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MULTIPLE ERGODIC AVERAGES IN ABELIAN GROUPS AND
KHINTCHINE TYPE RECURRENCE

OR SHALOM

ABSTRACT. Let G be a countable abelian group. We study ergodic averages associ-
ated with configurations of the form {ag,bg, (a + b)g} for some a,b € Z. Under some
assumptions on G, we prove that the universal characteristic factor for these averages

is a factor (Definition [1.15]) of a 2-step nilpotent homogeneous space (Theorem [1.18)).

As an application we derive a Khintchine type recurrence result (Theorem [1.3). In
particular, we prove that for every countable abelian group G, if a,b € Z are such that
aG,bG, (b—a)G and (a + b)G are of finite index in G, then for every E C G and € > 0
the set
{geG:d(ENE—-agNE—bgNE— (a+0b)g)>d(E)* —¢}

is syndetic. This generalizes previous results for G = Z, G = F} and G = @pe pIFp
by Bergelson Host and Kra [6], Bergelson Tao and Ziegler [8] and the author [31],
respectively.

1. INTRODUCTION

Multiple ergodic averages play an important role in ergodic Ramsey theory. In the
case of Z-actions they were used by Furstenberg [16] to prove Szemerédi’s theorem [33]
about the existence of arbitrary large arithmetic progressions in sets of positive upper
Banach density. The goal of this paper is to study the convergence and limit of some
multiple ergodic averages associated with 4-term arithmetic progressions and more gen-
eral configurations in countable abelian groups. As usual, a G-system X = (X, B, 1, T,)
is a probability space (X, B, 1) which is regularﬂ together with an action of a countable
abelian group G on X by measure preserving transformations 7, : X — X. Fix a,b € Z,
a Folner sequence @y of G and bounded functions fi, f, f3 € L°(X), we study the
multiple ergodic averages

(1.1) Egeay f1(Tug®) f2(Tog) f3(Tas1)g7)

_ 1 2 :
where Eycp, = Bl > gedy- The L7-convergence of these averages as IV goes to infin-

ity is already known for all countable nilpotent groups (see Walsh [34]). In the case
of Z-actions, these averages were studied by Conze and Lesigne [9], [10], [11] and by
Furstenberg and Weiss [18] using the theory of characteristic factors (see Definition [1.6]).
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1meaning that X is a compact metric space, B is the completion of the o-algebra of Borel sets, and

1 is a Borel measure.
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This theory were developed further by Host and Kra [22] and Ziegler [36] in order to
deduce the convergence of some multiple ergodic averages associated with Z-actions and
by Bergelson Tao and Ziegler with F% actions [7].

This paper is focused on one of the many applications for these structure theorems as-
sociated with the Khintchine type recurrence. For example, we begin with the following
result by Bergelson Host and Kra [6].

Theorem 1.1. Let (X, B, u, T') be an invertible ergodic system. Then, for any measurable
set A€ B and e > 0 the set

meZ: u(ANT "ANT "ANT 3" A) > u(A)* — ¢}
is syndetid
In [8] Bergelson Tao and Ziegler proved a counterpart to this result for Fy-systems.

This was generalized further by the author in [31].

Theorem 1.2. Let P be a countable multiset of primes with 3 < miny,epp and let G =
D,cpFp- Then for every ergodic G-system (X, B, u,{Ty}gec), measurable set A C X
and € > 0 the set

{g€G: n(ANT,AN T ANT3,A) > u(A)* — e}
18 syndetic.

In this paper we generalize the above to all countable abelian groups, under the fol-
lowing conditions.

Theorem 1.3 (Khintchine type recurrence result for countable abelian groups). Let G
be a countable abelian group and fix a,b € Z. If aG, bG, (a — b)G and (a + b)G are
of finite index in G, then for every ergodic G-system (X, B, 1, {T,}sec), measurable set
A€ B and e > 0, the set

{9€G: p(ANTGANTHANT(4q5)A) > /L(A)4 — ¢}
18 syndetic.
In a recent paper, Bergelson and Ferré Mortagues [5, Theorem 2.8] proved an ergodic

version of the Furstenberg correspondence principle. A direct application of the above
is the following density result.

Theorem 1.4 (Density result). Let G be a countable abelian group and a,b € Z such
that aG, bG, (b—a)G and (a+b)G are of finite index. Let ®n be any Folner sequence for

G and dg be the corresponding upper density. i.e. de(F) = imsupy_,. ‘b}gif'. Then
for any set E C G and € > 0, the set

{geG:de(ENE—agNE—bgNE — (a+0b)g) > do(E)* — ¢}

18 syndetic.

2Recall that a set A in a group G is syndetic if there exists a finite set C' C G such that A+ C = G.
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Remark 1.5. The case of double recurrence. Namely that
{g€G: un(ANT,,ANTyA) > u(A)® — e}

is syndetic, is not covered in this paper. This and a more general version of double
recurrence can be found in a recent paper by Ackelsberg Bergelson and Best [1].

Roughly speaking, we say that a factor of an ergodic system X is characteristic for an
ergodic average if the limit behavior of the average can be reduced to this factor. The
assumption on the indices of aG, bG, (b— a)G and (@ + b)G in Theorem [1.3|is necessary
to ensure that the systems we study in this paper are characteristic for average . It
is an interesting question under which conditions on a and b the finite index assumptions
in Theorem [L.3] can be removed.

Definition 1.6 (Characteristic factors). Let G be a countable abelian group and let X
be an ergodic G-system. For &k € N and 0 # ay,...,a; € Z, we say that a factor Y is
characteristic for the tuple (a1g,asg, ..., arg) if for every bounded functions fi,..., fi €
L>(X) and every Fglner sequence @y of G we have that

k k
lim (Eg@PN H Togfi — Egeay H TaigE(fi’Y>> =0
i=1

N—o0 1
1=
in L?, where E(f;|Y) denotes the conditional expectation with respect to the factor Y.

Remark 1.7.

e X is a characteristic factor for any tuple.

e The mean ergodic theorem states that the trivial factor is characteristic for (g).

e [t is well known that for any countable abelian group G, the Kronecker factor
(the maximal group rotation factor) is a characteristic factor for (g,2¢).

e If G = Z, then the Kronecker factor is also characteristic for (ag,bg) for any
0 # a,b € Z, and in [I§] Furstenberg and Weiss proved that the Conze-Lesigne
factor is characteristic for (ag, bg, (a + b)g). We will discuss this below.

In the case of Z-actions, Host and Kra [22] proved that characteristic factors for the
tuple (g,2¢, 39, ..., kg) are closely related to an infinite version of the Gowers norms.

Definition 1.8 (Gowers Host Kra seminorms). Let G be a countable abelian group, let
X = (X, B, 11, {T,}4ec) be a G-system, let ¢ € L>(X), and let £ > 1 be an integer. The
Gowers-Host-Kra seminorm |[|¢||¢+ of order k of ¢ is defined recursively by the formula

_ 1
léllgr := Jim Il Y do Tylze
=00 [P ]
gedy
for k=1, and

1/2k

1 k-1
= i — AyplZns
Jollor = Jim | ey 3 1800l

k
ge@N



4 OR SHALOM

for k > 1, where A ¢(x) = ¢(Tyz) - d(z) and @Y, ..., @, are arbitrary Folner sequence.

These seminorms were first introduced in the spacial case where G = Z/NZ by Gowers
in [I9] where he derived quantitative bounds for Szemerédi’s theorem [33].
The Host-Kra factors are defined by the following proposition.

Proposition 1.9. Let G be a countable abelian group, let X be an ergodic G-system,
and let k > 1. Then, there ezists a factor Z_(X) of X with the property that for every
fe LX), [|fllurxy = 0 if and only if E(f|Z<x(X)) = 0.

Proposition is proved in [22] Lemma 4.3] for G = Z (see [7, Lemma A.32] for
general countable abelian groups). In the case of Z-actions, Leibman [24] showed that
the k-th Host-Kra factor coincides with the k-th Ziegler factor [36]. The latter is the
universal (minimal) characteristic factor for all the tuples (a1g, asg, ..., axg), where 0 #
ai,...,ar € 7Z are distinct. Leibman’s proof can be generalized to arbitrary countable
abelian groups, assuming that the following subgroups: (@;G)¥_,, ((a; — a;)G)1<izj<k are
of finite index in G. Otherwise, Z_;(X) may not be a characteristic factor for the tuple
(a19,asg, ..., arg).

Proposition [1.9) leads to the following definition.

Definition 1.10. Let £ > 1 be an integer. Let G be a countable abelian group and X
be an ergodic G-system. We say that X is a system of order < k if it is isomorphic as a
G-system to its factor Z 4 (X).

Remark 1.11.

e The trivial system is the only system of order < 1.

e Any ergodic group rotation is of order < 2 (see [I7]). The converse is also true
(see [22]).

e Anti-example: No non-trivial weakly mixing system is of finite order.

Convention. For an ergodic G-system X, we call Z_,(X) the Kronecker factor and
Z3(X) the C.L. factor (named after Conze and Lesigne [9], [10], [11]) and we iden-
tify Z.(X) with a group rotation (see Definition [5.1)). Similarly, if X = Zo(X) or
X = Z3(X), we say that X is a Kronecker system or a C.L. system, respectively.

It is well known that the Conze-Lesigne factor is an abelian extension of the Kronecker
factor by an abelian group and a C.L. cocycle. We define these notions below.

Definition 1.12 (Abelian cohomology). Let G be a countable abelian group, let X be a
G-system and let (U, -) be a compact abelian group. A measurable function p: G x X —
U is called a cocycle if p(g+ ¢',x) = p(g,z) - p(¢’, T,x) for every ¢g,¢' € G and p-almost

3All of the limits exist and are independent on the choice of the Fglner sequences, see [7, Lemma
A.18].
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every x € X. The abelian extension of X by the cocycle p is defined to be the product
space
X XpU = (X X U7BX ®BU7MX ®MU7SQ)

together with the action S,(z,u) = (T,z, p(g, z)u). We denote this system by X x, U.

We say that two cocycles p,p' : G x X — U are (G, X,U)-cohomologous (or just
cohomologous), if there exists a measurable map F': X — U such that p(g,x)/p/(g,x) =
A, F(x) for all g € G and p-almost every z € X. It is well known that cohomologous
cocycles define isomorphic group extensionsﬂ. We let B(G,X,U) denote the group of
all coboundaries, these are functions G x X — U of the form (g, z) — A F(z), where
F : X — U is a measurable map.

Observe that the group U acts on the extension X x,U by measure preserving trans-
formations V,(x,v) = (z,uv). More generally, given an action of a compact abelian
group A on a system X and f : X — U is a measurable map, we define V, f(x) = f(ax)
and A, f(x) = Vo f(z) - f(x)™ "

Below we define the notion of a C.L. cocycle with respect to a group A.

Definition 1.13 (Conze-Lesigne cocycles). Let G be a countable abelian group and
let X be an ergodic G-system. Let U and A be compact abelian groups and suppose
that A acts on X by measure preserving transformations. We say that the cocycle
p:GxX — Uisa C.L. cocycle with respect to A if for every a € A there exist a
homomorphism ¢, : G — U and a measurable map F, : X — U such that

Aaplg, ) = ca(g) - BgF (x)
for p-almost every z € X and all g € G.

