KHINTCHINE-TYPE RECURRENCE FOR 3-POINT
CONFIGURATIONS

ETHAN ACKELSBERG, VITALY BERGELSON, AND OR SHALOM

ABSTRACT. The goal of this paper is to generalize, refine, and improve results on large
intersections from [BHK05, [ABB21]. We show that if G is a countable abelian group and
v, : G — G are homomorphisms such that at least two of the three subgroups ¢(G),
¥(Q), and (¥ — ¢)(G) have finite index in G, then {y,v} has the large intersections
property. That is, for any ergodic measure preserving system X = (X, X, u, (Ty)g4ec),
any A € X, and any € > 0, the set
{9€ G p(ANT [ ANT ) A) > u(A)® — &}

is syndetic (Theorem . Moreover, in the special case where ¢(g) = ag and ¥(g) =
bg for a,b € Z, we show that we only need one of the groups aG, bG, or (b — a)G to be
of finite index in G (Theorem , and we show that the property fails in general if
all three groups are of infinite index (Theorem .

One particularly interesting case is where G = (Qso,-) and o(g) = g, ¥(g9) = g2,
which leads to a multiplicative version for the Khintchine-type recurrence result in
[BHKO5]. We also completely characterize the pairs of homomorphisms ¢, that have
the large intersections property when G = Z2.

The proofs of our main results rely on analysis of the structure of the universal
characteristic factor for the multiple ergodic averages

1
@ Z To(g) f1 - Ty (g) fo-
gedPN
In the case where G is finitely-generated, the characteristic factor for such averages is
the Kronecker factor. In this paper, we study actions of groups that are not necessarily
finitely-generated, showing in particular that, by passing to an extension of X, one
can describe the characteristic factor in terms of the Conze—Lesigne factor and the
o-algebras of ¢(G) and ¢(G) invariant functions (Theorem [£.10).
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1. INTRODUCTION

Let (G,+) be a countable abelian group. A probability measure-preserving G-system,
or simply G-system for short, is a quadruple X = (X, X, u, (T,)4ec) where (X, X, p) is
a standard Borel probability space (that is, up to isomorphism of measure spaces, X is
a compact metric space, X is the Borel o-algebra, and pu is a regular Borel probability
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measure) and T, : X — X, g € G, are measure-preserving transformations such that
Tysn = T, 0Ty for every g,h € G and Ty = Id. The transformation 7, : X — X
gives rise to a unitary operator on L?(u), which we also denote by T,, given by the
formula T, f(z) = f(T,z). We say that a G-system is ergodic if the only measurable

(Ty)gec-invariant functions are the constant functions.

1.1. Khintchine-type recurrence and the large intersections property. The start-
ing point for the study of recurrence in ergodic theory is the Poincaré recurrence theorem,
which states that, for any measure-preserving system (X, X, u,T") and any set A € X
with p(A) > 0, there exists n € N such that u(ANT""A) > 0.

Khintchine’s recurrence theorem strengthens and enhances Poincaré’s recurrence the-
orem by improving on the size of the intersections and the size of the set of return
times.

Theorem 1.1 (Khintchine’s recurrence theorem [Kh35]). For any measure-preserving
system (X, X, u,T), any A € X, and any € > 0, the set

{neN:p(ANT"A) > u(A)? —c}
has bounded gaps.

Khintchine’s recurrence theorem easily extends to general semigroups, where the ap-
propriate counterpart of “bounded gaps” is the notion of syndeticity. In this paper, we
deal with recurrence in countable abelian groups. A subset A of a countable discrete
abelian group G is said to be syndetic if there exists a finite set /© C G such that
A+F={a+f:a€A feF}=aG.

It is natural to ask if recurrence theorems other than Poincaré’s recurrence theorem
also have Khintchine-type enhancements. For instance, it follows from the IP Szemerédi
theorem of Furstenberg and Katznelson [FK85] and also from [Aul6l Theorem B] that, for
any abelian group G, any k € N, and any family of homomorphisms ¢1,..., 0 : G — G,
the following holds: if (X, X, u, (T)4ec) is a G-system and A € X has pu(A) > 0, then
the set

) -1 -1
{g YRy <A N, ,AN--n T%(Q)A) > 0}
is syndetic.E] With the goal of Khintchine-type enhancements in mind, this motivates the
following definition:

Definition 1.2. A family of homomorphisms ¢, ..., ¢, : G — G has the large intersec-
tions property if the following holds: for any ergodic G-system (X, X, u, (T})4ec), any
A € X and any € > 0, the set
. -1 -1 k+1
{gEG.u(AﬂTw(g)Aﬂ---ﬂT g)A>>u(A) —5}

o

"n fact, this set is an IP* set, which is a stronger notion of largeness that we do not address in this
paper; see [FK85].
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is syndetic.

The large intersections property is closely related to the phenomenon of popular dif-
ferences in combinatorics; see, e.g., [SSZ21, Ber21l, M21], BSST21, [AB21].

Determining which families of homomorphisms have the large intersections property is
a challenging problem with many surprising features. In the case G = Z and ¢;(n) = in,
the problem was resolved in [BHKO5].

Theorem 1.3 ([BHKO5|, Theorems 1.2 and 1.3). The family {n,2n,...,kn} has the
large intersections property in 7Z if and only if k < 3.

Later work of Frantzikinakis and of Donoso, Le, Moreira, and Sun generalized this
picture for arbitrary homomorphisms Z — Z, which take the form n + an for some
a € Z.

Theorem 1.4 ([F08], special case of Theorem C; [DLMS21], Theorem 1.5).

(1) For any a,b € Z, the families {an,bn} and {an,bn,(a + b)n} have the large
intersections property (in 7).

(2) For any k > 4 and any distinct and nonzero integers ay, . ..,ax € Z, the family
{ain, ..., agn} does not have the large intersections property (in 7).

Remark 1.5. Finitary combinatorial work of [SSZ21, Theorem 1.6] suggests that the
family {a1n, asn, agn} has the large intersections property if and only if a; + a; = a;, for
some permutation {i, 7, k} of {1,2,3}.

In [BTZ10], Khintchine-type recurrence results are established in the infinitely-generated
torsion groups G = @, , Z/pZ.
Theorem 1.6 (|[BTZ10], Theorems 1.12 and 1.13).

(1) Fizx a prime p > 2. If c1,co € Z/pZ are distinct and nonzero, then {c1g,cag} has
the large intersections property in G = @, , Z/pZ.

(2) Fix a prime p > 3. If ¢1,c0 € Z/pZ are distinct and nonzero and ¢ + ¢ # 0,
then {c1g, c2g, (c1+c2)g} has the large intersections property in G = @, | Z/pZ.

Remark 1.7. It is conjectured in [BTZ10, Conjecture 1.14] that, if ¢y, ¢o, ¢35 € Z/pZ are
distinct and nonzero and ¢; + ¢; # ¢ for every permutation {i,j,k} of {1,2,3}, then
{c19, c2g, c3g} does not have the large intersections property in G = @, | Z/pZ.

Khintchine-type recurrence in general abelian groups was addressed in [ABB21] and
[S21]. For 3-point linear configurations, the following was shown in [ABB21]:

Theorem 1.8 ([ABB21], Theorem 1.10). Let G be a countable discrete abelian group.
Let ¢,¢ : G — G be homomorphisms. If all three of the subgroups ¢(G), ¥(G), and
(¥ — ¢©)(G) have finite index in G, then {p, 1} has the large intersections property.
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Remark 1.9. Earlier work of Chu demonstrates that at least some finite index condition
is necessary for large intersections. Namely, it follows from [C11, Theorem 1.2] that the
pair {(n,0),(0,n)}, does not have the large intersections property in Z?; see [ABB21],
Example 10.2].

For more restricted 4-point configurations, the following result was shown in [ABB21]
and independently in [S21]:

Theorem 1.10 (JABB21], Theorem 1.11; [S21], Theorem 1.3). Let G' be a countable
discrete abelian group. Let a,b € 7Z be distinct, nonzero integers such that all four of the
subgroups aG, bG, (a+b)G, and (b—a)G have finite indez in G. Then {ag,bg, (a+b)g}
has the large intersections property.

1.2. Main results. In this paper, we refine the understanding of Khintchine-type recur-
rence for 3-point configurations in abelian groups and make substantial progress towards
characterizing the pairs of homomorphisms ¢, : G — G that have the large intersec-
tions property.

Our first result shows that the large intersections property holds for any pair of ho-
momorphisms {p, 1} so long as at least two of the three subgroups in Theorem have
finite index in G. In particular, this shows that [ABB21, Conjecture 10.1] is false.

Theorem 1.11. Let G be a countable discrete abelian group. Let p,v : G — G be
homomorphisms such that at least two of the three subgroups p(G), ¥(G) and (¢ —¢)(G)
have finite index in G. Then for any ergodic G-system (X, X, u, (Ty)gec), any A € X,
and any € > 0, the set

{g €G:pu (A NT, AN Tw—(lg)A> > u(A)? — 5}
18 syndetic.

As mentioned above (see Remark [1.9)), the work of Chu [C1I] provides a counterex-
ample to the large intersections property when all three subgroups ¢(G), ¥(G), and
(¥ — ¢)(G) have infinite index in G. In this paper, we give additional counterexamples
for the group G = @, , Z with homomorphisms g — ag and g — bg for some a,b € Z;
see Theorem below. A natural question to ask, then, is what happens when only
one of the subgroups ¢(G), ¥(G), or (¢ — ¢)(G) has finite index. Namely:

Question 1.12. Let G be a countable abelian group, and let ¢ : G — G, ¢ : G — G
be homomorphisms such that at least one of the subgroups o(G), ¥(G), or (¥ — ¢)(G)
has finite index in G. Is it true that, for any ergodic G-system (X, X, p, (Ty)gec), any
Ae X, and any € > 0, the set

{g cG:pu (A NT, AN T&bA) > u(A)? — 5}

18 syndetic?
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Note that, by symmetry, it is enough to provide an answer to Question under the
assumption that (¢ — ¢)(G) has finite index. Indeed, suppose ¥(G) has finite index in
G. Then since (T})4ec is a measure-preserving action, we have the identity

—1 —1 _ -1 -1
M (A N T(p(g)A N Tw(g)A) =K <A A T—w(g)A N T(¢—w)(g)A)

Hence, the pair {p, 1} has the large intersections property if and only if {QZ, @Z} has

the large intersections property, where ¢ = —p and ¥ = b — ¢. Moreover, we have

(1) — 2)(G) = ¥(G), which is of finite index. A similar argument applies when ¢(G) has
finite index.

When G = Z2, we can use additional tools from linear algebra to classify all pairs of
homomorphisms ¢ and 1, which allows us to answer Question [I.12] affirmatively in this
setting. In fact, we can give a precise description of the optimal size of intersections for all
3-point configurations in Z?; see Subsection below. However, our results rely heavily
on properties of 2 x 2 matrices, and it appears that the full generality of Question [1.12]for
general abelian groups and general homomoprhisms is out of reach without developing
new techniques.

On the other hand, in the special case ¢(g) = ag and ¥(g) = bg for a,b € Z, we answer

Question affirmatively:

Theorem 1.13. Let G be a countable abelian group. Let a,b € Z be integers such that
(b —a)G has finite index in G. Then for any ergodic G-system (X, X, u, (Ty)gec), any
Ae X, and any € > 0, the set

{9€G: p(ANTSANT,'A) > p(A)® — ¢}
15 syndetic.

We also show that the assumption that (b—a)G has finite index in G is necessary. To
see this, we prove the following result:

Theorem 1.14. Let G = @7 Z. Letl € N. There exists P = P(l) such that, for
any a,b € N with p | ged(a,b) for some prime p > P, there is an ergodic G-system
(X, X, 1, (Ty)gec) and a set A € X with p(A) > 0 such that

pANTANT, TA) < p(A)
for every g # 0.

Question 1.15. Can p in the statement of Theorem be replaced by any natural
number?

1.3. Applications to geometric progressions and other multiplicative patterns.
One particularly interesting corollary of Theorem [1.13|is a multiplicative version of The-
orem . Consider the group G = (Qs¢,-). This is a multiplicative counterpart of



KHINTCHINE-TYPE RECURRENCE FOR 3-POINT CONFIGURATIONS 7

(Z,+). Using an ergodic version of the Furstenberg correspondence principle (see [BF21],
Theorem 2.8]) we deduce the following result:

Theorem 1.16. Let E C Q¢ be a set of positive multiplicative upper Banach density
and let k € Z. Then for any € > 0, the sets

(1.1) {q € Qo dun (E Ng *EN q_(k“)E) > cf"mlt(E)3 — 5}
and
(1.2) {4€Qu0:dpy (ENgENG"E) > d}, 4(E) — ¢}

are syndetic.

Remark 1.17. The special case where k =1 in (|1.1) or k = 2 in is related to the
existence of length three geometric progressions in sets of positive multiplicative density.
Heuristically, if E¥ were a random set, where each positive rational number g € Q- is
independently chosen to be inside E with probability «, then the expected number of
geometric progressions of length three and quotient g would be o?. Now fix any set E
with d,.(E) = a. Choosing ¢ sufficiently small, our result implies that £ contains

almost as many geometric progressions with quotient ¢ as a random set with the same
density, a, for a syndetic set of quotients.

Theorem shows that, if n and m share a large prime factor, then {¢", ¢} does
not have the large intersections property in (Qsg,-). What happens in the case that
n and m are coprime is an interesting question that we are unable to answer with our
current methods:

Question 1.18. Suppose n,m € N are coprime. Does the pair {¢",q™} have the large
intersections property in (Qsq,-)?

Since every Z-action can be lifted to a (Qxo, -)-action (indeed, (Qso, -) is torsion-free,
so Z embeds as a subgroup), we see from Theorem above that {q,¢?,...,¢"} does
not have the large intersections property for & > 4. However, we can still ask about
geometric progressions of length 4.

Question 1.19. Does the triple {q, ¢*, ¢*} have the large intersections property in (Qsq, -) ?

For a discussion of where our methods come up short for answering Questions

and [1.19] see Subsection below.

1.3.1. Patterns in (N, -). In Section[§] we transfer Theorems and to the setting
of cancellative abelian semigroups. As a consequence, we obtain the following result
about geometric configurations in the multiplicative integers:

Theorem 1.20. Let E C N be a set of positive multiplicative upper Banach density, and
let k € Z. Then for any ¢ > 0, the sets

{meN: &, (ENE/m"NE/m"") > d, (E)’ — ¢}

mult mult
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and

{meN: &, (ENE/mNE/m") > d(E)®—¢}

mult
are (multiplicatively) syndetic in (N, -).

1.4. Applications to patterns in Z2. When G = 72, we are able to give a complete
picture of the phenomenon of large intersections for 3-point matrix patterns, i.e. patterns
of the form {Z, ¥+ M7, &+ My}, where Z, 7 € Z* and M;, M, are 2 x 2 matrices with
integer entries. (Note that any homomorphism ¢ : Z? — Z? can be expressed as a 2 X 2
matrix with integer entries, so matrix patterns capture all possible configurations in Z?2
that can be described within the framework of group homomorphisms.)

Following [BHKO5], we say that the syndetic supremum of a bounded real-valued Z>2-
sequence (Gnm), myez2 1S the quantity

synd-supy,, ) ez2 n,m = Sup {aeR:{(n,m)€Z: ay, >a} is syndetic in Z*}.

For 2 x 2 integer matrices M; and M, and a € (0,1), we define the ergodic popular
difference density by

epddyy, ag, (@) := inf synd-supgegep (AN Ty ANT,LA),

where the infimum is taken over all ergodic Z%-systems (X, X, i, (Tr)rez2) and sets A €
X with p(A) = «a. This can be seen as an ergodic-theoretic analogue to the popular
difference density defined in [SSZ21]. It is natural to ask if epdd(«) coincides with the
finitary combinatorial quantity pdd(«). Standard tools for translating between ergodic
theory and combinatorics, such as Furstenberg’s correspondence principle, are insufficient
for resolving this question, and we do not know the answer in general. However, in special
cases where pdd(«) is known, it is in agreement with the values of epdd(«) displayed
in Table below, and we suspect that pdd(a) = epdd(«) in the remaining cases;
see Subsection below for additional remarks on (combinatorial) popular difference
densities for matrix patterns in Z2.

Theorem [1.11] provides a sufficient condition on the matrices M; and M, to guar-
antee that epdd,, ,,(a) > o® for a € (0,1). We now seek to describe the quantity
epdd,y, ar, (@) for any pair of 2 x 2 integer matrices M; and M. Table H summarizes
ergodic popular difference densities for all 3-point matrix configurations in Z?. (For
matrices My, My, we let r(M;, Ms) be a list of the ranks of My, Ms, and My — M in
decreasing order.)

