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Ramanujan graphs and complexes - Lecture 14

December 11, 2017

Remainder Let X bea G-set. A (G-equivariant) branching operator on X isaT : X — {finite subsets of X}
such that ¢.T(x) = T(g.z) for all z € X and g € G.

e If X is transitive, we showed that all branching operators arise as follows: Fix xy € X. Define
K = Stabg(zg). Choose some bi-Kinvariant set M C G, namely M is a union of double K-
cosets K gK for various g, and decompose M as a disjoint union (define ) so that M = |, 4 sK.
Finally, set T'(zg) = {szo}ses. In general T'(gzo) = {gszo}ses-

e Those are equivalent to Hecke graphs - Indeed, X with T" as adjacency operator is the Hecke graph
of G with respect to K and S. Furthermore S is K-balanced, since KSK = KM = M = SK.

e Eventually, we want to understand double K cosets of G and their decomposition to right K-
cosets.

e When G = PGLQ(Z[%]) and K = PGLy(Z) we already saw that double K cosets are the levels

in G and equal K < 1 o ) K. On T} the branching operators are union of spheres.

Going to higher dimensions In higher dimensions there are much more ranching operators.
Here are some branching operators on X;’:

e Recall the p? 4+ p + 1 outgoing neighbors of the identity. We can define Tx to be the outgoing
neighbors of z. This is a minimal branching operator (it is not the union of smaller branching
operators) which is equivalent to saying that it comes from a single double coset.

e Tz = change triangle (distance 2 with respect to 1 operator ) is not minimal. There are 6 of those
vertices which can be splitted into 3 +3 which are forming two minimal branching operators. (See

1 1
Figure 1). Algebraically, this means that K 1 K #K D K although
2
p p
both of them are of level 2. Actually, level 2 is the disjoint union of the last 2 double cosets (See
Figure 1).
p'nl
png
Theorem 0.1. (Cartan decomposition) G = | K P K , where the union
p

is over 0 = ny < ng < ...<ng. In particular in PGL3, the l-th level is composed of (1+|1/2])-double
K-cosets. Can decompose A, (the vertices at distance 1) is a union of those branching operators.



Proof. Let g € PGLd(Z[I%]). We need to get to pe withn; =0, n; <nipq

d

by applying K from the right and from the left. Then, we need to show that there is a unique choice
of ny,...,ng to which we can arrive by such action. Scale g to be integer and primitive. There exists
i, such that p does not divide g;;. Apply Euclid to the row of g;; and get

* ok ok ok ok ko ok

* =%
* O %
* *
*x O ¥
* *
* *
* O %

* ok ok ok ok ok 3k

Apply column operations to the first column and get

[ou ==}
~——

SO OO OO
¥ ¥ ¥ ¥ ¥ ¥ O
¥ ¥ ¥ ¥ ¥ ¥ O
¥ ¥ ¥ X X ¥ O
¥ ¥ ¥ ¥ ¥ ¥ O
¥ ¥ ¥ ¥ ¥ ¥
¥ ¥ ¥ ¥ ¥ ¥ O

I

7N

O =

Write B = p"™2(C' with C primitive and continue by induction. O
Exercise 0.2. Show that this is a disjoint union.

So far we only talked about operators on vertices. One can also talk about operators on cells in general.
For A= (0=X1 < Xy <... < )\y) define Ty, to be the branching operator associated with

Any branching operator on Xz‘f is a union of these branching operators.

Theorem 0.3. Surprising fact: all branching operators on X;l commute.

For a graph we saw that every branching operator is a (Chebyschev) polynomial in A and all
polynomials in a given operator commute.

