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In this note we show how to understand the Poisson bracket in dif-
feology, working directly on the group of Hamiltonian diffeomor-
phisms without involving tangent spaces and Hamiltonian gradi-
ents. Indeed, as it is usually defined, Poisson bracket seems to be a
contravariant object and therefore not really adapted to diffeology,
but it can be defined in a covariant way, which is more adequate
with the diffeoclogy framework.

Classical Poisson brackets

Poisson bracket are generally introduced in symplectic geometry
as a binary operation on the space of functions. Let (M, w) be a
symplectic manifold, that is,

weQ?(M), dw=0 and ker(w)=0.
Let x +— u be a smooth real function on M, we denote by
grad,,(u) = w™(du)

is symplectic gradient. Here w is regarded as a linear isomorphism
from TM to T*M, so w™'(du) is a tangent vector field. The Poisson
bracket is usually defined in the following way [Sou70]:

Definition [Souriau] Let x — u and x — Vv be two smooth real
functions on 1\/I,1 The Poisson bracket of u and v is denoted and
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1They are called dynamic variables by Souriau.
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defined by:2
{u, v} = w(grad(u), grad,(v)).

The Poisson bracket as it is so defined is a bilinear map
{31 €M, R)? = €% (M, R)

That satifies some classical relations called Jacobi identity we do
not discuss here.

Next, by applying the definition above of the symplectic gradient,
we have also the equivalent definition:

{u, v} = du(grad,(v)) also denoted by Ea)u(gradw(v)).
X

Poisson brackets in Diffeology

The problem with all these concept involving tangent vector fields
and Lie algebras is that they have not one only interpretation in
diffeology. That is why we have to bypass as much as possible the
introduction of tangent spaces in their generalizations in diffeology.
That works for the moment map, relatively well, as the many
examples in [PIZ10] have shown. This is what we propose in the
case of the Poisson bracket, to get a definition that covers the
classical case and satifies the constraints of a good diffeological
equivalent.

Let us now come back to the classical picture for a while. Assume
that the vector field

x — grad,(u)
is integrable. That is, it defines a 1-parameter group of diffeomor-

phisms
t s e8radw (W

Let us change our notation to:
Zy X Zv(x) = grad,(u) and  Zy : x o Z)(x) = grad,(u).

We have
{u,u} = wx(Zm ), Zy (X))
Assume now that Z and Z' belong to the Lie algebra § of a Lie
group G
z,z' €.

It is denoted by [u, vlp by Souriau.
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/
The 1-parameter groups {e‘ gradw(u)}teR and {et&rady(a )}teR are
just the action of two 1l-parameter group in G

!/
{e'?},cp and {e'? },cr Dbelong to Hom™(R,G),

and Zp;(x) and Z{\,[(X) are the fundamental vector fields associated
with Z and Z' in G. Thus,

wx(Zm (), Zy () = £ (w)(Z,2),
where
x:g— gy
is the orbit map at the point x and g); € Diff(M) denotes the
action of G on M. Indeed

£ (w)(Z,2) = wx(DE)14(2), DE)1,(Z"N)
= wx(Zn (), Z) (X)),

because
detZ(x)

ot [i—o
where 1g denotes the identity in G. Now,

Zm(x) = = D(%)1,(2),

Proposition. If the group G preserves w, that is, if
Vg e G, gylw)=w,
then
Vg e G, L& (W) =x"(w).

where L(g) is the left multiplication in G. Thus the map x — x*(w)
defined on M takes its values in the vector space of left invariant
2-forms on G.

Let us denote for now
G ={ecQ¥@) IVgeG, L") =cel
Thus,
{,}=[x— (W) € (X, 355).
Such that
£, 3x(2,Z2) = we(Zm (), Zy ().
Now, let us come back to our symplectic gradients. The flow

{et glradw(u)}ter‘» they define is called Hamiltonian because its Hamil-
tonian [PIZ13, §9.15] is [x — u]. Of course the group

Hy = Ham (M, w)
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is not a Lie group, but it is a diffeological group and as such obeys
to all diffeological constructions, in particular the diffeoclogical vec-
tor space of left-invariant k-forms on H, is well defined

Hyw = {e € Q5HW) | L(*(e) = €},

for any diffeological space X equipped with a closed 2-form w.
The space K}, = }CT w has been already defined as the space of
momenta of the group H, [PIZ13, §7.12].

Therefore, we can define now the Poisson bracket in full generality:

Definition [Poisson Bracket] Let X be a diffeological space and w be
a closed 2-form on X. Let Ham(X, w) be the group of Hamiltonian
diffeomorphisms [PIZ13, §9.15], and H3 be the diffeogical vector
space of left-invariant 2-form on X. We call Poisson bracket the
map

{, Yz xw, {,}elPX, H).

Remark The poisson bracket is not only a map from X to left-
invariant 2-forms on Ham(X, w) but to closed 2-forms. Indeed
d[z*w] = 2*[dw] = 0. Developed, that gives the Jacobi identity.

Now, let us check that this definition fits the concept of Poisson
bracket when X is a symplectic manifold. For that we consider a
n-plot P: U — Hy with P : r+— g, centered at 1g = P(0). Then,
for all x € X, for all r € U and dr, 'r € R™:

{', '}X(P)r(ér, 5/1') = }E*W(P)r(ér, 6/1')
= w(% o P);(8r, 8'r)
= w(r — g, (x))(0r, 8'r).
Since {-, -}x is left-invariant it is defined by its value at the identity

[PIZ13, §6.40, 7.18]. Thus, let us compute {:, -}x(P) at r = 0 for
two vector v, v/ € R™.

w(r — g, &x)o(v, v) = wir — g, (x))olv, v

0g,(x)
= wg0<x)( 5r

= Wy (ZMm(x), Z)(x)),

iy 0g,(x)
r=0 or

(v’>)

r=0



where

with
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%8|y D(s o gy (®)emo(D), (s € R)
or r=0

0g

= D(x) v

G( aS S=O>
= D()1,(2),
_ 98w
4= 0s s=0'

Indeed s — gg, is a centered path at the identity 1;,, then its
derivative defines a tangent vector Z € T1,(G), that is an element
of the Lie algebra §. If the action of G on M is Hamiltonian then
Z = grad,(u) and Z' = grad,(u) Therefore:

[P1Z10]

[P1Z13]

[Sou70]

w(r = g, N, v) = wx(Zm(x), Zy(x) = {u,u'}.
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