CECH-DE-RHAM BICOMPLEX IN DIFFEOLOGY

PATRICK IGLESIAS-ZEMMOUR

ABsTRACT. We propose a Cech cohomology for diffeological spaces as the
Hochschild cohomology of some characteristic gauge monoid. Then, we
describe how this cohomology is connected with the De Rham cohomology,
through a double-complex which we make explicit. We show that the first
obstruction for the De Rham theorem in diffeology, which is the middle term
of the exact sequence of low-degree terms of the associated spectral sequence,
can be interpreted as some group of (R,+) principal fiber bundles. That
introduces a first characteristic class for diffeological spaces which does not
exist for manifolds.

INTRODUCTION

This paper introduces a general Cech cohomology for diffeological spaces, which is
adapted to their specificity. In particular, it could not be a plain transliteration of
what exists in topology, since diffeological spaces can be substantially non trivial
even with a trivial topology. It seems that a good approach in diffeology, for the
Cech cohomology, will be to be defined as the Hochschild cobomology of a gauge
monoid, associated with the specific generating family of round plots. The compu-
tation in the case of the irrational torus shows that this Cech cohomology achieves
its purpose, even in this extreme case. Indeed, for the quotient Ty = R/K, with
K C R any strict subgroup, dense or not, we get IXI*(TK, R) =H*(K,R), where
the second term is the ordinary group cohomology of K, with real coefficients.

Then, we connect this Cech cohomology with the De Rham cohomology through
adouble complex, in Weil’s style [Weis2]. We describe this complex, the associated
two filtrations and the spectral sequence. Contrarily to the case of smooth mani-
folds, the spectral sequence does not split in general and contains the obstructions
to the De Rham theorem in diffeology. We knew already — by a specific com-
putation — that the obstruction of the first De Rham homomorphism is the
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2 PATRICK IGLESIAS-ZEMMOUR

group of equivalent (R, +) principal bundles, equipped with a flat connection
[Igl8s]. Thanks to the Cech-De-Rham bicomplex, we find this obstruction as the
middle term in the low-degree sequence of the spectral sequence, which gives to
it a full-fledged geometrical status.

We must acknowledge that the geometrical natures of the higher obstructions of
the De Rham theorem still remain uninterpreted. It would be certainly interesting
to pursue this matter further.

NoTE 1. This paper is a translation, also a revision, of a preprint [PI88-91] written
in French, and issued first in 1988 by the Center for Theoretical Physics'. It has
never been published in a journal and remained a confidential document. I felt
recently the need to publish it after it has been cited a couple of times in [Guri4]
and [Kurig].

This preprint was the first attempt to understand what happens to the De Rbam
theorem in diffeology? We know indeed that, in diffeology, the De Rham homo-
morphism is not necessarily an isomorphism. The first and simplest counter-
example is the irrational torus T, = R/Z 4 oZ [Donlgl83]. Its first cohomol-
ogy group H'(T,,R) — interpreted a priori as Hom(w (T, ),R) — is equal to
Hom(Z?,R) = R%. While its first De Rham cohomology group Hi, (T, ) is

equal to R. There was one factor R missing...

NorTk 2. Diffeologies have been introduced by J.-M. Souriau in the eighties,
and began to be developed at that time by his students, [Sou8o], [Donlgl83],
[Sou84-a], [Sou84-b], [Don84], [Igl8s]. A similar theory of “differential spaces”
had been proposed by K.-T. Chen in the seventies [Che77].

ACKNOWLEDGEMENTS: I would like to thank the anonymous referee of the Israel
Journal of Mathematics for his careful reading and corrections that improved the
quality of the manuscript.

i. DIFFEOLOGICAL SPACES AND DIFFERENTIAL FORMS

For self consistency we recall first some definitions in diffeology we use in the
following. Any detail can be found now in the textbook [PIZ13].

"Luminy, in Marseille (France).
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1. DiFFEOLOGY AND DIFFEOLOGICAL SPACES. We call Euclidean domain any
open subset of some Euclidean space R”, for any integer 7. We call parametriza-
tion in a set X, any map P: U — X, where U is a Euclidean domain. The set of
all parametrizations in X is denoted by Param(X).

A diffeology on a set X is the choice of a set D of parametrizations in X which
satisfies the following axioms.

1. COVERING : D contains the constant parametrizations.

2. Locarity : Let P be a parametrization in X. If for all » € dom(P) there
is an open neighbourhood V of 7 such thatP [V € D, thenP € D.

3. SMOOTH COMPATIBILITY : Forall P € D, forall F € C*°(V,dom(P)),
where V is a Euclidean domain, PoF € D.

A set X equipped with a diffeology is a diffeological space. The elements of D are
then called plots of the diffeological space.

2. SMOOTH Mars. A map f: X — X' is said to be smooth if for any plot P in
X, foPisaplotin X' If f is smooth, bijective, and if its inverse f ~lis smooth,
then f is said to be a diffeomorphism.

Diffeological spaces and smooth maps constitute the category {Diffeology}, stable
by set-theoretic operations, whose isomorphisms are diffeomorphisms.

The set of smooth map from X to X’ can be equipped with a natural diffeol-
ogy called functional diffeology. That makes the category Cartesian closed. For
example, the set of (smooth) paths in X, that is,

Paths(X) = C*(R, X),
is equipped with the functional diffeology.

3. DIFFERENTIAL ForMS IN DIFFEOLOGY. A differential k-form o on a diffeo-
logical space X is a mapping, that associates with every plot P: U — X a smooth
k-form o(P) on U, such that for any smooth parametrization F in U,

o(P o F) =F*(o(P)).

The set of differential f-forms on X is a real vector space denoted by Q*(X). The
total complex is denoted by

'(X) =P " (X).
keN

Let X’ be another diffeological space and f: X — X' be a smooth map, and
let o/ € Q%(X'). Then, the pullback of o by f is denoted by f*(o'), this is an
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element of Q%(X) and it is defined by
[H(@)P)=oa(f oP).

The exterior differential and the exterior product are defined as follows:

(dggo)(P) = dgg[o(P)] and (oA B)(P)=o(P) AB(P),

where the exterior De Rham differential d is a linear operator mapping Q*(X)
to QF1(X), for all £ € N; and the wedge product is a bilinear operator from
Q*F x Qf to QF. Then, Q*(X) is a differential graduated algebra over R, with
unit the constant function equal to 1. The graduated subalgebra of De Rham
cocycles (closed forms) and the ideal of De Rham coboundaries (exact forms) are

well defined,
Z(X)= @ ZISR(X) and  BiR(X) = @ BISR(X)-

keN keN
Where: ZX (X) = kerd g : Q¥(X) — Q*(X), BX (X) = d g (Q* (X)) and
BSR(X) = {0}. The De Rham cohomology groups are then defined as usual:

Hix(X) = Z5(X)/Br(X) and Hip(X)= @ Hi(X).
keN

NoTE. The De Rham cohomology is still homotopic invariant in diffeology. The
proof uses the Chain-Homotopy Operator [P1Z13,§6.83], which is a linear operator
satisfying:

K: O (X) - Q*(Paths(X)) with Kod+doK=1"—0",
where £(y) = y(t), for all y € Paths(X). Precisely,

ProrosiTioN Let X and X be two diffeological spaces. Let o be a closed /e—form
on X, withk > 1. Let t — ft be a smooth path in C®(X', X)), that is, a homotopy

from fyto f. Then f{(a)) = f; (o) + dB, with p € QF1(X).

It should be noted that the short proof that follows is essentially diffeological,
since it uses fundamentally the notion of differential forms on the space of paths,
which is not a manifold, except in trivial cases.