The cases r(My, My) = (2,2,2) and r(My, My) = (2,2,1) are covered directly by
[ABB21l, Theorem 1.10] and Theorem respectively. Indeed, a matrix M has full
rank if and only if the subgroup M(Z?) C Z?* has finite index. More precisely,

det(M)], if det(M) # 0;

[2°: M(Z5) = {oo ifdet(M) = 0.
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r(My, Ms) other conditions epdd,; (@) reason

(2,2,2) - o’ [ABB21] Theorem 1.10]
(2,2,1) - a’ Theorem [1.11|
(2,1,1) - a? “Fubini” for UC -lim [BL15]
(1,1,1) [My, M3] =0 < acl°e(t/a) | Behrend-type construction [Beh46, BHKO5)
(1,1,1) [M1, Ms] # 0, “row-like” a’ “Fubini” for UC -lim [BL15]
(1,1,1) | [My, Ms] # 0, “column-like” at=o) [C11l Theorem 1.1],

[DS18, Theorem 1.2]

TABLE 1.1. Ergodic popular difference densities for 3-point matrix pat-
terns in Z2.

The remaining cases are proved in Section [7}

1.5. Preliminary remarks on characteristic factors. In this paper, we approach
multiple recurrence problems by determining and utilizing the so-called characteristic
factors, which are the factors that are responsible for the limiting behavior of the quantity

~1 ~1
K (A n TV’(Q)A n Tw(g)A)

in ergodic G-systems (see Subsection for a discussion of factors in general and Defi-
nition [3.3|for a definition of characteristic factors). For Z-actions, there are two different
approaches to characteristic factors for linear averages, developed independently by Host
and Kra [HKO05] and by Ziegler [Zie(Q7], giving rise to factors that coincide. However,
in the context of G-actions, where G is an arbitrary (non-finitely generated) countable
abelian group, the Host—Kra factors and Ziegler factors may differ; see Subsection
below for more details.

Our work thus leads to the general open question of how the Host—Kra factors are
related to the actual characteristic factors of the corresponding multiple ergodic averages
(the Ziegler factors). Discerning the relationship between the Host—Kra factors and the
Ziegler factors may lead to a better understanding of the quantities

—1 —1
PANTSL AN AT A),

where X = (X, X, i, (T) jecr) is a G-system, A € X, and ¢; : G — G are homomorphisms
or, more generally, polynomial maps.

1.6. Structure of the paper. The paper is organized as follows. In Section [2| we
introduce notation and conventions that we use throughout the paper.

Proofs of the main results appear in Sections [3H6 First, in Section [3| we establish
characteristic factors for the multiple ergodic averages

ue- }716% Ty(g) fi- Ty(g) f2
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when (1) — ¢)(G) has finite index in G and prove Theorem [L.11] Then, in Section 4] we
use an extension trick to simplify the characteristic factors, and in Section [5| prove a new
limit formula for the extension system, leading to a proof of Theorem [1.13] Finally, we
prove Theorem in Section [6]

The final two sections contain applications of the main results. Using Theorem [1.11
together with additional tools from [ABB21, BHKO05, BL15, [C11), [DS18], we compute
ergodic popular difference densities for three-point matrix patterns in Z2. In Section
8l we extend the main results (Theorems and to the setting of cancellative
abelian semigroups.

Acknowledgements The third author is supported by ERC grant ErgComNum 682150,
and ISF grant 2112/20

2. PRELIMINARIES

The goal of this section is to introduce some notations and objects that will play an
important role in this paper. Throughout this section we let G denote an arbitrary
countable abelian group and X = (X, X, y1, (T}))4ec) & G-system.

2.1. Uniform Cesaro limits. The large intersection property of a family {¢1, ..., or}
is related to the limit behavior of the multiple ergodic averages

1 k

gedy i=1

where (Py)nen is a Folner sequenceﬂ in G and fi,...,fr € L>®(u). By [Aul6] and
[Z-K16], the quantity converges in L?(u) as N — oo, and the limit is independent
of the choice of Fglner sequence (®y)yen. For more concise notation, we define the
uniform Cesaro limit v = UC -limgeq 4 if @ de‘bw x4y — x for every Fglner sequence
(Pn)nen in G.

One crucial tool for handling uniform Cesaro limits is the following version of the van
der Corput differencing trick:

Lemma 2.1 (van der Corput Lemma, cf. [ABB21], Lemma 2.2). Let H be a Hilbert space
and G an amenable group. Let (uy)gec be a bounded sequence inH. If UC -limgeq (Ugtn, Uy)
exists for every h € G, and
uc —}Llerg uc —{l}lerg (Ugih, ug) =0
then,
UC -limu, =0

geG
strongly.

2A sequence (PN )nen of finite subsets of G is a Folner sequence if, for any = € G, ‘@N@NI —0

as N — oo.
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Another useful tool for computing uniform Cesaro limits is the following “Fubini”
trick, which we use extensively in Section [7}

Lemma 2.2 ([BL15], special case of Lemma 1.1). Let G and H be countable discrete
amenable groups, and let (vhg)hg)cHxc be a bounded sequence. Suppose

UC- lim  w,

(h,9)€EHXG

exists, and for every g € G,
UC -lim vy 4

heH
exists. Then

UC-lim UC -limuv,, = UC - lim vy,

geG heH (h,g)eHxG

2.2. Factors. A factor of X is a G-system Y = (Y, ), v, (S,)4ec:) together with a mea-
surable map 7 : X — Y such that m,u = v and 71 oT;, = S, o for all g € G. There is a
natural one-to-one correspondence between factors and (7}),e-invariant sub-o-algebras
of X. Throughout the paper, we freely move between the system Y and the o-algebra
7~ 1Y) and refer to both of them as factors of X. Given f € L?(u) we denote by E(f|Y)
the conditional expectation of f with respect to the o-algebra 771()). We say that f is
measurable with respect to Y if f = E(f|)).

2.3. Factor of invariant sets. Let X = (X, X, u, (T})ec) be a G-system. We write
Ze(X) for the sub-o-algebra of G-invariant sets. We say that X is ergodic if Zg(X) is
the o-algebra comprised of null and co-null subsets of (X, X', u). For a subgroup H < G,
we denote by Zy(X) the sub-c-algebra of H-invariant sets. Given a homomorphism
¢ : G — @G, it is convenient to denote by Z,(X) the o-algebra Z,)(X).

2.4. Host—Kra factors. The Gowers—Host—Kra seminorms are an ergodic-theoretic ver-
sion of the uniformity norms introduced by Gowers in [G01]. These seminorms were first
introduced by Host and Kra in [HKO05] in the case of ergodic Z-systems and then gen-
eralized by Chu, Frantzikinakis, and Host to Z-systems that are not necessarily ergodic
in [CFH11]. In [BTZ10, Appendix A}, a general theory of Gower—Host—Kra seminorms
is developed for (not necesssarily ergodic) G-systems, where G is an arbitrary countable
abelian group.

Definition 2.3. Let G be a countable abelian group, and let X = (X, X, u, (T,)gec)
be a G-system. Let f € L*(X), and let £ > 1 be an integer. The Gowers—Host-Kra
seminorm || f|luxc) of order k of f is defined recursively by the formula

[l = I1E(@|Za(X))llL2
for k=1, and

. o1\ /2
[l = UC -lim (114, £

for k > 1, where A, f(z) = f(Tyz) - f(x).
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In [BTZ10, Appendix A], it is shown that the Gower-Host—Kra seminorms for general
G-systems are indeed seminorms. Moreover, these seminorms correspond to factors of

X.

Proposition 2.4 (Existence and uniqueness of the universal characteristic factors,
cf. [BTZI10], Proposition 1.10). Let G be a countable abelian group, let X be a G-
system, and let k > 0. There erists a unique (up to isomorphism) factor Z*(X) =

<Z"’(X), ZFH(X), pr, (Tg(k))geg> of X with the property that for every f € L>(X), || fllus+1(x) =
0 if and only if E(f|Z%(X)) =0.

The factors Z* guaranteed by Proposition are called the Host-Kra factors of X.

Let X = (X, X, u, (T)4ec) be a G-system. Then, Z°(X) is the same as the o-algebra
Zo(X). In particular if X is ergodic, then Z°(X) is trivial. In the literature, Z'(X) is
often called the Kronecker factor, and Z?(X) the Conze-Lesigne or quasi-affine factor
of X.

We summarize some basic results about the Host—Kra factors.

Theorem 2.5. Let G be a countable abelian group, and let X = (X, X, p, (Ty)gec) be a
ergodic G-system. Then,
(i) For every k > 1, Z¥1(X) < Z¥(X). In other words, Z*"1(X) is a factor of
ZF(X). In particular, Z(X) =< Z¥(X) for every k > 0.
(ii) The Kronecker factor of X is isomorphic to a rotation on a compact abelian group.
Namely, there exists a homomorphism o« : G — Z into a compact abelian group
(Z,+) such that Z'(X) is isomorphic to (Z,(Ry)sec), where Ryz = z + a(g).
(iii) For every k > 1, if X is ergodic, then Z*(X) is an extension of Z*"1(X) by a
compact abelian group (H,+) and a cocycle p : G x Z*¥"1(X) — H. Namely,
ZM(X) = ZFY(X) x H as measure spaces, and the action is given by T\" (z, h) =
(152, b+ plg, ).

Proof. The proof of (7) is an immediate consequence of the monotonicity of the seminorms
(see [HKO05, Corollary 4.4]). The proof of (i7) and (iii) in the generality of arbitrary
countable abelian groups can be found in [ABB21], Lemma 2.4], and [ABB21l, Theorem
5.3 O

2.5. Joins and meets of factors. Let G be a countable abelian group, let X =
(X, X, 1, (Ty)4ec) be a G-system, and let p,v¢ : G — G be arbitrary homomorphisms.

(1) Let Z1(X), or just Z,(X), denote the o-algebra of the Kronecker factor of X

with respect to the action of ¢(G). That is, the o-algebra of the factor Z(X)

obtained by applying Proposition for the G-system (X, X', i1, (T,(g))gez) and

k = 1. More generally, let H be a subgroup of G and k > 1, we let Z%(X) denote

3The proof in [ABB21] applies to a special class of systems, called normal systems, and it is shown
that every system has a normal extension. However, passing to a normal extension is not necessary; see

[HK05), Proposition 6.3].
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the o-algebra of the k-th Host—Kra factor Z% (X) with respect to the action of
H.
(2) Let A, Ay, Ay be o-algebras on X. Then,
e We write A < X if the o-algebra A is a sub-c-algebra of X.
e We let A; V A, denote the join of A; and A,, i.e. the g-algebra generated
by A; and A; in X.
e We let A; A A, denote the meet of Ay and Ay, i.e. the maximal o-algebra
which is also a sub c-algebra of A; and As.
e We say that A; and Ay are p-independent if their meet is trivial modulo
p-null sets.
e More generally, we say that A; and A, are relatively independent over the
o-algebra A if A; N Ay < A
(3) We let Z,, ,,(X) denote the meet of Z,(X) and Z,(X) and Z,,(X) the meet of
Z,(X) and Z4(X). We let Z,, ,(X) denote the factor of X which corresponds to
the o-algebra Z, ,(X).

The next two lemmas give convenient alternative descriptions of independent and
relatively independent o-algebras. These results are classical and can be found, e.g., in
[Zim76| Proposition 1.4]; we provide short proofs for the convenience of the reader.

Proposition 2.6 (Independent o-algebras). Let X = (X, X, u) be a probability space.
Two o-algebras Ay and Ay on X are independent if and only if the following equivalent
conditions hold:

(i) Any function f € L>®(X) measurable with respect to Ay and Ay simultaneously is
a constant p-almost everywhere.
(i1) If f is measurable with respect to Ay and g is measurable with respect to Ay, then

/Xf-ngZ/deu-/ngu-

Proof. The first definition of independence above is clearly equivalent to (i). We prove
the equivalence between (i) and (ii).

()= (ii).
/Xf'gdM:/XE(f’A2)‘ng:/XE(f’¢42)dﬂ’/ngM:/deu~/xgdu.

For (i)= (i), let f = f — | fdu. Then,
2
=0.

g0 = [ 17 du= | [ F
We conclude that f = [ fdpu. 0
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Proposition 2.7 (Relatively independent o-algebras). Let X = (X, X, ) be a prob-
ability space. Let Ay, Ay be two o-algebras on X and let A be a third o-algebra such
that A < Ay AN As. Then, Ay and Ay are relatively independent with respect to A if the
following equivalent conditions hold:

(i) Any function f € L>(X) measurable with respect to Ay and As simultaneously, is
measurable with respect to A.
(i1) If f is measurable with respect to Ay and g is measurable with respect to Ay, then

E(fglA) = E(f|A) - E(g|A).

Proof. Condition (i) is equivalent to the definition of relative independence above. There-
fore it is enough to prove the equivalence of (i) and (ii).

(i)=(ii). We have E(fg|A1) = f-E(g|A1) = f-E(g|.A) where the last equality follows

from (7). Now by taking the Condltlonal expectation over A we have

E(fglA) = E(f|A) - E(g|A).

(i)= (i). Let f = f — E(f]A). Then E(|f|?|A) = E(f|A)? = 0. In particular
[ |f2du = 0, thus f = E(f]A). O

2.6. Ziegler factors. Let X = (X, X, u, T) be an invertible ergodic measure preserving
system and f1, ..., fr € L=(X), kK > 0. The convergence of the multiple ergodic averages

=

-1 k

1=0

(2.2)

L[]

1
N
in L? () for general k was established by Host and Kra [HK05] and independently, though
somewhat later, by Ziegler [Zie(T].

Host and Kra proved convergence by showing that the averages are controlled
by the Gowers-Host-Kra seminorms defined above. This reduces the general conver-
gence problem to convergence under the additional assumption that each function f; is
measurable with respect to the Host—Kra factor.

Ziegler, on the other hand, studied the universal (minimal) characteristic factors for
the multiple ergodic averages

N-1 k
LI
n=0 i=0

where ay, ..., a; € Z are distinct and non-zero. These are the minimal factors Z(X) such

that
N-1 k

oy LI -0

n=0 =0
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whenever E(f;|Z,(X)) = 0 for some i.

In [BO6L Appendix A}, Leibman proved that, for Z-systems, the factors studied by Host
and Kra coincide with the factors studied by Ziegler, thus giving these factors the name
Host-Kra—Ziegler factors. Using Fglner sequences in order to define averages, one can
generalize the above to arbitrary countable abelian groups (or even more generally, to
amenable groups). However, in the setting of general abelian groups, Host—Kra factors
may no longer coincide with Ziegler factors. We give a very simple example. Let p be a
prime number and F, be the group with p elements. We denote by F,° the direct sum
of countably many copies of F,,. In [BTZ10], it is shown that there are many non-trivial
ergodic [F °-systems with non-trivial Host-Kra factors ZF(X) for any k > 0. However,
the only characteristic factor for the average

UC - Ty fy - Tyl

is X. Indeed, since T}, = Id, the average is non-zero for every f, # 0, assuming that
fi=...= f,—1 =1 (say). To overcome this technicality one may restrict to the case where
k < p, but the situation is not that simple for arbitrary countable abelian groups, and
in general Host—Kra factors may not coincide with the universal characteristic (Ziegler)
factors.

This phenomenon was not studied previously in the literature, but it plays an im-
portant role in this paper. More specifically, we study how the Host-Kra factor Z!(X),
which coincides with the classical Kronecker factor, is related to the Ziegler factor Z;(X)
for arbitrary countable abelian groups, i.e. the universal characteristic factor for the av-
erage

UC - glefg T, f1T54 f2,

where fi, fo € L®(n). One of our main tools is a result which asserts, roughly speaking,
that by adding eigenfunctions to the system X, one has that the Ziegler factor Z;(X)
is generated by the Host—Kra factor Z1(X) and the o-algebra of 2G-invariant functions.
We also give an example that illustrates the necessity of adding eigenfunctions to the

system (see Example .

2.7. Seminorms for multiplicative configurations. We now give a brief explanation
of where our methods come up short of fully answering Questions and [[.19] As
discussed above, our approach to the large intersections property is to study families
of seminorms and their corresponding characteristic factors. However, in the case of
Question [1.18 and Question these seminorms have somewhat exotic behavior.

For example, Question [1.18]is related to the averages

(2.3) UC - lim fi(Typa) fo(Tyma)
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for some ergodic (Qso, -)-system. An application of the van der Corput lemma (Lemma
shows that ([2.3)) is equal to zero if

[ Aoy B ol (X)) di| = 0.

If the action of Tin-m, ¢ € (Qso,-), were ergodic (e.g. if n = m + 1), then the above

expression is manageable as we will see in this paper. Presumably, if n and m are

coprime, then this expression may also be manageable, but we do not see how.
Question [1.19| is related to the average

(24) uC - qgéﬂo ququZ fQTqS fg.

UC - lim

q€Q>0

Using the van der Corput lemma, the Cauchy—Schwarz inequality and then the van der
Corput lemma again, we see that the average ([2.4) is zero if

UC - lim

q1€Q>0

UC - lim ApApfs du

32€Q>0

=0

If in the expression above we had ¢?, ¢3, or ¢3, ¢3, then this expression would be related
the Gowers—Host—Kra seminorm of f3 with respect to the action of all squares or cubes
of (Qs,+). The above quantity is therefore some combination of the two. Again, pre-
sumably, the fact that 2 and 3 are coprime may be useful to analyse these seminorms.
Studying the structure of these new peculiar seminorms is an interesting problem that
we do not pursue in this paper.

