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Abstract. Let (G/Γ,Ra) be an ergodic k-step nilsystem for k ≥ 2. We adapt an argument of
Parry [25] to show that L2(G/Γ) decomposes as a sum of a subspace with discrete spectrum and
a subspace of Lebesgue spectrum with infinite multiplicity. In particular, we generalize a result
previously established by Host–Kra–Maass [17] for 2-step nilsystems and a result by Stepin
[29] for nilsystems G/Γ with connected, simply connected G.
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1. Introduction

A nilmanifold is a compact manifold of the form G/Γ where G is a nilpotent Lie group and
Γ is a discrete co-compact subgroup. If G is k-step nilpotent, then we say that G/Γ is a k-step
nilmanifold. For any a ∈ G let Ra : G/Γ → G/Γ denote the left-translation by a on G/Γ, that
is, Ra(gΓ) = (ag)Γ for all gΓ ∈ G/Γ. The resulting topological dynamical system (G/Γ,Ra)
is called a nilsystem. Every nilmanifold G/Γ admits a unique left-translation invariant Borel
probability measure µG/Γ called the Haar measure on G/Γ. This allows us to associate to
every topological nilsystem (G/Γ,Ra) a natural measure-preserving system (G/Γ, µG/Γ,Ra).
The Koopman-representation of the transformation Ra is the unitary operator (which, in an
abuse of notation, we also denote by Ra) on L2(G/Γ, µG/Γ) defined by Ra f = f ◦ Ra. We
say that the nilsystem is ergodic if the only Ra-invariant functions in L2(G/Γ, µG/Γ) are the
constant functions. Due to their rich underlying algebraic structure, the dynamical behaviour
of nilsystems is remarkably complaisant:

Proposition 1.1 (cf. [24], Section 2). Let G/Γ be a nilmanifold and a ∈ G. The following are
equivalent:
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(1) The topological system (G/Γ,Ra) is transitive, i.e., there exists a point with dense orbit.
(2) The topological system (G/Γ,Ra) is minimal, i.e., every point has a dense orbit.
(3) The topological system (G/Γ,Ra) is uniquely ergodic with unique G-invariant measure
µG/Γ.

(4) The measure-preserving system (G/Γ, µG/Γ,Ra) is ergodic.

Let S 1 denote the unit circle in the complex plane. If µ and ν are two Borel measures on S 1,
we say that µ is absolutely continuous with respect to ν and write µ ≪ ν if ν(A) = 0⇒ µ(A) = 0
for any Borel subset A ⊆ S 1. This introduces a natural partial order on the family of Borel
measures on S 1. We say that µ and ν are equivalent if µ ≪ ν and ν ≪ µ and write ν ≈ µ.
The type of a Borel measure µ is defined as the equivalence class of all Borel measures that are
equivalent to ν.

Definition 1.2 (Spectral measure and spectral type). Let U be a unitary operator on a Hilbert
spaceH . The spectral measure of h ∈ H is the unique finite Borel measure σh on S 1 satisfying

⟨Unh, h⟩ =
∫

S 1
tndσh(t), ∀n ∈ Z.

The existence of this measure is guaranteed by Herglotz’s theorem (see [20, Sections 7.6 and
7.8]). Moreover, there exists a unique finite Borel measure σ on S 1, called the maximal spec-
tral type of the operator U, with the property that every spectral measure of an element inH is
absolutely continuous with respect to σ and conversely, every finite Borel measure absolutely
continuous with respect to σ is the spectral measure of some element ofH [13].

Spectral theory provides an important framework for analyzing linear operators and links
operator theory to harmonic analysis. In ergodic theory, the study of the spectral properties
of the Koopman representation of a measure-preserving transformation follows a long history,
dating back to the foundational works of von Neumann and Koopman in the 1930s ([21], [31],
[32]). It directly relates to important ergodic-theoretic properties of the underlying dynamical
system (such as mixing properties or rigidity phenomena), plays an important role in the clas-
sification of measure-preserving systems and their joinings, and aids the study of the stability
and long-term behaviour of the system, which connects to recurrence and convergence prob-
lems in ergodic theory. For more information about the spectral theory of dynamical systems
and its applications, we refer the reader to the survey [23].