Proof. The homotopy ¢ — f, induces a smooth map ¢: X" — Paths(X), with
o(x’") = [t — f,(x")]. Then, the pullback by ¢ of the Chain-Homotopy Op-
erator identity, applied to o, gives ¢*(K(da)) + ¢*(d(K(a))) = (p*(i*(oc)) —
¢*(0%(ar)). Thatis, since do = 0 and ¢* o £* = (£ o @)* = £, d(¢"(Kar)) =
11 (@) — £ (or). Thatis, f*(e) = fy" (o) + d B, with B = ¢*(Ko). O
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4. D-Tororogy. We call D-topology on a diffeological space X the finest topol-
ogy that makes the plots continuous. A subset O C X is open for the D-topology
if and only if P~(O) is open for all plots P [Igl8s].

5. GENERATING FAMILIES. Let § be any family of parametrizations in a set X.
There exists a finest diffeology on X such that § is made of plots in X. This
diffeology is said to be generated by §, and § is called a generating family [Igl8s].
Every diffeology admits generating families, at least the diffeology D itself.

The family covers X if it is surjective on X. Otherwise one adds the constant
y )

parametrizations, without changing the diffeology. That is why we consider only

covering families.

The plotsP: U — X of the generated family are the parametrizations such that for
every point in U, there exist F € § and a smooth parametrization Q € €*°(V, U)
such that, locally, P =, Fo Q.

The nebula N of the generating family § is the sum of the domains of its elements,
that is,

N=] [dom(F)={(F,)|F€ §and r € dom(F)}
Fe§
A plot in the nebula is any smooth parametrization with values, locally, into some

fixed dom(F). In other words, the set of indices F € § is discrete for the sum
difteology. A nebula comes with its evaluation map defined by:

ev: N—X with ev(F,r)=F(r).

The evaluation map is a subduction, that is, it realizes X as a quotient of N. In
other words, every diffeological space is a quotient of such a bubbles space by an
equivalence.

6. DirFEoLOGICAL FIBER BUNDLES. A diffeological fibration, or fiber bundle, is
aprojection w: Y — X, where X and Y are diffeological spaces, which is locally
trivial along the plots. That means that, there exists a diffeological space F such
that for all plot P: U — X, the pullback pr,: P*(Y) — U is locally trivial with
fiber F, where

P(Y)={(r,y) € UxY|P(r) =n(y}.

A principal fibration, or a principal fiber bundle, is a diffeological fiber bun-
dle : Y — X with a smooth free action of a difteological group G, such that
the fibers of 7 are the orbits of G, and such that the local trivialisations of
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pr,;: P*(Y) — U intertwin the actions of G on each side. For more details see
[Igl8s] and [PIZ13], particularly [PIZ13, §8.12 8.13] for principal bundles.

ii. Ceca ConoMoLoGY ON DIFFEOLOGICAL SPACES

In this section, we propose a Cech cohomology for diffeological spaces. A def-
inition which tries to take in consideration the very specificity of diffeological
spaces, compared with Euclidean domain or manifolds. Think for example to the
irrational torus which has a trivial topology but which is highly not trivial from

the point of view of diffeology [DonlIgl83].

Since we will build this cohomology as the Hochschild cohomology of some
monoid, we recall this definition we can find* in [Macé67].

7. HocuscHILD CoHOMOLOGY. Let M be a monoid, and let (f,a) — f*(a)

be a covariant action of M on some Abelian group A. Forall f, g € M and all
a,beA,

(g7 @) =(gof)(a) and fat+b)=/f"(a)+/"(b).
The set C*(MM, A) of k-cochains from M to A is defined as the space of maps o
from M* to A.
CF(M,A) = Maps(M*,A) and CO(M,A)=A.

The i-th simplicial faces of the cochain o are then defined by,

300(fas--+> /1) = ﬁ*(o(ﬂ,...,ﬁ))
3.0(fos---s/2) = o(fy--sfiofiheenfr), 0<i<k
6k+1°(fo’---:f/e) = G(fo""’f/e—1)

for k£ > 1. And for k =0, the two simplicial faces of the cochain « are given by

So(a)(f)=f"(a) and 3,(a)(f)=a.
The Hochschild coboundary operator is then defined by

k+1
5: CH(M,A) - C*'(M,A)  with 8= (—1)'5;.
1=0
This coboundary operator satisfies as expected 3 0 8 = 0 and then defines a
cohomology. The group of k-cocycles is denoted by Z*(M, A), the group of

*We read in part X.s (p. 291) of MacLane "Homology" : “The homology of a group (or a
monoid) is a special case of the Hochschild homology of its group ring”, where Hochschild
cohomology is introduced in [Hoch4s].
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k-boundaries is denoted by B¥(M, A), and the Hochschild cobomology groups are
denoted by H* (M, A).
Z*(M,A) = ker[5: CF(M,A) — C*+1(M,A)], k>0.
B*(M,A) = 3(C*'(M,A)), k>0, and B°(M,A)=0.
HE(OM,A) = ZF(M,A)/BF(OM,A), k>0.

REMARK. The first Hochschild cohomology group has a particularly simple
interpretation. One gets immediately, for a O-cochain a4, 8(a)(f) = f*(a) —a.
Thus, a € Z°(M, A) if and only if f*(a) —a = O, for all f € M. And since
BO(MM, A) = {0}, we get
HOV,A)={a€A| f(a)=a,Vf €M)}
This cohomology group is the subgroup in A made of fixed elements by the

covariant action of the monoid M.

8. THE GAUGE MoNoID oF ROUND ProTs. Let us introduce now the nebula
of round plots and the associated gange monoid.

DEFINITION 1. Wecall round parametrization, 2nd round plots, every parametriza-
tion, and plot, defined on an open ball of some Euclidean domain.

The set of round plots of a diffeological space X is obviously a generating family.
Let D be the diffeology of X, and let B be the set of its round plots:

B={p D |dom(¢)is some Euclidean open ball B}.

We will denote by B the nebula of the family 3, that is,
B= L[ dom(p) ={(¢,7) | p € Band r € dom(o)},
0B

and ev: B — X be the evaluation map ev(¢p, ) = ¢(7).
Let us, now, introduce the second main object of this study.

DEFINITION 2. We denote by M and we call gauge monoid (of the round plots),
the set of smooth maps on B that project, along the evaluation map, to the identity
of X, that is,

M={f€C®(B,B)|evof =ev};

and let

f (@, 7) = (f3(@) f(7));
where f — fy € Maps(3,B) is the action of M on the set of indices B, and

/, € €% (dom(p),dom(f33(¢)))-
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NoTE. Actually we can restrict our attention to the sub-monoid
M = {f e M| # Supp(f) < oo}
of transformations with finite support, Supp(f) = {¢ € B | £, # Lyom(y }- It

seems that nowhere in this work this is necessary, however it could be necessary
for some other developments. It is good to leave the door open for that.

9. DIFFERENTIAL FORMS REVISITED. Let o € Q% (X), its pullback
&=ev'(o)
is the smooth k-form on B satisfying
6] {o} x dom(e) = (p).
And since forall f € M, evof =ev,
ff(@)=a forall feM.
The evaluation map ev defines a morphism of De Rham complex
ev': Q*(X) — Q*(B)
which takes its values in the subspace
Qu(B)={aeQ(B)|V/eM, f1(&)=6&}
of smooth forms on B invariant by the covariant action of M. Conversely:

PROPOSITION. A smooth form 6 € QF(B) is the pullback, by the evaluation map,
of a differential form ocon X, if and only if it is invariant by the action of the gauge
monoid M, that is
fr@&)=a forall feM.
The form o € Q¥ (X) such that & = ev*(a) is then unique.
In other word, the pullback ev* realizes a De Rham complex equivalence:

O (X) = Q% (B).

The complex of differential forms on X is then identified with a subcomplex of
the ordinary complex of smooth forms on the bubbles space.

REMARK. It is interesting to notice that, in regard of the equivalence of the
complexes above, the space X itself, which is a quotient of the nebula B by the
evaluation map, is also the quotient of B by the action of the gauge monoid M,
that is,

X ~B/M.
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Therefore, considering the special structure of the nebula B, it is not surprising
that Q*(B /M) identifies with Q} (B) as its pullback by the evaluation map ev,
for which M is the gauge transformations monoid.