3. THEOREM [L.11

We first give a brief overview of the proof of Theorem Let X = (X, X, i, (Ty) gec)
be an ergodic G-system, and let ¢,¢ : G — G be arbitrary homomorphisms such that
(¥ — ¢)(G) has finite index in G. The key component in the proof of Theorem is
the analysis of the limit behavior of the multiple ergodic averages

(3.1) UC -l f1(To@) - f2(Tue)2)

for fi, fo € L*>(X). Standard arguments using the van der Corput lemma (Proposition
show that

UC -lim f1(Toq)2) - Jo(Tiip)7) =
ucC ilefg E(f1|Z,(X)(Tp(g)(2)) E(f2 Z6(X)) (Ty(q) (7))

where Z,(X) and Z,(X) are the o-algebras of the Kronecker factors of X with respect
to the actions of p(G) and ¥(G), respectively (see Subsection [2.5).

In Theorem [1.11] we assume furthermore that ¢(G) has finite index in G. In this case,
the factor Z,(X) coincides with Z}(X), the Kronecker factor of X with respect to the
action of G (see Lemma [3.6). Our main observation is that one can replace Z,(X) in
(3.2) with a smaller factor. As an illustration, we give the following example:

(3.2)
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Example 3.1. Consider the additive group G = @;’;1 Z/47. We use i € C to denote
the square root of —1, and for every natural number n € N, we let (), denote the group

of roots of unity of degree n. We define an action of G on X = <HjeN C’4> x Cy by

Ty(x,y) = ((i““ﬂﬁj)jew,y I 'igﬂz_gj)>

jEN
where x = (z1,22,...) € [[;oxC1 and g = (g1,92,...) is any representation of g in

@;2, Z/AZ. The system (X, (T,)4ec) is a group extension of its Kronecker factor
Z6(X) = [[;en C1 by the cocycle

o:Gx[[Ci— o,
JEN
o(g.x) = [ [ (257 - i% ).
jeN

Let ©(g) = 2g. We observe that the function f(x,y) = y is orthogonal to L*(Z'(X)).
On the other hand we have

Ty f(x,y) = 0(29.%) -y = [ [ (2} - i'%2%) -y = [[(-1)%y = [[(-1) f(x. v).
jEN jEN jEN

In other words, f is an eigenfunction with respect to the action of ¥(G) on X with
eigenvalue A(2g) = [[;cn(—1)%. Therefore, f is measurable with respect to Z,(X), and

we see that Z1(X) # Z,(X). Now let ¢(g) = g. We claim that f does not contribute
to (3.1). Namely, we have that

ucC -glemG Tgfnggf =0

for every bounded function f;. Indeed, by (3.2), it is enough to check this equality in
the case where f; is an eigenfunction with respect to the action of G. Let x(g) be the
eigenvalue of f; we see that

UC -Um T, f1Togf = f1- f-UC -lim x(g9) - AM(29).
geG geG
The eigenfunctions of X take the form h(x,y) = [[I—, 2% for some n € N and [, ...,1, €
{0,1,2,3}. Therefore, g — x(g)\(2g) is a non-trivial characters of G and so
UC -lim x(9)A(29) = 0.

Remark 3.2. In the example above, the factor Z!(X) is isomorphic to [ | jen Ca equipped

with the action T3z = (i% - ;) jen, while Z2(X) = X. On the other hand, for the 2G-
system (X, (T,)4e26), we have Zj(X) = X.
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Example suggests that a ¢ (G)-eigenfunction contributes to (3.1)) if and only if its
eigenvalue coincides with an eigenvalue of the G-action. In practice, we use a result of
Frantzikinakis and Host [FH18] to decompose f5 into a linear combination of eigenfunc-
tions (see Proposition [3.12). However, since the action of 1(G) may not be ergodic,
we have to include in our analysis the case where the ¥(G)-eigenvalue, A\(¢(g)), is not a
constant in X, but rather, a ¢(G)-invariant function. We let ZN¢ (X) be the sub o-algebra
of Z,(X) generated by all the 1(G)-eigenfunctions with eigenvalues A(¢(-),x) : X — G
that coincide with an eigenvalue with respect to the G-action for p-a.e. x € X. We show
that one can replace Z,(X) with Z,(X) in . After replacing Z,(X) by Z,(X),
the remainder of the proof of Theorem follows by modifying previous arguments
used for deducing Khintchine-type recurrence from knowledge of relevant characteristic
factors (see, e.g., [ABB21], Section 8]).

3.1. Characteristic factors. We start with a definition of characteristic factors (cf.
[EW96, Section 3]).

Definition 3.3. Let G be a countable abelian group, let ¢,v : G — G be arbi-
trary homomorphisms, and let X = (X, X, u, (T,)4ec) be a G-system. A factor Y =
(Y, Y, v, (Sy)gec) of X is called a partial characteristic factor for the pair (p,1) with
respect to @ if

ucC _Eené Tog) 1 Tyg) f2 = UC _Eerg Lot EC/I) Tosio) f
for every fi, fo € L*(X). We define a partial characteristic factor with respect to 1

similarly, and say that Y is a characteristic factor if it is a partial characteristic factor
with respect to both ¢ and 1, i.e.

UC -yeﬂc},Tso(mflTw(g)ﬁ =UC glgg To ) E([1IY) Ty E(f2|V)
for every f1, fo € L>®(X).

In other words, a factor of a measure preserving system X = (X, X, i, (T})sec) is
a characteristic factor for a certain multiple ergodic average, if the study of the limit
behavior of the average can be reduce to this factor. The following easy lemma is related
to the well known result of Furstenberg which asserts that a system X = (X, X, u, T) is
weakly mixing if and only if the Kronecker factor, Z'(X), is trivial.

Lemma 3.4. Let X = (X, X, u, (T,)gec) be a G-system, let ¢ : G — G be a homomor-
phism and let f € L*(X). If E(f|2,(X)) =0, then for every h € L*(X) we have

/ To)f - h dp
X
Proof. Assume E(f | Z,(X)) = 0. Then by Proposition 2.4, || f|lu2(p(c) = 0. That is,

/ Aso(g)fdﬂ‘ =0.
X

UC -lim =0.
geG

UC - lim
geG
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Since UC -limgeq |ay] =0 <= UC -limyeq af] = 0 for every bounded complex-valued
sequence g — a,, we have

UC -lim (Topig) X Tp()) F R [ - F& F d(p x p) = 0.

9€G Jxxx

The mean ergodic theorem implies that

E(f@f' Loxp(X x X)) f@ fd(pxp)=0

and E(f ® f]I@w(X X X)) = 0. Therefore, for every h € L*(X) we have,

2
UC—lim(/ T¢(g)f-hdu) :/ E(f® flZoxp(X x X)) -h@hdpux p=0
X X2

geG

which implies that
UC -lim
geG

Tog)f - h d:“‘ =0
X
as required. O

Using the van der Corput lemma (Lemma [2.1)), we show that Z,(X) and Z,(X) are
partial characteristic factors for the pair (p,) with respect to ¢ and v respectively.

Proposition 3.5. Let X = (X, X, p, (1) ec) be an ergodic G-system. Let o, : G — G
be homomorphisms such that (Y — ¢)(G) has finite index in G. Then for any fi, fo €
L>(u), one has

UC -lim Ty fy - Tugq) fo = UC -1 Lot B 20(X)) - Ty E( el Z4(X)

in L*(j).

Proof. We follow the argument of Furstenberg and Weiss [FW96]. By linearity and
symmetry, it is enough to show that

UC_EEHC%T f1 T¢ f2—0

whenever E(f1|Z,(X)) = 0. Dividing through by a constant, we may assume that
| filloo <1 fori=1,2.

We use the van der Corput lemma with u, = T, f1 - Ty(g) f2- For every g,h € G, we
have

(3.3) <ug+haug> = / o(g+h) fl Tp(g+h) f2 T (g fl Ty(g) f2 dp.
X

Since the measure 1 is Ty,(g)-invariant, (3.3)) is equal to

/X f fl (W—)(9) (T¢(h Ji- f2)
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Hence, by the mean ergodic theorem we have
UC - lim (g, ug) :/ T f1 - fi - BTy fo - folTy—p (X))
X

Since H := (¢ — ¢)(G) has finite index in G and the action of G on X is ergodic, we

can find a partition X = Ué:l A; to H-invariant sets, where [ is at most the index of H
in GG. Since f5 is bounded by 1,

k

<y

i=1

'UC - élerg (tgn, tg)

/ T@(h)fl E 1Ai d/’L :
X

Now, since E( f1|Z,(X)) =0, Lemmaimplies that UC - limpeq UX Ty f1- fr - lAid,u‘
0, for every 1 < ¢ < k. The van der Corput lemma (Lemma then implies that

Uuc ‘élliemG T 1 - Ty f2 = 0,
and this completes the proof. 0

In [B06, Appendix A], Leibman proved the following result in the special case where
G = Z. For the sake of completeness, we give a proof for arbitrary countable abelian G
in Appendix [A]

Lemma 3.6. Let (X, X, 1, (T)gec) be a G-system and let H < G be a subgroup of finite
index. Then for every k > 1, one has Z5(X) = ZE(X).

In particular, if ¢(G) has finite index in G, then the factor Z,(X) coincides with
Z(X).

Corollary 3.7. Let G be a countable abelian group, let X = (X, X, i, (T,)gec) be a G-
system and let v, : G — G be arbitrary homomorphisms such that p(G) and (Y —¢)(G)
have finite index in G. Then, for any bounded functions fi, fo € L=(X),

UC -l Tog) fr - Ty Jo = UC -lim T E(HIZ(X)) - Ty E(f2] 26(X))-

Let G be a countable abelian group and X = (X, X, u, (T,)sec) be an ergodic G-
system. By Theorem [2.5[ii), the Kronecker factor of X, Z'(X), is isomorphic to an
ergodic rotation. Therefore, it is convenient to identify the Kronecker factor with the
system Z = (Z,«), where Z is a compact abelian group and « : G — Z is a homomor-
phism such that Tglz = 2+ a, where T! is the G-action on Z. The following corollary
of Proposition [3.5| will be useful later on in this paper.

Proposition 3.8. Let X = (X, X, i, (Ty),ec) be an ergodic G-system with Kronecker
factor Z = (Z,«). Let p,v) : G — G be homomorphisms such that (¢ — ¢)(G) has finite
index in G. Then for any fo, f1, fo € L°(n) and any continuous function n : Z* — C,
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we have

UC -lim 7 (ay (), c(g)) / fo - Ty 1 - Typig) f2 du
geG X
- UC—})Eg??(%(;;»%@)) /XfO‘Tsa(g)E(ﬁIZ@(X))‘sz(g)E(fzIZw(X)) dpt.

Proof. By the Stone—Weierstrass theorem and linearity, we may assume 7(u, v) = A (u)Aa(v)
for some characters A, Ay € 7. Let m: X — Z be the factor map, and let y; := \; o .
Note that T,x; = \i(ay)xi, so x; is a G-eigenfunction with eigenvalue \; o a.

Now set

ho := X1X2./o0,
hy == x1fi,
ha == X2 fa.

Since x; and x» are measurable with respect to the Kronecker factor Z(X), which is a
sub-o-algebra of Z,(X) and Z,(X), we have the identities

E(hi|2,(X)) = x1 - E(f1|2,(X)),
E(hs|2,(X)) = x2 - E(f2| 2,(X)).

Thus, applying Proposition for the functions hq, hy and integrating against hg, we
have

9eG X

= UC -lim ho : Tgp(g)hl . Td)(g)hg d,u
9€G Jx

=UC -lim ; ho - Ty E(|Z24(X)) - Tyg) E(h2| 24(X)) du
= UC -limn (ap5), ) /XfO'ng)E(fﬂZ@(X)) - Tyo) E(fo| 26(X)) dp.
O

In the next section we will study the factor Z,(X) further.

3.2. Relative orthonormal basis. Let G be a countable abelian group, and let X =
(X, X, 1, (T,)4ecc) be a G-system. Under the assumption that the system is ergodic, it is
well known that the factor Z'(X) admits an orthonormal basis of eigenfunctions. The
following example demonstrates that this may fail for non-ergodic systems.



22 E. ACKELSBERG, V. BERGELSON, AND O. SHALOM

Example 3.9. Let S' = {z € C: |2] = 1}. Consider X = S* x S' equipped with the
Borel o-algebra, the Haar probability measure p, and the measure-preserving transfor-
mation T'(z,y) = (z,y - z). Any function f € L?(X) takes the form

flay)= > anma"y™

n,meN

for some a,, ,, € C with

(3.4) Z |apm|® < o0.

n,meN

Now suppose that there exists some constant ¢ € S* such that T'f(z,y) = ¢ f(z,y)
for p-a.e. (z,y) € S' x S*. By the uniqueness of the Fourier series we deduce that

Aptmm = C* Apm

for every n,m € N. If m # 0, this is a contradiction to unless a,,, = 0. We
conclude that f is an eigenfunction if and only if it is independent of the y coordinate.
In particular L?(X) is not generated by the eigenfunctions of X.

On the other hand, the functions {z"},cy are invariant and therefore measurable with
respect to Z1(X). Moreover, the functions {y™},ey satisfy A, (y™) = T"(y™) - y™™ =
2™ which is an invariant function. Hence, y™ is also measurable with respect to Z1(X).
We thus conclude that X coincides with Z*(X).

In order to handle non-ergodic systems, Frantzikinakis and Host [FH18| came up with
the following definition.

Definition 3.10. Let H be a countable abelian group acting on a probability space
(X, X, pt, (Th)nen)- A relative orthonormal system is a countable family (¢;) ey belonging
to L?(u) such that

(1) E(]¢;| |Zu(X)) has value 0 or 1 p-a.e. for every j € N;
(ii) E(¢;¢r/Zu(X)) =0 p-a.e. for all j,k € N with j # k.

The family (¢,);en is also a relative orthonormal basis if it also satisfies
(iii) The linear space spanned by the set of functions
{p;9 1 j € N,y € L>(p) is H-invariant}
is dense in L?(u).
We also give a definition of eigenfunctions that applies to non-ergodic systems.

Definition 3.11 (H-eigenfunctions). Let H be a countable abelian group and X =
(X, X, 1, (Th)nher) be an H-system. We say that f : X — C is an H-eigenfunction if
there exists an H-invariant function A : X — H such that T, f(z) = Az, h) - f(z) for all
h € H and p-a.e. x € X. In this case we also say that A is the eigenvalue of f.
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Note that under the assumption that the H-action is ergodic, this definition coincides
with the standard definition of an eigenfunction. Observe moreover that the functions
{y" }men from Example are eigenfunctions according to this definition.

Frantzikinakis and Host proved the following result:

Theorem 3.12 ([FH1S8], Theorem 5.2). Let X = (X, X, u, H) be an H-system. Then
Zy(X) admits a relative orthonormal basis of eigenfunctions.

The proof of Theorem is given for Z-actions in [FHI§|, but the same argument
can be easily generalized for arbitrary group actions.

3.3. Proof of Theorem [1.11} In this subsection, we prove Theorem [1.11, Example
is a good example to have in mind while reading this section.

Let X = (X, X, p, (Ty),ec) be an ergodic G-system, and let Z = (Z, ) be the Kro-
necker factor of X. Let A € X and f = 14. We can write

foi=E(fIZ(X)) =) _ ai

€N

where {(;}ien is an orthonormal basis of eigenfunctions and a; € C. Moreover, using
Theorem [3.12,

o= E(fsl20(X)) = > big,

ieN

where {{;}ien is a relative orthonormal basis of ¢(G)-eigenfunctions and b; = E(f -
&:1Zy(X)) are ¢(G)-invariant functions.
Choose N; € N sufficiently large so that

N1
‘ fc - Z aigi g
=1 2
and
Ny
fo = (Z bz’fi) < %
i=1 2

For each j € N, the function ¢; is a ¢(G)-eigenfunction, so we can write ; (T¢(g)x) =
pi(x,(g))€;(x) for some (G)-invariant function p; : X — ¥(G). The group Z is

compact, so Z is countable and we can write Z = |J _y Fn, where F} C I, C --- are
finite sets. Let

neN

Cn = {9 x1(ap)X2(wie) - X1, X2 € Fu}
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and let C' = J,,cyy Cn- Finally, let
Ejn = {xeX:,uj(m,-) eC,U (@\C’)}

Note that the complement of E;,, consists of all x € X such that u;(z,-) belongs to a
finite set. Since p1; is measurable, we conclude that so is the complement of E;,,. Hence,
E;, are measurable. Since |J)~ | E;, = X for every j € N, there exists sufficiently large
N5 € N such that

1/2
€
|6,;&; 2 du < )
(/X\Ej,N2 1%l 16Ny

for j = 1,...,N;. Then, let N > max{N;, No} such that: if T,(; = x(a,)¢ for some
t=1,..., Ny, then y € Fy.

Now let By € Z be a small neighborhood of 0 in Z such that if z € By and y € Fl,
then

Let o : Z — [0,00) be a continuous function supported on By normalized so that
UC -lim mo(ag(g)) (@ g)) = 1.