In general, spectral measures are difficult to compute and even for some of the most well-
studied systems the maximal spectral type remains unknown. The purpose of this paper is to
settle this problem for the class of nilsystems. Nilsystems and some generalizations thereof
have become increasingly important in ergodic theory due to their connections to the structure
theory of ergodic averages [15], [33], [27], [26], additive combinatorics [16], number the-
ory [34], [5], [6], nilspace theory [2], [11], [10], [12], and Higher-order Fourier analysis [8],
[30],[4], [19], [18], [3]. Therefore, determining the maximal spectral type of nilsystems finds
several applications. To state our main result, we need one more definition.

Definition 1.3. Let U be a unitary operator on a Hilbert spaceH .
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• U has discrete spectrum if the maximal spectral type is a discrete measure on S 1, or
equivalently, if the eigenfunctions of U span a dense subspace ofH .
• U has infinite Lebesgue spectrum ifH decomposes into a direct sum of infinitely many

pairwise orthogonal closed U-invariant subspaces, each with maximal spectral type
equivalent to the Lebesgue measure on S 1.
• U has compact-Lebesgue spectrum if H = Hd ⊕ Hl is an orthogonal decomposition

ofH into a closed subspaceHd with discrete spectrum and a closed subspaceHl with
infinite Lebesgue spectrum.

In this paper we will only consider separable Hilbert spaces. Therefore, infinite Lebesgue
spectrum is a synonym of countable Lebesgue spectrum.

The main result of this paper is the following:

Theorem 1.4. Let k ≥ 2, and let (G/Γ, µG/Γ,Ra) be an ergodic k-step nilsystem. Then Ra has
compact-Lebesgue spectrum on L2(G/Γ, µG/Γ).

This result was previously established by [29] under the additional assumption that G is
connected and simply connected (see also [28] for history and comments) and by Host, Kra
and Maass [17] for 2-step nilsystems (k = 2) in full generality. We give an alternative proof of
the k = 2 case in Appendix A.

Remark 1.5. Nilsystems are closely related to another class of systems called skew products.
Yet, the results of Theorem 1.4 fail for these systems. Consider the system X = (T2, µT2 ,T )
equipped with the Haar measure µT2 and the action T (x, y) = (x + α, y + φ(x)), where α is
irrational and φ : T → R is continuous. When α is a Liouville number, Herman [14] con-
structed an absolutely continuous function φ for which X is ergodic, rigid and is not a group
rotation. Since rigid systems are singular, this example contradicts the conclusion of Theorem
1.4. More related examples are surveyed in [23]

As an application of our main theorem, we also recover the following theorem.

Theorem 1.6. Let k ≥ 1 and let (G/Γ, µG/Γ,Ra) be an ergodic k-step nilsystem. Let f ∈
L∞(G/Γ, µG/Γ) and suppose that f is orthogonal to the subspace spanned by all eigenfunctions
of Ra. Then

lim
n→∞

∫
G/Γ

T n f · f dµG/Γ = 0.

This result was previously established for k = 2 by Host-Kra-Maass [17], and for general
k by Griesmer [9], and recently by Frantizkinakis and Kuca [7], using different methods. We
provide yet another proof.

Proof. By Definition 1.2 we have
∫

G/Γ
T n f · f dµG/Γ =

∫
S 1 tndσ f where σ f is the spectral mea-

sure of f . Write L2(G/Γ, µG/Γ) = Hd ⊕ Hl, where Hd has discrete spectrum and Hl has infi-
nite Lebesgue spectrum. The subspace spanned by all eigenfunctions corresponds to Hd. By
assumption, f is orthogonal to Hd and hence belongs to Hl. Therefore σ f is absolutely con-
tinuous with respect to Lebesgue. The result now follows by Riemann-Lebesgue lemma. □
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2. Relevant results about nilsystems

In this preparatory section we survey some well known results about nilsystems used in the
proof of Theorem 1.4.

Let G be a Lie group. For a, b ∈ G, the commutator of a and b is the element [a, b] =
a−1b−1ab ∈ G. For subgroups H1,H2 ≤ G, we denote by [H1,H2] the group generated by the
commutators [a, b] with a ∈ H1, b ∈ H2. For nilpotent Lie groups, an important associated
object is its lower central series,

G = G1 ⊵G2 ⊵ . . . ⊵Gk ⊵Gk+1 = {e},

defined recursively as G1 = G and Gi+1 = [G,Gi] for i ≥ 1. Recall that Gk+1 = {e} if and only
if G is nilpotent of step ≤ k.