Proof. Enough to prove for T and 7),. The statement is equivalent to showing that
K"K K = K(p")K(p)K. (0.1)

(This follows from the fact that we have the correspondence X — G/K given by X — MK/K, where
M C G such that Mz = S. In this case Th(z0) = {s70}ses, where K(p*)K = Wees, K- TaTu(x0) =
Th({swo}ses, = {stzo}ies,, scs, which is mapped to K (p*)K (p*)K/K. In the other direction, taking



a family of cosets R C G/K observe the subset of X defined by Rzg. Then, K (p*)K(p*)Kx is a
T\-neighbor of a T),-neighbor of xy. We used here the fact that (p*)Kx¢ is one T}, neighbor of z and
that K (p")Kxo are all T}, neighbors of xy. Therefore

DT, = K(ME@P" K = K(p")K (") K = T,Tx.

Turning to prove (0.1) we use a trick of Gelfand. First observe that (K(p*)K)! = K'(p*)!K? =
K'(p))K! = K(p*)K. Here we already used Cartan’s result. Similarly,

(K(p")K(p")K)' = K(p")K(pY)K.

On the other hand, the left hand K (p*)K (p")K is a union of double K-cosets, so it is ;" | K (p"*) K
and we got that

t m m

kKGR = (Y K6IK) = K0R) = b K07 K = KO KK
v | |

and all together we get (0.1). O



Fron  Queensjan  Grapk T Conplees 18,4247

Qem!hdev*_-
6= PoL,(zc8)
K= pPelL,(Z)

—TALV‘L éx’ls{:\_ﬁ a C oV ¢ 5f0ﬂJe hee 195/7 weerv

0

6/ —_ Q{ﬂ/f/ll\l/alf(‘ﬁﬁé l’.)r‘od\ cA,'hg Qfﬁ rat9 re

%o

and
U niong F lmbk <~ coge ts o G

-
A y\cfl' hev (o VTS 190?\:1@1\69/ we /"01, ve

Subse Us righ{ ‘
e 0 HC=inv,
OOC X S‘/'laset's OTp 6’

QQ & JOML’{ C,og[/f //(gk (7"‘/‘45 x
EWW" OL\?v\a OFLFOLth ijg\)(

(Kan[(th) = € lcgHe



Thi is wol Amﬂl‘v\e«l snee

(< gk) (t4H) = ¢k Kg//(: tkg/(

—

Ifor 8 € (f denofe
HJt tl“e Af‘ou”c/b. 0/3. C° r‘feS’oonAfh\') T a }/(J//\

My X =38 or Hy LD

}Qemimler: We saw that :gof our G_//(/ a//
P

Ha Cgmmv\t'ev

(mém, the duble N-csels ar parame rr'g-eJ AO‘L

P"Q
5: Q Pnd O:/é,ﬁ;zzf_énd

Coff _Fo,ﬁ Z’Vng V,w e XLO) *6}\6;/‘@ QX/lSZIS

——

an o Fa, ffﬂ‘\evr@ Coht@)'h-‘? Bﬂt}l .



KOC‘.‘ W& }Lﬂow CJ Q X(y 55 ceo Lan
frang Tive /} /

foke WLOG V=1 (- ).
Then % J ¢ T w;j //(, wrte Z:L(al(’

PO |
= “on o=ms..&nd .
W}w/fé o~ (0 F“

-Tkﬂ ;pwnémmzht“‘ Q‘ﬂt woa §

A= gonie (89

Q= < .~ & Y‘J

l\}nW kﬁ cohtﬂfhg 4 amJ w Sihe e

V=Vo eﬂ =y kye k()?
W-‘-st/o”kn}b‘vo: Jea b, € L‘Q

-TL{T(S» pfx.‘om.' Vﬂj? ahnmLuﬁc (fof w//_‘) gqft
@qm‘m‘h:‘hb baTh

Ex 'Pr‘oVe, b g true Y our  case



Cnh. Cperators s the Quoties® of Ble boiflng

1f Hé(r we can Aoz N H\>(: /f\%

E.q G=Pat (2. be=stab, (r0t)

X> & ~7,
Forewry  Helb X ik kerey  grph
Blen _ the other woy oyoud s tree: every le-reg
%WPL (s obland g H\>< For  some
b < Betlm),

Combinatorial ops. ave L,JQ// Lefild o o
1M°£»‘aut'£.