We need however to clarify what does means this equivalence above. The relation
between two elements (¢, 7) and (¢', 7’), defined by the existence of / € M such
that (¢, ") = f (¢, 7), is reflexive and transitive but not symmetric. The quotient
above is defined considering the equivalence relation generated by the symmetric
closure of the action of the monoid M on B. More precisely, (¢, 7’) and (¢, 7 ) are
equivalent if there exists a finite chain (¢;, 7, )| of elements of B, and a sequence
()" of elements of M, such that (¢;, 7,) = (¢, 7), (> ) = (¢, 7”), and for
allz =1...N—1,(@;,1,7,.1) = f;(@;,7;) or (9;,7;) = fi(@, 15 7:1)- Actually,
these chains reduce to alternating chains, by composing the successive elements
of the chain that can be composed. Now, for all x € X, let x€Bwithx:R°—
X such that x(0) = x. Then, for all (¢, r) such that ¢(7) = x, there exists
f1{x}xR%— {o@}x dom(¢) mapping O to » and satisfying evo f = ev. Hence,
all (¢, r) such that ¢(r) = x are equivalent to x, and X ~ B /M.

Proof. Let & € QF(B) such that f*(&) = & for all f € M. Consider a plot
P: U — X. The domain U admits a locally finite covers U = U,B,, where the
B, are open balls, for some set of indices. Hence, the restrictions ¢; =P | B, are
compatibe round plots, defined on B; that is, they coincide on the intersection
of their domains. Let then a(q;) = & | {o;} x B, € Q¥(B,). We shall check
first that the a¢;) are compatible and defines a smooth k-form on U. Let 7,
be some point in U, since the covering is locally finite, the point , belongs to
only a finite number of balls of the cover. Let r, € B, NB i andlet ¢, =P [ B,
and @ = P [ Bj. Then, there exists a small ball b C B,N B]- such that » € b,
letp =P | b,itisaround plot. Let f;: {{¢} x b — {¢;} x B, be the inclusion:
F:({o},7) = ({@;},7), and f; is the identity elsewhere. Then, for all » € b,
ev(fi({o}, ) =ev({e;},r) = @(r) = (R [ B)(r) = (P [ b)(r) = db(r) =
ev({¢}, 7). Thus, evof; = ev. Hence f;*(6 | {g;} x B;) = & [ {{} x b, that
is, £ (o(@;)) = ;) [ b =6 [ {p} x b. For the same reason, we have o(¢p; ) |
b =é | {d} x b. Thus, ofe;) [ B,NB; = a(e;) [ B, NB;. This property
extends naturally to a finite intersection of balls. Hence, the family of differential
forms o(¢; ) is compatible, there is a smooth k-form o(P), defined on U, such that
o(¢;) = o(P) | B,. Note that the form a(P) does not depend of the covering: If
we have another locally finite covering by balls B’, giving o' (P), then the union of
the two coverings is still a locally finite covering by balls B, giving a form o (P),
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{#} b
O

f;/ \ﬁ

{6}« Bi O @ \ {6} B;

Ficure1. The form o on X.

which by construction is equal to a(P) and o' (P). Therefore, the form 6 defines
a mapping P — o(P) for all plot P in X, with o(P) € Qk(dom(P)).

Let us check now that this mapping defines a differential k-form on X, that is,
o(P o F) =F*(a(P)), for all smooth parametrizations Fin U. Let F: V— U be
a smooth parametrization. Let B. be a ball of the cover above. Let V. =F~'(B.).
The subset V' is an Euclidean domain and admits a locally finite covering by balls.
Let b be a ball of that covering. On the nebula, consider the map F;: {Po F [
b} xb—{P|B,;} xB,, suchthat F)(PoF | b,s) = (P | B,,F(s)). One has,
evoF, (PoF [ b,s) =ev(P | B,,F(s)) = P(F(s)) = ev(Po F | b,s). Thus,
Fi(&[(P[B;)=a[(PoF|b),thatis, F(a(P | B;) =(PoF | b). Because
of the locality of pullback, and the locality of smooth forms on Euclidean domains,
we get F*(a(P)) = o(P o F). Therefore, o defined above is a differential form on
X. The differential form o associated with & is unique, because the evaluation
map ev is a subduction [PIZ13, §6.38 & 6.39]. Note that, for a real function

]; : B — R, invariant by M, this is even simpler. The function f is defined on X

~

by f(x) = f(x), where £: {0} — X is the plot x(0) = x. O
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10. CEc CoHOMOLOGY OF A DIFFEOLOGICAL SPACE. Let X be a difteological
space. Let B be its nebula of round plots. Let M be the gauge monoid of the
evaluation map ev: B — X. Let R be an Abelian group and let

A =Maps(3B,R).

be the group of maps from the round plots to R. It is convenient to see A as the
group of locally constant maps from the nebula B to R

A={t:B-R|YoeB,3c, €R,7 [ {p} x dom(p) =},
where {¢} X dom(¢) is a component of B and c,, some element in R.
We denote by C*(X, R) the group of Cech k-cochains on X with values in R,
CHX,R) = Maps(M*, A) = Maps (J\/[k , Maps(3,R)). <)

DEFINITION. We define the k-th group of Cech Cobomology of X with values in the
Abelian group R, as the k-th Hochschild cobomology group of the monoid M with
values in A. We denote

H*(X,R) = H*(M,A)  and H'(X,R)=H"(M,A) ()

NorTk. It is possible to understand immediately the IZIO(X, R) for any diffeologi-
cal space. The Cech O-cochains is the set CV:O(X, R) = Maps(3,R). That s, the
real constant maps ¢ from the components of the nebula B to R. Now, belonging
to HY(X,R) means 8¢(f) =0, that s, £*(c) = ¢, which means that ¢ = ev*(s)
with s € C*°(X,R)and ds = 0. Hence, HO(X, R) is the set of local constant real
functions on X, that is,

H°(X, R) = Maps(m,(X), R).

11. CEcH CoHOMOLOGY OF TorI. We call diffeologial torus or simply torus any
quotient Ty =R” /K, where K C R” is a (diffeologically) discrete subgroup, that
is, its subset diffeology is discrete — generated by constant parametrizations. For
what follows, we will not need that K generates R”, but obviously the term torus
will be an abuse of language when it will not be the case. We say that Ty is an
irrational torus when the subgroup K generates R” but is strictly larger than a
lattice. Irrational tori have been the first case of significant diffeological spaces,

with the case K =Z 4+ oZ C R and « € R— Q [Donlgl83].
Then, Ty is a connected diffeological space, the projection

n:R” — T,
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is the universal covering of T [PIZ13,§8.26], and K is the first group of homotopy,
its fundamental group [P1Z13, §s.15],
TK =R"” and =(Tx)=K.
Since T is connected,
H°(T¢,R)=R.
In order to compute the Cech cohomology of Ty, we remark that, since the plots

¢ € B are defined on balls, thanks to the monodromy theorem [PIZ13, §8.25],
there exists a smooth map f: B— R” thatlifts ¢: B — Ty. Thatis,

p=mof.
This map is unique as soon as we fix the image of one point in B. The set of

liftings of ¢ is indexed by K. Now, let F € M, we denote by the same letter the
action of F on B and its action on the set of component y(B) = B. In other

words for all (¢, 7) € B, let F(o, 7) = (¢’, r’). That s,
Fo)=[¢": B = Tx] with ¢ oF=nq.
Let us pick a lifting f” for ¢’. We have then,
o oF=¢, o=mof, ¢ =mnof'.
Hence,
nof'oF=nof = 3JkeK, floF=f+k,

and this & is unique.

\/
/\

FIGURE 2. Element of the Gauge Monoid of Tk.

These relations are represented by the commutative diagram of Fig.2. Now, choos-

ing for each ¢ € B alifting f in R, defines a map
% : M — Maps(B,K) by k& =x(F)().
Note this:



CECH-DE-RHAM BICOMPLEX IN DIFFEOLOGY 13

— The elements £ € K belong to M, since w: R” — Ty is a round plot and
nok =, thatis, kyy(n) =mand k_(x) = x + k.