In [I8] Furstenberg and Weiss proved the following result [

Theorem 1.14 (Z_3(X) is an extension of the Kronecker by a C.L. cocycle). Let
(X, B, 1, T) be an ergodic invertible measure preserving system. Then there exist a com-
pact abelian group U and a cocycle p : Zo(X) — U such that Z.3(X) = Zo(X) x, U
and for every x € U, xopisa C.L. cocycle with respect to Zo(X).

1.1. The Conze-Lesigne factor as a factor of a nilpotent system. We briefly and
informally explain how the methods we use in the proof of Theorem differ from the
previous cases for Z and P, p F), (Theorem [1.1 and Theorem [1.2)).

The main difficulty in the proof of these theorems is to show that the Conze-Lesgine
factor admits some nilpotent structure. This nilpotent structure leads to a convenient
formula for the limit of average (|1.1]), which can be used to derive the recurrence result.

4The isomorphism is given by (z,u) — (z, F(z)u).

5Furstenberg and Weiss proved this result under the assumption that X is normal. Host and Kra
[22] Lemma 6.2] gave another proof without this assumption. We also note that the same proof holds
for G-systems where G is a countable abelian group.
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In the generality of countable abelian groups we only managed to give partial results
in this direction. More specifically, we show that for any ergodic system (X, G) there
exists an extension (Y, H) (Definition such that the C.L. factor of Y has the struc-
ture of a 2-step nilpotent homogeneous spaceﬁ. As usual, we reduce the study of the
limit of average to the case where the functions are measurable with respect to the
Conze-Lesigne factor Z_3(X) (Theorem [2.3). The main difference is that now we have
to pull everything up to the extension Z_3(Y"). Using the nilpotent structure of Z_5(Y")
we derive a formula for the limit of some multiple ergodic averages (Theorem . This
formula is used to deduce the Khintchine type recurrence result in Theorem [1.3]

We begin by introducing a notion of an extension outside of the category of G-systems.
Observe, that for a G-system X = (X, B, i, T;) and a countable abelian group H with a
surjective homomorphism ¢ : H — G there exists a natural H-action on X by Sj, = T, ).
This leads to the following definition:

Definition 1.15 (Extensions). Let G and H be countable abelian groups. We say that
the system Y = (Y, (Sh)nen) is an extension of (X, (T}),eq) if there exists a surjective

homomorphism ¢ : H — G and a factor map 7 : Y — X such that w0 .S}, =T,y o7 for
all h € H.

Example 1.16. Let G = Z/2Z act on the space X = {—1,1} by T,z = 29 and let
H =7Z/4Z act on Y = {—1,—i,4,1} by Spy = y". Then, the system (Y, H) defines an
extension of (X, G) with respect to the homomorphism
v:H—CG
@(h) =h mod 2
and the factor map 7: Y — X, 7(y) = y°.

In particular, we see from this example that the family of ergodic H-extensions can
be larger than the family of ergodic G-extensions (there is no ergodic G-action on Y).
In example below we see another advantage of these extensions.

The following group was studied by Conze and Lesigne [9], [10], [11] and generalized
by Host and Kra [22] for systems of order < k, for any k£ € N (see Definition [A.3)).

Definition 1.17 (The homogeneous group). Let G be a countable abelian group, let X
be a C.L. G-system and write X = Z.5(X) x, U for some compact abelian group U.
For every s € Zo(X) and F : Zo(X) = U, let S5 p € Zo(X) X M(Z5(X),U) be the
measure preserving transformation S p(z,u) = (sz, F|(2)u). The C.L. group is given by

G(X) ={Ssr € Zeo(X) x M(Z5(X),U) : dc: G — U such that A;p =c- AF}
with the natural multiplication S, ¢ 0 Sy, = Set.nv,¢-

5We also give a structure theorem for the Conze-Lesgine factor as a double co-set (see Theorem |1.21)),
but we do not use this result in the proof of the Khintchine recurrence.
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Equipped with the topology of convergence in measure G(X) is a 2-step nilpotent lo-
cally compact polish group.

Our main result is the following structure theorem.

Theorem 1.18 (Structure Theorem). Let G be a countable abelian group and let X
be an ergodic G-system. Then, there exist an extension (Y, H) and a 2-step nilpotent

locally compact polish group G which acts transitively on Z-3(Y) by measure preserving
transformations. Moreover, we can take G = G(Z-3(Y')) as in Definition .

The moreover part in Theorem plays an important role in the proof of the Khint-
chine type recurrence (Theorem . More specifically, it is used in the proof of the
limit formula for some multiple ergodic averages (Theorem , see Remark for
more details.

Remark 1.19. In [30], Rudolph gave an example of an invertible measure preserving
system (X,T) of order < 3 (i.e. X = Z_3(X)) which is not isomorphic to a 2-step
nilpotent homogeneous space. In this paper we show that one can avoid such examples
by assuming that the group of eigenfunctions of X is divisible (see Theorem . In
Theorem we show that every ergodic G-system X admits an extension with that

property.

The remark below contains important facts about the structure of Z_3(Y") as a homo-
geneous space. All of the properties in this remark are proved in the proof of Theorem

ET

Remark 1.20. In the settings of Theorem , the system Z_3(Y) is isomorphic to the
G-system (G(Z3(Y))/T, B, i1, R,) where I is the stabilizer of some zy € Z.3(Yp), B is the
Borel o-algebra and p the Haar measureﬂ. Moreover, I' is a totally disconnected closed co-
compact subgroup of G(Z_3(Y)) and there exists a homomorphism ¢ : G — G(Z3(Y))
such that the action R, is given by left multiplication by ¢(g).

The factor map 7 : Y — X, induces a factor 7 : Z5(Y) — Z_3(X) and the following
diagram commutes.

(X, G) (Y, H)
7TX 7TY
3 3
(Z<3(X), G) " (Zo5(Y), H) = (G/, H)

"This measure exists because locally compact nilpotent groups are uni-modular.
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Theorem shows that every ergodic C.L. system admits an extension with nilpotent
structure. Below we prove a structure theorem for the C.L. factor itself (without passing
to an extension)ﬁ

Theorem 1.21 (C.L. systems are double co-sets). Let G be a countable abelian group
and let X be an ergodic G-system. There exists a 2-step nilpotent locally compact polish
group G, a compact totally disconnected subgroup K < G and a closed totally discon-
nected subgroup I' < G such that Z3(X) =2 K\G/T' where G acts on K\G/T' through a
homomorphism ¢ : G — G whose image commutes with K.

A system (X,G) is called a k-step nilsystem if it is isomorphic to a homogeneous
space G/I" where G is a k-step nilpotent Lie group, I' is a discrete co-compact subgroup
and there exists a homomorphism ¢ : G — G such that ¢ € G acts on X by a left
multiplication by ¢(g). In [9], [10], [I1] Conze and Lesigne proved that the C.L. factor of
an ergodic Z-system is isomorphic to an inverse limit of 2-step nilsystems. Host and Kra
[22] and Ziegler [36] generalized this result by showing that for every k € N, a Z-system
of order < k + 1 is an inverse limit of k-step nilsystems. Let (G/T', R,) be a k-step
Z-nilsystem where R, is a left translation by some a € G. We denote by ug the Haar
measure on G. For every 1 <r < k+ 1 let G, be the closed subgroup generated by the
commutators of length r in G and let m,. denote the Haar-measure on the quotient space
G,/ where I, = I' N G,.. In [35] Ziegler proved the following limit formula.

Theorem 1.22. Let X = (G/T',T) be a connected simply connected k-step nilsystem and
let fi,..., fra1 € L®(X). Then for pg-almost every x € G we have

N—-1k+1
Nh_rgOZOHT fi(al) =
k+1 i () k+1
filw- 1 Ly, T) | | dma(wils).
/Q/F /QQ/FQ Gr/Tk 7,1:[ JHl ’ 7,1:[

Then, in [6] Bergelson Host and Kra generalized this result for non-connected nilsys-
tems which satisfy that G is generated by its connected component and a.
In [7] Bergelson Tao and Ziegler studied the structure of the universal characteristic
factors associated with Fj-actions. They showed that any ergodic F,-system has the
structure of a Weyl systemﬂ and proved a similar limit formula for multiple ergodic aver-
ages associated with this group [8]. Any Weyl system of order < k + 1 has the structure
of a k-step nilpotent homogeneous space. This structure theorem was generalized by the

author [31] for P, p Fy-systems in the special case k = 2 and in [32] for general k € N.

8] thank Yonatan Gutman who informed me that double cosets may be relevant in this work.
9A Weyl system is a tower of abelian extensions of the trivial system where the cocycles are phase

polynomials (see Definition .
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A key component in the proof of Theorem is a result about the (point) spectrum
of the G action as a unitary operator on L*(X). Let k > 1. We say that a measurable
function P : X — S!is a phase polynomial of degree < k if for any ¢, ..., g» € G we have
Ay .. Ay, P =1 and write P (X, S") for the group of all phase polynomials of degree
< k. The k-th spectrum of X is defined to be the group

Spec,(X) = {A:G* = ' : AP € Py i1 (X, SY) 5.t Yagu, oo Gy M1, s Gi) = Dy, A, P}

In Theorem below we show that for any ergodic system (X,G) there exists an
extension (Y, H) such that for every element in A € Spec,(X) and n € N there is an
n-th root for the corresponding element in Spec,(Y). In the special case where k = 1,
we show (Theorem that Po(Y,S?) is a divisible group. The following example
illustrates this phenomenon in a simple case.

Example 1.23. Let (X, G) and (Y, H) be as in Example [1.16]

The vector space of eigenfunctions of X is spanned by the constant 1 and the embedding
X : X — S', x(z) = z. This finite group {1, x}, under pointwise multiplication, is not
divisible. For instance, because there is no square root for x. On the other hand, let
x o7 be the lift of x to Y. We see that the eigenfunction 7 : ¥ — S, 7(2) = x is a
square root of x o .

This process can be iterated infinitely many times using inverse limits. The result is an
extension of X with a divisible group of eigenfunctions into S*. We do this in detail in

section |3] (see also Example [3.18]).

If (Y, H) is a Conze-Lesigne system with a divisible 1-spectrum, then G(Y') acts tran-
sitively on V' (Theorem [4.1). It is natural to ask whether the same holds for systems of
higher order.

Question. Let k > 3, let G be a countable abelian group, and let (X, G) be an ergodic
system such that Spec,(X), ..., Spec;,_1(X) are divisible. Is it true that Z.;11(X) has the
structure of a k-step nilpotent homogeneous space? More specifically, is it true that the
Host-Kra group G(X) (Definition[A.3) acts transitively on X ?

Acknowledgment I would like to thank my adviser Prof. Tamar Ziegler for many
valuable discussions and suggestions.

2. THE CONZE-LESIGNE FACTOR IS CHARACTERISTIC

In this section we prove that under the assumptions in Theorem [I.3] the C.L. factor
is a characteristic factor for the tuple (ag,bg, (a + b)g). Our main tool is the van der
Corput lemma, (see e.g. [4]).