Put n(u,v) := no(u)no(v). Then by Proposition [3.8, we have

UC -lim 7 (Qota): Cug)) 1 (A NT,pHAN TJ(;)A)
= UC -limn (qu(g), Oé¢(g)) / [Ty fe - Tug) fo dp
9eG X

N /X f-UC -limmo(p(e) ) Tog) fe - Mo(@uia)) Tuio) Fo dpt
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From the definition of By, if a4 € By, then ||T QH < gy fore=1,... Ny
Hence, for every g € G, since ), is supported on Bo, we have

N1
10 (Ce(g)) (Tso(g)fc - Z aiTw(g)CZ)
=1 2
Ny
+ a(p g) (Z a/z A Z O/’LCZ)
=1 2
N1
+ UO(acp(g)) (Z aiCi - fc)

=1

[[70(ctoe)) Tiotg) e = Mo(gig)) S|, <

2

N1 Nl
< 1o(Ap(g)) ( fo= > aiG +N116N fo=>aiG >
i=1 i=1 9

55
< 770<O‘<p(g)) <8 + 16 + 8) EUO(O‘@(Q)>'

Therefore,

/f M0(Cp(e)) To(g) fe = Mo(Qup(e)) Tg) fo dpt — /fc f 1 (te) @wie)) Tio) o dﬂ‘

= ‘/ o) T o - (M0(pie) Toto) fo — Molctpq)) fe) d,u‘
< 770(0% H770 Qo(g ) olg)fe — UO(O‘eo(g))chl

< 350 (@0 0000) -
16
Taking a Cesaro average, we have the inequality

ucC - hmn(aw(g),o% ) (AﬂT AﬂT A)

He

(3.5) / fer f-UC - hmn (Qp(g): Qu()) Tuig) S dpn — T

Now we estimate the average
UC -limn (ap(9), o)) Too) fo-

First, for each i = 1,..., Ny, we have

[10(wi)) (To) (0i&i) = bi&) || = 1|03 - mo(wie) (Tu)& — &) || 16%770(%@)-
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Next, let 1 < j < Ny Write Ty g)(0;&5) = b (2, ¥(g))v;. If pj(z,-) ¢ C, then for any
X1, X2 € Z, the character g — X1(p(g)) X2 () ) 1 (2, %0(g)) is nontrivial, so

Uuc _Eerg X1 (p(g)) Xa(q) )11 (2, ¥ (g)) = 0.
Hence, by the Stone-Weierstrass theorem,
UC -limn (), aug)) (. 0 (9)) = 0.
Therefore,

UC -limy (i), Qi) Tt fu = UC -limn (age), avg) Tuw fu:

where ﬁ = E(f |Z~w(X )) and §¢(X ) is the factor generated by 1(G)-eigenfunctions
whose eigenvalues come from C'. Note that

ieN

where

= o f'j(l‘), :uj(xv')EC;
W){o, iz, ) ¢ C.

We note that since C' is at most countable, y; is measurable. Moreover,
~ Nl ~ Nl ~
fo = bi&i=E(f =Y bi&lZy(X
i=1 i=1

SO

<&
3

~ Nl ~
fo = bi&
=1 2

If z € Ej n, then we must have p;(x, ) € Cy. That is, (2, 9(9)) = x1(u(g)) X2(u(g))
for some x1, x2 € Fy. Thus,

|77 (O‘W(Q)ao%(g)) (15(z,9(g)) — 1)} = ‘77(0%(9)70‘7/) ) (Xl(aw(g) 2 () — )’
= |1 (@), o)) (X1 (@9 X2(pie) = Xa(v(q))) |

+ |1 (i), i) (Xalvpg) — 1)
9 9
<17 (a@(g% O‘w(g)) <16_N + 16_N> = S_Nn (O‘w(g% O‘w(g)) :
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~ ~ 2
7 (gt0), o)) (Tw 0)(0;&5) — b-é‘j)

/)77 Qp(g)s Yap(g) < (b 6]) bjg;') 2

B@EE)| |1 (@, 000) 1, 6(9) = DI du(a)

X
9 e 2 ~ |2 ~ |2
<1 (Qp(0), i) /E (sv) dpt +4 /X\E an
3, N N
2 € \2 € 2 € ?
< 1 (Qp(9), At (8—N> +4 (16]\71) <2 (8—]\7177 ((9); %@)))

Putting together our estimates, we have

dp

HUC -lim 7 (), Qi) Toto) o = wa2

= HUC 'Ee%n (O‘w(g)a %(;;)) Ty fv — fy

2

Ny
< |[UC-limn (@), auw) Tow fo = T > b
=1 2
+ ||UC - éleran V(g <T¢ 9 (b &) — bjfj)
2

N1 N _
+ Z bi&i — fw
\/_5 (2\/5 +5)e

§+ SN, é— 16

Substituting back into (3.5)), we have

DO | ™

geG

13e
UcC - hmn(a(p(g),aw( ) (AﬂTw(gAﬂT A / fer f- f¢ d,u——

13e
16

(3.6) > p(A)* -

Since UC - limgeq n (ozso(g), O‘w(g)) = 1, it follows that the set

{g cG:pu (A NT AN TJ(lg)A> > u(A)? — g}

27



28 E. ACKELSBERG, V. BERGELSON, AND O. SHALOM

is syndetic in G. If not, there exists a Fglner sequence (P y)yen such that ,u(AﬂTw(g) AN
Tw_(lg)A) < pu(A)? — ¢ for every g € Uyey Pn. But then,

ve- sliiergn <a¢(9)> O‘w(g)) H (A N Tg;(;)A N Tw_(lg)A> < p(A)P —e
which contradicts the inequality (3.6)).

4. EXTENSIONS

As we have observed in Subsection [3.3 the partial characteristic factors obtained in
Proposition are not the minimal characteristic factors. For example, in Subsection
we proved that one can replace Z,(X) with the smaller factor Z,(X). In this section
we develop an extension trick that will be used to further simplify the characteristic
factors. These results will be useful in the proof of Theorem [1.13] where ¢(G) is no
longer assumed to have finite index in G. In the example below we illustrate our main
result in the simpler case where ¢(g) = g, ¥(g) = 2g. The following example is based
on Example [3.1]

Example 4.1. Let G = P2, Z/4Z and let X = <HJEN C’4> x Cy x Cy, where the action
of g € G on X is given by

(4.1) Ty(%, Too, ) = ((z‘gﬂ'xmewm L0y [T >)
k=1 jEN
for x = (x1,29,...) € HjeN Cy, Too € Cy, and y € Cy. Note that for g = (g1, go,...) € G,
only finitely many of the coordinates g; € Z/47Z are nonzero, so is well-defined.
As in Example 3.1] m, the function f(X,Zw,y) = y is a 2G-eigenfunction with eigenvalue
29 = [[;2,(=1)%. However, this time f may have a non-trivial contribution for the
average. Indeed if we let f1(X, Zoo,y¥) = Too, then fi is a G-eigenfunction with eigenvalue

g Lz (= )gk and
UC - hIH Tgfl(xy Lo, y)ngf(X, Loy y) =T Y

is nonzero. Let ¢(g) = ¢g and ¥(g) = 2g. The above computatlon shows that f is
measurable with respect to Zd} where Zw is defined in Subsection As a result we
deduce that Z(X) V Z,(X) < Z,(X) is a strict inclusion.

Consider the homomorphism X : G — S, A(g) = [[;2, i%, and observe that \(2g) =

H;‘;l(—l)gi is the eigenvalue of f. We extend X to a new system X, where \ is an
eigenvalue. Let X = (HJEN C4> x Cy x Oy, and let the action of g € G on X be given

by
)= (“g“%)jeN, Ag)aay - [J 2 >>
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for x = (z1,29,...) € HjeNC4, To € Cy, and y € Cy. Tt is easy to see that X =
(X, (Sy)gec) is an extension of X with respect to the factor map 7 (X, Z«, y) = (X, 2%, y).
Observe that now the function h(X, T, y) = To, ON X is an eigenfunction with eigenvalue
X and we deduce that h - f o 7 is a 2G-invariant function on X. This means that form
is measurable with respect to the o-algebra Z(X) V Zy(X). In fact, one can show that
now we have an equality Z(X) V I¢()~() = Z#()N()

The main result in this section is the following theorem.

Theorem 4.2. Let X = (X, X, pu, (1,)4ec) be an ergodic G-system, and let C be a
countable subgroup of G. Let ¢,¢ : G — G be homomorphisms. There exists an ergodic
extension X of X with the following property: for any x € C, there exist G-eigenvalues

A 1 of X such that M(g)) = n(v(g)) = x(9).

We will use the following elementary group-theoretic lemma, which is a special case
of [R90, Theorem 2.1.4].

Lemma 4.3. Let G be a countable discrete abelmn group, and let H < G be a subgroup.
Then every character A € H has a lift X € G such that X(h) = A(h) for every h € H.

The fact that XV in Theorem is ergodic will be important in our proof. In prepartion
for proving that X is ergodic, we need the following defintion.

Definition 4.4. Let (X,G) be an ergodic system and U a compact abelian group. A
cocycle is a measurable map p : G x X — U satistying p(g + ¢, z) = p(g,x) - p(¢', T,x)
for every g,¢ € G and p-a.e. x € X. Two cocycles p,p’ : G x X — U are said to be
cohomologous if there exists a measurable map F : X — U such that p(g,z)-p'(g,2)"' =
AyF(x) for all g € G and p-a.e. v € X. We let V,, denote the minimal closed subgroup
generated by {p(g,z) : g € G,x € X}. The cocycle p is said to be minimal if it is not

cohomologous to any cocycle p' with V,, S V.

In [Zim76], Zimmer proved that every cocycle is cohomologous to a minimal cocycle
and established the following criterion for ergodicity.

Lemma 4.5 ([Zim76], Corollary 3.8). Let X = (X, X, pu,(T,)ec) be an ergodic G-
system, U a compact abelian group, and p : G x X — U a cocycle. Then, X x, U is
ergodic if and only if p is minimal and U = U,,.

We are now set to prove Theorem [4.2]

Proof of Theorem[{.3 Let {x; : ¢« € N} be an enumerations of the elements in C. By
Lemma , we deduce that for every i € N, there exist homomorphisms 7, X;p G — St
such that x7(2(9)) = xi' (¥(9)) = xi(9). Let I = N x {p,¢} and let X : G — (S)! be
the homomorphism whose (i, p)-coordinate is x7 and (7, 1)-coordinate is X}b for every
i,j € N. By Zimmer’s theory, there exists a minimal cocycle p : G x X — (SY)! which
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is cohomologous to Y, where the latter is viewed as a G x X — (S1)! function that is
independent on z € X. This means that there exists a measurable map F : X — (S1)!
such that p, = X(g) - AyF. Let V be the image of p, then by Lemma @, X=Xx,Vis
ergodic. Now, for every coordinate ¢ € I, consider the projection map m; : (S')! — S*.
By restricting 7, to V, we get a homomorphism 7, : V' — S'. Then, the function
Gip(x,0) := Ty »(v) - , F(2) is an eigenfunction with eigenvalue Ay¢; ,(z,v) = x¥(g) and
Gjp(z,v) = Tj4(v) - T F(x) is an eigenfunction with eigenvalue Ay¢, 4 (x,v) = X}p(g).
This completes the proof. U

4.1. Characteristic factors related to Theorem [1.13] The goal of this subsection
is to prove a stronger version of Proposition |3.5 and Proposition |3.8 with smaller charac-
teristic factors. We will use the above extension theorem in order to express these char-
acteristic factors in terms of Z, ,(X) and the invariant o-algebras, Z,(X) and Z,(X).
Then, using a result of Tao and Ziegler (see Theorem below), we will reduce matters
further to studying the Conze-Lesigne factor Z?(X) with respect to the action of G,
which is already well understood for arbitrary countable abelian groups (see [ABB21],
[S21]).

We start with a lemma.

Lemma 4.6. Let X = (X, X, u, (T,)gec) be an ergodic G-system. Let L,yp(X x X)
denote the o-algebra of (Tyg) X Ty(g))geq-invariant sets in X x X. Then,
Tou(X x X) % Z,(X) x Z4(X).
Proof. Let fi, fo € L>®(X) be arbitrary functions and f(z,y) = fi(x)f2(y). Then, by
the mean ergodic theorem we have that
E(f|Zpxp(X x X))(2,y) = UC -m T fo(2) - Ty(q) f2(y)

in L?(p x p1). By van der Corput lemma, E(f|Z,xy(X x X)) =0 if

UC - lim
heG

UC-Tm | Tetgemhi(@) - Tugem £209) - Too f1(@) - Tuo) Foly) e u)(%y)‘ =0.

Since p(G) x ¥ (G) is measure-preserving the above is equal to

/XAgo(h)fl(I)d:u(x)) (/XAw(h)ﬁ(y)dﬂ(y)D

which by the Cauchy—-Schwarz inequality is bounded above by

heG

UuC —lim(

1/2
(I Allo2coen - I fallvzasen)

We deduce that if E(f|Z,(X) x Z,(X)) = 0, then E (f|Z,xy(X x X)) = 0. Since
linear combinations of functions of the form f; ® fo with f, fo € L®(X) are dense in
L*>*(X x X) we deduce that the same holds for every bounded function on X x X, and
this completes the proof. O
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Using Theorem we can now prove the following useful result.

Lemma 4.7. Let G be a countable abelian group, and let X = (X, X, 1, (Ty)gec) be an
ergodic G-system. Suppose that p,v : G — G are arbitrary homomorphisms such that
(v — ©)(G) has finite index in G. Then there exists an ergodic extension X of X such
that

M Lol(X) 2 (2X) V(X)) © (2(0) VI(X)).

Proof. Let {(;}ien be arelative orthonormal basis of eigenfunctions for Z,(X) and {¢; }ien
be the same for Z,(X). Forevery i,7 € N, let \; : o(G)xX — Cand y; : p(G)xX — C
denote the eigenvalues of (; and &; respectively. Our goal is to study the functions
f € L*°(X?) which are (T, X Ty(g))gec-invariant. By Lemma we can write any

such function as
f(z,y) = Z cig (2, y)G(2)&(y)

i,jEN

where ¢; ; is a ¢(G) x¥(G)-invariant function. Since f is Ti,5) X Tyy(g)-invariant we deduce
that

cij(@, y)Ni(p(g), 2)pi (U (9),y) = cij(z, ).

Hypothetically, if ¢; ; was a constant, then unless it is zero (and then can be removed
from the summation), the equation above implies that \;(©(g), ) = p;(¥(g9),) = x(9)
for some character y € G. In this special case we can apply Theorem in order to find
an extension where \; and p; are eigenvalues. This means that we can express the lift
of (; ® & to X as a product of a tensor product of G-eigenfunctions (whose eigenvalues
are \; and p;) and a ¢(G) x ¢(G)-invariant function, which completes the proof in this
special case. Below we generalize the above to arbitrary c; ;.

Let C;; ={(z,y) € X x X : ¢;j(z,y) # 0}. Then \;i(p(9), z)p;(¢(g),y) =1 for every
(z,y) € C;; and all g € G. Hence, g — X\;(p(g),z) and g — p;(¥(g),y) are equal to the

~

same character y € G for all (x,y) € C; ;. Now, for every x € G we let

Jy ={00,5) e N’ = (ux p)({(x,y) € X x X :¥Yg Xie(9),2) = 1;(¥(9),9) = x(9)} > 0}
and set R
C:={xeG:J,#0} and J := UJX.
xeC
Our first observation is that

(4.2) flay) = ) el y)G@)g ).
(3,5)€J

Indeed, if (7,7) & J, then for every x, (i,7) & J, but then from the computation above
p(Cij) =0and ¢;; =0 for (u x p)-ae. (zr,y) € X x X.
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Claim. The set C is at most countable.

Proof of the claim. We use the fact that in a probability space there can be at most
countably many disjoint sets of positive measure. Assume by contradiction that C' is
uncountable. Since there are only countably many (i,j) € N? we deduce that there

exists some (i, jo) which belongs to J, for all x in an uncountable subset of G. But
since the sets

{(z,y) € X x X :Vg € G, Ni(e(g), ) = 1;(P(9),y) = x(9)}

are disjoint for different y’s and of positive measure, we obtain a contradiction. This
proves the claim.

Now we return to the proof of the lemma. Since C'is at most countable, we can apply
Theorem . We see that there exists an ergodic extension m : X — X, such that for
every Y € C, there exist G-eigenvalues x?,x¥ : G — S with x?(©(g)) = x(g) and
XY (¥(g9)) = x(g). Let mg‘c’,mﬁ : X — S! be the corresponding eigenfunctions. Now fix
some (i,7) € J and let x € C be such that \;(¢(g9),z) = p;(¥(9),y) = x(g) whenever
¢ij(,y) # 0. We deduce that (c;;- ¢ ® &) om-m{@my is a p(G) x ¢(G)-invariant
function. Since ¢;; is also p(G) x ¥(G)-invariant, we deduce by equation that for
is a linear combination of products of eigenfunctions m¢ @ mY and some ¢(G) x ¥(G)-

invariant functions. Equivalently, the lift of f to X x X is measurable with respect to
the o-algebra

(zl(i) VIS(,(X)> ® (zl()?) vz¢()?))
as required. O
The following result of Tao and Ziegler plays in important role in our work.