Remark 2.1. The following properties of nilsystems are useful for us.
(1) If any of the conditions in Proposition 1.1 hold, then (G/Γ,Ra) is isomorphic to a

nilsystem (H/Λ,Rb) where H is generated by b ∈ Y and H0, the connected component
of the identity in H (see [15, Theorem 10.5]).

(2) If N ≤ Γ is normal in G, then G/Γ � (G/N)/(Γ/N). Thus, by taking the maximal such
N with respect to inclusion, we may assume without loss of generality that Γ contains
no normal subgroup of G.

Proposition 2.2. Let G/Γ be a nilmanifold, let a ∈ G such that (G/Γ, µG/Γ,Ra) is ergodic, and
assume that G =

〈
G0, a

〉
. Then Gi is connected for every i ≥ 2.

Proof. First observe that a < G2: otherwise X admits a non-ergodic factor G/G2Γ, which is a
contradiction. It then follows by [22, Lemma 2.10] that Gi is connected for i ≥ 2. □

Proposition 2.3. Fix k ≥ 2, and let (G/Γ, µG/Γ,Ra) be an ergodic k-step nilsystem. If f ∈ L2(X)
is an eigenfunction, then f is measurable with respect to the factor G/G2Γ.

Proof. This was established by Leibman in [22]. □

3. Criterion for Lebesgue spectrum

The following lemma is a corollary of the Peter-Weyl theorem and is due to Parry [25,
Lemma 1].

Lemma 3.1. Let k ≥ 1 and let G/Γ and a ∈ G, be such that (G/Γ, µG/Γ,Ra) is an ergodic k-step
nilsystem and suppose that Γ contains no non-trivial normal subgroups of G. Then

(3.1) L2(G/Γ, µG/Γ) =
⊕
γ∈Ĝk

Vγ,
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where
Vγ = { f ∈ L2(G/Γ, µG/Γ : f (ux) = γ(u) f (x) ∀u ∈ Gk}

and Ĝk is the character group of Gk.

Our main tool for establishing Lebesgue spectrum is the following criterion of Parry.

Proposition 3.2 ([25], Corollary 2). Let G/Γ and a ∈ G be such that (G/Γ, µG/Γ,Ra) is an er-
godic nilsystem, and assume that G =

〈
G0, a

〉
and Γ contains no nontrivial normal subgroups

of G, which is an assumption that we can always make without loss of generality due to Re-
mark 2.1). Let G = G1 ⊵ G2 ⊵ . . . ⊵ Gk ⊵ Gk+1 = {e} denote the lower central series of G
and write L2(G/Γ, µG/Γ) =

⊕
γ∈Ĝk

Vγ as in (3.1). Suppose that for every u ∈ Gk there exists

bu ∈ Gk−1 such that [a, bu] = u. Then for any nontrivial γ ∈ Ĝk \ {1}, the maximal spectral type
of (Vγ,Ra) is Lebesgue.

Proof. Let γ be a nontrivial character and f ∈ Vγ. Let u ∈ Gk and let bu be as in the proposition.
Then

abu = buau

and more generally, for all n ∈ Z we have

anbu = buanun.

For f ∈ Vγ we let σ f denote the spectral measure of f with respect to Ra. Since bu commutes
with Gk, it maps Vγ to itself. We then have∫

S 1
λndσbu f = ⟨anbu f , bu f ⟩ = ⟨buanun f , bu f ⟩ = ⟨anun f , f ⟩ =

∫
S 1
γ(u)nλndσ f .