Lemma 2.1 (van der Corput lemma). Let H be a Hilbert space and G be an amenable
group. Then, for every Folner sequence ®n and any bounded sequence {x,},ec: € H we
have: If imy_soo Egeay (Tgin, T4) exists for every h € G and there exists M € R such
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that for any Folner sequence Wy,

(2.1) lilr{n sup ’]EQG\I’H ]\}l_rfl Egea <x9+h7xg> | < M.
—00 o0

Then,
lim sup ||E96q>1\,xg||2 < M.

N—oo

In particular, if impy oo Egew,, imy oo Egeay (Tgin, 24) = 0, then impy_ oo Ejeq 2z, = 0.

Proof. Let € > 0 be arbitrary. By the properties of a Fglner sequence, we have that for
sufficiently large N and H,

HEQ@N% - Ehe@HEg@ngJrh“ <é&.

We use o(¢) to denote a positive quantity that goes to 0 as ¢ — 0. Since z, is bounded,
the triangle inequality gives

HE96<1>N379H2 < Egean HEh€<wa9+hH2 +o(e).
Then, the right hand side becomes
EgeoyErco, Enea, (Tgrn, Tgrn) + 0(e).
We make a change of variables and change the order of summation.
EneayErce,Egeonn (Tgrn—n, Tg) + 0(€).

As @y is a Fglner sequence, taking a limit as N — oo we get that for sufficiently large
H, the above equals to

Er oy Eredy Yh-n + 0(e).
Making a change of variables again this becomes
(2.2) Epeay B, +nn + 0(€).
Let €1 > 0, and suppose by contradiction that there exists a subsequence Hj ﬁ o0
—00
such that for every k,
‘Eh’eéHkEheéHk+,L/7h‘ > M +e;.

Then we can find hj, € @y, such that

‘Eh@Hﬁhﬂh’ > M + ey.

However, Uy, = &y, is a Folner sequence and we have a contradiction to |) There-
fore the limsupy_, . of (2.2)) is bounded above by M + o(g). As € > 0 is arbitrary the
claim follows. 0

The first application of this lemma is the following result of Furstenberg and Weiss
[18].
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Lemma 2.2 (The Kronecker factor is characteristic for double averages). Let G be a
countable abelian group and let X be an ergodic G-system. Suppose that a,b € 7 are
such that aG,bG and (b — a)G are of index d,,dy, and dy_, in G, respectively. Fiz
fi, fa € L=(X) with || filloo, || f2lleo < 1 and let vy = Togf1-Togfo. Then imy_ o0 Egea 2y
exists and

in L? for every Folner sequence ®y of G.

hm E xr
@
N gePN LY

. < dp—q - min{de - || fillv2x), db - || follo2x) }

Proof. We follow the argument in [I8]. Set x, = Ty, f1 - Ty f2 then,

<xg+h7 xg> = / Tag+ahf1 : Tbg+bhf2 . Tag?l ' Tbg?lel“
X

Since T,, is measure preserving we have,

lim EQE‘I)N <x9+h7$g> - hm Egech/ Aahfl ’ T(bfa)gAbhf2d,u'
N—o00 N—o00 X

By the mean ergodic theorem the limit exists and equals to

(2.3) /X Aarfi Py-o( Do fo)

where P,_, is the projection to the (b — a)G-invariant functions. If (b — a)G is ergodic,
then this equals to

/Aahfld,u'/ Ay fodp.
X X

The limit of the average of this in absolute value

/ Aun frd / Abhfzdu’
X X

is bounded by min{d, - || fi|lz2-, ds - || f2]|o2} and the claim follows by the van der corput
lemma. If (b — a)G is not ergodic, then since (b — a)G is of index dy—, in G there
are at most d,_, ergodic components. In particular, we can find a partition of X to
(b — a)G-invariant sets, X = (J™7* A; such that P,_, is an integral operator with kernel
Zdb “14,(x)14,(y). We conclude that equals to

dba

/X/X?I(x).TQ( Tanful(x) - Tinfoly Zlfl dp(x)dp(y).

Taking another average on h over any Fglner sequence ¥ g and applying the mean ergodic
theorem for the action of T,;, x Ty, the limit of the above becomes

lim sup Epeq
H—o00

dp—q

(2.4) //f o) X He ) a0 ) )
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for some bounded Ty, x Typ-invariant function H (z,y). It is classical that every T, X Ty~
invariant function can be written by sums of all products of d, eigenfunctions in x and d,
eigenfunctions in y. Since 14,(z) is T(—q)p-invariant, it is a sum of dy_, eigenfunctions.
Let Z be the Kronecker factor, we conclude that the term in equation is bounded
by the minimum between dy—, - d, - max, .5 [ (fi,x) | and dy—q - dp - max, 5 | (f2, X) |-
Since the U?-norm bounds the maximal Fourier coefficient the claim follows. To see this
let f € L*(X) be any function. We can decompose f with respect to the orthogonal
projection E(-|Z) and write f =) 5 (f,x) - x + f', then

1£11E= = NE(A12) 52 = D 147,20 [* 2 max] (£.) [*
xEZ
This clearly implies that [|f[lp= > max, ;| (f,X) [, and therefore, the van der Corput
lemma gives the promised inequality.
It is left to show that the limit exists. By linearity we can reduce matters to the Kro-
necker factor. For i = 1,2 let f; = E(f;|Z). Then, by approximating fi, fo by linear
combinations of eigenfunctions direct computation gives,

lim Egeo, Tog fi(@) - Tog folz / Fi(ay®) fo(zy)dpz (y)

in L2, where here we abuse notation and view fl and f2 as functions on Z. This completes
the proof. O

Now, we generalize this for the tuple (ag,bg, (a + b)g).

Proposition 2.3 (Z_3(X) is characteristic for triple averages). Let a,b € Z and G be as
m Theorem and let X be an ergodic G-system. Let fi, fao, f3 € L>(X) and for every
i =1,2,3 let f; = E(f;|Z<3(X)). Then, assuming that the following limits exist in L?,
we have

]\}Iinoo Egeq)NTagflTbngT(a—l—b)gf?) - ]\}E\%@ ]EQEQNTagflTbngT(a-i—b)gf?)'

Proof. Let dg, dy, dy—, and d,p, denote the indices of aG,bG, (b—a)G and (a+b)G in G,
respectively and let f1, fa, f5 € L*>*(X). By linearity it is enough to show that if either
f1, fa or f3 is zero, then

1\}1320 E96¢NTagf1Tbgf2T(a+b)gf3 =0.

By the symmetry of the equation we can assume without loss of generality that f3 = 0.
Moreover, if we divide each function by a constant we can also assume that || f1||co, || f2 |l
and || f3||oc are bounded by 1. Set x4 = Tygf1 - Togfo - T(atb)ef3, then for every g,h € G
and N € N we have,

Eg€<I>N <xg+h7 xg> = EgebN / Tag+ahf1 . Tbg+bhf2 : T(a+b)(9+h) f3 : Tag?l : Tbg?Q : T(a—i—b)g??)d,u'
X
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Since T,, is measure preserving the above equals to

EgE'IDN/ Aanfr - Tio-aygDonfa - TogAarvynfadp.
X

By the previous lemma this average converges in L2. Observe that by the Cauchy-
Schwartz inequality and since ||fi]|oc < 1, the absolute value of the above is smaller or
equal to
| Egeen To-aygDonfz - TogAwasnnsfs|| -
By the previous lemma, the limit as N — oo is bounded by the square root of d2 -
||A(a+b)hf3H(2]2(X)- Since || - |lys(x) is a seminorm, we conclude that for every Fglner
sequence Wy,
I}i_rgthG\I’H ||A(a+b)hf3||2Uz(X) < dass - || flTsx)-

Therefore,

<dy - doys || f3l5s =0

I}Enoo Enewy ]\}1413100 Egeoy <x9+hv x9>
and by the van der Corput lemma the claim follows. 0

3. GENERALIZED SPECTRUM

Let G be a countable abelian group, (X, G) an ergodic G-system and k£ > 1. In this
section we construct an extension (Y, H) with the property that every phase polynomial
p: X — St of degree < k admits a phase polynomial n-th root ¢ : ¥ — S! such that
q" = pom for every n € N where 7 : Y — X is the factor map. We begin with some
definitions. First, we generalize the definition of a phase polynomial to functions taking
values in an arbitrary compact abelian group.

Definition 3.1 (Phase polynomials). Let X be an ergodic G-system, let k£ > 0 and let
U be a compact abelian group. We say that a function P : X — U is a phase polynomial
of degree < k if for every g¢i, ..., g» € G we have that A,,...Ay, P = 1y. We let Py (X,U)
denote the group of phase polynomials P : X — U of degree < k.

Bergelson Tao and Ziegler proved that up to constant multiplication, there are at
most countably many phase polynomials in P_;(X,S'). In other words, the quotient
P_x(X,8Y)/P.1(X,S") is a countable (discrete) group

Lemma 3.2 (Separation Lemma). [7, Lemma C.1] Let X be an ergodic G-system, let
k> 1, and let ¢,1) € P(X,S") be such that ¢/1 is non-constant. Then ||¢p— || r2(x) >

\/5/2k—2 )
We also recall the following proposition from Appendix [A]

Proposition 3.3. Let G be a countable abelian group and k,m > 1. Let X be an ergodic
G-system of order < k and let P : X — S a phase polynomial of degree < m. Then

10T his assertion follows from the lemma below and the fact that L?(X) is separable.
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e X is an abelian extension of Z;_1(X) by a compact abelian group U.

o [or every u € U, AP is a phase polynomial of degree < max{0,m —k+ 1}. In
particular, P is measurable with respect to Zp(X).

o I[fp:G x X — U is a phase polynomial cocycle of degree < k, then X x, U is a
system of order < k.

Spectrum: The (point) spectrum of a G-system X is the group of eigenvalues of the
G action on L?*(X). We generalize this notion below.

Definition 3.4 (Generalized spectrum). Let X be an ergodic G-system and 1 < k € N,
We define the k-th spectrum of X by

Spec,(X) = {A:G* = ' : AP € Py i1 (X, S) 5.t Yagu, oo Gy M1, s i) = Dy, . A, P}
We are particularly interested in the case where this group is divisible.

Proposition 3.5 (Definition and properties of divisible groups). A group (H,-) is said
to be divisible if for every h € H and 1 < n € N there exists g € H with g" = h. Divisible
groups are injective in the category of discrete abelian groups. Namely, if H < G are
discrete abelian groups and H is divisible, then G = H & G/H .

Given two abelian groups H and G and an inclusion ¢ : H — G, we say that H is
divisible in G if for every n € N and h € H there exists g € G with ¢(h) = n - g. This
gives rise to the following definition of divisible systems.

Definition 3.6 (Divisible systems). Let G be a countable abelian group, let X be an
ergodic G-system, and let & > 2. We say that X is k-divisible if Spec, (X)), ..., Spec;_;(X)
are divisible. Similarly, if (Y, H) is an extension of X, then X is k-divisible in Y if for
every 1 < i < k — 1, Spec,;(X) is divisible in Spec,(Y) with respect to the natural
inclusion [1]

If X is k-divisible, then the group of phase polynomials of degree < k is divisible. In
fact, we prove the following stronger result.