— Theliftings / also belong to M with f (¢, 7) = (m, f (7)), thatis: fy(p) =
mand f (r)= f(r).

PROPOSITION. For every p-cocycle o € 77 (Tx,R), there exists a (p — 1)-cochain
& such that

o(Eyye. e E @) = 0lky,.... k, )(7) +8e(F,, ... F, o),

withF;: @; = @y, oy =@, by =%(F))(@,), thatis, f, oF, = f, + k;, asitis
shown by the diagram of Figure 3.

Fy F, L Fpa Fy
% ¢, P3 R ?, Pp+1
Al A A 5] [fos1
R” R” R” e R” R”
ky k, ks ki k,

F1GURE 3. Cocycle Morphism For Ty.

COROLLARY. The mapping that associates with all o € Cr (Tg,R), s restric-
tion o | K? which belongs ro C?(K,R) = Maps(K?,R), defines a morphism in
cobomology from H? (T, R) 20 H? (K, R), which is an isomorphism:

H*(Ty,R) ~ H*(K, R).
Where H*(K, R) is the ordinary cobomology of the group K with real coefficients.

Proof. Leto € (VIP(TK,R). Let [F: 0, — o, ,,] € M, with ¢, = ¢, k; =
#(F;)(¢,) and the liftings f;: B, — R” such that f,, o F, = f, + k;, for i =
1,..., p. Let us consider the sum

p .
S, =D (1) 86(F ;.0 F, i foisirky e sk, )0)

1=0
This sum begins with do(F , ..., Fp,f;)_H) and ends with (—1)?8o(f, k- - -, /ep).
Let us definee € ép—l(TK, R), by

p—1

e(Fpe Byl @)= D0 0(F o By fyisky sk, )(0),

1=0
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pl

[p-1]

i
|

(-1)p2
121
(1)t 2

(11

2z 3

FIGURE 4. Representinge(F,,...,F,_ )(e).

for p>1,andfor p =1:
e € Maps(B,R) with (@) =0o(f)),
with @ = ¢, and wo f; = ¢@,.
We shall show firstly that:
S, = (=)' [o(F,s ... F @) —o(kys....k, ) ()] +3e(F,....F (o).

We shall begin by computing the example with p =3 to identify the recursivity
of the computation of S o But before that, we will change our notation and
denote k, , = k;, then the commutativity of the squares in the diagram of

Figure 3 becomes f, aoF; = k.., o f.. In the definition of S » above we will

Rin
omit the prefix 8o and the suffix (¢). And we will shall encode the sequences

Fas---’Fb’ﬁ>kd>---skp as follows:

— The F; will be denote by their index z, F; becomes 1, etc.

— The commas will be replaced by centered periods, for example: F;,F,, ...
will be replaced by 1-2---.

— The only element f, will be replaced by [¢].

— The elements & y will be replaced by their underlined index, for example
k, will be written 3.

— The composite F; | o F; will be replaced by (i - 7 4 1).

— The composite f;; o F; will be replaced by (z - 7 4+ 1].

— The composite k,_, o f; will be replaced by [7 - 4-1).
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— The composite B, o k;, will be replaced by (¢ - 4 1).

The crossed-out index means that the index is omitted and the previous notations

are completed by:

— The monomial £-2-3-[4]- (1) represents o(F,, F;, £,)(F,(¢) = ¢,).
- The monomialm- 2-3-4-[1] represents o(k,, k5, B, )(fi(@) = 7).

In particular e(F,,...,F,_,)(¢) is represented by the diagram in Figure 4.
Then, the development of S; becomes then:
+1-2-3.[4]-(1)—(1-2)-3-[4]+1-(2-3)-[4]— 1-2-(3-4]
—1-2-[3]-4-()+(1-2)-[3]-4— 1-(2-3]-4 + 1-2:[3-4) —1-2-[3
+1-[2]-3-4-(1)— (1-2]-3-4 + 1-[2-3)-4 —1-[2]-3-H)+1-[2]-
—[A1-2:3-4-[1]+ [1-2)-3-4 —[1]-(2-3)-4+[1]-2-(3-4)—[1]-2-

According to our notations, the commutativity f; ; oF; = &, 4 © /; becomes
(1-24+1]=[z-241). Then, we cancel the two by two opposite terms:

+ 1-2:3[4]-(1) —<1-z>-3-[4]+1- (2:3)[4]— L:2-674] +[1-23)]
— 1-2-[3]-4-(1) +(1-2)-[ 4—?@»{+M—12

+ 10[2]3-4:(1) — (T72}3:4 + TR231% —1-[2]- G- H+1- [21;
—|[]-2:3-4-[1] |+ [T°2)3:4 —[1]-2-3)-4+[1]-2-(3-H—[1]-23

Then, we pull upwards and to the left, one degree, the terms that are below the
diagonal of the canceled terms. That gives the following table:

+ 1-2-3.[4]-(1) —(1-2)-3-[4]+1-(2-3)-[4]—1-2-[3]+|1-2-3
— 1-2-[3]-4-(1) +(1-2)-[3]-4—1-[2]-3-49)+1-[2]-3
+ 1-[2]-3-4-(1) —[1]-(2-3)-4+([1]-2-(3-49)—[1]-2-3

_ m 2-3-4-[1]
Beginning with the framed elements, we get:

+1-2-3 _M' 2-3-4-[1]=o(F,F,, F;)(@) — o(ky, ky, &5)(m0).
Next, from left to right and top to bottom, the three columns give:

Columnt = 44-2-3-[4]-(1)—1-2-[3]-4-(1)+1-[2]-3-4-(1)

+ 1-2.3

]
3
3

(1S}
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= +0(Fy By, f)(0)) —0(Fy, f5,£,)(02) + 0( /s k5, R, )(02)

= +e(F,, F)(Fi(9))

Columnz = —(1-2)-3-[4]+(1-2)-[3]-4—[1]-(2-3)-4
= _0<F2 © Fl’wazt)((P) + G(Fz o F1sf3aé4>(<P) - O'(fi’é3 Oéz’@A‘)(q’)
= —e(F,0F,F;)(o)

Columns = +1-(2:3):[4]=1-[2]-(3-4)+[1]-2-(3-4)
= ‘|’0(F13F3°F2>]€1)((P)_G(F1’f2>é40@3)((9)4’0(][1’@2,@40@3)(‘9)-

= +e(F,F;0F,)(9)
Columng4 = —1-2-[3]+1-[2]-3—[1]-2-3
= —o(F,Fy 5)(0) +0(F, fo, k) (@) —o(f1, k) k5 )(@)
= —(F,E)(e).
Thus,
Columns1+2+3+ 4 =03¢(F,F,F,).
And then:

S;= °(F1’F23F3>(<P) - G(kl’ kzs ks)(“) + 83(F1,F2,F3).
Now, if ¢ is a cocycle: 6 = 0, then we get
G(Fsz’Fa)((P) = G(kpkz’ka)(“)_&(Fsz’Fa)

This particular case reveals the general computation, leading to the general for-
mula above, which is outlined in the Figure 5. The letters represent successive
integers. The diagram on the right represent the sequence of elements of the
monoid that occur in the evaluation of d¢.

Consider now the restriction operation ¢ — o | K?, with o € Cr (Tx,R). It
commutes with the differential: (8o) [ K? = 8(o [ K?). The restriction o [ K7 is
a p-cochain of the group K with coefhicients in R, and 8 is exactly the coboundary
operator for the group cohomology with real coefficient. Thus, 6 — o [ K7 gives

a well defined morphism, class: H? (Tx,R) — H?(K,R).
Let us check that class is surjective. Let s € Z#(K,R), and ¢ € B. We define
o(F,,... ,Fp)(cp) =s(ky,....k,)(T),
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e = e e djeje(kel)eme[n] - - -

4o e deje(kel)o[mlen - o- .

'+"'i'j\'['k"~l.3\'_@“g"' — e e+ diejelkle(lem)-

'—-'~i'[j]'(ls'L)'m-n-' +...i.[j].h.(L.m).