That is, σbu f is equal to the measure σγ(u)
f obtained by the change of variables λ 7→ γ(u)λ. Let

σ be the maximal spectral type of Vγ. In view of Proposition 2.2 the set γ(Gk) is a connected
subgroup of S 1. Since γ ∈ Ĝk \ {1} we conclude that γ(Gk) , {1} and hence γ(Gk) = S 1. So if
ν ≪ σ, then νs ≪ σ for all s ∈ S 1. We claim from this observation that σ is Lebesgue. First
note that

∫
S 1 σ

tdt is a rotation-invariant measure on S 1, and so it must be equal to Lebesgue.
Therefore, the Lebesgue measure is absolutely continuous with respect to σ. For the other
direction, let A be a set with Lebesgue measure zero and assume for contradiction that σ(A) ,
0. By definition it follows that σt(t−1A) > 0, but since σt is absolutely continuous with respect
to σ we get σ(t−1A) > 0 for all t ∈ S 1. Therefore,

∫
S 1 σ(t−1A)dt > 0, but the measure defined

by this integral is Lebesgue which leads to a contradiction. □

4. Proof of the main result

Proof of Theorem 1.4. The k = 2 case is proved in [17] (see also Appendix A below), so
assume k > 2 and (G/Γ, µG/Γ,Ra) is an ergodic k-step nilsystem. By Remark 2.1, we may
assume G =

〈
G0, a

〉
and Γ does not contain any normal subgroup of G. In particular, Gk is

compact and connected, and Gk ∩ Γ = {e}.
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By Proposition 2.3, and induction on the degree of nilpotency of G, it suffices to show

L2(G/Γ, µG/Γ) � L2(G/GkΓ, µG/GkΓ) ⊕ V

where V is a closed and invariant subspace of L2(G/Γ, µG/Γ) on which Ra has infinite Lebesgue
spectrum. If G is (k − 1)-step nilpotent, then V = 0 and there is nothing to prove. We therefore
assume that this is not the case. As in the proof of Proposition 2.3, the space V decomposes
as V =

⊕
γ

Vγ with Vγ = {v ∈ V : u · v = γ(u)v for all u ∈ Gk}. Taking a quotient by ker γ for

γ ∈ Ĝk, we may assume that Gk is a subgroup of S 1. Since Gk is non-trivial and connected, we
then actually have Gk = S 1.

We claim that A := {[a, g] : g ∈ Gk−1} = Gk. Since g 7→ [a, g] is continuous, and Gk−1

is connected (by Proposition 2.2), we have that A is connected. Moreover, x 7→ [a, x] is a
homomorphism from Gk−1 to Gk. Indeed,

(4.1) [a, xy] = a−1y−1x−1axy = a−1y−1(aa−1)x−1axy = a−1y−1a[a, x]y = [a, x][a, y].

Therefore, A is a connected subgroup of S 1 and so must be all of S 1 or trivial.
Suppose for contradiction that A = {e}. We claim that this implies [G,Gk−1] = {e}, or equiv-

alently that G is (k − 1)-step nilpotent which contradicts the assumption. Since G =
〈
G0, a

〉
, it

suffices to show [G0,Gk−1] = {e}. Fix y ∈ G. Since (G/Γ,Ra) is minimal (cf. Proposition 1.1),
we may find sequences γn ∈ Γ and tn ∈ Z such that atnγn → y in G. Let γ ∈ Gk−1 ∩ Γ. Then,
on the one hand, γatnγn → γy. On the other hand, γatnγn = atnγγn = atnγnγ[γ, γn]. But since
[γ, γn] ∈ Γ ∩Gk = {e}, we have atnγnγ → yγ. Hence, γy = yγ. Thus,

(4.2) [G,Gk−1 ∩ Γ] = {e}.

Now consider the map s 7→ [s, ·] from G0 to Hom(Gk−1,Gk). By (4.2), the homomorphism
[s, ·] is (Gk−1 ∩ Γ)-invariant for each s ∈ G0. It is also Gk-invariant. Hence, [s, ·] descends to a
homomorphism from H = Gk−1/Gk(Gk−1 ∩ Γ) to Gk = S 1. The group H is a compact abelian
group, so Hom(H,Gk) = Ĥ is discrete. But since G0 is connected, s 7→ [s, ·] is continuous, and
[e, ·] is trivial, we conclude [G0,Gk−1] = {e}, yielding a contradiction.