Theorem 4.8 ([TZ16], Theorem 1.19). Let G be a countable abelian group, and let
X = (X, X, 1, (T,)4ec) be a G-system. Let Hy, Hy be two subgroups of G, and denote by
Hy + Hy the subgroup of G generated by Hy and Hy. Then for every dy,ds € N, one has

In particular, by setting d; = dy = 1 and using Lemma [3.6| we deduce:

Lemma 4.9. Let G be a countable abelian group and (X, X, p, (1,).ec) be a G-system,
and let o, : G — G be homomorphisms such that (¥ — ¢)(G) has finite index in G.
Then, Z,,(X) = Z&(X).

We combine this with the results in Section [3| to deduce the following version of

Theorem 3.5l

Theorem 4.10. Let G be a countable abelian group and X = (X, X, i, (Ty),ec) be an
ergodic G-system. Suppose that ¢, : G — G are arbitrary homomorphisms such that
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(¥ —¢)(G) has finite index in G. Then for any fo, f1, f2 € L>(p) there exists an ergodic
extension 7 : (X, ) — (X, ) such that

U -liny / Fo T Fs - Tt o dfi =

0C -t [ o T BRIZE(T) v T/()) - Tug Bl 23(5) v T,(5) di

in L*(X ), where fl = f; om denotes the lift of f; to the extension X.

Recall that the factors Z,(X) and Z,(X) are relatively independent over Z,,(X).
To put this fact to use, we need to introduce a construction known as a fiber product:

Definition 4.11 (The fiber product over a factor.). Fori = 1,2, let Y; = (Y;, Vi, i, (S;i))geg)
be G-systems. Suppose that Y = (Y, Y, v, (Sy),ec) is a common factor and let ; : ¥; —
Y, i = 1,2 denote the factor maps. The fiber product of Y, and Yy over Y is the system

Y, xy Yy = (Y1 Xy Yo, V1 @ Vo, 11 Xy [ho, (Sél) X 552))966')7 where
Y1 Xy Yo ={(y1,y2) € Y1 X Ya: m(y1) = m2(y2) }

and
pa Xy flg = / iy X foydv(y),
Y

Mi:/ﬂi,yd’/(y)
Y

is the disintegration of the measure y; over Y for i =1, 2.

where

We will use the following result from [Zim76]:

Theorem 4.12. Let G be a countable abelian group, and let X = (X, X, i, (1) gec) be
a G-system. Let Y, = (Yl,Al,ul,(Tg(l))geg) and Yy = (}/Q,AQ,MQ,(Tg(z))gGG) be two
factors of X with factor maps m; : X —'Y; fori=1,2, and let Y = (Y, v) be their meet.
Then, the o-algebra A; V Ay corresponds to the fiber product Y1 Xy Y.

Remark 4.13. In particular, Theorem implies that Y; Xy Y5 is a factor of X. We
note that Zimmer also proved the other direction, namely that two factors ), and ) are
relatively independent over a third factor ) if and only if the fiber product Y; Xy Y, is
a factor of X; see [Zim706, Proposition 1.5].

We also need the following result:

Theorem 4.14 (cf. [HKO05], Proposition 4.6). Let 7 : (Y, Y, v, (Sg)gec) = (X, X, 1, (Ty)gec)
be a factor map between G-systems and let k > 1. Then, W_l(Zk(X)) ZEY)ATTHX).

Host and Kra proved Theorem for Z-actions, but the argument extends easily to
arbitrary countable abelian groups.
We now have all the requisite tools to prove Theorem [4.10
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Proof of Theorem [{.10. By the previous result we see that if fy, f1 or f are orthogonal to
functions measurable with respect to the o-algebra Z,(X) V Z,(X), then the averages
above are zero. Therefore, by Theorem , the factor Z,(X) xXz_,x) Zy(X) is a
characteristic factor. We may therefore assume without loss of generality that X =
Z,(X) Xz, ,x) Zy(X). For the sake of simplicity of notations we write i, for the
MeASUTE [iz,(X) X 2, ,(X)HZy(X) O Zy( ><Z¢ +(x)Zy(X). By linearity it is suffices to prove
the theorem in the case where f; = ff @f and fo = fF@f) for some f7, f§ : Z,(X) — C
and f{, i« Zy(X) — C. Then,

ucC —lim/ JoT(g) f1 - Tyg) fo dp
9€G Jx

(4.3) =UC-m T T V(o f) Tow (S0 f3) ditgy

By Proposition , is equal to

(4.4)

UC -lim fol@,y) - Totg) (FF - EUY1200(0) ) (2) - Tutg) (B(F1Z00(X)) - 1) Wditgs(a ).

9€C J 2, (X)x 2y (X)

Note that we used the fact that E(h|Z,,(X))(x) = E(h|2,.,(X))(y) for p,., ae. z,y.
By the mean ergodic theorem, applied to the transformation T, x Ty, the limit (4.4)
converges to

/ for B (7 BU1Z0000) © EUE1Z,000) - 1)
Zp(X)x Zy(X)

By Lemma , we can find an ergodic extension 7 : X — X such that 7 (Zpxp(X))
is a sub-o-algebra of (Z(X) VI (X)) ® (Z()z) Y% IM)Z')) Now, by applying the same

argument as above with fo, f1 and f2 instead of fy, fi and fs, and using Theorem m
in order to replace 7 1(Z, (X)) with Z, w(X ) we deduce that:

soxw(X)) T

vC -t [ Ty o T fo o =

/ o B (72 B Z,00) @ B 12,050 - ) |-

L mx») B

where fi,, is the lift of ji . to X.
We return to the proof of the theorem. By linearity it is enough to show that if
(f1|ZG( )\/I (X)) =0or E(f2|ZG( )VI¢(X)) = 0, then (4.5) is zero. By symmetry
and Lemma , we may assume without loss of generality that E ( f1] o) »(X)VT, (X ) =
0. Since Z,(X), Zw()N( ) are relatively independent over Z, (X), they are also relatively
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independent over the larger o-algebra Zwl,()? ) \/I@()? ). We deduce, by Proposition ,
that

(4.6) E(ff1Z00(X) VI, (X)) - E(f)|250(X) VZ,(X)) = 0.

Claim. B(J!|2,,(X) VT,(X)) = B(}}|Z,.4(X)).

Proof of the claim. sz,(X) v Iw()z) is a factor of Z@(f(). By Theorem , s
measurable with respect to Z,(X) and this and Z,(X) are relatively independent over
Z,.4(X), so the claim follows.

Equation (4.6) and the claim imply that
T - BUYZ00(X)) = (JE = B 1266(X) v ToX)) B 1Z50(X)
is orthogonal to all functions measurable with respect to ZW/,(X )V T (X ) and so it is
also orthogonal to those measurable with respect to Z(X) VT, o(X). Since N (Zywyp (X))
is a sub o-algebra of (Z()?) \/IA)?)) ® (Z()?) VL/,()Z')>, this implies that (4.5) is
equal to zero as required. O
As a corollary we also have the following stronger counterpart of Proposition

Corollary 4.15. In the settings of Theorem . Let n : Z()?) — C be a continuous

function and fo, f1, fo € L>®(X). Let o, denote the rotation of g € G on Z()?) If
a,b € Z are coprime, then

UG -timy(ay) [ Fo- T T dii =

UC -l (o) / Fo T E(RIZ2(R) V(X)) - T E(R|22(X) v (X)) df

where fi = f; om is the lift of f; to X fori=20,1,2.

Proof. Since 1 is measurable with respect to Z(X), it is a linear combination of charac-
ters. Therefore, it is enough to prove the equality in the special case where 7 itself is a
character. Then, since a and b are coprime we can find ¢, s € Z such that ta + sb = 1.
Set hg = fo ~(t+s) hy = f1-n° and hy = fo - n'. Arguing as in Theorem , we have

UC -lim ho . Taghl . Tbghg dllj =

geG X
@7 UC-lm [ o T Bl Z2(X) V T(R) - Tiy E(hal 22(5) V T(X)
X
Now since 7 is measurable with respect to Z ()N( ), it is also measurable with respect to
Z2(X)VI,(X) and Z(X) V Z;(X), so the claim follows by rewriting h; in terms of 7
and f; on both sides of the equation (4.7)). 0
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5. A LIMIT FORMULA FOR {ag, bg}

Let G be a countable abelian group and X = (X, X, u, (T,)4ec) be an ergodic G-
system. In this section we restrict ourselves to the homomorphisms ¢(g) = ag, ¥ (g) = bg
where a,b € Z. By Theorem 4.10 we see that it is enough to analyse the ergodic average

(51) ucC _51;16% Tagfl . Tbgf?

in the case where X is a Conze-Lesigne system (i.e. X = Z%(X)).

Under certain assumptions on a and b, two different (but related) formulas were ob-
tained previously in [ABB21] and in [S21] (see Theorems [5.1] and |5.2| below). Neither of
the previously-obtained formulas is sufficient for our purposes, so we prove a new one in
this section.

5.1. Previous limit formulas. Assuming all of the subgroups aG, bG, (a + b)G, and
(b—a)G have finite index in G, a limit formula was obtained in [ABB21] for the multiple
ergodic averages by analysing a Mackey group associated to the abelian extension
corresponding to the Conze-Lesigne factor. (The relevant terminology is defined in
the next subsection.) For compact groups Z and H, let M(Z, H) denote the space of
measruable functions f : Z — H equipped with the topology of convergence in measure
(with respect to the Haar probability measure).

Theorem 5.1 ([ABB21], Theorem 7.1). Let G be a countable abelian group. Let a,b € Z
such that aG, bG, (a + b)G, and (b — a)G have finite index in G. Let k] = —ab(a + b),
Kl = ab(a + b) and ky = —ab(b — a). Set D = ged(ky, ky, k) and k; = % fori=1,23.
Let ¢1,¢a,c3 € Z so that Z?Zl kici=1. Let X = Zx,H be as in Theorem (z'z'z'). There
is a functions ¥ : Z X Z — H such that ¥(0,z) =0 for every z € Z and t — (t,-) is a
continuous map from Z to M(Z, H), and for every f1, fa, f3 € L=(n),

3
uc —liené Ji1(Togx) fo(Togx) f3(Tiasp)gx) = / H fi(z+ait, h+dautaiv+cpp(t, 2) du dv dt,
g

Zx H? i=1
in L*(u), where x = (z,h) € Z x H, and a; = a,as = b,az = a + b.

Assuming that (b — a) is even, the last author proved the following result.

Theorem 5.2 ([S21], Corollary 6.2). Let G be a countable abelian group. Let a,b € Z be
such that (b— a) is even and (b— a)G has finite index in G. Let X = (X, X, 1, (T})gec)
be an ergodic G-system such that X = Z*(X). Then, there exists an ergodic extension
Y — X which is isomorphic to a 2-step nilpotent coset systerrﬂ and for every fi, fo, f3 €

4The exact definition is given in [S21]. We do not use this notion elsewhere in the paper.
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L>(X),
uc -lim Ji(TagyD) f2(TogyL) f3(Tiatiygyl’) =

/g s 7wyt Bt T) Tl T dugy () dye(ul).

The above formula fails if b — a is odd; see [S21, Example 6.3].

Observe that in the formulas in Theorems and we can take f3 =1 and get a
limit formula for the averages we are interested in. However, for the sake of our argument
we need a limit formula for every a,b € Z regardless of the indices of the subgroups aG,

bG, and (a =+ b)G and the parity of b — a. Below we remove the finite index assumptions
in Theorem [5.11

5.2. Mackey group. Let G be a countable abelian group, and let X = (X, X', i1, (T})4ec)
be an ergodic G-system. Suppose that X = Z?(X), then by Theorem we can write
X =Z x, H, where Z = (Z, «) is the Kronecker factor, H is a compact abelian group,
and 0 : G x Z — H is a cocycle.

We now define a Mackey group associated to the cocycle o. Let

W =W(a,b) :={(z+at,z+0t):2,t € Z},

and define S,w = (w1 + qgg, Wy + apy) for g € G, w = (w1, w2) € W. Let g,(w) :=
(Oag(w1), opg(wa)). Then the Mackey group M = M(a,b) is the closed subgroup of H
with annihilator given by

Mt = {)z cH?: X © ¢ is a coboundary over (W, S)}

We will show that the Mackey group is a product of subgroups of H. For ¢ € Z, let
M. < H be the closed subgroup with annihilator

M; .= {X cH: (g,2) = x (044(2)) is a coboundary over (Z, oz)} :

Proposition 5.3. Let a,b € Z be coprime, and let M = M (a,b) be the Mackey group.
Then M = M, x M,.

The proof of Proposition relies heavily on results from [ABB21) Section 7|, which
we restate here for ease of reference.

5.3. Cocycle identities. The following result gives a convenient characterization of
coboundaries. (Recall that a cocycle p : G x Z — S' is a coboundary if p, = A F for
some measurable function F': Z — S1.)

Proposition 5.4 (JABB21], Proposition 7.12). Let Z be a Kronecker system and p :
G x Z — SY a cocycle. The following are equivalent:

(i) p is a coboundary;
(ii) for any sequence (gn)nen n G with oy, — 0 in Z, we have py, (z) — 1 in L*(Z).
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The next proposition gives three equivalent characterizations of Conze—Lesigne (or
quasi-affine) cocycles.

Proposition 5.5 (JABB21], Proposition 7.15). Let Z be an ergodic Kronecker system
and p: G x Z — S* a cocycle. The following are equivalent:
(1) for any sequence (gn)nen i G with oy, — 0 in Z, there is a sequence (wy)nen Of
affine functions such that w,p,, (z) — 1 in L*(Z);
(ii) for everyt € Z,
Polz+4)
py(2)
18 cohomologous to a character;
(11i) there is a Borel set A C Z with mz(A) > 0 such that
Py(z+t)
Pg(2)
s cohomologous to a character for everyt € A.
Lemma 5.6 ([ABB21], Lemma 7.19). Let Z be an ergodic Kronecker system and p :

G x Z — S a cocycle. Suppose (ay,) converges (to 0) in Z, and w,(z) = e, (2) are
affine functions such that (wnp,,) converges (to 1) in L*(Z). Then for every a € N,

a
i ((5) ) (6D 2
converges (to 1) in L*(7).

Lemma 5.7 (JABB21], Lemma 7.23). Let Zx ,H be an ergodic Conze—Lesigne G-system.
Suppose a € Z and aG has finite index in G. Then aH = H.

Lemma 5.8 ([ABB21], Lemma 7.25). Let Z be a compact abelian group. Let c1,c € S*

~

and A1, Ay € Z. If \y # Ay, then
Hcl)\l — CQ)\Q”LQ(Z) == \/5

5.4. Proof of Proposition We will prove Proposition [5.3] via the next three lem-
mas. Rather than proving directly that M = M, x M,, we will instead show the dual
identity M+ = M} x M. First, we show M} x M- C M+

Lemma 5.9. In the setup of Proposition Mt x M- C M+

Proof. Let x1 € M and yo € M;-. We want to show ¥ = x1 ® xo € M*. Let (gn)nen
be a sequence in G such that (ag,,g,) — 0 in W. By Proposition , it suffices to
show

(5.2) Yo, (w) — 1
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in L?(W). Now, since a and b are coprime, we have a,, — 0 in Z. Since x; € M}, it
follows that

(5.3) X1 (0ag,(2)) = 1
in L?(Z) by Proposition . Similarly,
(5.4) X2 (03, (2)) = 1

in L?(Z). Combining (5.3) and (5.4), we have
X1 (0ag, (2 + at)) X2 (0bg, (2 + bt)) — 1
in L*(Z x Z). That is, (5.2)) holds. O

Before establishing the reverse inclusion, M+ C M} x M-, we need the following
result:

Lemma 5.10. In the setup of Proposition

MLQ{X1®X2€1{[\21X{11:X3:1}
Proof. Let X = x1 ® xo2 € M*. By the argument in the proof of [ABB21, Theorem 7.26],

we have x?x = x%* x4 = 1. Therefore,

a(b—a ab. —a? a b a2 b2 -1
GO =T = () (x1 X’é) =1.

By assumption, (b — a)G has finite index in G. It follows that H does not contain
any (b — a)-torsion elements (see Lemma [5.7), so x§ = 1. We immediately deduce
x5 =x7%=1 as well. O

Now we can complete the proof of Proposition [5.3
Lemma 5.11. In the setup of Pmposition M+ C M}Fx M.