=]

o 4 o e e [i]'i'(k'L)'m'ﬂ" - e . [i].i.K-(L-m).

=

i
N 60000003005 00060000%
(k-1)
=« dicje(kel)eme[n] - -
[n]
o (k- 1)
+ o ce dieje(kel)-[ml-n !
[m]
P —
- ceedicje[kl+(lem)en
[k1 (Lem)
+ is[jl<k+(l*m)+n - *——@
[i] (L-m)
e o X o o
= [il+j-k*(l°m)n
[i] (L+m)

F1cures. Computing S »

with F;: @, — ¢, @, = ¢, k; = %(F,;)(¢;), The cocycle property can be
regarded as the juxtaposition of diagrams of type Fig.2.

Let us check that classis injective. Leto € v/ (T, R)such thatclass(o) = 0, that
is,0 [ K? =35, with s € Maps(K?~',R). But, forall (F,,... F,)(0) € M X3,
o(Fp,.. ., F ) (0) = (o [K?)(ky, ... R, )(1) +3e(F ..., F ). Then,

o(Fp,.. .., F )0) = 3s(ky,.... R, )(m)+e(F,,....F,)
= O[soxn? +e](Fy,....F,)(o)
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Thus, class(o) = 0. Therefore, we conclude that, for all p > 0, H? (Tx,R) =
H?(K,R). In particular, for p = 1, that coincides with Hom(r, (T ),R), a prior
natural identification [P188-91]. O

iii. Cecu -De-Ruam COHOMOLOGY BICOMPLEX

The relation between the De Rham cohomology and the Chech cohomology, de-
fined above, is described by a differential bicomplex, also called a double complex.

2. Tue CecH -DE-Ruam BrcompLex. Let X be a diffeological space. Let B
be its nebula of round plots. Let M be the gauge monoid of the evaluation map

ev: B — X. Let QF(X) be the space of differential k-forms on X, identified with
the gauge invariant k-forms on ‘B, as it has been established in (§ 3).

Q' (X)={a€ Q" (B)| f*(0) = o, ¥/ €M}

We define now the group of p-cochain of the monoid M with values in the vector
space Q7(B), and we denote

CP1 = CP(M,Q1(B)) = Maps(M?,Q1(B)).
And then, we get the bicomplex denoted by
C*,* — @ Cp,q,
p,9€EN

equipped with the differential operators d and 8 (see Figure 6),

d : Cri— Cratl
§ : CPi1— Crtha;

The operator d on C#* is defined by:
do(f,... ,fp) = (—1)PddR[o(f1, e ,fp)],

where ddR is the ordinary exterior differential. The operator 3 has been defined
above (§ 7).

Now, since the two operators d,i and 8 commute, we get

dod+8o0d=0.

DEFINITION. The complex C* defined above, equipped with the two differential
operators d and 8, becomes a bicomplex, according to S. Mac Lane [Mac67, §X1.6].
We call it the Cech -De-Rham Complex of the diffeological space X. The total
differential operator is D = d + 3, and satisfies Do D =0Q.
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d d d
(g=2) 02 ) cl2 0 C22 0
d d d
(g=1) Col 9 cut 0 c2! )
d d d
(g =0) o0 d cLo o C20 o)

(r=0 (p=1) (p=2)

FiGure 6. Cech -De-Rham Bicomplex

We shall discuss, in the following, the exact relationship there exists between the
De Rham and Cech cohomologies, thanks to this double complex.

13. THE CEcH -DE-RHAM HoMoMoRrPHISMS. We consider first the case & = 0.
Let us remind that

H.(X) = {s€C=(X,R)|ds=0},
{ HY(X,R) = {o € Maps(B,R) | 30 =0}.
Thus, any s € C*°(X,R) such that ds = 0 lifts on B by a smooth function
o that satisfies do = 0 and 86 = 0. Thus, ¢ € HO(X, R). That defines the
De Rham homomorphism A,: s — o, from HJ (X) to HO(X, R). Conversely,

every o € Maps(3, R) is a smooth function on B such that do = 0, if moreover
86 = 0 then o descends on X into a smooth function s that also satisfies ds = 0.

Therefore,

ProroSITION. The first De Rham homomorphism is an isomorphism, what we
summarize by the exact sequence:

by
0 — H% (X) — HYX,R) — 0.

We consider now the case £ > 1, and we shall define the series of Cech-De-Rbam
Homomorphisms
k Vrk
h: Hx(X) — H*(X,R).
Let
7M1 =ker(d: CP1 — CP1* ) Nker (5: CP1 — CPHMT),
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and
Br1 = d[ d(Cr—ha- 1)] [ (CP Lg— 1)] p,q>1
B* = d[kerﬁ(Coq I — cha~ 1)] g>1
B»? = 8[kerd<C1’ Lo, cr— 11)] p>1
B%® = {O}

Since B#? C 77, we define
K?1 =771 [BP1,
We can already notice that,

K% =H{ (X) and K™= H”(X,R).

Now, the homomorphism 4, will be built by using a descending staircase homo-
morphism.

h, KP1KPHL- Yy >0 9> 1,

P9
i P9
Consider an element x 0 € € K?4, and let o, representlng g0
— P9 H — —
%, =class(e, ), o, €C with da, =0 and 8o, =0.

Let us recall that C?7 = Maps(M?,Q7(B)), and since every closed form on B is

exact:

p9—1 —
Hap,q_1 eC such that %y, = docp,q_l.

Then, the cochain

i1 =00, 4y

satisfies
p+l,g—1 : — _
%pitg1 € C with a,'ocﬁl,q_1 =0 and Bap-l—l,q—l =0.

PROPOSITION. The dass %, , | = class(a,,, ;) € KF*YI™ depends only

on X, and not of the choice or the representant o 7 neither on the choice of the

primitive o

P>
=1

Therefore, the construction being clearly additive, we described an homomor-
phism 4 o’ K74 — KP*t471 forall p > 0and g > 1. This construction is
described by Figure 7.

Now, let o € Q*(X) be a closed form, do = 0. The smooth form O =
ev'(ot) satisfies dory, = 0and Soty, = 0. Hence it belongs to Z%*. Let %, =
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Cra+t 0
] 1,
cra O, crtla %g — 0

d| d| dT 6 d] 8

cra—t B, cr+ia—t By cp+2a—1 = a

%p.q—1 p+lg—1

FIGURE 7. The Homomorphism 5 o

class(o, ) € K%*. Then, by applying the chain of homomorphisms

0,k 1,k—1 k—2,2 k—1,1
KO,/e s Kl,/e 1 K/e 1,1 s K/e,o
ka | — Kl b1 | <t Kk 11 P Kk 0

we get an element %, , € K*?,

Xeo— h/e—l,l ° hk—z,z 0-0 /Jl,k—l o ho,k (xO,/e>'
PROPOSITION The element n, depends only on the class of ovin HISR(X), and the
element y;, belongs to FI* (X,R).

DEFINITION. The homomorphism defined by the construction above
by Hig(X) = HE(XR),  with (k) = %0
will be called the k-th Cech-De-Rham homomorphism of the space X.

NoTe. For higher cohomology group, beginning at k =1, the De Rham homo-
morphism is not necessarily an isomorphism, in particular for tori Ty = R/K.

On the one hand, we have H;(Tx) = R. On the other hand IiII(K, R) =
Hom(K, R) (§ ). Isomorphism happens only for K = aZ, thatis, when Ty ~ S'.
Otherwise H}j (T ) % Iill(TK, R). To identify the kernel and the cokernel of the

De Rham homomorphism is one important remaining question of this theory.

0 — ker(h,) — H: (X) L3 H*(X,R) — coker(h,) — O.

That said, for £ =1, bl is injective and we discuss a geometric interpretation of
its cokernel in the next sections.