(ko) (k)= Hu g he

or, ?} T: )(,,2>r i 3«6¢ia~'vaw'aw'lo' Ehen for
He & H\X we  Ccon lcoﬁ"hl 7—:‘1(3(_,;_1#(



b T(He)= HT .

This  ig the Same o S«jv"\d Chatf of [
‘s o k'md jm/ah, fa/te C,—eju. Cover mq/g
p: 7;’-"?)[—7 and define o [JmncL 2

on [ DY Tz PHO) > thihhrsof v

n

Thas whenever /H\G//,(/<“& C J’h'/e
A Fo 7’0#, a:ﬂ )( W,éLL a// Hch: 0/3'5.

ZHﬁ) clciﬁ.‘ncl on L.

Nobe:  For  our waal” O 0‘//%:/2

CO’"W‘”‘L@ a(So gh iﬁoﬁ"eu%g_ 7—['\43 Stimy /, c/)Q].
o LX)



—
a 'r

r¢agon |
L) HHs
")

R
Oc}_povnaug‘m Complexes °r )
A (L" r LML-"(‘QM" /
e leS -l/:ZS‘ne)
x4

frogebet N
A g amany jam f

0‘” 5,‘ma/. j !
eiqen velhes 74
(,\1, "'/’\J-a ) «'ojl 711

s eif he v C
tr.’v.'q, 0 h
{ I
: pCC d
}’D 0 044/ ./HJM)(‘(YP)
-1
w(
~ d 5et ’ﬂ\e Véjuér s | f
amauu
nwouan Jc .

(Pamfh!t(\.‘ =
T gome OPS A,{,“,,,@m(l}/v

the  am  Spedram S

ffusjec
) ) Ivio s € AC.V':,\C.V c

d/-\or 0\” 1 L m

e PO X lm)



w.’ 7‘16 or)erq‘td"g /AJ )‘/(

)

5@/\@V\at@_ Q[/ Hac/ca Of-C: on G%

j@t Order all Hede ops- o

b Slls . Toke b 4(9 P})%

where ,\4;&_,,}&:9‘ Then the
QY&@T S loa v omcL Gh en b(;

%, (%j XAB

ey Galg) N Gﬂ) ><229>(2 )



D@f«z [—or v £ C////C the iféﬁa%&

—_—

@OE‘ v OQWOW\ I B

| & Pa‘i,\ I
m X éM% w . th 3 K ( p4>
Jhare vmaﬁ(

- | | .
Cloim ! A ng el - e 4
ﬁ - (/\4’4f’kz'4/-*-/ )J’@ Ad‘w/’(/*&"’/’{ez}
hen a4 (/ ver Lices % (" i‘p”a’)k
are wlhor o b o orlip of

A
@'\‘p(ﬁ)//c or ‘N Sﬁa//er ohes

W . v 1‘7 ouy Qrieﬁ'p\ﬁ,






ﬂm}om/ pr/ Folpes (ip’\d)

’69 donble CQ.C«’/tS Corr. éa VoY isuy



OL”\Jv t/hel/\ Am (p,\:qy\\d> K cOnﬁt‘/&j

A

Q{am@mts Ly //6(4’9&))/5 ond

& mallev dauble &OL@‘DLg-



Ramanujan graphs and complexes - Lecture 16 - December 24

December 30, 2017

Remainder - Hecke operators The Hecke operators of B% = Xg is the subalgebra of locally finite
G-equivariants operators on vertices T : B® — 28" (as a subalgebra of Lin (L2 (BO))). We have

G — equivariant branching
operators acting on L? (B?)

‘H = Spang ( > = Spanc{KgK : g € G}.