We deduce that A = Gk. In this case the assumption in Proposition 3.2 is satisfied and so
the maximal spectral type of Vγ is Lebesgue. Since Gk is connected it has infinitely many non-
trivial characters, showing that the Lebesgue spectrum has infinite multiplicity. This completes
the proof of Theorem 1.4. □

Appendix A. Maximal spectral type of 2-step nilsystems

In this appendix, we present a short proof of Theorem 1.4 for 2-step nilsystems. The main
fact which enables us to produce compact-Lebesgue spectrum in this case is that compact-
Lebesgue spectrum is preserved by relatively independent joinings:

Proposition A.1. Let (X, µ,T ) and (Y, ν, S ) be measure-preserving systems with compact-
Lebesgue spectrum. Then the relatively independent joining (X × Y, µ ×Z ν,T × S ) over any
common factor Z also has compact-Lebesgue spectrum.
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Proof. Let π1 : X → Z and π2 : Y → Z be factor maps. Let KT and KS be the Kronecker factors
of (X, µ,T ) and (Y, ν, S ) respectively. Note that the meet KT ∧Z is equal to the Kronecker factor
of Z, which we denote by KZ. Similarly, KS ∧ Z = KZ.

We have the following splittings into invariant subspaces

L2(X, µ) = L2(KZ) ⊕ U ⊕ V1 ⊕ V2

and

L2(Y, ν) = L2(KZ) ⊕ U ⊕W1 ⊕W2,

where

L2(KZ) ⊕ U = L2(Z),

L2(KZ) ⊕ V1 = L2(KT ),

L2(KZ) ⊕W1 = L2(KS ).

By assumption, T |U⊕V2 and S |U⊕W2 have Lebesgue spectrum.
We claim

L2(X × Y, µ ×Z ν) = L2(Z) ⊕ V ⊕W ⊕ (V ⊗W),

where V = V1 ⊕ V2, W = W1 ⊕ W2, and V ⊗ W is the Hilbert space tensor product of V and
W. Indeed, suppose f ∈ L2(X × Y, µ ×Z ν). We may assume without loss of generality that
f (x, y) = g(x)h(y) for some functions g ∈ L2(X, µ), h ∈ L2(Y, ν). Using the splittings above, we
may write

g = g̃ ◦ π1 + v and h = h̃ ◦ π2 + w,

where g̃ = (π1)∗g, h̃ = (π2)∗h, v ∈ V , and w ∈ W. Since π1(x) = π2(y) for (µ ×Z ν)-a.e.
(x, y) ∈ X × Y , we have

f (x, y) = g̃(z)̃h(z) + v(x)̃h(z) + g̃(z)w(y) + v(x)w(y),

where z = π1(x) = π2(y). This decomposition consists of a sum of elements from L2(Z), V , W,
and V ⊗W as desired.

Decomposing L2(Z), V , and W further, the space L2(X × Y, µ ×Z ν) is equal to

L2(KZ) ⊕ U ⊕ V1 ⊕ V2 ⊕W1 ⊕W2 ⊕ (V1 ⊗W1) ⊕ (V1 ⊗W2) ⊕ (V2 ⊗W1) ⊕ (V2 ⊗W2).

It is easily checked that T × S has discrete spectrum on the subspace

L2(KZ) ⊕ V1 ⊕W1 ⊕ (V1 ⊗W1).

Moreover, on the orthogonal complement

U ⊕ V2 ⊕W2 ⊕ (V1 ⊗W2) ⊕ (V2 ⊗W1) ⊕ (V2 ⊗W2),

T ×S has Lebesgue spectrum. This is clear for the subspaces U, V2, and W2. For the remaining
subspaces, note that for v ∈ V and w ∈ W, one has σv⊗w = σv ∗ σw. Hence, if the spectral
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measure associated to either v or w is the Lebesgue measure, then σv⊗w is also the Lebesgue
measure. □

The following description of the structure of 2-step nilsystems allows us, with the help
of Proposition A.1, to reduce to the case that either G is connected or the niltranslation is
isomorphic to an affine transformation on a finite-dimensional torus.

Theorem A.2. Let G/Γ be a connected 2-step nilmanifold, and suppose (G/Γ,Ra) is a minimal
nilsystem. Let G0 denote the conncected component of the identity in G and Γ0 = Γ∩G0. Then
there exist b ∈ G0, d ∈ N, and a minimal unipotent affine transformation S : T2d → T2d such
that (G/Γ,Ra) is a factor of a relatively independent joining of (G0/Γ0,Rb) with (T2d, S ).