Proof- Let 4 € K74, with g > 1. And let o, , representing x , . Thus da .=
Oand 80cp,q = 0. Since every closed form on B is exact, we pick %1€ crat
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such that do g1 = 2’ " And then, we Elleﬁne Oy 1,g—1 ; o g1 Obviously,
8ap+1,q—1 = 0. Now, +?p+i’q_1 =0= 80cp,q_1 =35 Oy = 8ocpyq =0.
Hence, o, € 277" and we can define x, ;| = class(er,,;, ;) €

/ / _
g1 such that docp,q_1 =, .

p
K?*14=1 Now, if we chose another primitive o

thend(e(, _—a,, ;)=0.And,

(A)If g > 2, then thereis B € CP972 such that a;’q_1 =0, .t dp. Hence,

/ _ /
Xpt1,g—1 — Bap,q—
class(oe,,; , +3dB) =class(a, 1, 1) =%, 41, -

, =00, + ddp. Thus, X;H—l,q—l = class(oc;ﬂ,q_l) =

(B)Ifqg = 1, thena,; = de,, withe,; € C»° = Maps(M?,Q%(B)), and
%, 410 €K? L0 = 710 /§(CPH10), If we consider another primitive e;,o, then

/ _ /
= 8"3;;,0 = 86;;,0 +

e;,o =e,01 0 where ¢ € C?° with d¢ = 0. Hence, %10
8¢ = a4+ 8c. Butsince dc =0, 8¢ € BP°. Thus, %), 5 = class(at, 1o+
8c) =class(at,10) =%, 10

Next, let o' represents the class x?7.

(&) If p,qg > 1, then o'?7 = a?? + dde?~ 47!, We can choose the primitive
o/ P4 = 471 4 §e~ 471 which gives o717 = o247

(B’)If p =0and g > 1, then %1 = 0% + de®77! with 8%7~! = 0. Then,
again da%1 ! = 5291,

Let us finish this proof by checking that K% = HY (X) and K»° = H(X,R).
So, let a®7 € Z%7. That means that o> € Q7(B) and satisfies firstly 3o>7 = 0,
which means that o7 = ev*(a) with o € Q7(X), and do>? = 0 which means
that do = 0. Thus Z%7 ~ 7% (X). Now an element of B> is a differential
dp>1~" with 38%~" = 0. Hence, dp*?~" = d(ev*(B)) with § € B, (X). There-
fore, K% =7%1 /B*? = 7 (X)/B.(X) = H{ (X).

Next, let a”® € Z7°, That means that a”° € C7° = Maps(M?,Q°(X)) and sat-
isfies do”® = 0 and 30#? = 0. From da?® = 0 we get that ocp’o(fl,...,fp)
is constant on each component {¢} X dom(¢), and then a’° € Cr (X,R).
From 8a”® = 0 we deduce that o?® € Z7 (X,R). Now, an element of B#*
is a differential 37~ 1° with dp?~1° = 0, that is, p?~1° € Cvlp_l. Therefore,
K#0 = 779 /Br = 77(X,R)/B?(X,R) = FI*(X,R). O
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iv. THE SPECTRAL SEQUENCE OF THE BICOMPLEX

14. CoHOMOLOGY GROUPs OF THE BicomPLEX. The cohomology groups of
the bicomplex are defined and denoted as follows:

p=1 HP? = ker(s:Cr1— CrFha)/5(Cr=11)

p=0 Hg’q = ker<6 1 CO7 — Cl’q)

g>1 HP? = ker(d:Cr1— Crith)/d(CPi")

qg=0 HZ’O = ker(d:CP0—CP')
Note that, by definition

C*1 = Q1(B).

Then, for all o« € C*7 and all ¥ € M, 8(ax)(f) = f*(at) — .. Hence, thanks to
the Proposition in (§ 3)

forallgeN HY? = QI(X).

On the other hand, Hg’o is the kernel of the De Rham differential operator on
CP% = Maps(M?,Q°%(B)). Thus, for o: M? — Q%(B) = C*°(B,R), dgo =
0 means that o(f, ..., fp) is constant on each component of B. Hence, 6 €
C?(M, A), where A is the group of locally constant real maps defined on B. And
that is exactly the group of Cech p-cochains of X with values in R,

forall peN  H=C?(X,R),

15. THE FILTRATIONS & OF THE BrcomMpLEX. The filtration & is the set of
sequences indexed by ¢, got by projecting the differential operator 3 onto the
cohomological quotients of two consecutive horizontal lines, in the previous
diagram (Fig. 6). Replacing the nodes of the diagram by the corresponding
d-cohomological groups.

(Lineq >0) -+ - ker[d: CP7 — CPati]/d[cra] 25 ...

beginning with p =0, 1,2 etc. Now, C#7 = Maps(M?, Q?(X)) and the exterior
derivative d applies to the Q7(X)-part. Since B is the union of balls, and balls are
contractible, every closed form is exact and all the terms of the 8-sequence above
vanishes except for the line indexed by ¢ = 0, which becomes

ker[d: C%° — C*'] S, ker[d: C1? — CM1] 3, ...

Now,
CPY =Maps(M?,Q%(B)) and Q°(B)=C>(B,R).
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Then, ker[d : C?° — C?!]is the set of locally constant maps from Maps(M?, Q%(‘B))
to R, thus ker[d: C?° — CP!]is just the set (v:f’(X, R) as defined by (<) in (§
10), which is also HS’O as stated just above. Hence, according to all that,

q=0: H)® 0 H'* 0 H2° d

g>1: HY"={0}.

The filtration & is summarized by the diagram of Figure 8. And, the Cech sub-

oy —2— {0} —2— {0} -2

Il Il Il
Ho! o) H;l’l o] Hi’,l 3 . ..

C(X,R) 2 CY(X,R) 2 CAX,R) S ...
[l [l [l
HS,,;O ) H;’O ) Hil,o S . ...

FIGURE 8. Subcomplex of the 5-filtration.

complex associated to the filtration & is then denoted by
H(X,R)=PH"® with H*=C’(X,R).
peN

16. THE FILTRATIONS d OF THE BicoMmrLEX. The filtration d is the set of se-
quences indexed by p, got by projecting the differential operator d onto the coho-
mological quotients of two consecutive vertical lines, in the previous diagram (Fig.
6). Replacing the nodes of the diagram by the corresponding 8-cohomological
groups. That is, for the node (, q), and thanks to (§ 14),

p=0: HY =ker[5: C*7 — C1]=04(X).
p>1: Hg’q =ker[5: C?7 — CPH"]]/B(CP_l’q).
Which gives the filtration summarized by the diagram of Figure 9.

And, for all integer p, the De Rham subcomplex associated to the filtration d is
then denoted by

HY'(X,R)=EPH? with H* =0 (X).
qeN
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d d d

O¥(X)=Hy* HY? HY
d d d

o(X)=Hy' HY HY
d d d

0,0 1,0 2,0
Q°(X) = H; H H;
FIGURE 9. Subcomplex of the d-filtration.

17. BIGRADED COHOMOLGY SPECTRAL SEQUENCE. The Cech-De-Rham dou-
ble complex gives two bi-graded cohomology groups associated with the two
filtrations d and 3, defining the two associated first quadrant spectral sequences.
According to universal conventions, we have

EPq Cpq dEPq HZ“] 6EPq HPq
with
‘BT =HY(HL") and °EY? =HI(H).
The De Rbam bigraded group is given by:
B2 = ker[d: HP? - HP™/d(HLTTY, g>1.
dEg’O = ker[d: Hg’o — Hg’l].
0,
‘E)T = HI(X).
And the Cech bigraded group reduces to IiI*(X, R). Precisely,
"EP1=0 forall g>1, and °EZ°=H’(X,R).

PrRoOPOSITION. The total cobomology associated with the differential operator

D =d + 8 converges to Iil*(X, R). The exact sequence of low-degree terms writes
then

b . b
0 — H! (X) =5 FI'(X,R) 23 4EL° % 112 (X) 23 FIA(X,R) ()

where

dElo ker(d H10—>H11)
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We shall interpret in the next articles the obstruction to the De Rham theorem
represented by this term dE;’O.

