one generated by those curves: the wire diffeology. The Two-Thirds Power
Law then emerges not as an additional constraint, but as an intrinsic tensorial property
of the geometry induced by the repertoire itself. In this sense, the wire plane can be
seen as an idealization of the motor primitive repertoire — a mathematical shadow
cast by the curves the motor system has learned and stored.

It is worth noting that the wire plane and the ordinary plane share the same underlying
set of points, the same topology, and even the same abstract group of diffeomorphisms
[11]. Their difference lies entirely in their diffeology — that is, in which parametrizations
are considered smooth. The wire diffeology is strictly finer: it admits fewer smooth
maps. This is precisely what makes the equi-affine tensor well-defined.

The construction generalizes to higher dimensions. For spatial movements (n = 3), the
invariant involves the third derivative (jerk). This suggests a possible connection with
minimum jerk models [3], but a detailed exploration of this connection lies beyond the
scope of this paper.

Finally, a word about interpretation. This paper offers a mathematical model. It does
not claim that the brain “implements” diffeology or that the motor cortex “is” a wire
plane. The model is mathematically rigorous, and it formalizes the observable fact that
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the motor cortex draws curves in a way that recovers full tensorial covariance for the
equi-affine invariant. Whether biologists find this model useful — whether it helps to
design new experiments or to reinterpret existing data — is an empirical question that
lies outside the mathematics.

Conclusion. The Two-Thirds Power Law finds a natural geometric expression as an
intrinsic tensor on the wire plane — one that transforms covariantly under the full
diffeomorphism group, with no restriction to affine transformations. This example sug-
gests that diffeology may offer a useful framework for modeling geometric phenomena
in motor control, where the natural probes are 1-dimensional trajectories.

The present paper has considered the full wire plane, generated by all smooth curves,
in order to establish the foundational result. But the motor system does not use all
curves — it uses a repertoire. In diffeological terms, a motor repertoire is a generating
family; the geometry it induces is the sub-diffeology generated by that family. The
equi-affine tensor remains intrinsic (by pullback), concatenation of primitives is an
operation within the generated diffeology, and learning corresponds to enlarging the
generating family. This perspective is formulated as a set of open questions in the
author’s repository,2 where it awaits further mathematical development and, perhaps,
experimental collaboration.
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