Proof. Since G/Γ is connected, there exists γ ∈ Γ so that b = aγ ∈ G0. Then for any x = gΓ ∈
X, we have ax = bγ−1gΓ = bg[g, γ]Γ. Since G is a 2-step nilpotent group, the commutator
[g, γ] belongs to the center of G, so ax = [g, γ]bx. Moreover, one can check that if g ≡ h
(mod Γ), then [g, γ] ≡ [h, γ] (mod Γ), so we may write ax = [x, γ]bx without any ambiguity.

If [x, γ] = Γ for every x ∈ X, then Ra = Rb, so there is nothing to prove. Assume [x, γ] , Γ
for some x ∈ X. Denote by [X, γ] the set {[x, γ] : x ∈ X} ⊆ G2/(G2 ∩ Γ). Then [X, γ] is a
connected abelian Lie group, so there is an isomorphism φ : [X, γ] → Td for some d ∈ N.
Define S : T2d → T2d by S (u, v) = (u + α, v + u), where α = φ([b, γ]). The map (u, v) 7→ u
is clearly a factor map (T2d, S ) → (Td,Rα). Moreover, the map x 7→ φ([x, γ]) is a factor map
(X,Rb)→ (Td,Rα). Indeed, for any x ∈ X,

φ([bx, γ]) = φ([b, γ][x, γ]) = φ([x, γ]) + α.

The relatively independent joining of (X,Rb) and (T2d, S ) over the factor (Td,Rα) is isomor-
phic to the system (Z,T ), where Z = X × Td and

T (x, v) = (bx, v + φ([x, γ])).

We claim (X,Ra) is a factor of (Z,T ). Define π : Z → X by π(x, v) = φ−1(v)x. Then

π(T (x, v)) = π(bx, v + φ([x, γ])) = φ−1(v)[x, γ]bx = φ−1(v)ax = aφ−1(v)x = Raπ(x, v).

Moreover, π(x, 1) = x, so π is surjective. Thus, π is a factor map (Z,T ) → (X,Ra). Since
(X,Rb) and (G0/Γ0,Rb) are isomorphic, the proof is complete. □

It is natural to ask what would be a version of Theorem A.2 for higher values of k. The
system (T2d, S ) appearing in the conclusion of Theorem A.2 belongs to a class of systems
called Weyl systems introduced in [1]. A Weyl system (Y, S ) consists of a compact abelian Lie
group Y and a unipotent affine transformation S : Y → Y . Weyl systems form a subclass of
the class of nilsystems and enjoy many nice dynamical properties (see [1, Section 3]).

Question A.3. Let G/Γ be a connected k-step nilmanifold, and suppose that (G/Γ,Ra) is a
minimal nilsystem. Let G0 denote the connected component of the identity in G and Γ0 =

Γ ∩G0. Do there exists b ∈ G0 and a k-step Weyl system (Y, S ) such that (G/Γ,Ra) is a factor
of a relatively independent joining of (G0/Γ0,Rb) with (Y, S )?
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We can now prove Theorem 1.4 when k = 2. We will first carry out the proof in the case that
X = G/Γ is a connected 2-step nilmanifold and then deduce the general case from this one. By
Theorem A.2, (X, µx,Ra) is a factor of a relatively independent joining of an ergodic nilsystem
(X, µx,Rb) with b ∈ G0 and an ergodic affine transformation (T2d, µT2d , S ) for some d ∈ N. A
factor of a system with compact-Lebesgue spectrum clearly has compact-Lebesgue spectrum,
so it suffices to prove that the relatively independent joining of (X, µx,Rb) with (T2d, µT2d , S )
has compact-Lebesgue spectrum. By Proposition A.1, we may further reduce to showing that
each of the systems (X, µX,Rb) and (T2d, µT2d , S ) has compact-Lebesgue spectrum.

To show that (X, µX,Rb) has compact-Lebesgue spectrum, we may assume X = G/Γ with G
connected by Remark 2.1, since b ∈ G0. In this case, one may follow the proof in Section 4 as
written, since Gk−1 = G is now a connected group.