Proof. Since this is a first quadrant spectral sequence, that is, C»*? = 0if p <0
or g <0, and since 8E§ 1 =0 for q = 1, the total cohomology of the bicomplex
coincides with the Cech cohomology [God64, Thm. 4.8.1]. Then, the exact
sequence of low-degree terms is the translation of the five-term exact sequence of
the general first quadrant spectral sequence:

O_)dEg,l —>H1 —>dE;’°—>dEg’2—>H2.

See Thm. 4.5.10p. cit. O

v. OBsTRUCTION IN THE CECH -DE-RHAM MORPHISM

18. FLows oVER DIFFEOLOGICAL SPACES. The first obstruction of the De
Rham theorem involves a special kind of fiber bundle:

DEFINITION. We call a principal fiber bundle over a diffeological space X with
group the additive real numbers (R, +) a flow over X.

Note that, if X is a manifold, the flows over X are trivial, since every fiber bundle
on a manifold with contractible fiber has a global smooth section, and, every
principal fiber bundle with a global smooth section is trivial.

Now, let t: Y — Xand nt’: Y — X two flows. The direct sum 7t @ =’ is the
(R?,+) principal bundle over X, with total space

YooY ={(1,9)eYxY |n(y)=='(y)}.

The action of R? is the product of the two actions: for all (¢,t’) € R? and
(1,9) € YBY, (¢, )yey(,y") = (tv(»), t5,(¥")). The subscript denotes

the actions of R or R? on the total spaces. Now, consider the anti-diagonal
A={(t,—1)},er- Itactson Y@ Y' by (£,—1 )ygy (7,7 = (tx(¥), =ty (7"))-
The quotient of Y @ Y’ by the action of the anti diagonal A is still a (R,+)
principal bundle over X. We denote it by &”: Y’ — X, with

Y =YY /A.

Its elements are the classes of pairs (, y’) that project on the same point x € X,
that is:

" (class(y,y")) = n(y) = '(’)-
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The action of (R, +) on Y” is the projection of the residual action of (R?,+) on
Y @Y, thatis,

tyn(class(y,y")) = class(ty(y),y") = class(y, ty.(y")).

We denote by FI(X) the set of equivalence classes of flows over X. The sum defined
above passes to the set of classes:

class(r) + class(r") = class(=”).

That operation is associative and gives to the set FI(X) a structure of Abelian
group. The identity is the class of the trivial bundle pr; : X X R — X. The inverse
of the class of w: Y — Xis the class of the same bundle, but with the opposite
action of R #: y — —1y(y).

We comment the case of the irrational torus T in (§ 21, Remark 1).

Proof. The operation class(r) 4 class(n’) is obviously commutative since @’
is clearly equivalent to ' @ 7. The class of the trivial bundle pr;: X x R — R
is the identity, thanks to the map (x, ¢,y) — ty(y) that identifies class(pr, @ )
with 7. Now, let t: Y — X be the same principal bundle 7t: Y — X, but with
the opposite (R, 4)-action. Thatis, Y = Y and t5(y) = —ty(y). Consider
the smooth map y — class(y,y) from Y to (Y @ Y)/A. It satisfies £, (y) —
class(ty (), ty(y)) = class(ty(y), —t(y)) = class(y,y). Hence, it projects on
X into a smooth section of 7t @ 7, which is therefore trivial. The associativity of
the addition is left to the reader. O

19. ABOUT CONNECTIONS IN DIFFEOLOGY. The notion of connection in diffeol-
ogy [Igl8s] is the second important construction that occurs in the identification
of the first obstruction of the De Rham’s theorem. To clarify the context, we
recall in this section the main properties, for more details see [P1Z13, §8.32].

Consider a principal fiber bundle 7t: Y — X, with group G. Then, the projection
7, : Paths(Y) — Paths(X), with 7t (y) = oy, is a principal fiber bundle with
group Paths(G). The group G injects in Paths(G) by the constant paths.

Roughly speaking, a connection ® on the G-principal fiber bundle 7: Y — X,
is a reduction of the Paths(G)-principal fiber bundle «t, : Paths(Y) — Paths(X)
to the subgroup G of constant paths, see [Igl8s, As.1(4) & As.2(1)]. Precisely, we
identify the connection with a smooth projector defined from the tautological

bundle of the space Paths,  (Y) of local paths® in Y, that is, the set of pairs (v, ¢)

3A local path in a diffeological space is any plot defined on some open interval of R.
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such that y € Paths,  (Y) and ¢ € dom(y), into the space of local paths in Y,
which satifies a set of natural properties:

. Domain. dom(0(y, t)) = dom(y).

. Lifting. 10 O(y,t) =mo¥.

. Basepoint. Oy, t)(t) = (1)

. Reduction. O(a -v)(t) = a(t)y o O(y,t), where a: dom(y) — Gisa
smooth pathand @ - y: s — a(s)y(Y(s)).

s. Locality. ©(y o f,s)=0(y, f(s))o f, where f is any smooth local path

with values in dom(y).
6. Projector. ©(0(y,t),t)=0(y,t)

B NCC I N

The paths in the image of © are said to be horizontal. Precisely, the path O(y, t) is
the horizontal projection of v, pointed at ¢. It is also the horizontal lifting of the
path 7w oy € Paths, (X), passing through y(¢) at time ¢.

Regarded roughly as a reduction of a principal fiber bundle, the connection ® can
be also interpreted as a smooth section of the quotient space =, : Paths(Y) —
Paths(Y)/G. The section @: Paths(X) — Paths(Y)/G associates with each
path p in X the G-orbit of horizontal liftings of p.

Paths(Y) class Paths(Y)/G

Paths(X)

Each path p € O(p) is completely defined giving an origin y € 7!(x), with
y = p(0) and x = p(0). The origin o is actually arbitrary and the path p can be

considered local.

20. CONNECTIONS ON ToruUs BUNDLEs. Let t: Y — X by a principal fiber
bundle with group a torus Ty = R/K, where K C Ris a strict subgroup. Among
all possible connections, we consider the special class defined by a connection form
A That is:

. A€ Q\(Y).

2. Ais T invariang, forall T € T, t°(A) = A

3. Ais calibrated : for ally € Y, *(A) = 0, where y: Tx — Y is the orbit
map y(t) = t(y), and 6 = class_(dr).
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Then, the connection associated with A is defined, according to the definition
above, by:

/

0,(y,t): t'— class <—ft R(Y)S(l)ds> (Y(t/))

Y

for all y € Paths(Y), and where the Y in index denotes the action of T on Y,
and class is the projection from R to Ty . More details are given in [PIZ13, §8.37].

Horizontal paths are the paths y that cancel the connection form: A(y),(1) =0
forall z. B B

In particular, that applies to flows over diffeological spaces, the (R, +)-principal
fiber bundles, where class in the formula above is just the identity. In that case,
we will denote by FI*(X) C FI(X) the subgroup of classes of flows that support

an infinitesimal connection defined by a connection form A

21. THE FIrRsT OBSTRUCTION TO DE RHAM THEOREM. The first obstruction
to the De Rham theorem, relative to the Cech cohomology, is the cokernel of the
morphism 4, in the exact sequence

b V. : h \
0 — H! (X) =5 F'(X,R) 23 4EL° T 112 (X) 23 FIA(X,R)

It identifies naturally with im(n, ) = ker(n,,, ). Let us recall that:
HL° = ker(5: C'0 — C29)/5(C%°)

YEY = ker[d: HY® — HY'] with o
H, " =ker(3: Cb' — C>1)/3(C1).

In order to describe the space dE;’O and the two morphisms v, and n_,, we will
first interpret geometrically the space

H° =7Z°/BL°, with Z}° =ker(3: C*° — C*) and B}® =35(C*°).
Let us recall that C° = Maps(M, Q%(B)) and C*° = Q%(‘B). By definition of
the operator 3, the space Z1* is made of maps t from M to Q%(B) such that,

w(gof)=/"(x(g))+=(f), forall f, g in M.

And t belongs to Bé’o if and only if there exists 6 € Q°(B) such that T = o, that
is,

do(f)=f"(c)—o, forall f € M.