Proof. Let X = x1 ®x2 € M+. We want to show x; € M and x, € M;-. For notational
convenience, let a; = a and ay; = b. Let (g,)nen be a sequence in G such that a,, — 0
in Z. By Proposition [5.4] it suffices to show

(55) Xi (Uaign<z)) — 1

in L*(Z) for i =1, 2.
Now, (tag,, Qbg,) — 0 in W, so

(5.6) Y o0d,, (w) =1
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in L?(W) by Proposition . Moreover, since x; o o is a Conze—Lesigne cocycle, we have
(5.7) CinAin(2)Xi (04, (2)) = 1

in L*(Z) for some sequences (Cin)pen in S* and (Aip), oy in Z (see Proposition [5.5)).
It follows by Lemma [5.6] that

(5.8) A (@, ) A () v (Gaign () = 1

i,n\i,n

in L?(Z). On the other hand, by Lemma [5.10, we have x¢ = 1, so raising (5.7)) to the
a;-th power gives

A (2) = 1

,n’\i,n

in L*(Z). Hence, by Lemma Mgy, = 1 for all sufficiently large n, and cj;, — 1.
Therefore, (5.8]) simplifies to

(59> di,nXi (Uaign (Z)) — 1

in L?(Z), where d;,, = /\1(5) (ay,)-
The numbers a and b are coprime, so at least one of them is odd. Without loss of

(5)

generality, assume «a is odd. Then a divides (‘2’), so Ay, = 1. Hence, dy, =1 for all large

n, so (5.5 follows from (j5.9)) for i = 1. It remains to show ([5.5)) holds for ¢ = 2.
Combining the identities ((5.9)) for ¢ = 1,2 and using d; ,, = 1, we have

d2,nX1 (Uagn (Z + Gt)) X2 (O'bgn(Z + bt)) — 1
in L?(Z x Z). That is,

dQ,n; © 597L (w) — 1

in L*(W). Comparing with (5.6)), this implies da,, — 1. Therefore, (5.5) follows from
(5.9) for ¢ = 2. O

5.5. Limit formula. With the help of Proposition [5.3] we will now prove a limit formula
for the averages UC -limyeq Tyg f1 11y f2. We need to define one more object related to the
cocycle o before stating the limit formula. For a compact space K, let M(Z, K) denote
the space of measurable functions Z — K equipped with the topology of convergence in
measure.

Proposition 5.12. Let X = Z X, H be an ergodic Conze-Lesigne system. Let c € 7.
There exists a function . : Z x Z — H/M, such that
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(1) for every g € G,

Ye(ay, 2) = 04(2)  (mod M),

and
(2) the map Z >t — ).(t, ) € M(Z, H/M,) is continuous.

In order to prove Proposition|5.12] we use the following characterization of convergence
in measure:

Lemma 5.13 ([ABB21], 7.28). Let (f)nen be a sequence of functions in M(Z, H). Then
fo— [ in M(Z,H) if and only if x o f, = x o f in L*(Z) for every character x € H.

Proof of Proposition[5.19 Given a sequence (g,)nen in G such that (ay, Jnen is conver-
gent in Z, we want to show that the sequence

(Tegn (2)) nen

converges in M(Z, H/M,). Equivalently, by Lemma [5.13| we must show that
(x (Ucyn (Z)))neN

converges in L?(Z) for every x € H/M,. = M} .

Let x € M. By the definition of M., the cocycle x (0.4(z)) is a coboundary over
(Z,«). Hence, by Proposition there is a continuous map t — ¢(t,-) € L*(Z) such
that ¢(ay, 2) = x (0¢4(2)). Therefore,

X (0cg, () = @(t, 2)
in L*(Z), where t = lim,, o oy, € Z. O

By the Kuratowski and Ryll-Nardzewski measurable selection theorem (see [Sri9§|,
Section 5.2]), there exists a measurable map ¢, : H/M, — H such that m,(t,(z)) = =,
where 7, is the canonical projection 7, : H — H/M,. Let ¢y = 1, 01, and 1y = 1} 0 1.
We can now state and prove a general limit formula for Conze—Lesigne systems:

Theorem 5.14. Let X = Z X, H be an ergodic Conze—Lesigne system. Let a,b € Z.
Let M = M(a,b) = M, x My. Then for any fi, fo € L*>(u), we have

UC -l fi(Tog (2, 7)) f2(Thg (7, 7))
(5.10) :/ filz4+at,x +u+Pi(t, 2)) faz + bt + v+ o(t, 2)) dt du dv
Z'X Mg X My

in L*(Z x H).
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Remark 5.15. We have defined the functions 1; by lifting 1, and 1, to the group H
from H/M, and H/M, respectively. If ¢] is another functions with m,(¢]) = 1,, then
for any ¢,z € Z, we have ¢|(t,2) — 1(t,z) € M,. Since the Haar measure on M, is
invariant under shifts coming from M,, the expression on the right hand side of
is unchanged when 1 is replaced by v/]. The same is true for replacing ¥ by ¥4, so it
does not matter which lifts of v, and v, we choose.

Proof. For notational convenience, let ¢ = (¢1,1) : Z X Z — H?, and let my,; denote
the Haar measure on the Mackey group M = M, x M,.

It suffices to prove the formula (5.10)) for functions of the form f;(z,z) = w;(2)x:(x)
with w; € L*(Z) and x; € H. In this case, the right hand side of (5.10) is equal to

/Z w1 (2 + at)ws(z + b)xa ()x2 (D)X (W(E, 2)) db / 5 dmar,

M

where Y = x1 ® x2 € 2.

We now consider two cases. First, if X ¢ M*, then [ 1 X dmyy = 0, so the right hand
side of (5.10) is equal to zero. Moreover, for every A\ € M+ and almost every z,t € Z,
we have

filz +at,z) fa(z + bt y)\(z,y) de dy = wi(z + at)ws(z + bt) / X(z,y)A(z,y) = 0.

H? H?

Therefore, the left hand side of (5.10)) is also zero (see [ABB21l, Proposition 7.10]).

Now suppose X € M+ so that Sy X dmy = 1. For g € G and (2,2) € Z x H, we can
write

Ji(Tag(2,2)) f2(Tog (2, 7)) = wi(2 + Qag)wa (2 + g) X1(2) X2 ()X (0ag (2), Tbg (2))-
Thus, letting

oi(z,x) == wi(z + at)ws(z + bt)x1 (z)xe ()X (Y(8, 2)),

we have

fl(Tag(zv m))fQ(Tbg<za 1‘)) = Pay (Zv ‘T)

By Proposition [5.12 the map Z > t + ¢; € L*(Z x H) is continuous. Therefore, for
any £ € L*(Z x H), since the system (Z, «) is uniquely ergodic, we have

UC-geHC},<%g,§>=/Z<sot,§> dt.
That is

(5.11) UC -lim ¢, (2, 7) = / (2, x) dt
geG : A
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weakly in L?(Z x H). By more general results on norm convergence on multiple ergodic
averages (see [Aul6l, [Z-K16]), it follows that (5.11]) holds strongly. The right hand side
of (5.10) is also equal to [, p(z,x) dt, so the formula (5.10) holds when Y € M*. O

5.6. Proof of Theorem [1.13, We first prove the theorem in the special case where a
and b are coprime.

Let f = 14. By Theorem m, there is an extension X of X such that
ucC _glylem 77(%) [f'Tagf'Tbgfdﬁ
~UC-lmnlay) [ FTB(IZ4(0) VIR T B(F23(5) v T(D) di

where f is the lift of f fto X. For notational convenience, let f, := E(f |ZG( X))V I,(X))
and f, := (f|ZG( )V Z,(X)). We can therefore write

J?a = Z cihg,

i€N

fo=>_dik;,

JjeN

where each ¢; is aG-invariant, d; is bG-invariant, and h;, k; are Zé()? )-measurable. By
Theorem (iii)7 we can write Z%(X) = Z X, H. Then by Theorem m,

: -1 -1
UC _glyle%n(ag> p(ANT, ' An 1y, A)
= UC - lim n(ag) [f Tag}v.a : Tag.};b dp

=> / ¢id; f - UC - lim n(ay) Taghi - Thgk; dji

i,jEN
_ % /)z e @ TR (r2(2) + ot () + (1, 2)
kj(mz(x) 4+ bt, m(x) + v+ o(t, 2)) di(z) dt du dv,
where (74(2), 7 (x)) € Z x H is the projection of z € X onto the Conze-Lesigne factor

Z x H. By choosing n : Z — [0,00) concentrated on a small neighborhood of 0 (as in
the proof of Theorem [1.11} see Subsection [3.3), it remains to show the inequality:

(5.12)
Z/)} e Cl(x)dj(m)f(m)hl (72(2), 7 (x) + u) kj (m2(z), 7 () +v) di(x) du dv > p(A)>.

i’j
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Let W, be the o-algebra generated by functions f € L*(Z x H) such that f(z,x+y) =
f(z,x) for every y € M,. Similarly, let W, be the o-algebra generated by functions
f € L>*(Z x H) such that f(z,xz +vy) = f(z,x) for every y € M,. Then the left hand

side of (5.12) is equal to

(5.13) /X F BV T - E(FW v T) dfi

~ 3
By [CT1, Lemma 1.6], the quantity (5.13) is bounded below by ( I 7 dﬁ) — (A,
so (5.12)) holds.

Now suppose a,b € Z are arbitrary integers and write a = a’ - d and b = V' - d where
d = ged(a,b) and o', b are coprime. Since (b — a)G has finite index in G we deduce
that so does dG. Therefore, we can find finitely many ergodic dG-invariant measures
{u;}_, such that p = %22:1 p; and all of the systems X; = (X, X, u;, dG) admit the
same Kronecker factor. By the argument above, we can find a suitable n satisfying:

. -1 -1 3
UC ‘glé%ﬁ(%)ﬂi(/l NT,,ANT, A) > (A —«

forall i =1,...,], and UC -limgeqq n(ay) = 1. Therefore, by Jensen’s inequality we have
. —1 —1 3
ucC —glérd% n(ag)u(ANT, ANTy, A) > p(A)” —e.

As in the proof of Theorem [I.11] we conclude that

{g €dG : n(ANTIANT,}A) > u(A)® — e}
is syndetic. Since dG has finite index in G, this implies that

{9€G:wWANT,ANT, A) > p(A)® — e}
is syndetic, as required. 0

6. PROOF OF THEOREM [[.14]

In this section, we prove Theorem [1.14] restated here for the convenience of the reader:

Theorem 6.1 (Theorem [1.14). Let G = @, Z. Let | € N. There exists P = P(l)
such that, for any a,b € N with p | ged(a, b) for some prime p > P, there is an ergodic
G-system (X, X, 1, (T,)gec) and a set A € X with pu(A) > 0 such that

pWANTANT, TA) < p(A)
for every g # 0.

Rather than constructing a @, ; Z-system directly, we will instead construct a @ | Z/p*Z-

system. Since @., Z/p*Z is a quotient of @ | Z, the system we construct can be lifted
to an ergodic @, | Z-system. Hence, Theorem follows from:



KHINTCHINE-TYPE RECURRENCE FOR 3-POINT CONFIGURATIONS 45

Theorem 6.2. For any a,b,l € N, there exists a prime p (sufficiently large), an ergodic
D, Z/p*L-system X = (X, X, 1, (Ty)geq=  2/p2z), and a set A € X with p(A) > 0
such that

WANTEANTEA) < p(A)

pag pbg
for every g # 0.
The proof of Theorem is based on the following result of Behrend [Beh46].

Theorem 6.3. Let a,b € N be distinct and non-zero. There is an absolute constant
¢ > 0 such that: for every N € N, there is a subset B C {0,1,...., N — 1} such that

|B| > N - e=VeW) and B contains no configurations of the form {n,n + am,n + bm}
for m # 0.

For every prime number p, let C, = {z € C: 27 = 1} denote the group of all roots of
unity of order p and let w, = €2™/? be the first p-th root of unity in C. The following is
an immediate corollary of Behrend’s theorem.

Lemma 6.4. Let a,b € N be distinct, then for every l, there exists a sufficiently large
1
prime p and a subset B C C, of size |B| > p' =1 which contains no configurations of

the form {y,y -z y-2°} for x # 1.

Throughout this section, we let 7, := C’E and G, := @,.; Z/pZ.

We start by giving a proof that the large intersection property fails for non-ergodic
systems.

Lemma 6.5. Let a,b € Z be distinct and nonzero. For every L € N, there is a P = P(L),
such that for every prime p > P, there is a G,-system (X, X, p1, (Ty)geq,) such that, for
every I < L, there is a measurable set A = A(l) with pu(A) > 0 and

w(ANT,,ANTyA) < p(A)

for every g # 0.

This result was previously established in [ABB21 Proposition 10.11], but we give a
different proof that will be useful later on.

Proof. Let p be a prime number and let X, = 7, x C,. We equip X,, with the Borel
o-algebra, the Haar measure y, and the action of G, by

T,(x,u) = (z, H zdiu).
i=1
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Now fix a subset B C C), which avoids configurations of the form {y, y-z%, y-2} whenever
x#1,and let A="7T, x B. It is easy to see that p(A) = % and we have

AN T AN ThyA) = / 15(y)15 (y I1 ﬂ) i (y I1 x*’“) dudy =
7;2

el i€l
a b
/ lp(y)ls | y- H L g |y- H x; dxdy =
75 {i : g:#0} {i : g:#0}
a b
,1117;2 (y,x)€7f: Y,y - H X Y- H Z; C B
{i = gi#0} {i : g:#0}

a b
BU.t, {y7y ’ <H{z : g;#0} xl) Y- (H{z : g;i#0} xl) } C B if and Only if H{z 1 gi#0} ;= 1.
Since g # 0, we deduce that pu(ANT,,ANTA) = ‘pBQ‘ = |]€,l|l21u(A)l. Now, choose P

sufficiently large for which there exists a set B with |B| > p' 71 2 (Lemma . Then
W(ANT,,ANTy,A) < u(A)" as required. O

Roughly speaking, the idea in this section is to construct an ergodic p-th root for the
system above.

We fix some P sufficiently large as in Lemma and let p > P be a prime number.
For convenience of notations we let w = e2™/P and n = €2/P*. We define an action of
G =@, cnZ/p*Z on T by setting Sgz = ((g)x, where ((g) = (7*%)ien = (w? );en. Since
the image of ( is dense in T, the action is ergodic.

Now, we extend this action to the product space X =T x Cp2. Let ¢ : C, — C)2 be
the map

2mix 2milz|p

ple™) = P
where |z|, = x mod p. Then ¢ is a cross-section of the canonical projection Cp2 — C,
and we have that ¢(z)? = z, and p(w) = n. Our goal is to define an action (7,),ee on
X such that T,,(t,u) = (t, H 9 u).

€N 1
We do so in two steps. We define an action T, on X which satisfies that T/ (¢, u) =
(Se,t, o(t;)u), for every i € N, where ¢; € €@, Z/p”Z is the i-th unit vector. Wr1t1ng

g =Y ey gi€; and using the group law, we get the following action:

(6.1) <Stﬁgi_[go (w*;) )

7=1 k=0
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where an empty product H,;:lo x is equal to 1.
Unfortunately, this action is not what we are looking for. Indeed,

p—1
P

(T2 )P(t,u) = (&, [ ol - tyu) = (¢, 2, - n() ).

k=0

To fix that we let £ = w 2" be a p-th root of 7]( ) and change the action accordingly:

(6.2) T,(t,u) = (Sgt,H (i_[ o(wt;) .§9j> u) :

Lemma 6.6. For everyt € T, u € Cp2 and g € G we have
(6.3) Tpg(t,u) = (t,t"u).

Proof. The proof is a direct computation. Indeed, it suffices to prove that (6.3) holds for
g = e; for every j € N. Let j € N be arbitrary. Since w is of order p, S,4t =t. As for
the second coordinate observe that

p—1
[[et) -2 =e-q@) ¢y =1,
=0

The first equality follows because the product is independent on ¢; and always equals to

p(w) « .- p(wP™h) = 77(’5)7 and the last equality follows from the definition of £&. This
completes the proof of the lemma. O

The main difficulty in the proof is showing that this action is ergodic.

Lemma 6.7. The action on X 1s ergodic.

Proof. We use Zimmer criterion for ergodicity (Lemma (4.5 E Since the action of G
on T is ergodic it is enough to show that the cocycle o : G x T — C2, 0(g,t) =

152, T _01 @(wFt;) is minimal. Since C), is the largest proper subgroup of Cie, it is
enough to show that o is not cohomologous to a cocycle taking values in C),. Suppose
by contradiction that there exists a cocycle 7 : 7 — C, cohomologous to o. Since
™ = 1, we deduce that o(g,t)? = [[;2, w(g?i)tfigpgi is a coboundary. Therefore, there
exists F': T — S! such that

F(S,t)

F(t)

for every g € G and t € T. Observe that for every g,h € G, ApoP(g,t) is a constant
in t. Therefore, by (6.4), Ap, A, F is a constant for every hy,hy € G. Let s € T and
define AJF(z) = I;( We claim that AgF(x) is an eigenfunction. Let ¢1,90 € G,
then Ay Ay, A F(z) = AN, Ay F(x) = 1. Hence, by ergodicity Ay, A F is constant

and A F is an eigenfunction for every s € Z. Recall that translations by s € Z are

(6.4) o’ (g,t) =
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continuous with respect to the L2 norm. In particular, there exists an open subgroup
U < 7T such that

(6.5) IAF — 1|20y < V2.

By ergodicity, the multiplicity of each eigenvalue is 1. Since eigenfunctions with different
eigenvalues are orthogonal, it follows that A F' is a constant for all s € U. Otherwise,
A F is orthogonal to 1 and then

IAF = 1720, = IAF |7 + [[1]72 = 2

which contradicts . Now, choose g € G such that [[2, w% € U (such g must exist
by density). Then if we take s = w?, equation implies that o®(g,-) is a constant.
As oP(g,t) clearly depends on ¢, this is a contradiction. O

We now complete the proof of Theorem . Let B C gp be as in Lemma Let
7 : Cp — C, be the map m;(z) = 2} and let A = T x B where B = 7~ *(B). Then
x(A) =2 and as in the proof of Lemma

p?
Bl _ P I l
lux<A N TapgA N prgA) = ? = ’B|171MX(A) < MX(A) .