Using Cartan, we also saw that this is the same as
—
X

Bo=x,<xo<.0C-K(p*)K
and last week we saw that A; ..., Ay generate those, i.e.
H=C{A1,...,Aq-1}.
By Gelfand we know that
H=C[4,...,A4-1]
and in fact we have the following result:

Theorem 0.1. (McDonald?, Satake?) C[Ay,..., Ag_1] = Clzy,...,x4-1]

Higher dimensions Change K. Take ¢ € BU). Then Go € BY) . For PGLy 3 the group acts
transitively on each dimension. In higher dimensions, it does not. Take X = Go. To study G-
equivariant branching maps on X, we need to understand the action of K,-double cosets on K,-left
costes (G/K, = G, = X), where K, = Stabg(c). We can take o to be to be a set (cell), ordered
set, pointed cells (cells with a chosen vertex), etc.... Every choice for the structure of o gives different

orbits and different stabilizers.

G = PGL, with K., = Stabg(directed edge from 1 » to 1 1 ) this is the same as oriented,

pointed and ordered edge (but not as set of vertices). In this case B(Y) = Ge. Example of G-
equivariant branching operator B = p+1 18 T'(eo) = K.ye, where ey is the directed edge above.
(This is in fact the general thing up to union of such things). For example, if we take T'(eg) =

K., (directed edge from ! 1 to ¥ 1 ) and denoting this edge by e

() =)= ()

()



= {((7 1) 1))

= {e : orig(e) = term(ey), e # flip(ep)} .

T(e)=...={e : orig(e’) = term(e), ¢’ # flip(e)} .

This is a non-backtracking condition.

Note that T is not normal. Indeed T*Tey contains < p 1 > — ( 1 » > and TT™*eqy does not.

1



Ramanujan graphs and complexes - Lecture 17 - December 25

December 30, 2017

Remainder We were looking on G-equivariant branching operators on X, where G = PGLy4 (Z[%]),

K = PGL4(Z) and G/K = B,

For different X, change K. For example G = PGLQ(Z[%]), K = PGLy(Z) = Stabg(vy =

1 1 Jand G O Xg = T, 1 . To study ranching operators on edges, not that G ©) B(!) transitively,
thus B = G/K,, where K, = Stabg (e).

Then, equivariant branching operator on B corresponds to double K, cosets.

E.g. T(v,w) = {(w,u) : w#v}. This is known as the non-backtracking walk operator. We saw
that T' is not normal and that Hecke operators do not commute any more.

Another example is T'(v, w) = {(w,v)} which is the flipping operator.

Understanding branching operators algebraically e, : < 1 » ) — ( ! 1 ) We know
that there exists S such that K. SK. _ = Wscs5K.,, and T(ex) = (S€x0)ses-

- 1 1P J
Claim 0.1. K., ( » )Keoo =W, ( 1 )Keoo

oot (7 Yoo = (7 )= [( ) (1) (2 ) (][0

LN 61)—1};

()23 Jmomme (7 = (F 1) 2 (7 1) o

€0
where the last inclusion is obtained geometrically.

(7Y ek
COL - I3 1)

K. = K,, NK,_,where vy = 1 1 ) and vy = ( 1 » ) Therefore K, = PGLy(Z) N

( 1 , )PGLQ(Z)( 1 - ) Since

PGLy(Z) = {A € My(Z) : det A = +1}

N

J
1

\

7



and

where m,n, k,l € Z satisfy nl — km = £1. Therefore

Z
k=fac( 2
2 )EKvooand<2
p p
2 1 1 p 1
() )=0)

7Z 7
StabeooKvoﬁKv&{Ae(pZ Z) .det:tl}.

For example =

) )=Ga)=0)=(1)

—g =
—S =

What happens in PGLj3

p = V2
p
el
S to N
1
0 1 =1
p
7Z 7 7 7 7 %Z
Sta(eg) = Z Z 7 |n| Z Z I%Z : det = £1
Z 7 7 pZ pZ 7
VA Z
Ae 7 Z : det = £1
j4 pZ 7z
7 7 7 Z L %Z
Stab(eq) Ae 7Z 7 7 pZ 7 7 det = £+1
7Z 7 Z pZ 7 7
7Z 7 Z
pZ 7 7 det = +1
pZ 7. 7
and therefore
7Z 7 Z
Stab(tg) = Sta(eg) NSta(e1) =< Ae | pZ Z Z | :det=+=1
pZ  pZ 7

We saw that PGL4(Z [ ]) acts transitively on B@~1 (top cells).