Hence,

Hy* = {x|x(gof)=f () + (N} {x](f)=f (o) 0o}
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Now, every cocycle T € Zé’o defines an action of the monoid M on B x R, that
lifts the action of M on B. Let f € M, b = (¢, 7) € B and t € R, one has:

f(b ) =(f(B),t +(f)(B)).

Developed, according to notation of (§ 8), that gives:

Sl t) = (f5(0) (7).t +3(f ), 7).
This binary relation (&',t") = f.(b, t), for some " € M, extends to the equiva-

lence relation ~_, generated by the symmetric closure of the action of the monoid
Mon B xR, thatlifts the equivalence relation described in (§ 9, Remark). We shall
denote by B x_R the quotient (B x R)/ ~_. We have, then, the commutative
diagram:

BXRﬂ)YT:'BXTR
pry T

B s X=B/M

ev
where the projection 7t_ is defined by:

n (class(b,t)) =ev(b), thatis, m_(class(ep,7,1))=c(r).

THEOREM. The projection 7_: X — X is a flow over X, with the following action
Qf(R) +) s
SY<c1ass(b, t)) =class(b,t +5), foralls € R.
1. Cohomologous cocycles define equivalent principal fiber bundles. That s, the

principal bundle defined by © 4 3o is equivalent to the principal bundle defined by
t. That defines a map

W HX(X) - FI(X) by class(t) — class[n_: Y, — X].

2. The map ¥ is a group isomorphism and identifies HY(X) with FI(X),
3. Through this identification, the subspace dE;’o C HY(X) becomes the subset
FI*(X) of classes of flows that admit a connexion 1-form A

FI(X)
h, v T c h, v
0 — H(X) =5 HY(X,R) — FI'(X) -5 H2 (X) =3 H*(X,R)

o —>
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4. The morphism 1, becomes the characteristic class ¢, : FI*(X) — HZ (X), that
associates the principal bundle with the cobomology class of the curvature of the
connexion form A
5. The obstruction of the first De Rbam bhomomorphism identifies with the kernel
of ¢, that s, the subspace of flows equipped with a flat connexion. These are the
various quotients of the trivial flow on the universal covering 5(, by a lifting of the
action of the fundamental group m,(X).

REMARK 1. Since the real principal fiber bundles over a manifold are trivial, this
obstruction vanishes in this case. This shows how the surjectivity of the first De
Rham homomorphism, for manifolds, is related to the existence of global smooth
sections of bundles with contractible fiber.

REMARK 2. In the case X =T _, quotient of the 2-torus T? by the 1-parameter
subgroup of irrational slope a, the group FI(T, ) has been directly computed in
[Igl86], see also [PIZ13, §8.39]. It shows a huge difference in behavior between
Diophantine numbers (far from rational numbers) and Liouville numbers (close
to rational numbers). In the first case FI('T, ) = FI*(T ) = R, and in the second
case dim(FI(T,)) = oo.

REMARK 3. The irrationnal torus T _ is equivalent to the quotient of R by the

subgroup Z + aZ. It it always possible to equip any flow t: Y — T witha
connection. Indeed, we first lift any path in T, to the universal covering 'ix =R,
which is essentially unique up to an element of Z 4 oZ. Then, we remark that
the pullback pr, : class"(Y) — Ris trivial because it is a (R, +)-principal bundle
over R. Thus, we just lift horizontally, in the product Ta X R, the lifting of the
pathin T . and push itinto Y by the second projection. Now, according to the
above, that shows that

PROPOSITION. For Lionville numbers o, there exists flows over T, equipped with
connections that cannot be defined by a differential 1-form.

This is the first case of this kind in diffeology, and justify  posteriors the introduc-
tion of general connections in the theory.

REMARK 4. In the general case, the morphism
¢;: FI'(X) — HﬁR(X)

maps the connection form A to the cohomology class of its curvature, that is, ©
such that dA = r*(w). Itis a first genuine diffeological characteristic class, since it
vanishes on manifolds.
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Proof- Let t: Y — X be a flow and let us consider its pullback pr,: ev*(Y) — B
over B. Because pr, is a (R, +)-principal bundle over a sum of open balls, it is
trivial over each ball. There exists then, for each round plot ¢ € B, a smooth
section p: dom(¢) — ev*(Y) of the projection pr,. Let f € M, the pullback of
the flow w: Y — X by evof is identical to the pullback by ev, since evof =ev.
The fiber over f (¢, r) coincides with the fiber over (¢, 7), for all (¢, 7) € B.
There exists then a smooth map t: M — €*°(B,R) such that:

forall b = (@, r)€B, o(f(b))=(f)(b)-o(b),

where the middle dot denotes the action of R on the principal fiber bundle.
It is then easy to check that T is a Hochschild 1-cocycle of the monoid M with
valuesin C*°(B,R) = QO(B). One checks also that if we change the section p, the
cocycle T changes by a coboundary o, which is the difference of the two sections.
We just defined a map W' that associates to the class of the flow 7t: Y — X, the
class of T in HY*(X).

¥ FI(X) — H(X)  with 1P’(class(a-r: Y— X)) = class(q).
We showed also indirectly that W is injective.

Conversely, as we claim, every t € Zé’o defines an action of M on the product
B x R that lifts the action of the monoid M on B. The group (R, +) acts freely
on the quotient Y_ = B x_R by ¢ - class(b,s) = class(b, s + t). That makes
7,: Y. — Xa(R,+) principal bundle. To test if the projection 7t_is indeed a fiber
bundle over a difteological space, we have to check its pullbacks by the plots and
verify that they are locally trivial. It suffice to consider round plots. So, let ¢ € 3,
@"(Y.) = {((o, 7),class(o’, 7', ) | () = m.(o', 7', ) = ¢(+")}, but since
@(r) = ¢'(7’) then there is ¢t € R such that class(¢p, 7,t) = class(¢’, 7', t').
Thus, *(Y.) ~{(¢@,7,t) | r € dom(¢) and ¢t € R} ~ dom(¢) x R. Therefore,
7, is a (R, +)-principal fiber bundle.

Theclassof tin H;’O (X)is obviously associated with the class of the flow_: Y_ —
X, by the map ¥ defined above. A cohomologous cocycle would have given an
equivalent flow over X. The map ¥ is then bijective, and gives a geometrical
interpretation of the intermediate cohomology group Hé’O(X) as the group of
flows over X, and here we get:

H°(X) ~ FI(X).

(
It remains to identify now dE;’O =ker[d: Hé’o — Hé’l], among FI(X). That i,
class(t) in HL® such that d(class(t)) = 0. Let 7: Y — X be a flow represented
by t. Let p be a section of pr; : ev*(Y) — B over some b € B, as above. We know
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that, forall £ € M, o(f (b)) =<(f)(b)- o(b). Now, for every round plot P in Y
is associated a round plot w o P in X. For all » € dom(P), o(w o P, 7) and P(7)
belong to the same fiber. Therefore, there exists a smooth map v(P): dom(P) —
R such that

forall r edom(P), o(moP,r)=v(P)(r)-P(r).

On the other hand, the condition d(class(t)) = 0 means classs(dt) = 0, that i,
there exists o« € Q'(B) such that

forall feM, dx(f)=f"(a)—c.
We define then the mapping A, that associates with very round plot P in Y, the

1-form

AP)=oa(n oP)—dv(P)
ondom(P). One can check that Adefines on Y a differential 1-form, and moreover
that this 1-form is a connection form.

Conversely, on can verify that if 7: Y — X can be equiped with a connection
1-form, then d(class(t)) = 0. Thus, the connecting space ?E}° identies with
the subset of flows over X that can be equipped with a connection 1-form. In
summary:

HY’ ~FI(X) and “E}°=~FI*(X).
As an application of this constructions, we consider the irrational torus T, =
R/Z + oZ [Donlgl83]. In that case we compute directly

H(T,)=R, H'(T,R)=R? and HZ(T,)=0.

The exact sequence gives then 0 — R — R? — FI*(X) — 0. We deduce then
that FI*(X) =R. O
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