The fact that (T2d, µT2d , S ) has compact-Lebesgue spectrum follows from a straightforward
calculation. We give the details for S of the form S (u, v) = (u + α, v + u) (as appears in the
proof of Theorem A.2) for completeness. First, L2(T2d) splits as U ⊕ V , where U � L2(Td)
consists of functions f (u, v) that depend only on u. The transformation S is compact on U
with eigenvalues n · α, n ∈ Zd, corresponding to the eigenfunctions en,0(u, v) = e(n · u). Now
V is spanned by the functions en,m(u, v) = e(n · u + m · v) with n,m ∈ Zd, m , 0. By direct
calculation, the spectral measure σn,m of en,m has Fourier coefficients

σ̂n,m(k) =
〈
S ken,m, en,m

〉
=

∫
Td×Td

en,m

(
u + kα, v + ku +

(
k
2

)
α

)
en,m(u, v) du dv

= e
((

kn +
(
k
2

)
m
)
· α

) ∫
Td

e(km · u) du = 0

for k , 0, since km ∈ Zd \ {0} gives rise to a nontrival character on Td. Hence, σn,m is equal to
the Lebesgue measure on S 1.

Now suppose X = G/Γ is a (not necessarily connected) 2-step nilmanifold and a ∈ G such
that (X,Ra) is minimal. Then X has finitely many connected components, say X =

⋃l
i=1 Xi,

and Rk
a(Xi) ⊆ Xi for k = l! ∈ N. Let f ∈ L2(X) with f orthogonal to the Kronecker fac-

tor of (X, µX,Ra). Then f is orthogonal to the Kronecker factor on each ergodic component
(Xi, µXi ,R

k
a) for the transformation Rk

a. The spectral measure of f with respect to the transfor-
mation Rk

a has Fourier coefficients

σ̂ f ;Rk
a
(n) =

∫
X

f (aknx) f (x) dµX =
1
l

l∑
i=1

∫
Xi

fi(aknx) fi(x) dµXi ,

where fi = f |Xi . Since each of the systems (Xi, µXi ,R
k
a) is an ergodic 2-step nilsystem on a

connected nilmanifold Xi, the sequence

ci(n) =
∫

Xi

fi(aknx) fi(x) dµXi



10 E. ACKELSBERG, F. K. RICHTER, AND O. SHALOM

is the Fourier transform of a function φi ∈ L1(S 1). Therefore, σ f ;Rk
a

is absolutely continuous
with respect to the Lebesgue measure on S 1, with Radon–Nikodym derivative φ = 1

l

∑l
i=1 φi.

Now, for A ⊆ S 1, σ f ;Rk
a
(A) = σ f ;Ra({z ∈ S 1 : zk ∈ A}). Hence, σ f ;Ra(A) ≤ σ f ;Rk

a
({zk : z ∈

A}), so σ f ;Ra is also absolutely continuous with respect to the Lebesgue measure on S 1. The
following observation then completes the proof:

Lemma A.4. Let (X, µ,T ) be an ergodic measure-preserving system with an irrational eigen-
value. Let σ be the maximal spectral type of (X, µ,T ). Decompose σ = σd +σs +σac as a sum
of discrete, singular, and absolutely continuous measures. Then σac is equivalent to Lebesgue
measure.

Proof. Let f ∈ L2(X) with σ f ≈ σac. Let g : X → S 1 be an eigenfunction Tg = e(α)g with
α < Q. Then

σ̂ f g(n) = ⟨T n( f g), f g⟩ = ⟨e(nα)gT n f , f g⟩ = e(nα) ⟨T n f , f ⟩ = e(nα)σ̂ f (n).

Hence, σ f g(A) = σ f (e(α)A). Define a measure

ν(A) =
∫

S 1
σ f (tA) dt.

By construction, ν is translation-invariant, so ν is a nonzero scalar multiple of Lebesgue mea-
sure. We want to show ν ≪ σ f . Suppose σ f (A) = 0. Since σac ≪ σ f , we have σ f gn ≪ σ f for
every n ∈ Z. Hence σ f (e(nα)A) = 0 for all n ∈ Z. But t 7→ σ f (tA) is a continuous function and
{e(nα) : n ∈ Z} is dense in S 1, so σ f (tA) = 0 for every t ∈ S 1. By the definition of ν, it follows
that ν(A) = 0. That is, ν ≪ σ f as claimed. □
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