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This exercise gives a simple example of a function on the space
of rapidly decreasing sequences that is smooth for the functional
diffeology, inherited by the smooth periodic functions, but not
smooth for the ordinary product diffeclogy.

We consider the subspace € of rapidly decreasing complex se-
quences (zp)pcz € €. We consider the diffeology (&) on &, inher-
ited by the functional diffeology on the space of smooth periodic
functions, defined in [FDOFC]. We denote by Can the diffeology
inherited by the product diffeology, (&) is finer than Can.

®\\ Exercise. Show that the linear map F : € — C,

F: (ZH)HEZ — Z Zn,
neZ
is smooth for the diffeclogy (&), but not for the Can diffeology.
Hint: find a 1-plot v : t — (zp(t)),cz for the diffeclogy Can such
that F oy is not smooth.

C{® Solution — We know that the map j : f — (fp)pcz, from
C?g%r(R, C) to &, where the f,; are the Fourier coefficients of f, is
a diffeomorphism when GIC;%I(R, C) is equiped with the functional
diffeology and € with the diffeology (&) [FDOFC]. The inverse is
given by j ! : (fo)pez — [x = Y o7 fe? ™). Let { = j H(zn)yez,
then F((zp)pez) = C(0). Therefore F = 0 o j! where 0 is the
evaluation at the origin, 0(f) = £(0). Since 0 : Gg%I(R, C — Cis
smooth for the functional diffeclogy and j_1 is a diffeomorphism,
F is smooth.
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Next, consider the path

_ ie2lnl
vt (zp())pez  with zp(t) = e 1Bl 7t

b

where t € R. Since every z, is smooth, the path y is smooth with
€ C [Ipnez C equipped with the subset diffeology of the product
diffeclogy. Since |zp(t)| = el s rapidly decreasing in n, the

partial sums ZII;T:_N zp(t) converge for all t € R. Let f = Foy,

that is,
_ - 2|nl
f(t) = Ze Inl gte™™t,
nelZ
We shall check now that f is not derivable at t = 0. Consider the

variation
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nelZ
But,
. 2|nl|
el® t_l
y ie2lnl
t t—0
Hence,

Af(£,0) — iy elBl
o 12
neZ
but that is not convergent. Therefore f is not derivable in t = 0. [J
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