This completes the proof. ([l

7. 3-POINT CONFIGURATIONS IN Z?2

In this section, we establish ergodic popular difference densities for all 3-point matrix
patterns in Z?. The results are summarized in Table in the introduction.

7.1. Ergodic popular difference densities when r(M;, M) = (2,1,1). The follow-
ing Theorem gives an affirmative answer to Question for the group G = Z*:

Theorem 7.1. Suppose My and My are 2 x 2 matrices such that r(My, My) = (2,1, 1).
Then for any o € (0,1), epddy;, ap, (o) = .

An example of the configurations handled by Theorem [7.1]is the class of all axis-aligned
right triangles in Z2, {(a,b), (a + n,b), (a,b+ m)}, which corresponds to the choice of

matrices
10 0 0
M1:(00> and M2:<01)

Proof of Theorem[7.1. Without loss of generality, we may assume rk(M;) = rk(My) =1
and rk(My — M;) = 2. Indeed, if rk(M;) = 2, we may rearrange the expression
p(ANTy AN TyA) = <A N T -2y 0 T:]%/[zﬁA>

and the new matrices Ny = M; — My and Ny = — M, satisfy the desired conditions.
We now break the proof into two cases depending on the diagonalizability of M; and
M,. Note that, since M; has rank 1, its characteristic polynomial is of the form x(z — a)
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for some a € Z. Hence, if M; has a nonzero eigenvalue, then it has an integer eigenvalue
(in this case, equal to a) and is diagonalizable.

Case 1: M; or M; has a nonzero eigenvalue.

Without loss of generality, we may assume that M; has a nonzero eigenvalue and is
therefore diagonalizable. Hence, there is a nonsingular 2 x 2 integer matrix P, an integer
a € Z, and a rank 1 matrix N, with integer entries such that

0 0
MlP:P(g(]), M,P = PN,,  and rk<N2—(gO>):2.

It is straightforward to check that, in order to satisfy the constraints on rank, Ny must

be of the form
cd ¢
Nz = < bd b)

with b # 0. By changing to the basis (_1d), ((1)), we may further assume d = 0.

Suppose (X, X, i1, (T7)iez2) is a measure-preserving Z2-system (we do not need to
assume that the system is ergodic here), and let A € & with u(A) = a. Define a new
Z2-action by Sz := Tpi. Then

UC - lim p (ANTy, pi AN Ty pA) = UC - lim p <A N S(ZilmA N S(Ziz,bng)A)

nez? nez?

Now put 57 := S0y and Sz := S(.;). By Lemma and the mean ergodic theorem, we
have

UC - lim p (ANTy, pi AN Ty piA) = UC - lim UC - lim g (AN ST™ANS;™A)

neZ? no€Z n1EZ
— [ L4 B(L | Z(50) - E(1a | Z(5)
> 0;9’(.
Therefore, for any € > 0, the set
Ro={AeZ: pn(ANT) pANTy psA) > o — ¢}

is syndetic. Noting that P is nonsingular, it follows that the set P(R.) is also syndetic
in Z?. But for any m € P(R.), we have

p(ANT ANT L A) > o —e.
This shows epdd,, 5, (@) > o

To see the upper bound epdd,;, 5, (@) < @?, let (X, X, i, (T5)7ez2) be mixing of order
3. Then for any A € X', we have u (A N Tﬁ_lA N TnillA) — u(A)? as 1, m,m — 1 — oo.
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Let P be a nonsingular 2 x 2 matrix with integer entries and a,b,c € Z with a,b # 0
such that

PM1=<8 8)13, and PMQZ(g Z)P.

The group of transformations fﬁ := Tpy is still mixing of order 3. Write m = Pn for
i € Z2. If m; — oo and me — 00, then

I (A NI sAN ’TVA;;ﬁA> = (A N T AN T(;;%me)A) — (A,
Hence, for any € > 0, there is a finite set ' C Z such that
{Aer: p(ANT AN TLRA) > WA + e} C{i€Z?: Pile (FxZ)U(Zx F)}.
A union of finitely many lines in Z? is not syndetic, so

synd-supzezz it (A N TA}}ﬁA N T}}%A) < u(A)>.

Case 2: M, and M, have no nonzero eigenvalues.

Since M, has rank 1, there is a nonsingular 2 x 2 integer matrix P, a nonzero integer
a € Z, and a rank 1 matrix N, with integer entries and characteristic polynomial 22 such
that

0
MlP:P(O()), M,P = PN,,  and rk<N2—(Og>):2.

s t
NQ_(“).

Since N, has characteristic polynomial 22, we have s +v = 0 and sv = tu. Therefore, if
u = 0, then s = v = 0. But then

v (34)-(4 %)

has rank at most 1. Thus, we must have u # 0. It follows that Ny can be written in the

form
db —d?b
Nz = ( b —db )

for some b, d with b # 0. Changing to the basis (é), (‘f), we may assume d = 0 so that

00
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Given a Z%system (X, X, , (T;)sez2), note that
H(ANTRLANTLA) = (ANTLL o ANTGS, 1 A).

(an2,0 (0,bnq
Hence, replacing (ni,ny) by (ng,ny), we reduce to Case 1. O

7.2. Ergodic popular difference densities when r(M;, M,) = (1,1,1). For matrix
configurations with (M, M,) = (1,1,1), we must distinguish between several cases.
First, when M; and M, commute, a construction based on Behrend’s theorem shows
that the ergodic popular difference density decays faster than any polynomial:

Theorem 7.2. Suppose My and My are commuting 2 X 2 matrices such that r(My, Ms) =
(1,1,1). Then for any sufficiently small o € (0,1), epddyy, o, () < a8/ where
¢ > 0 is an absolute constant.

Theorem applies to collinear three-point configurations up to scaling and transla-
tion.

Proof of Theorem 7.3 We first distinguish between two cases depending on diagonaliz-
ability of M; and M.

Case 1: My or M, has a nonzero eigenvalue.

Without loss of generality, assume M; has a nonzero eigenvalue and is therefore diag-
onalizable. Since My and M, — M, are also rank 1 and commute with M, there exists
a nonsingular 2 x 2 matrix P with integer entries and a,b € Z be distinct and nonzero
such that

a 0 b 0
(7.1) PM12(00>P and PM2:(00>P.

Case 2: M; and Ms have no nonzero eigenvalues.

Using the condition r(Mj, My) = (1,1, 1), there is a nonsingular 2 x 2 integer matrix P,
a nonzero integer a € Z, and a rank 1 matrix N, with integer entries and characteristic
polynomial 2?2 such that

0 0
M1P:P(08>, M,P = PN,,  and rk<N2—(Og>):1.

Moreover, Ny commutes with the matrix ( ) Write

Note that
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sou =0 and v = s. On the other hand, since N, has characteristic polynomial 22, we
have s + v = 0 and sv = tu. Hence, s = v = 0, and N, is of the form

e (1)
with b ¢ {0,al.

Now, replacing (ni,ny) € Z?* by (ny,n1) € Z* and using the identity

0 ¢ ne\ (¢ 0 ny
0 0 ny o 00 U]
for ¢ € Z, we can reduce Case 2 to Case 1.

Without loss of generality, let P be a nonsingular 2 x 2 matrix with integer entries
and a,b € Z distinct and nonzero such that holds. Put d := |det(P)| € N.

Define S : T? — T? by S(x,y) := (z,y + ). Let R: T? — T? be the transformation
R(z,y) = (2x,2y + x). Both S and R preserve the Haar probability measure y on TZ.
We claim that the (Zsg)*-action generated by S and R is ergodic (with respect to ).
To see this, suppose f € L*(T?) is simultaneously S- and R-invariant, and expand f as
a Fourier series

fa,y) = come(na + my),

where e(t) := e(2mit). Then
(SH)(z,y) = Z Cnme((n+m)x +my) = Z Cr—mme(nT + my).

n,m n,m
Therefore, since Sf = f, we have ¢, ,, = Ch—m,m for all n,m € Z. By Parseval’s identity,
> nm lcnml> = [If]15 < 00, 50 cpm = 0 whenever m # 0. That is, f(z,y) = >_, cnoe(nz).
Now,

(Rf)(z,y) = Z cno€(2nx).

Hence, since Rf = f, we have ¢g,,0 = ¢, for every n € Z. Applying Parseval’s identity
once again, we conclude that ¢, = 0 for n # 0. Thus, f(z,y) = cypo is a constant
function.

Fix a € (0,1). By [BHKO05, Theorem 1.3], there exists a set A C T? with pu(A) = a
such that p (Aﬂ STMAN S_b"A) < ac18(l/®) for n £ 0, where ¢ > 0 is an absolute
constant [

SThe statement of [BHK05, Theorem 1.3] only gives a bound of the form o rather than a¢s(1/®),
However, as noted in [BHKO05| immediately after the statement, the construction of the set A gives
this stronger bound via Behrend’s theorem on sets without three-term arithmetic progressions [Beh46].
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Let (X, X, v, (T;)nez2) be an ergodic Z*-system and B € X with v(B) = « such that
v(BNT;'BNT,'B) = p(ANS ™R ™ANS ™R ™A)

for every 7, m € Z x Zso. (Note that, because R is non-invertible, we cannot simply
take X =T? v=pu, B= A, and Ty = S""R"™.) Then let T; := Tpy for 71 € Z>.

Since [Z? : P(Z?)] = |det(P)| = d < oo, the system (X, X, v, (Tﬁ)ﬁ622> has at most d
ergodic components. Hence, we may write the ergodic decomposition as v = %Zle Vi
for some k& < d and some measure v;. For some 1 < i < k, we must have v;(B) > «.
Without loss of generality, we may therefore assume v1(B) > «.

Let 7 € Z*\ {0}. Let m = Pri € Z*. Then

o (B NIy BNy B) =1 (B N T(;jnl,O)B N T(;}m,o)B>

<d-p(ANS™MAN S A).

Hence, if 1, (B N TA}}ﬁB N f&%B) > d - a8/ then m; = 0. But since P is nonsin-
gular,

{tez?: Pie {0} xZ} =QinZ’
where ¥ is the vector P_l(?) € Q2. Such a set is never syndetic, so ePddM17M2(a) <
d-aclet/®) For ¢ < ¢ and a sufficiently small, one has d - a¢°8(/®) < '18(l/) g6 this
completes the proof. O

Now suppose r(My, My) = (1,1,1), and M; and M, do not commute. In this case,
My or My must be diagonalizableﬁ so we assume without loss of generality that M;
is diagonalizable. We then distinguish between two cases, depending on the form of
M, when M is diagonalized. Call the pair of matrices (My, M) row-like if there is a
non-singular 2 x 2 matrix P with rational entries and rational numbers a, b, c € Q with
a,b # 0 such that

-1 _ a 0 -1 _ c b
PM,P —<00) and PM,P —(OO).

Additionally, [BHKO05, Theorem 1.3] is only stated for the case a = 1,b = 2, but the same method works
for general a, b; see, e.g., [ABB21l, Section 11].
6If neither M; nor M, are diagonalizable, then they both have characteristic polynomial z2. By a

change of basis, we may assume M; is in its Jordan form M; = ( 8 (1) > Write My = ( Z Z >
The condition rk(Msz) = rk(Mz — M;) = 1 implies that ad —bc = ad — (b—1)c =0, so ¢ = 0 and ad = 0.
Moreover, since Ms has characteristic polynomial 22, we have a +d = 0. Hence, M, = ( 0 b ) But

0 0
then Ms commutes with M.
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Similarly, call the pair (M7, M) column-like if there is a non-singular 2 x 2 matrix P
with rational entries and rational numbers a, b, c € Q with a,b # 0 such that

-1 _ CLO -1 CO
PMP —(00> and PMsP _<bO>'

For row-like configurations, we can use the “Fubini” property of uniform Cesaro limits

(Lemma to show epdd(a) = a?:

Theorem 7.3. Suppose My and My are 2 X 2 matrices with r(My, My) = (1,1,1) such
that (M, My) is row-like. Then for any a € (0,1), epddy, 5, (a) = a®.

Proof. Let P be a nonsingular 2 x 2 matrix with integer entries such that

a 0 c b
M1P2P<0 O) and MQP:P(O O)'

By changing to the basis (fc), ((1)), we may assume ¢ = (.

Let (X, X, u, (T5)iezz) be a measure-preserving system, and let A € X’ with p(A) =
« > 0. Define a new Z*-action by Ty := Tpz, and let S :=T{; o). Then

p(ANTy ) p i ANT  paA) = (AN ST AN S A).
Thus, by Lemma [2.2] we have
UC - lim p (ANTy, psANTy, prd) > o’
Rez? ren 2o
Since P is nonsingular, it follows that

synd-supgcze (6 (A N TA}}ﬁA N TA};ﬁA) > o’

Now we will show epdd,,, ,,(a) < a®. Let P be a nonsingular 2 x 2 matrix with
integer entries and a, b, c € Z with a,b # 0 such that

PMlz(g 8)13, and PM2:<8 S)P.

Let (X,X,u,S,R) be an ergodic Z*-system such that S is mixing of order 3. Define
Ts = S™R™ and Ty := Tpy for i € Z2. Then for A € X and m = Pl € 72, we have

p(ANTANT LAY = (AN S ™ AN ST 4)
Since S is mixing of order 3, given € > 0, there exists a finite set F' C Z such that
{ﬁ cZ?: (A NI sAN T;&A) > u(A)® + 5}

CP ' ({meZ:m € Fmy€eF, orbmy—am €F}).



KHINTCHINE-TYPE RECURRENCE FOR 3-POINT CONFIGURATIONS 55
This set is a union of finitely many lines in Z2, so it is not syndetic. Hence,
synd-supgcz2 it (A N TA}}ﬁA N T;;A) < u(A)>.
O

The prototypical column-like configuration is the class of axis-aligned isosceles right
triangles, for which it is known by previous work of Chu [C11] and Donoso and Sun
[DS18] that a* < epdd(a) < a*=°). We prove that these bounds extend to all column-
like configurations:

Theorem 7.4. Suppose My and My are 2 X 2 matrices with (M, My) = (1,1,1) such
that (My, M) is column-like. Then for any o € (0,1), epddy, 5, () > . Moreover,
for any 1 < 4 and all sufficiently small o (depending on 1), one has epddy,, o, () < o'

Proof. Let (X, X, u, (Tq)iez2) be an ergodic Z*-system. Since the pair (My, M) is
column-like, there exists a nonsingular 2 x 2 matrix P with integer entries and inte-
gers a, b, c € Z with a,b # 0 such that

a 0 ¢ 0
M1P—P(O 0) and MQP—P(b 0).

Then for any 7 € Z2, we have

(AN Ty pr AN T pA) = o (A N T pam AN TF_’(lcnl,bnl)A> :
Letting S := T'p(40) and R := T'p(.p), we therefore have the identity
pw(ANTy p e ANT L A) = n (ANST™ANR™A).

Now, since T is ergodic and P is nonsingular, the Z?-action generated by S and R has
finitely many ergodic components. Thus, by |C11, Theorem 1.1],

{neZ:p(ANS™ANRTA) > u(A)*}
is syndetic in Z.ﬂ It follows that
{ieZ?: p(ANTy ANT . A) > p(A)'}
is syndetic in Z?. Hence, epdd,,, 5, (o) > ot

Let [ < 4. By [DSI8, Theorem 1.2], there exists an ergodic Z*-system (X, X, u, S, R)
and a set A € X such that u(ANSTANRT™A) < u(A)! for every n # 0. Since the

n [C11], it is assumed that the system (X, X, i, S, R) is ergodic. However, the proof easily extends
to the case that the system has finitely many ergodic components by noting that all of the ergodic
components will have the same Kronecker factor.



56 E. ACKELSBERG, V. BERGELSON, AND O. SHALOM

pair (Mi, Ms) is column-like, there is a nonsingular 2 x 2 matrix P with integer entries
and integers a, b, ¢ € Z with a,b # 0 such that

PMlz(g 8)13 and PMQZ(I‘; 8)13.

Define T}; := S"™ (R*S~¢)"2, and let Tj; := Tp;; for n € Z2. Note that (X, X, (Tﬁ)ﬁeW)
has finitely many ergodic components. To be more precise, the ergodic decomposition
has the form p = %Ele p; with & < d := |abdet(P)|. Without loss of generality, we
may assume p(A) > p(A).