Theorem 3.7 (k-Divisible implies that P (X, S') is divisible). Let G be a countable
abelian group and k > 2. If X is a k-divisible and ergodic G-system, then for everyd < k
the group P.q(X,SY) is divisible.

Proof. We prove the claim by induction on d. For d = 1, P-;(X,S') = S! and the
claim follows. Let 2 < d < k and suppose that the claim has already been proven
for smaller values of d. Fix P € P4(X,S"') and a natural number n € N and let
A1,y ga—1) = Ay, ...y, P. Then, by assumption there exists v € Spec,_,(X) with
7" = X Let Q € Poq(X,S") be such that y(g1, ..., ga—1) = Ay, ...A,,_, Q. Then

Ay Dy, Q" =A,..A, P

gd—1— *

9gd—1

Hyet )\ € Spec;(X), then there exists a phase polynomial P : X — S! such that Ay ..A,P =
A(g1, ---, gi). The natural inclusion is the map which sends A to the element (hq, ..., ;) — Ap,..Ap, Pom
where 7 : Y — X is the factor map.
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We see that P/Q" is a phase polynomial of degree < d—1. By induction hypothesis there
exists Q' € P-4 1(X,S') with Q" = P/Q™ and therefore P = (QQ')", as required. [J

The following proposition will play an important role in the proof of Theorem [1.18]

Proposition 3.8 (Reducing C.L. equations to the circle). Let k > 2 and let X be a
k-divisible and ergodic G-system. Let p: G x X — U be a cocycle into a compact abelian
group U and suppose that for every x € U there exists a phase polynomial ¢, : GX X — U
of degree < k —1 and a measurable map F, : X — U such that x o p = q, - AF,. Then,

there exists a phase polynomial q : G X X — U and a measurable map F : X — U such
that p = q- AF.

We note that the proposition above fails if the system is not k-divisible. We give an
example: Let X = (R/Z, ) be an irrational rotation on the torus and let p : R/Z — Cy
be the cocycle p(z) = e (—% + @ - %) where {x} is the fractional part of z and
e(y) := €*™. Observe, that as a cocycle into S', p is cohomologous to the constant

e(—5), but not as a cocycle into (. To see that, let assume by contradiction that
p = c-AF where c € Cy and F : X — (3. Then, c-e¢ (%) is an eigenvalue for the

eigenfunction e <{ }> F(z). This is a contradiction, because the eigenvalues of X are
{e(na) :n € Z}.

Proof of Proposition[3.8 Let p: G x X — U be as in the proposition and let K be the
group of all pairs (x, F') for which the equation in the claim holds. Namely,

K={(x.F)eUxM(X,5") :3ge Pey_1(G,X,5") st. yop=rc-AF}.

K is a closed subgroup of the abelian group U x M(X, S1). Moreover, it is easy to see
that kerp = P<k(X S1) and by the assumptions in the proposition, it follows that the
projection p : K — U is onto. Therefore, by Theorem- K is a locally compact abelian
group and we have a short exact sequence

(3.1) 1= Py(X,SY) - K—=U—1.

By ergodicity P-;(X,S') = St Let A = P(X,S")/P-1(X,S!). Then, by quotienting
out P-1(X,S%) in (3.1)) we conclude that

(3.2) 15A-K/S'—>U—1

is a short exact sequence. Since U and A are discrete (by Lemma , we deduce that
so is K/St. Moreover, by Theorem the group A is divisible. Therefore, Proposition
implies that

K/S' = AxU.
Since the circle S! is injective in the category of locally compact abelian groups, the
above implies that K = P, (X, S!) x U. Thus, we can find a Borel cross section (see
Definition X — (x, Fy) such that y — F) is a homomorphism and for every x € U,
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X o©op = q, - F, for some phase polynomial ¢, : G x X — S' of degree < k — 1. It
follows that x — ¢, is also a homomorphism and so, by the Pontryagin duality theorem
there exists a measurable map F : X — U and a phase polynomial of degree < k — 1,
q: G x X — U such that F\ = x o F' and x o ¢ = ¢,. Since the characters separate
points, we conclude that p = g - AF, as required. O

Observe that every countable abelian group is a factor of a group with divisible dual
(say Z*). Therefore for the sake of the proof of Theorem [L.18] it is enough to assume
that the group G has a divisible dual (equivalently, that G is torsion free, see Proposition
3.11)).

Let k > 1, then every element A € Spec,(X) is a multilinear map (i.e. a homomorphism
in every coordinate) from G* to S*. More formally we have the following definition.

Definition 3.9 (Multilinear maps). Let G be a countable abelian group, let X be a
G-system, and let m > 1. We say that X\ : G™ — S! is a multilinear map if for every
1<i<m, g1,....,9m € G and ¢, € G we have

)\(gla e Gi - gia 7gm) = )\<gla oy Giy 7gm) : )\(gla ~-->9£a "'7gm)-

We denote by ML,,(G, S') the group of multilinear maps G™ — S'. We say that a
multilinear map \ is symmetric if it is invariant to the permutations of coordinates and
let SML,,(G, S') denote the group of symmetric multilinear maps.

The groups ML,,(G, S') and SML,, (G, S') are the Pontryagin dual of the tensor prod-
uct and symmetric tensor product of m copies of G, respectively.

Definition 3.10 (Tensor products). Let G' be a countable abelian group. The m-tensor
product of G is a group G®™ satisfying the following universal property: There exists a
multilinear map? s : G™ — G®™ such that for every multilinear map A € ML,,(G, S*)
there exists a homomorphism ¢y : G¥™ — S such that A\ = ¢, 0. Similarly one can
define the symmetric tensor product G®svm™,

Note that the tensor product and symmetric tensor product always exist and unique
up to isomorphism. We recall some basic results about topological groups.

Proposition 3.11. [20, Corollary 8.5, page 377| Let G be a countable (discrete) abelian
group. Then G s divisible if and only if G is torsion free.

The following result will play a significant role in our argument.

Proposition 3.12. Let G be a countable torsion free abelian group. Then for every
m > 1, SML,,(G,S") is a divisible group.

Proof. By Proposition [3.11], it is enough to show that G®sv=™ is torsion free. We start
with the case where G is finitely generated. Since G is torsion free, it is isomorphic to
7% for some d € N. It is easy to see that G®vm™ is a free quotient of G®™ = Z4™ and

121t is common to denote the element 2(gy, ..., gm) by 91 @ ... ® G-
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the claim follows. Now, let G be an arbitrary countable torsion free abelian group and
assume by contradiction that there exists 0 # g € G®svm™ of finite order. It is well known
that the image of the map 2 : G™ — G®vm™ generates the group G®¥m™  Therefore,
there exists g1, ..., g € G™ such that ¢ = ¢(g1) - ... - @(gx). The coordinates of g, ..., gk
generates a finitely generated subgroup H of G and g € H®<m™. The finitely generated
case provides a contradiction. O

We need the following result by Zimmer [37, Corollary 3.8].

Definition 3.13 (Image and minimal cocycles). Let G be a countable abelian group,
let X be a G-system, and let p : G x X — U be a cocycle into a compact abelian
group U. The image of p is defined to be the closed subgroup U, < U generated by
{p(g,x) : g € G,z € X}. We say that p is minimal if it is not (G, X, U)-cohomologous
to a cocycle o with U, < U,.

Lemma 3.14. Let X be an ergodic G-system and p : G x X — U be a cocycle into a
compact abelian group U. Then,

e p is (G, X,U)-cohomologous to a minimal cocycle.
o X x,U is ergodic if and only if X is ergodic and p is minimal with image U, = U.

The following proposition is the main step in our argument. We show that for every
ergodic G-system X, where G is a torsion free countable abelian group and any symmetric
multilinear map A : G™ — S! there exists an extension Y such that A € Spec,,(Y).

Proposition 3.15. Let G be a torsion free countable abelian group and let X be an
ergodic G-system. Let m € N and suppose that (Ap)neny € SML,, (G, SY) are countably
many symmetric multilinear maps. Then, there ezists an extension 7 : (Y,G) — (X, G)
and phase polynomials Q, 'Y — S of degree < m + 1 such that M\,(g1, ..., Gm) =
Ay Ay Q. In other words, A\, € Spec,,(Y) for every n € N.

Proof. Let X\ : G™ — (SY)N be the multilinear map whose n-th coordinate is \,. We
prove the claim by induction on m. If m = 1, then A : G — (S')Y is a homomorphism.
Let 7 : G x X — (SY)N be a minimal cocycle which is cohomologous to A and let
F: X — (SHY be such that A = 7- AF. Let V < (S')Y denote the image of 7 and
consider the extension Y = X x, V. By Lemma this extension is ergodic. Let
12 Vo= (SYHY be the embedding of V in (SN and let Q(z,v) = 2(v) - F(z). Then
AyQ(z,v) = 7- AF = X(g), which clearly implies that A;Q,, = \,(g) where @), is
the n-th coordinate of (), as required. Let m > 2 and assume inductively that the
claim has already been proven for smaller values of m. For every g,, € G, the map
(G15 -, Gm-1) = NG1s -y Gm-1,9m) is an element in SML,, (G, S'). By the induction
hypothesis, there exists an extension X; of X and phase polynomials @), of degree < m
on X such that

(33) )\(91, ) gm> - Ag1"'Agm71629m'
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In particular, for every g, ¢ € G we have

Qg+g’
Qng Qg’

In this case we say that g — @ is quasi-cocycle of order < m—1. We claim by induction

(3.4) € Pop1(X1,SY).

on 1 < j < m, that there exist an extension X; and phase polynomials ng D' ;= St
of degree < m such that

(35) )\(gb 7gm) = Agl‘"AgmleéQ

and g — Qéj) : X; — S is a quasi-cocycle of order < m — j. Set Qél) = @)y, the case
j = 1 follows immediately by (3.4 . Fix j > 2 and assume inductively that there exist
an extension X;_; and phase polynomlals ] b : X1 — S* such that A(g1, ..., gm) =

Ag . Dy, E,Jm Y and g — Qg is a quasr—cocycle of degree < m — j 4+ 1. For every
g1,y Gm—j+1 € G and every g, ¢ € G we have
iy’
Ay Dy, i (] ) Q(j 5= 1

Therefore, by ergodicity
(-1)
Qg+g’
9m—j y y
QY IT,QUY

is a constant. The map k : Gx G — SML,,_;(G, S') which sends (g, ') to the symmetric
multilinear map k, , is a symmetric cocycle (as in Definition . Therefore, it defines
an abelian multiplication on the set B = G x SML,,_;(G, S*) by (g,u) - (¢'s ') = (g +
g, k(g9,9") - - ). We consider the following short exact sequence

1 — SML,, ;(G,S') = B = G — 1.