7 7 .7
Exercise 0.2. For oy € B(@1) show that Stab(og) = : Z : : det = +1
pZ o pZ T
This is known as the Iwahori group of G.
An example for a branching operators on edges of B(PGL3). See illustration.
&
C% = C'. We saw that if G acts transitively on X |, 20 € X and K = Stabg(zo). Then
7]
KgK : X — 2% defined by (KgK)g'zo = ¢ KgKxo = g'K gz is well defined. Indeed
(KgK)g'kxo = g'kKgxo = g Kgxy.

Assume G O X, X = Gxg W Gr; and denote K; = Stabgz;. Now KygK; defines an equivariant
branching operator Gzg — 2671 by

(KogK1)(g'z0) = ' KogK121 = g' Koga:.
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FROM EXPANDER GRAPHS TO RAMANUJAN COMPLEXES — JUNE 4% | 2018

We had
G =GL4(Qp) ; K =GL4(Zyp)

~ @
For every z1, ..., zq € (C*)* we defined I(Z) = Indg(x=) where B is the upper triangular in G . We also saw

that dim I(Z)% =1, denote (v) = I(Z)¥ and then
Ajv = pj(d;j) Uj(7)v
We denoted by H the Hecke Algebra defined as
H = HE = C.(K\G/K) = G — inv branching ops. on G/K

Whenever G ~ V then H ~ VE and v = fG ©(g)gvdg and 1k is the identity in H . We saw that H =
C A4, ...,Ad,Agl] .

Theorem 1. (Satake) H = C [mfl, ...,xfiﬂ]sym.
Claim 2. If V is a - G irreducible representation, then VX # 0 (V is K -spherical).
Thus V = [(Z). If X =T\B, then X° = \G/K and L*(X°) = L2(T\G)X = aVX .

Small interlude:

Claim 3. For K <compact G and open , If V' is K spherical, irreducible of G , then VE is irreducible (As H-
representation). Also VX determines V .

Proof. V irr. rep. Let W <y VK. Take 0 £ w € W ,
YoeV : U:Zaigiw
if v € VK then
U:lKU:IKZaigiw:ZozilKgiw
:ZailKgilezz:ailKginEW

Thus W = VE. N
Let V4, Vs irreducible , T': V& % V. Define W = {(v,Tv) | ¢ € ViF} C V£ x V& = (1} x 15)K. Also

define U = (W),. Claim: UX = W (This is an exercise similar to the first part). But from here we get
U#Vy x0,0xV5,0,V; x Vo, and thus Vi = V, (Schur up to semi-simplicity).

Back to K = GL4(Z,). We have a correspondencre

{K — spherical G —irr. rep.} <= {H — characters, x: H - C} <= Homyny(H,C)

Let us understand the homomorphisms of the form C [mf,...,wﬂsym — C : they depend only on a set

{21, ..., za} € (C*) by the choice x; — z. Now for all such homomorphisms, I(7Z) gives VX, H-rep with this
hom. By Claim 3, the irr. rep. we started with is = I(Z).

Corollary 4. Ly(X°) = @I(Z)X. We call 2, ..., zq the Satake parameters if the irr. rep.
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i(d—3)

A =1 and specA;|xo = {pTaj(7)}. If Adj is the adjacency matrix, then Adj =

YL A;.
Theorem 5. (Satake) When G = PGL, we have 1(Z) <wearty L*(G) iff |zi] < 1.
Remark 6. Tn this case I(Z) <wearty L2(G) <= I(Z) € Neso L2T(G).

So X is Ramanujan on vertexes when |z;| = 1 for all 7 in the sum Ly(X°) = ®I(Z)X.

ADELE’S
G = unitary dual = {cont. hom: G — S'}. E.g.
R={&: z— e | teR} =R
Z={¢a:n—a"|aec8tzs
St={a—a" |nel}=7
Z7n%Z/n

the main question is Q =? where Q is with the discrete topology. We can take all characters through Q,, meaning

Q— Q, — St
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