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We prove that every differential p-form on the half-space H" =
[0,00[x R®™! is the restriction of a smooth p-form on RZ.

This is the natural extension of the previous blog post on 1-forms
on half-spaces [SGPIZ16].

Proposition — Let H? = [0,00[ x R?"! be the half n-space, equipped
with the subset diffeology. Let v € QP(H™) be a differential p-form
on H™. Then, there exists a smooth p-form ® defined on some
neighborhood of H” c R” such that v = & [ H™.

Proof. Since H™ = ]0,00[ X R%1 = H? = [0,00[ x R®! inherits the
usual smooth diffeology,

o [H? = Y ajj.x(x,y)dxAadyja---Adyk
1<j<---<k

+ Y byj.x&y)dyiadyja--- Adyg,
i<j<—-<k

where (x,y) € H® and aij..x, bij..x € C*(HZ, R).
Now, let

sqp @ (¢, y) — (t2, y),
then let

sqi(@) = o((t,y) = (2, 3)

Y Ay x(t,y)dtAadyj A Adyk
1<j<- <k

+ Y Bj.x(t,y)dyindyjA...dyk,
i<j<<k
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with Ajj. .k, Bjj..x € C°(R",R). And for all t # 0,
Ay x(t,y) = 2tayj. x(t?, ) and By k(t,y) = by. k(&% y).
Next, sq](®) is invariant by € : (¢, y) — (-t, y), thus
sq1(@) = €"(sq]()
= Y Aj.xCty)(=dtAadyiA-- Adyk)
1<j<--<k
+ Y By.x(-t,y)dyiadyjA--- Adyk.
i<j<--<k
Thus, —Ayj. k(-t,y) = Akt y) and By k(t,y) = Byj..x(=t, y).
In particular, Alj...k(O,y) = 0. Hence, there exists a smooth func-
tion Ayj € C”(R™,R) such that Ajj. x(t,y) = 2tA,; xk(t,y), for
all t € R. Thus, for all t # O, alj,,,k(tz,y) = Aljn_k(t,y). Now,
Alj...k is even in t, as well as the Bjj x. We can then apply the

Hassler Whitney Theorem [Whi43, Theorem 1 and final remark],
stated as follows:

Theorem [H. Whitney] If a smooth function f(t,x) is even in t,
f(t,x) = f(-t, x), then there exists a smooth function g(t,x) such
that f(t,x) = g(t2, x).

Hence, there exists smooth functions ayj x(t,y) and by x(t,y),
such that Ayj (t,y) = ay;. (%, ) and By, x(t, 7) = by x(t%, 7).

Then, for all t > 0, aij.k(t,y) = ayj x(t,y) and by k(t,y) =
byj. k(& ).
Let us then define ® on RZ,

0 = Y ajj x(x,y)dxAdyja---Adyk
1<j<--<k

+ )y ij._.k(t,y)dyj/\dyj/\---/\dyk.
i<j<-<k

The form o is a smooth p-form defined on an open neighborhood
of H?, and » | H? = & | H™. Let us prove now that » and ® coincide
on the whole H®. Since » and o | H" are two differential p-forms
on H”, it is enough to show that they take the same value on any
smooth p-path.

Let 0 be any p-path in H?. Let O = ¢ }(H®), O c RP is open, and
on this open subset »(o) = w(o). Hence, by continuity o(o) = (o)
on the closure O of O (since ®(0) and (o) are smooth). But on
the open subset RP — O, ¢ takes its values in 0H® = {0} x R®L;
6 =0 | RP-0 is a plot of the boundary 0H®. Let i : R¥! — 0H?,



p-FORMS ON HALF-SPACES 3

i(y) = (0, y). Then, i*(v) and i*(®) are both p-forms on R®!. Let
us prove that they coincide. On the one hand

(@) = Z by;..x0, y)dyi Adyj A+ A dyk.
i<j< <k
On the other hand, let us notice that

i=sq; oi:y|—>(0,y)|—>(02,y).
Thus, i*(0) = i*(sq](®)) and then

@y @1y,...,0p-1y) =5q1(0)(0,5) (0,817, ..., 8p-17).

Hence,

sq1(@) = g <Z e Bj..x(0, y)dyi Adyj A-- - Adyk
1 J “ee

n-1
= 'Zl ij_,_k(o, _Y)dyl' A dyJ' A ANdyk,
1=

since A(0,y) = 0 and Bjj. x(t,y) = Ql-j_‘_k(tz,y). Hence o and
® coincide on OH™ and then ®(o) and w(o) coincide everywhere.
Therefore, since » and » coincide on the p-plots, they coincide as
p-forms [P1Z13, §6.37], and then, o = o [ H™. O
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