By Proposition m 3.12| the group SML,,_;(G, S*) is divisible and so by Proposition we

can find a map ¢ : G — SML,,_;(G, S') such that ((;)té)) = k(g,¢'). By the induction

hypothesis, we can pass to an extension (X, G) of (X,_1,G) where we can find phase
polynomials Q) : X; — S* of degree < m such that c(g)(g1, ..., gm—j) = Dg, .- Ay, JQ’

Now let Qg' : gj_l) o W]/Q/ where 7; : X; — X;_; is the factor map. Then g Qg
is a quasi-cocycle of order < m — j. Moreover since (), are phase polynomials of degree
< m — 1, equation . ) holds. This completes the proof by induction. The case j =
implies that we can choose g — @, to be a cocycle, where Q, : X,, — (S")N are phase
polynomial of degree < m, X,, is an ergodic extension of X and equation holds.
The rest of the proof is the same as in the case where m = 1. Namely, we can find a
minimal cocycle 7 : G x X,,, = V which is cohomologous to (g, z) — Q4(x). By Lemma
the extension Y = X, X, V is ergodic and the map Q(z,v) = v - Q(z) satisfies

j—1
]{Z;j,g, )(91, 7gm7]> = Ag1"'A
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that A,QQ = @,. This implies that that A(g1,...,g9m) = Ay ...A,,Q and the proof is
complete. 0

We can finally prove the promised result.

Theorem 3.16. Let G be a torsion free countable abelian group and k > 2. Then for
every ergodic system (X,G) there exists an extension (Y,G), such that X is k-divisible
mY.

Proof. Let X be as in the theorem. Fix k € N, and let Spec(X) = Uf:_ll Spec; (X).
For every 1 < i < k — 1, every A € Spec;(X;), and every n € N choose an n-th root
A\, € SMLi(G, S") for A (which exists, by Proposition . Then, by Proposition ,
we can find an extension Y such that {\, : A € Spec(X),n € N} belongs to Spec(Y').
This completes the proof. [l

As a corollary we conclude the following stronger result for k = 2.

Theorem 3.17. Let G be a torsion free countable abelian group. Then every ergodic
G-system X is a factor of a 2-divisible system.

Proof. Let X be as in the theorem. Applying theorem [3.16] iteratively we obtain an
increasing sequence of extensions (X, G) with the property that Spec, (X)) is divisible in
Specy (Xp41). Let Y be the inverse limit of X, and recall that the factor map 7 : ¥ — X,
induces factors m, : Zo(Y) = Z5(X,) for every n € N. It is classical (see [I8, Lemma
8.1]) that Z»(Y") is an inverse limit of the sequence

vee — Z<2(Xn> — Z<2(Xn_1> — . — Z<2(X1) — Z<2<X)
Let f be an eigenfunction of Y, then for every n € N and g € G we have
TgE(f|Z<2(Xn)) = E(Tgf|Z<2<Xn)) = /\gE(f|Z<2(Xn>>-

In particular, if E(f|Z<2(X,)) # 0, then f is measurable with respect to Z.o(X,).
Therefore, for sufficiently large n, A,f € Spec,(X,,). Since Spec,(X,) is divisible in
Spec, (YY) this completes the proof. O

We give an example of the theorem above in a simple case. For the sake of simplicity,
we will not construct a divisible extension of our initial system X, but instead we will
define an extension Y where P_,(Y, S1) is divisible by 2 (i.e. it contains all of its square
roots.).

Example 3.18. Let X = (R/Z,«) be an irrational rotation Tz = = + «, a € R\Q.
The maps {z — e(nz) : n € N} form an orthonormal basis of eigenfunctions for 7" :
L*(X) — L*(X) (recall that e(y) := e*™¥). Tt follows that Po(X,S') = {z + c¢-e(nz) :
ce St neZ} = S'xZis not a divisible group. Let a; = 5 and consider the new
irrational rotation X; = (R/Z, ;). We note that X; is isomorphic to a group extension
of X by Cy and the cocycle 7(z) = a3 - F(x + a) - F(x)™! where F' is any measurable
map with F?(z) = 2 and the isomorphism X x, U — X is given by (z,u) — u - F(x).
We follow this procedure and construct a system of extensions X,,. Namely, for every
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n > 2, let o, = /2" and X,, = (R/Z, ;) be the irrational rotation by a,,. The map
Tt Xy — Xpo1, mp(z) = 22 is a factor map and the sequence (X, 7,) has an inverse
limit which we denote by Y. As topological groups, the inverse limit of X, is isomorphic
to the solenoid (R x Z3)/Z where Zy = {(21,22,...) € (R/Z)N : 2+ z; = 2z, 1V;>2} are
the 2-adic integers and the group Z is embedded in R x Z; by sending 1 to (1, (wy,))
where w, = 2% Under this identification, the action on Y is given by the rotation
R, where 0 is the zero element in (2, +). The factor map 7/, : Y — X, is given
by (z,%) = 5= — 2,. The Pontryagin dual of the solenoid Y is isomorphic to the group
Z[3] ={& :a € Z,n € N} and the group P»(Y,S") = S' @ Z[1] is divisible by 2. In
other words, every element in P»(Y,S!) has a square root in that group.

4. D1visiBLE C.L. SYSTEMS ARE HOMOGENEOUS
We prove Theorem [1.18, By Theorem |3.17| it is enough to show the following result.

Theorem 4.1 (Divisible C.L. systems are homogeneous). Let G be a countable group
and let X be an ergodic 2-divisible G-system. Then the action of G(Z<3(X)) on Z3(X)
18 transitive.

We prove Theorem [4.1] and the properties mentioned in Remark [T.20]

Proof. Let X be as in the Theorem. By Proposition we can write Z_3(X) =
Z<5(X) x, U for some compact abelian group U and a cocycle p : G x Z5(X) = U. As
usual we identify Z_o(X) with a compact abelian group Z. Let x € U be a character
and s € Z, then by Proposition @ again, we can find a character c,(x) : G — S!
and a measurable map Fi(x) : Z — S! such that A,x o p = () - AFy(x). Since X is
2-divisible, Proposition [3.8 implies that for every s € Z there exists a measurable map
F,: Z — U such that S, 5, € G(Z<3(X)) (see Definition[1.17)). Since the transformations
Sy for u € S are also in G(Z_3(X)) the action of this group on X is transitive. This
completes the proof of Theorem[1.18, Now, let 75 = (1,1) € Zx U and I be the stabilizer
of zo under the action of G(X). Then,

I' = {SLF F e HOII](Z, U)}
is a totally disconnected closed subgroup of G(Z_3(X)). By Theorem [B.4] the projection
map p : G(Z-3(X)) = G(Z-3(X))/I" is open and by Theorem [B.6), Z_3(X) is home-
omorphic to G(Z.3(X))/I'. It follows that Z.3(X) is isomorphic to G(Z5(X))/I" as

G-systems, where the action of g € G on G(Z_3(X))/T" is given by left multiplication by
Sgplg.)- O

We now prove Theorem [1.21}

Proof. Let X be as in the theorem and write Z.3(X) = Z x,U where Z is the Kronecker
factor and p : G x Z — U is a cocycle into a compact abelian group U. Let (Z JH)
be an extension of (Z,G) with divisible dual (as in Theorem . Let 7 : Z — Z
be the quotient map and K := kerw. Let ¢ : Z — Z be a Borel cross section. The
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map ¢ : ~Z — Zx K, z— (n(2),2 - qom(z)7!) is a measure-theoretical bijection. Let
7: H X Z — K be the cocycle
Thz-qon(Thz)

7(h,z) = z gon(z) ]

where T}, denotes the action of h € H on Z. Observe that 7 is invariant to translations
by K and so it induces a cocycle 7' : H x Z — K and Z =& Z x . K. It will be convenient
to modify the group G from Theorem [1.18] Let

G={(s,k,F) € Zx K x M(Z,U):3c,: H— U such that A,7'(h,7(2)) = A F(2)}

and equip G with the multiplication (s, k, F') - (s', k', F') = (ss', kk', FVys)1F"). We de-
fine a topology on G by letting a sequence (s, k,, F},) converge to (s, k, F') if s, — s in
Z, k, — kin K and F,, — F' in measure. With this topology and multiplication G is
a 2-step nilpotent polish group. Recall that in the proof of Theorem [1.18| we show that
the projection G — Z is onto. In particular, it follows that G acts transitively on X x K.
Now, let T' = {1} x {1} x Hom(Z — U) and let ¢ : G — G be the homomorphism
©o(g) = (T,1,1,p(g,7(-)) where T, : Z — Z denote the action of G on Z. Since por
is invariant to translations by K, we have that ¢(G) commutes with K. Moreover, the
action of g € G on Z_3(X) corresponds to multiplication by ¢(g) under the homeomor-

phism Z_3(X) =2 K\G/T.

It is left to show that K is totally disconnected. We recall the relevant part in the
proof of Theorem For every y € Z and n € N we find a homomorphism )\, € G
such that A'(g) = Agx. Then, we let A : G — (SY)N be the homomorphism whose n-th
coordinate is \,. Let 7 be a minimal cocycle which is cohomologous to A and V; be its
image. Then, as in the proof of Proposition we let 71 = Z x, V;. We first prove
that V) is totally disconnected. Let F), : Z — S' be any measurable map with F" = y,
then \,-AF, takes values in C,,. Let F': Z — (SY)N be the map whose n-th coordinate is
F, then \- AF takes values in [ [, C,, which is totally disconnected. Since 7 is minimal,
Vi is a closed subgroup of [[, C,, and therefore totally disconnected. Now, we continue
this process. In each step we construct a Kronecker system Z,, as an extension of Z,, 1
by a totally disconnected group Vj,_;. The group Z is the inverse limit of the sequence
Zm. It follows that K is the inverse limit of V,,. Since V,, is totally disconnected for
every m € N, we conclude that so is K. O

4.1. Simple homogeneous spaces. For completeness we show that any system with
a nilpotent homogeneous structure as in Theorem [1.18] is an inverse limit of simpler
homogeneous spaces in which the stabilizer I' is a discrete subgroup. We will not use
this result.

Definition 4.2. Let G be a countable abelian group and let (X, G) be a C.L. system.
We say that X is a simple homogeneous space if the C.L. group (Definition |1.17)) acts
transitively on X and the stabilizer of any o € X is a discrete subgroup.
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Proposition 4.3. Let G be a countable abelian group and let (X,G) be a C.L. system.
If G(X) acts transitively on X then X is an inverse limit of simple homogeneous spaces.

Proof. Let X as in the proposition and write X = Z x, U where Z = Z_5(X) is the
Kronecker factor. By Gleason-Yamabe theorem we can find a decreasing sequence of
closed subgroups K,, < U such that (), .y K, = {1} and the quotients L, = U/K, are
Lie groups. Let m, : U — L, be the projection map and let X,, = Z X, o, L. Since
G(X) acts transitively on X, we have that for every s € Z, there exists a measurable
map F' : Z — U such that A;p = ¢- AF. Observe that if S; p € G(X) and Agp = ¢+ AF
for some ¢ : G — U, then Agm,0p =mp0c-Amp o F and S0k € G(X,). As Stuk,
belongs to G(X,,), we conclude that the action of G(X,) on X,, is transitive. Fix any
zg € X, then the stabilizer I';, of xy is homeomorphic to the discrete group hom(Z, U,,).
Since X is an inverse limit of X,,, the claim follows. 0

5. THE STRUCTURE OF A NILPOTENT SYSTEM

Let G be a countable abelian group and X be a C.L. ergodic G-system such that the
action of G(X) on X is transitive. Write X = G(X)/I'(X) where I'(X) the stabilizer of
some g € X. We recall the definition of a group rotation.

Definition 5.1. Let G be a countable abelian group. We say that a G-system X is
a group rotation if it is isomorphic to a compact abelian group K and there exists a
homomorphism ¢ : G — K such T,k = p(g)k for every g € G and k € K.

It is well known (see [I3, Theorem 6.1]) that the Kronecker factor is the maximal
group rotation.

Theorem 5.2 (Maximal property of the Kronecker factor). Let G be a countable abelian
group and X be a G-system. Then any group rotation factor Y of X is a factor of
Zo(X).

Recall that any C.L. system can be written as X = Z x, U where Z is the Kronecker
factor, U is a compact abelian group and p : G x Z — U is a cocycle (Proposition [A.11]).
The following lemma plays an important role in the proof of the limit formula (Theorem
below). We show that if G(X) acts transitively on X is transitive, then it is possible
to express the groups Z and U in terms of the homogeneous group G(X), its commutator

G(X)2 and the stabilizer I'(X).

Lemma 5.3. Let G be a countable abelian group and X = Z x,U be an ergodic C.L.
G-system where Z is the Kronecker factor and suppose that the action of G(X) on X
is transitive. If G is an open subgroup of G(X) which contains the embedding of G in
G(X), then Z = G/GI" and U = Gy where I' :=T'(X) NG and Gy is the closed subgroup
generated by the commutators {[a,b] : a,b € Q}E].

Bwhere [a,b] = a~'b'ab as usual.
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Proof. First we prove that G/T" = G(X)/T'(X) as measure spaces. To see this observe that
the projection p : G(X) — G(X)/I'(X) is an open map (Theorem [B.4). Therefore, p(G)
is a G invariant open (and closed) subset of G(X)/T'(X), hence by ergodicity p(G) = X.
We conclude that the map gI' — ¢I'(X) from G/T" to G(X)/I'(X) is an isomorphism.
In particular, there exists a factor map 7 : G/I' — Z. Direct computation shows that
G, acts trivially on Z and m factors through G,. By Lemma T :G/Gl' = Z is an
isomorphism, hence Z = G/G,I".

Let p : G(X) — Z be the projection map S +— s. The group p(G) is an open and
closed G-invariant subgroup of Z and so by ergodicity p(G) = Z. Choose a Borel cross
section s — Sy , as in Theorem We have,

[3970(9)7 Ss,Fs] = Sl’%}":

Aso
Ay Fs
these constants. Suppose by contradiction that G, S U, then there exists a non-trivial
character y : U — S* such that Ayxyoo = AyoFs,. Theorem implies that factor Y =
Z X 00 X(U) is isomorphic to a group rotation and Theorem provides a contradiction.
U

and is a constant in U. We identify Gy with the closed subgroup generated by

We need the following weaker notion of divisibility.

Definition 5.4. Let U be an abelian group and n € N. We denote by U™ := {u™ : u € U}
and say that U is n-divisible if U™ = U.

As a corollary of the previous lemma we conclude:

Corollary 5.5. Let G be a countable abelian group and a,b € Z as in Theorem[1.3. Let
(X, G) be an ergodic C.L. system and suppose that G(X) acts transitively on X. Then
the commutator subgroup G(X )z is a, b and (b £ a)-divisible.

Proof. By the previous lemma, we can write X = Z X, U where U = G(X),. Fix a
number m € {a,b,b+ a} and suppose by contradiction that U is not m-divisible. Then,
U/U™ is non-trivial and so, since the characters separate points, there exists a non-trivial
character xy : U — C,,. Let s — S g, be a Borel cross section from Z to G(X) and let
cs : G — S such that Ayy o p = c, - AF}.

Observe that ¢™ € BY(G, X, S') is an eigenvalue. Since mG is of finite index in G, the set
{cs : s € Z} is at most countable. Thus, the group Z’' = {s € Z : A,xop € BY(G, X, S)}
is a G-invariant open subgroup of Z and by ergodicity, Z’ = Z. As before, Theorem
implies that the extension by y o p is a group rotation and Theorem provides a
contradiction. O

Remark 5.6. In the previous corollary, since at least one of a, b, a4+ b is even, the group
G(X)s is automatically 2-divisible.
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6. LIMIT FORMULA AND POINTWISE CONVERGENCE

We prove the following pointwise convergence for some multiple ergodic averages on a
2-step homogeneous space where the homogeneous group is the C.L. group (Definition
1.17)).

Theorem 6.1 (Limit formula). Let X = G/I' be an ergodic C.L. G-system, where G is
the C.L. group and suppose that Gy is 2-divisible. Let ug, denote the Haar measure on
Gy. Then for every k € N, f1, fo, ..., fr € L=®(X) and p-almost every x € X we have,

k
lim EQ@N H T, fi(x
(6.1)
()
/Q/F /g2 Hfz l’ylyz Ydpg, (y2)du(yr)

with the abuse of notation that f(x) = f(xT).
As a corollary we conclude the following result.

Corollary 6.2. Let a,b € Z. In the settings of Theorem choose k = a + b, let
hi,ha, hs € L®(X) be any bounded functions and set f, = hl, fo = ha, fars = h3 and
fi=1 foralli+# a,b,a+b. Then, for u-almost every x € X we have,

hm Eg@bzv Tagh: () Toghs () Tiatp)ghs(x) =

v /Q/F /QQ hi (zyy y2 hz(xy1y2( ))h (z ya+b (a+b))dM92(y2)dM(yl)

Note that the assumption that G, is 2-divisible in Theorem [6.1] is necessary. We give
a counterexample in the case where this assumption is removed.

Example 6.3. Let G = F§ be the countable direct sum of the field F; = {0,1}. The
map g — €™ defines an embedding of G in the infinite direct product Z = []7_, Co,
where Cy = {—1,1} is a discrete group under multiplication. This embedding gives rise
to an action of G on Z by T,z = €™ - z and the system (Z, @) is an ergodic Kronecker
system. Let o : Ty x [[_, Cy — C5 be the cocycle o(g,2) = [[2, z}" - (—1)(92)
The system X = Z x, (s is an ergodic G—systemﬂ Since ¢ is a phase polynomial
of degree < 2, it is not hard to show that X = G(X)/I' where G(X) is the Host-
Kra group of X and I' = {S;, : p € Z}. Moreover G(X); = C, is not a 2-divisible
group. Now let k£ = 2, f; = 1 and fy(x,y) = y. Since, every element of G is of order
2, the integral in equation equals to fc u<2)yd,uc (u) = 0. On the other hand
Imy oo EgeayTyfi(x,y) - ngfQ z,y) = y. Thus, equation (6.1] . ) fails. Note that a similar

o prove ergodicity one can express any measurable bounded function as f(z,y) =
ZX‘EZ’TE@ ay,+x(x)7(y). If f is invariant one can use the uniqueness of the Fourier series to deduce

that a, r = 0 unless x and 7 are the trivial characters.
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example where 2 is replaced by any odd integer n, will not give a counterexample for

, because odd n’s divide (g)

In order to prove Theorem , we follow an argument by Bergelson Host and Kra [6].
Let,

1:G X G XGy— G
k
{9, 91,2) = (9, 91, 9602, - 995,
We denote by G the image of +. In [23] Leibman proved that G is a 2-step nilpotent
group. The subgroup I' = (I' x I' x {e}) is a closed subgroup of G and the quotient
space X =G/ ["is compact. Let /2 be the Haar measure on this space. We define an action
of G x G on (X, 1) by left multiplication with ¢* := (g, 9, ...,9) and ¢* = (1,9, >, ..., g*),
where g is identified with the measure-preserving transformation 7, : X — X in G(X).
In Lemma below we prove that this action is uniquely ergodic. Assuming this for
now, we fix x € X and consider the compact polish space
X, = {(21, 29, .., 21) € X¥ o (x, 21, 20, ..., 1) € X}
B k
Bergelson Host and Kra showed that the group G* = {(g1, g3go, ..., g'ng(Q)) 1 €G,90 €
Go} acts transitively on this space and X, = G*/T* where I'* = {(v,+?,...,7*) : v € '}
Observe that since ¢ is injective, it induces an isomorphism of G-systems, 7 : G /T'x Gy —
X, where the action of G on G x G, is given by T, (y1,y2) = (glg, ]y1, (9, y1y2)-
We continue assuming that the action of G x G on X is uniquely ergodic. Let fi, be the
Haar measure on X, Bergelson Host and Kra [6] proved:

Lemma 6.4.
p= / 0z ® ﬂxdp“(x)'
X
We can now prove Theorem [6.1]

Proof. Since continuous functions are dense in L>°(X), it is enough to prove the theorem
for continuous fi, fa, ..., fr. Let F': G/T* — C, F(z1, 72, ..., x1) = fi(z1)-fa(2a)-...- fr(zp),
we can write average (6.1) as

Ejeay (Ty X Tog X ... X Tig)F (2, 2, ..., ).

Recall that every element in the orbit of (z,x, ..., ) with respect to the transformation
T, x Thy x ... X Ty, belongs to X,. Thus, by the pointwise ergodic theorem average
(6.1)) converges pointwise everywhere to a function ¢(z) on X. Let f be any continuous
function on X. Then,

k
[ t@o@inte) = lim_ [ Byea (@) TLATe)duta).
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Since p is G-invariant, the above equals to

k
(63) Jm [ Eyneand(0) [] £iTigua)duta)
=1

Recall that we assume that the action of G x G by Ty« and T}~ is uniquely ergodic.
Since (z,x,...,x) belongs to G/I", we conclude by the pointwise ergodic theorem that

(6.3]) converges everywhere to

/X f(ifo) H f(l’z)dﬁ(ﬂfo, Ty ey a:k)

which by Lemma [6.4] equals to

| f@ ( / ﬁfxx@-)dﬂx(xl,...,xk)) dn(a).

z =1

As this holds for every continuous function f, we conclude that

ow) = [ T #wddatars ) Z/g/r ; Fuloy) ey folay ™) g, (o) dp ()

Xo =1
for pug-a.e. x € G, as required. O

By Parry [28] an ergodic action on G//T" is uniquely ergodic (see also a proof by Leibman
[25, Theorem 2.19] that holds in this generality). Therefore, in order to complete the
proof of Theorem [6.1] it is left to prove that the action of G x G is ergodic.

Remark 6.5. A key component in the argument of Bergelson Host and Kra [6] is a result
of Green [19] which was generalized by Leibman [25] to nilsystems (G/I", R,) satisfying
the property that G is generated by its connected component and a. This result asserts
that the action of R, on G/I" is ergodic if and only if the induced action of R, on G/G,I is
ergodic. Unfortunately, the connected component of G and the transformations (%) gec
and (¢*),ec may not generate G. The main observation in our proof is that one can still

apply Green’s theorem for the nilsystem G / [ if the group G is the C.L. group (Definition
1.17)). Lemma plays an important role in the proof of this observation.

The following lemma is a corollary of Lemma |5.3|

Lemma 6.6. Let G as in the proof of Theorem . If V < G is an open subgroup which
contains g~ and g* for all g € G, then
k
Va = {(9, 991, 99202, 90°05%)) - 9,91, 92 € G},
Proof. Let 1: G X G X Gy — G be as in the proof of Theorem . Let £,£" < G be open
subgroups such that £ x £’ x {e} <i71(V). Since g® € V we can assume that g € £
and since g* € V that g € £'. By shrinking £, £’ we may assume that g € £L = L. By
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Lemma we have that Lo = Gs. Let g, g1, 92 € Go:
For every s1,s9 € L, (81,51, ...,51) and (sg, So, ..., S2) belong to V' and therefore

(9,9,....9) € Va.

For every t;,t, € L, we have that (¢t;,t1,...,t;) and (e, ty,t2,...,t5) belong to V. Since
the commutator is a bilinear map, we conclude that

(67917.9%7 7gf) S ‘/'2
Finally, for every ri,r9 € L, (e,71,7%,...,7%) and (e, 73,72, ...,7%) belong to V and

(e, [7”1,7“2]12, [7’177“2]227 [, m]) € Va,
Since (rg, 73, ...., 7o) also belongs to V, (e, [r1, ra], [r1,72]?, ..., [r1, 72]*) € Vo. We conclude
that
(67 [Tb T2]12_17 [rla 7"2]22_2, SRR [Tla r2]k2_k) € ‘/2

and since G, is 2-divisible,

2 k
(676792792(1>7 792<2)) S ‘/2

k
Combining everything we see that V5 = {(g,ggl,ggfgg,...,gg’ng(Z)) : 9,91,92 € Go} as
required. l

Corollary 6.7. The induced action of g° and g* on Q~/Q~2F 15 ergodic.

Proof. The map @ induces a factor map G/GoI' X G/GoI" — G / GoI'. The lift of ¢® and ¢*
in G/GoI' x G /Gy corresponds to T, x T, and Id x T, respectively. Since G/I' is ergodic
the claim follows. O

We can finally prove the ergodicity of the action.
Lemma 6.8. The action of G x G on Q~/f‘ by g© and g* is ergodic.

Proof. We follow an argument of Parry [29]. Let f : G / I — S! be an invariant function.
The compact abelian group G acts on L2(G/T'). Therefore, we can find eigenfunctions
[, such that f =", a)f\ where a) € C and ) is a character of G,. By the uniqueness of
the decomposmlon it follows that f, is also an eigenfunction with respect to the action
of ¢* and ¢g*. By Corollary [6 . 7| we can assume that f) takes values in S'. Fix u € G,
and let h = ¢g® or h = g*. Then,

Aluhz) = fu(lu™, h™ hue) = Mlu™, A7) fa(huz) = M~ B )en fa(uz)
for some constant ¢, € S'. Therefore, the function A, fy(z) is an eigenfunction with
respect to the action of G x G and is invariant under the action of G,. By Corollary
and Lemma 3.2 the set {A,f\ : u € G} is countable modulo constants. It follows that
Vy:={u € G : A,f\is a constant} is an open subgroup. Observe that u — A, f) is a
homomorphism from V, — S* and is therefore trivial on the commutator subgroup (V})s

which by Lemma m equals to Go. We conclude that f is invariant under the action of
Gs, and by Corollary (6.7 d is a constant. O
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7. PROOF OF THE KHINTCHINE TYPE RECURRENCE

In this section we finish the proof of the Khintchine type recurrence (Theorem .
First, we prove a lifting lemma which allows us to replace any system (X, &) with an
extension (Y, H).

Lemma 7.1. Let G be a countable abelian group and (X,T,) be a G-system. Let ¢ :
H — G be a surjective homomorphism and (Y, Sy,) be an H-extension of X with a factor
map w:Y — X. Let ¢ : G x X — C be a measurable and suppose that for every Falner
sequence Vy of H we have that

Encuwyt(0(h), m(y))
converges in L*(Y') as N — oo. Then the limit equals to ¢pow, where ¢ : X — C satisfies

Cb = ]\ll_{noo E96¢N¢(97$)
for every Folner sequence ®y of G. In particular, this limit exists in L*(X).

Note that we will apply this lemma with

(g, x) = Tagfl(x) ) Tbng(x) : T(a+b)gf3(m)

where fi, fo, f3 € L*(X) in order to deduce the converges of average , but it is
necessary to prove the result in this generality.

Let G be a countable abelian group. An invariant mean on G is an additive measure p
on GG which is invariant to translations by every g € G.

Proof. Let ®y be a Fglner sequence for G. It is well known (see [I4]) that there exists
an invariant mean pug on GG with the property that: For every sequence £ : G — C, if
limy o0 Bgeay &(g) exists, then it equals to [, £(g)dua(g). Since every (discrete) abelian
group is amenable, we can find an invariant mean on H with the property that ugy(A) =
pa(p(A)) for every A < H. Again by a theorem of Fglner, there exists a Folner sequence
Uy on H such that if limy e Epcwy&(@(h)) exists, then it equals to

(7.1) /H E(o(h))djus () = /G £(9)fra(g).

We now prove the claim in the lemma: Let v : G x X — C and suppose that
Encw ¥ (o(h), 7(y)) converges in L*(Y). Since y — ¥ (¢(h),n(y)) are measurable with
respect to the factor X, we can find ¢ : G x X — C such that

]\}1_{20 EhE\I/Nw<50(h)7 ’N(y)) = ¢ S

Now let £(g) = [[¢(g, %) — ¢(x)||L2(x). By assumption, Epew&(p(h)) converges to zero
as N — oo. From this and equation (|7.1)) we conclude that for every Fglner sequence
Py of G, Eye,&(g) also converges to zero. This completes the proof. O

The rest of the proof follows an argument of Frantzikinakis [15].
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Proof of Theorem[1.5, Let (X, B, u, G) be an ergodic G-system and let 0 # a,b € Z be
as in Theorem [I.3] We first prove the theorem in the case where a and b are coprime.
For every f € L>*(X) let f = E(f|Z<3(X)). Recall that the Kronecker factor is a group
rotation, and denote by a, € Z.5(X) the rotation defined by g € G. Then,

Claim: For every continuous function 7 : X — R* which is measurable with respect to
the Kronecker factor (i.e. n =7) and f1, fa, f3 € L°(X) we have

]\;gnoo EQE‘PNTI(QQ)TagfI . Tbgf2 : T(a-i—b)gf?) = ]\}L\Iréo EgE‘I’Nn(ag)Tagfl : Tbng ' T(a+b)g.];3'

Proof. By approximating n by linear combinations of eigenfunctions, we see that it is
enough to prove the claim in the case where 7 is a character of Z. Since a and b are
coprime, we can choose s,t € Z such that 7°* - n?* = 5. Since 7 is an eigenfunction, it
is measurable with respect to Z.3(X) and E(n®fi|Z-3(X)) = n°E(f1|Z3(X)), E(n" -

falZ3(X)) = n'E(f2|Z3(X)). Thus, by applying Proposition for n® - fi,n" - fy and
f3 the claim follows. O

Assume by contradiction that Theorem fails. Then one can find € > 0 and a Fglner
sequence ®y for GG such that

(7.2) AN TWAN Ty AN Tarp)gd) < p(A)! — e

for every g € |y P
By Theorem [1.18] we can find a surjective homomorphism ¢ : H — G and an H-
extension (X, H) of (X,G) such that the factor Y = Z_3(X) is a C.L. system and
Y = G(Y)/I'. Note that since every extension in the proof of Theorem only extends
the Kronecker factor of X we have by Lemma [5.3| that G(Y )y = G(Z3(X))a.

Let f € L™(X), we can push-forward f to a function on Z.3(X) and then let f*
denote the pullback of this function to Y. Let ®& be any Fglner sequence for H.
Claim: The average

Ehecbg 0" (Bn) San f7 (¥) Son 13 (Y) Tarvyn f3 ()

converges to

/ /G (1) f1( yylyl( ))fg*(yy’{ygg))fg (yyi™y (a+b))duc2 y (y2)dpy (1)

where (), € Z<2(Y) denotes the rotation defined by h € H on the Kronecker factor of Y.

Proof. Since 7 is measurable with respect to the Kronecker factor, it is enough to prove
the claim in the case where 7 is a character of Z_5(X). As in the proof of the previous
claim we can find s and t such that 7°? - n®* = 7. Now, we can apply Corollary with
(n*)* - fr, (n*)t - f3 and f3. This completes the proof. O

Set fi = fo = f3 = 1 in the claim above and apply lemma [7.1] We conclude that
(7.3) lim Ejeq,n(ey) = ]\}1_13;0 Epeoun®(Br) = 1.

N—o0
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Now let i be arbitrary and set f = fo = fi = fo = f3 = 14, we conclude that the average

Egeoun”(Bn) /Y @) - Shgf (W) - Segf*(y) - Staswynf () dpy (v)

converges to
/Y /Y /G . n*(yl)f*(y)f*(yy?yl(g>)f*(yyi’yQ(g))f (yy ™ty (+b))dug 10 (y2) gy (1 ) dpiy ().

This holds for every continuous function 7. Since continuous functions are dense in L?,
the above holds for every bounded Z_o(X)-measurable . Let 6 > 0 and let B(G(Y)a, )
denote the union of all balls of radius § with center in G(Y'),. We consider the indicator

function n = m ‘15(G(Y)s,d). Since translations are continuous in L?, taking a

limit as 6 — 0 the above is arbitrarily close to

/ / f*(y)f*(yyi‘yl(g))f*(yyl{yz(g))f (yy?ﬁyga;b))dug<Y)2xg(y>2(yl,yz)duy(y)-
G(Y)2xG(Y)2

We integrate everything to get this equals to
() * /b (g) /. a+b (a+b) d i d
Wy )y vty ) Y iy ) gy v * ) digvys (Vs v, y2)dpy ().
Y)2
By Proposition [B.7] we can write the above integral as
Y L e e )

This clearly equals to

// (/g(y f(u a+by)f*(tub_ay)dﬂgm2(U)>2d,ug(y (t)dpy ().

We take the square outside and change variables, the above is greater or equal to

/Y /g ., [ (w)dmsen, 0) dpy (y ( / )y > (A

We conclude by Lemma [7.1] that for every e > 0, for sufficiently large N and a suitable
1 we have,

(7.4) Egeann(ag) (AN Ty AN Tog AN TiarpygA) > p(A) — /2.

Therefore if a and b are co-prime, equations and contradict equation and
the claim follows.

Now let a and b be arbitrary non-zero integers and write a = a’d,b = b'd where o’ and
b’ are coprime. Since aG and bG are of finite index in G so is dG and so X has finitely
many ergodic components with respect fo dG with the same Kronecker factor. Choose
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n as before (the same 7 for all ergodic components) and let p = %Zle ;. Since a’, b
are coprime by equation (7.4) we have

Egeann(og)pi(AN Tog AN Tyg AN Tiaiy)gA) > pi(A) —e/2
for all 1 <14 < k. Since Ei<;<p(11:(A)*) > u(A)?, we conclude as before that the set
{g € dG: IU,(A NTyg N Tb/gA N T(a’+b’)gA) > ,u(A)4 — 6}

is syndetic. Since dG is of finite index in G this is equivalent to the claim in the
theorem. ]

APPENDIX A. ABELIAN EXTENSIONS AND PHASE POLYNOMIALS

In this section we summarize previous results related to abelian extensions and phase
polynomials.

The following proposition were proved by Host and Kra for Z-actions [22]. The same
argument holds for all countable abelian groups (for details see [I]).

Proposition A.1. Let k > 1, let G be a countable abelian group and let X be an ergodic
G-system. Then Z_x1(X) is an abelian extension of Z.p(X).

It is natural to ask under which conditions an abelian extension of a system of order
< k is of order < k + 1. To answer this we need the following definitions.

Definition A.2 (Cubic measure spaces). [22, Section 3] Let G be a countable abelian
group and X = (X, B, u,G) be a G-system. For each k > 0 we define a system X =
(X BE k) GEY where X = X2" is the product of 2% copies of X, BM = B2 and
G = G2* acting on X™ in the obvious manner. We define the cubic measures p* and
o-algebras 7, C B inductively. 7 is defined to be the o-algebra of invariant sets in
X, and pl% := p. Once pl¥! and 7, are defined, we identify X+ with X x X* and
define p**1 by the formula

/ Fi(@) faly)du™ Y (a,y) = / E(fi|Z) (2) E(fo|Ti) (x)dp™ ().

For fi, f» functions on X¥! and E(-|Z;) the conditional expectation, and Z;,; being the

o-algebra of invariant sets in X *+1

This leads to the following generalization of Definition [1.1

Definition A.3 (The Host-Kra group for a system of order < k.). Let G be a countable
abelian group and k > 1. We define G(X) to be the group of measure preserving
transformations ¢ : X — X which satisfies the following property: For every [ > 0, the
transformation ¢/ : X — XU (3 ) cor = (t2y,),cor, leaves the measure Y invariant
and acts trivially on the invariant o-algebra I;.



32 OR SHALOM

Equipped with the topology of convergence in measure G(X) is a (k—1)-step nilpotent
locally compact polish group [22, Corollary 5.9].

The cubic measure spaces of Host and Kra also lead to the following definition.

Definition A.4 (Functions of type < k). Let G be a countable abelian group, let
X = (X,B, ;1,G) be a G-system. Let k > 0 and let X* be the cubic system associated
with X.

e For each measurable f : X — U, we define a measurable map d¥ f : XM — U,

d[k]f((ffw)we{—m}k) — H f(xw)sgn(w)
we{-1,1}F
where sgn(w) = wy - weg - ... - Wg.
e Similarly, for each measurable p : G x X — U we define a measurable map
d¥p: G x XIF — U by

d[k]p(g> ('CEUJ)we{fl’l}k) = H p(g, xw)sgn(w)'
we{—-1,1}F

e A function p : G x X — U is said to be a function of type < k if d¥lp is a
(G, XK U7)-coboundary.

We now answer exactly when an abelian extension of a system of order < k is of order
<k+1

Theorem A.5. Let k,m > 1 and let G be a countable abelian group. Let (X,G) be
an ergodic G-system of order < k and p: G x X — U be a cocycle into some compact
abelian group U. Then,

o X x,U is of order < k+ 1 if and only if p is of type < k.
o Ifpisof type <k —1, then X x,U 1s of type < k.

Proof. The first claim is proved in [22, Proposition 6.4] and the second in |22, Proposition
7.6] for Z-actions. The general case follows by the same argument. U

In particular this implies that the C.L. factor of an ergodic G-system is an abelian
extension of the Kronecker factor by a cocycle of type < 2. The following definition is
closely related to the Conze-Lesigne equations in Definition [1.13]

Definition A.6 (Automorphism). Let X be a G-system. A measure-preserving trans-
formation u : X — X is called an automorphism if the induced action on L*(X) by
Vu(f) = f ou commutes with the action of G.

The following result is due to Bergelson Tao and Ziegler [7, Lemma 5.3].

Lemma A.7 (Differentiation by an automorphism decreases the type). Let k,m > 1,
let G be a countable abelian group, let X be an ergodic G-system, and let p : G x X — S*
be a cocycle of type < m. Then, for every automorphism t : X — X which preserves
Z (X)), the cocycle Ap(g,x) is of type < m — min(m, k).
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We note that Bergelson Tao and Ziegler prove the lemma above only for automor-
phisms of specific form, but the same proof shows that the claim holds in this generality.

In a similar manner we have the following version for phase polynomials.

Lemma A.8. Let k,m > 1, let G be a countable abelian group, and let X be an ergodic
G system. If f: X — St is a phase polynomial of degree < m, then A;f(x) is of degree
< m — min(m, k).

Proof. This lemma is proved in the proof of [7, Lemma 8.8]. O

The following characterization of phase polynomials of degree < k is due to Bergelson
Tao and Ziegler [7, Lemma 4.3 (iii)].

Lemma A.9. Let G be a countable abelian group and X be an ergodic G-system. Then
a function f: X — S' is a phase polynomial of degree < k if and only if d* f(z) = 1
for p¥l-almost every x € X,

It is natural to ask whether a cocycle of type < k is cohomologous to a phase poly-
nomial of degree < k. This is true for F-systems [7] (at least if p > k), but wrong for
general groups (see e.g. [2I] or [3I, Section 9]). However in the case k = 1 we have
the following result by Moore and Schmidt [26] and Furstenberg and Weiss [18, Lemma
10.3].

Theorem A.10 (Cocycles of type < 1 are cohomologous to constants). Let G be a
countable abelian group. Let X be an ergodic G-system and p : G x X — S! be a
cocycle of type < 1. Then, there exists a character ¢ : G — S* and a measurable map
F : X — S such that p(g,x) = c(g) - AJF(x), for every g € G and p-almost every
reX.

Proposition A.11. Let G be a countable abelian group. Let m,k > 1, and suppose that
X is an ergodic G-system of order < k+1 and P : X — S a phase polynomial of degree
< m. Then the following holds.

e There exists a compact abelian group U and a cocycle p : G x X — U such that
X = Z,(X) x, U. Moreover, if k = 2, then for every x € U, xyopisaC.L.
cocycle with respect to Z = Z o(X).

o Let X = Z,(X) x,U. Then for every u € U, A,P is a phase polynomial of
degree < max{0,m —k}. In particular, P is measurable with respect to Z_,,(X).

o Ifp: G x X — U is a phase polynomial cocycle of degree < k, then X x, U is a
system of order < k.

Proof. The first claim follows by Theorem[A.1] If k = 2, then p is of type < 2. Therefore,
by Lemma [A.7] Agp is of type < 1 for every s € Z and the C.L. equation follows by
Theorem [A. 10l

Let P: X — S! be as in the theorem. We prove by downward induction on [ that P is
measurable with respect to Z_(X) for every m <[ < k+ 1. The case | = k+ 1 is trivial
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since Z4+1(X) = X. Fix m <1 < k + 1 and assume inductively that P is measurable
with respect to Z.;;1(X), namely, there exists a polynomial P : Z1(X) — S!
such that P = P11 o myq, where myy @ X — Z11(X) is the factor map. Write
Zan(X) = Z4(X) x, U for some cocycle p. By Lemma we have that A, P, is
of degree < m — min{m,l} = 0, hence A, P = 1. It follows that F,,; is invariant with
respect to translations by u € U. In other words, P is measurable with respect to Z;(X)
and the case [ = m gives the desired result. Finally, the last claim is a direct application
of Lemma [A.9 and Theorem [A ]l O

APPENDIX B. RESULTS ABOUT TOPOLOGICAL GROUPS AND A COMPUTATION
B.1. Divisible and injective groups.

Definition B.1. Let Z and U be locally compact abelian groups. A function k : Zx 2 —
U is called a cocycle if for every r, s, t € Z we have

(B.1) k(rs,t) - k(r,s) = k(r,st) - k(s,t).
Moreover, a cocycle is symmetric if
(B.2) k(s,t) =k(t,s)

for every s,t € Z.

Proposition B.2. Let Z and U be locally compact abelian groups and let k : Z x Z — U
be a symmetric cocycle. If one of the following holds

e U is a torus. Or,
o U, Z are discrete and U 1s divisible.

Then there ezists a continuous function ¢ : Z — U such that k(s,t) = %.

Proof. Without loss of generality we may assume that k(1,1) = 1. From equation (B.1))
we see that k(1,¢) = k(t,1) = 1y for all t € Z. The cocycle k induces a multiplication
on the set K = Z x U by (s,u) - (t,v) = (st,k(s,t)uv). Equations (B.1) and (B.2)) imply

that K is an abelian group. Observe, that we have a short exact sequence

1USK527 51

where «(u) = (1,u) and p(z,u) = z. By the assumptions in the claim the short exact
sequence splits. Therefore, there exists an homomorphism ¢ : Z7 — K with p(q(2)) = z.
Let ¢ : Z — U be such that ¢(z) = (z,¢(z)). Since ¢ is a homomorphism, the claim
follows. O

B.2. Polish spaces and group actions. Polish groups and polish spaces (homoge-
neous spaces in particular) play an important role in this paper.
Below we summarize some important results.

We start with the definition of a Borel cross section.
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Definition B.3. Let K be a quotient of a topological group G and let ¢ : G — K be
the quotient map. A Borel cross section for ¢ is a Borel measurable map s : K — G
satisfying that go s : K — K is the identity map.

Theorem B.4 (The open mapping Theorem). [3, Chapter 1] Let G and H be Polish
groups and let p : G — H be a surjective continuous homomorphism. Then p is open and
there exists a Borel cross section s : H — G such that po s = Id.

This theorem leads to the following results about quotient spaces.

Theorem B.5. Let G be a polish group and let H be a closed normal subgroup of G.
Then G is locally compact (resp. compact) if and only if H and G/H are locally compact
(resp. compact).

Theorem B.6. [12] If G is a locally compact polish group which acts transitively on a
compact metric space X. Then for any x € X the stabilizer I' = {g € G : gv =z} is a
closed subgroup of G and X is homeomorphic to G/T".

B.3. A computation. We will need the following computation for the Khintchine re-
currence.

Proposition B.7. Let a,b € Z be coprime and U be a compact abelian group. Suppose
that U is a,b,a + b and b — a divisible. Then the sets

A_ a ((21) b (g) a+b (a;b) . U
={(9,9919:"", 9979”9919 > ') 1 9,91, 92 € U}

and
B = {(u*t t-u" " ) € Ut tu t,v € U}
are equal.

Proof. We first prove that A C B. To see this fix any ¢,¢1,92 € U. Let s € U be
such that s> = ¢g5. Choose u € U such that u**® = g and set v = ug;s*t*~! and

)

t = ggtg,” - u®’. Clearly, v = ggi”bgz( ) and it left to show that

a b
g9 - us - pte = ggbg®)
We substitute v = ug;s*7°~1 above and get
b _(a
gll)—as(a—l—b—l)(b—a) _ gll)—ag2(2) (2) ]

Since either (a +b — 1) or b — a is even, we get that the equality holds.

As for the second inclusion fix any u,t,v € U. Set g = u®*® and for every g, € U
choose s = s(gy) such that s> = gy and set g; = vu~ts!1 7270, It is left to find g, such that
the following equations hold

{uaer . (vuflslfafb)asana —t. ubfa

a+b —1 1—a—b\bb?>—b __ b—a
ut - (vuts s =t-w
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Rearranging the equations we get,
5% =71 (uw)®.

Since U is a and b divisible, there is a solution for s and we can take g, = 5. O
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