Now, for any 7 # 0, we have

i (ANTANTiA) S dep (AN ST AN R A)
where m = Pit € Z%. Therefore,
{ﬁ €7y (Aﬂfj\}iﬁAm’Tvﬂzﬁ@ > d~u1(A)l} C{AieZ?: Pie{0}x2Z} CQinZ?

where ¢ = P~1(]) € Q% The set Q&N Z? is not syndetic, so this shows epdd,, ,, (a) <
d- o for o = p(A). Moreover, for any I’ < I, we have the inequality d - o! < o for all
a > 0 sufficiently small. O

7.3. Finitary combinatorial consequences and open questions. There are two
cases in which our ergodic-theoretic results directly imply finitary combinatorial ana-
logues. Namely, when r(M;, My) = (2,1,1) and when (M, M;) is a row-like pair of non-
commuting matrices with r(M;, M) = (1,1,1), we establish the bound epdd,,, ,, (o) >
o with the help of the “Fubini” property for uniform Cesaro limits (Lemma [2.2)), and
this allows us to avoid assuming that the underlying Z2-system is ergodic. For this
reason, we can obtain the following combinatorial result:

Theorem 7.5. Let My, My be 2 X 2 matrices with integer entries. Suppose that either
(i) r(My, M) = (2,1,1), or
(ii) r(My, My) = (1,1,1), My and My do not commute, and (M, My) is row-like.
Then for any a,e > 0, there exists Ng = No(a,€) € N such that, if N > Ny and A C
{1,...,N}? has |A| > aN?, then there exists i € Z* with M1, Myii, (My — My)7ii # 0
such that

{Z ez {& T+ M, i+ My} C A}| > (a® — )N

Proof. Let a,e > 0 and suppose no such Ny exists. Then there is an increasing sequence
(Ni)ken in N and sets A, C {1,..., Ni}? with |Ag| > aN? such that

|Ak N (Ak — Mlﬁ) N (Ak; - Mgﬁ)| S (a3 - €)N1§
whenever M7, Moi, (My — My)1i # 0.



KHINTCHINE-TYPE RECURRENCE FOR 3-POINT CONFIGURATIONS 57

For notational convenience, let Ay := Z* \ A, and Apy1 = A By passing to a
subsequence if necessary, we may assume without loss of generality that

|(Aksy — 1) NN (Ags, — 1) N {10 N}

: li
2 L N?
exists for all r € N, 7iy,...,7, € Z* and iy,...,i, € {0,1}. Hence, we may define a

measure £ on the sequence space {0,112 by setting
pw{z e X x(iy) =iy,...,2(0,.) =1i})

equal to the limit ((7.2) and extending with the use of Kolmogorov’s extension theorem.
Since ({1,..., Ni}?),cy is a Folner sequence in Z?, the measure p is invariant under the
shift transformations (Tjzx)(m) = x(m + ).
Let A:={z € X : 2(0) = 1}. Then u(A) = limj_,« 5‘3—’5‘ > . On the other hand, if
k
Ml’ﬁ:, Mz’ﬁ:, (MQ — Ml)ﬁ 7£ O, then

p(ANT AN TLA) = ({o € X+ 2(0) = 2(My7i) = 2(MoF)) = 1})
~ lim |Ap N (A — M) N (Ax — Mo)|

<a’—e.
Hence,
Ro:={AeZ: p(ANT,) s ANT A) > n(A)? — e}
C ker(M;) U ker(My) Uker(My — My).

But by the proofs of Theorems and , R, is a syndetic subset of Z?, so this is a
contradiction. O

For general 3-point matrix patterns in Z2, it remains an open problem to fully deter-
mine (finitary combinatorial) popular difference densities. One particularly attractive
case, which can be seen as a finitary version of Question for the group G = Z?, is
the following:

Conjecture 7.6. Let M; and M, be 2 x 2 matrices with integer entries such that
My — M has full rank. Then for any «, e > 0, there exists Ny = Ny(«, €) € N such that,
if N > Ny and A C {1,...,N}? has cardinality |A| > aN?, then there exists 7 € Z?
with M7, Msm # 0 such that

{7 eZ?: {27+ Mii, T+ Myii} C A}| > (o® — )N,
The special case when M, My, and My — M; are all invertible, Conjecture was
verified by [BSST21, Theorem 1.1]. Moreover, Theorem shows that Conjecture

holds when M; and M, are both rank 1 matrices. The most interesting remaining case
is when M, has full rank and M5 is a rank 1 matrix.
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Finally, the column-like family of configurations {(a,b), (a + n,b), (a,b+ n)}, known
as corners, has been well-studied from the perspective of popular differences in finitary
combinatorics. In particular, it is known that the popular difference density for corners
is of the form a*=°(; see [Ber21] and also [M21, [FSSSZ20] for an analogous result in
a finite characteristic setting. To the authors’ knowledge, such results are not known
for general column-like matrix patterns, but we anticipate that techniques for handling
corners should apply in this generality with only minor modifications needed.

8. KHINTCHINE-TYPE RECURRENCE FOR ACTIONS OF SEMIGROUPS

As a consequence of Theorem [1.13] we obtain the following combinatorial result. For
any set £ C Qs of positive multiplicative upper Banach density d},,,,(F) > 0 and any
e > 0, there exists ¢ € Q¢ \ {1} such that

vt (ENGTENGPE) > ), (E) —¢

mult mult

(in fact, the set of such ¢ is multiplicatively syndetic). More generally, for any countable
field F, any set £ C F* of positive multiplicative upper Banach density d, ,.(E) > 0
and any € > 0, the set of x € F* such that

rar (EN2z ' ENa?E) > di (B — e

mult mult

is multiplicatively syndeticﬁ This is suggestive of the following problem. Let R be an
integral domain. (For example, R can be the ring Z, the ring of integers of a number
field, or the polynomial ring F[¢] over a finite field F.) Given a set £ C R* of positive
multiplicative upper Banach density df,,,.,;(E) > 0 and € > 0, does there exist r € R\{1}
such that

*R,mult (E N E/T’ N E/T2) > d*R,mult(E>3 - &

where E/r := {t € R:rt € E} for r € R? The goal of this section is to transfer our
results into the setting of cancellative abelian semigroups in order to answer this question
affirmatively.

8.1. The group generated by a cancellative abelian semigroup. Let (S,+) be a
countable cancellative abelian semigroup. That is, S is a countable set equipped with
a commutative and associative binary operation + such that if s +¢ = s + r for some
r,s,t € S, thent =r.

We can define a group Gg as the set of formal differences {s —t: s,t € S} where we
identify s —t and s’ —t' if s + ¢ = s’ +t. More formally, we may define an equivalence
relation ~ on S? by (s,t) ~ (s/,t') if s+t = s’ +¢. Then Gy is the set of equivalence
classes S?/ ~ with the operation [(s,¢)] 4 [(¢/,¢)] := [(s + &', t + t')]. It is easy to check

8In fact, our results show that for any k € N, d*, (Enz*Enz=*+*VE) and
d’ (E Nz 'EN x_kE) can be made arbitrarily close to d?, ,(E)® for a multiplicatively syndetic set

mult mult

of x € F*. On the other hand, by Theorem there are n,m € Nsuch that d, . (ENz ™ "ENz ™E)

mult
is much smaller than d*, ;. (E)3 for all z # 1.



KHINTCHINE-TYPE RECURRENCE FOR 3-POINT CONFIGURATIONS 59

that this operation is well-defined because S is cancellative. Moreover, Gg has an identity
0:=(s, s)], and for any s,t € S, we have [(s,t)] + [(¢,s)] = 0. Thus, Gg is a group.

8.2. Notions of largeness. For a set £ C S and an element t € S, let E —t := {s €
S:s+te Efand E+t:={s+1t:s e S} The following definition summarizes
combinatorial notions of largeness that we will use, some of which are defined above in
the setting of abelian groups.

Definition 8.1. Let (S5, +) be a countable cancellative abelian semigroup.

e A set £ C S is syndetic if there are finitely many elements t1,...,t; € S such
that JI_, (E —t;) = S.

o A set T C S is thick if for any finite set F© C S, there exists ¢t € S such that
F+tCT.

o A set P C S is piecewise syndetic if there is a syndetic set £ C S and a thick set
T C Ssuchthat P=EnNT.

e A sequence (Fiy)yen of finite subsets of S is a Folner sequence if, for any ¢t € S,

|(Fn + t)AFy|
| Fiv]
e The lower Banach density of a set £ C S is the quantity

ENF
d,(E) := inf {nNnL inf ||;—N|N|

— 0.

: (Fn)nen is a Fglner sequence in S}.
e The upper Banach density of a set £ C S is the quantity

ENF
d*(E) := sup {lim sup [EN Fyl

: (Fn)nen is a Felner sequence in S}.
N—o0 |FN|

The following is a standard characterization of syndetic and thick sets; see, e.g.
[BHMOS,| Section 2].

Proposition 8.2. Let (S,+) be a countable cancellative abelian semigroup.

1. E is syndetic if and only if d.(E) > 0 if and only if ENT # O for any thick set
TCS;

2. T is thick if and only if d*(T) = 1 if and only if TNE # 0 for any syndetic set E C S.

Lemma 8.3. Let (S,+) be a countable cancellative abelian semigroup. Then S is thick
m GS-

Proof. Let F' C Gg be a finite set. Write F' = {s; —t; : 1 <1 < k}, where s;,t; € S. Put
t=>5"% ti€S. Then

F—l—t:{sﬂthj:lgigk}gS.

i
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The fact that S is thick in Gg is closely related to the fact that any Fglner sequence
in S is also a Fglner sequence in G g, from which we deduce the following density result:

Proposition 8.4. Let £ C S. Then dg(E) = d; (E).

Proof. To show the inequality df, (E) > d§(E), it suffices to show that any Fglner
sequence in S is a Folner sequence in Gg. Let (Fy)yen be a Folner sequence in S, and
let x € G. We want to show

|(Fy + z)AFN|
|Fiv|

Write + = s — t with s,t € S. Then

[(Fx + 2)AFy| _ |(Fx +$)A(Fy + 0] _ |(Fy + $)AF| | |[FyA(Fy +1)
| Fiv| |Fiv| - | Fiv| | Fiv|

Hence, (Fy)nen is a Folner sequence in Gg as claimed.

Now we show the reverse inequality d(E) > dg (E). If di (E) = 0, there is nothing
to show, so assume dg (E) > 0. Let m be an invariant mean on G'g such that m(£) =
d (E). Put ¢ = m(S) > m(E) > 0. Then m := im is an invariant mean on S.

Moreover, m(E) = m(E) > m(E) = dg, (E). Therefore, d5(E) > m(E) > dg (E). O
Lemma 8.5. Suppose E C Gg is syndetic in Gg. Then ENS is syndetic in S.
Proof. Let x1,...,x, € Gg such that Ule (E —z;) = Gg. By Lemma , S is thick, so

we may assume x; € S for each ¢ =1,..., k. We claim

(BENS)—a:)2 5.

1

7

It suffices to check (ENS) —x; O (E —x;) NS for each ¢ = 1,..., k. Suppose
y€ (FE—z;)NS, and let t € E such that t —x; =y. Thent =y +2, € S+ 5 C S.
Hence, y € (ENS) — z; as desired. O

k

8.3. Extending main results to actions of cancellative abelian semigroups.
Any homomorphism ¢ : § — S extends uniquely to a homomorphism ¢ : Gg — Gg via
P (s —1t) = (s)—p(t). To extend our Khintchine-type results to the semigroup setting,
we need a condition on ¢ characterizing when ¢(Gg) has finite index in Gs.

Proposition 8.6. Let (S, +) be a countable cancellative abelian semigroup. Let ¢ : S —
S be a homomorphism, and let ¢ : Gg — Gg be the group homomorphism o(s —t) =
©(s) — @(t). The following are equivalent:

(1) p(S) is a piecewise syndetic subset of S;

(1)) p(Gs) has finite indez in Gg.
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Proof. Let T := ¢(5), and let H := p(Ggs). Note that H =T — T = Gr.

(i) = (ii). Suppose T is piecewise syndetic in S. Then d5(7) > 0. Thus, by
Proposition 8.4 d, (H) > d, (T) = ds(T) > 0. But in the group Gg, we have the
identity

*G’S(H) = M7
so [Ggs: H] < 0.

(i) = (i). Suppose H has finite index in Gg. Then H is a syndetic subset of Gg, so
H NS is syndetic in S by Lemma |8 B.5 Moreover, by Lemma , T is a thick subset of
H. Let T:=TU(S\ H) sothat T =T (HNS). We claim that T is thick in S.

Let F C S be a finite set. Put I} = FNH and F, = F'\ H. Since T is a thick subset
of H, there exists x € H such that Fi +x CT. Write x = s —t withs,t € T C HNS.
Then Fi+s=F +2+¢tC T+t CT. Now, since s € HNS and H is a group, we have
Fy+sCS\H. Thus, F+s=(F1+s)U(Ia+s) CTU(S\H)=T.

This shows that 7" is a thick subset of S,soT = TN (H N S) is piecewise syndetic in
S. O

Now we can extend Theorems [I.11] and [T1.13] to the semigroup setting:

Theorem 8.7. Let (S,+) be a countable cancellative abelian semigroup. Let ¢, :
S — S be homomorphisms. If at least two of the three subsemigroups ¢(S), ¥(S), and
(p + ¥)(S) are piecewise syndetic in S, then for any set E C S with positive upper
Banach density d5(E) > 0 and any € > 0, the set

{s€S:d5(EN(E—(s)N(E - (p+19)(s) > d5(E)’ — e}
1s syndetic in S.

Remark 8.8. We use the pair {¢, ¢ + 1} rather than {¢, 1} since the difference ¢ — ¢
is not necessarily defined as a map into S.

Proof. By Proposition , we have 0 := dg; (F) = ds(E) > 0. Let ¢ and ¥ be the
extensions of ¢ and ¥ to Gg. By Proposition , at least two of the subgroups ¢p(Gyg),

¥(Gyg), and <g5 + J) (Gs) have finite index in Gg. Hence by Theorem [1.11] the set

R:= {geG:d*GS <Eﬂ(E—Cp’(g))ﬂ(E— <@+1Z> (g))> >53—e}

is syndetic in Gg.
By Lemma the set RN S is syndetic S. But

RNS={seS:d;(EN(E—¢(s)N(E—(p+v)(s)) > —¢},
so this completes the proof. O
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Theorem 8.9. Let (S,+) be a countable cancellative abelian semigroup. Let a,b € N.
If at least one of the three subsemigroups aS, bS, or (a+b)S is piecewise syndetic in S,
then for any set E C S with positive upper Banach density d5(E) > 0 and any € > 0,
the set

{s€S:ds(EN(E—as)N(E— (a+b)s)) > ds(E)* — e}
1s syndetic in S.

Proof. The proof is identical to the proof of Theorem [8.7], except one must use Theorem
1.13|in place of Theorem [1.11 U

8.4. Two combinatorial questions. Applying Theorem in the semigroup (N, ),
for any £ C N with positive multiplicative upper Banach density df,,,(E) > 0, any
k € N, and any € > 0, the set of m € N such that

r (EOE/m* 0 E/mMY) > d,(E) — e

mult mult

is multiplicatively syndetic in N. It is natural to ask if a finitary variant of this result
holds.

Question 8.10. Let py,ps,... be an enumeration of the positive prime numbers. Let
d,e > 0, and let k € N. Does there exists N = N(k,0,¢) € N such that the following
holds: for any n > N and any set A C {p{*...pi» : 0 <r; <n} with |[A] > én", there
exists y € N\ {1} such that

{z e N: {z,zy* ay'} C A} > (6% — ) n™.

Now we describe an application of Theorem Let p1,p2,... and ¢, qs,... be enu-
merations of the positive prime numbers. The map ¢ : N — N defined by ¢ ([, pi") :=
[T, ¢/* is an automorphism of the semigroup (N, -). Hence, by Theorem , if E CN
has positive multiplicative upper Banach density d¥ ,,(E) > 0 and £ > 0, then there is

a multiplicatively syndetic set of numbers y =[]\, pi* € N such that

(8.1) dy ({x eN: {x,xnp:,anf} C E}) >dh (B —e.
i=1 i=1

The IP Szemerédi theorem of Furstenberg and Katznelson [FK85] implies that, for
any k € N and any multiplicative automorphisms ¢4, ..., ¢, : N = N, the set of m € N
such that

mute (B OVE[@o1(m) 0 -0 Efipg(m)) > 0

mult

is a multiplicative IP* set and hence multiplicatively syndetic. It is therefore natural
to ask if a large intersections variant holds for families of more than two multiplicative
automorphisms:
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Question 8.11. Let py,ps,... be the enumeration of the positive prime numbers in
increasing order. For each j € N, let gj1,q2,... be a distinct enumeration of the
positive prime numbers. For which k € N does the following hold: for any E C N with
dlou(E) >0 and any € > 0, there exists y = [, pi* € N\ {1} such that

mult

(8.2)

At ({J; €N {x IHQU’IH%NH‘JHQ&} < E}) > e (B) — e
i=1

Note that (8.2)) holds for k£ < 2 (see (8.1)) and the discussion above).

APPENDIX A. PROOF OF LEMMA

In this section we prove Lemma 3.6, restated here for the convenience of the reader:
Lemma A.1 (Lemma 3.5). Let (X, X, p, (T,)4ec) be a G-system and let H < G be a
subgroup of finite index. Then for every k > 1, one has Z&(X) = ZE(X).

We follow the arguments in [B06, Appendix A] and generalize them to arbitrary
countable abelian groups. We start with some background related to the Host-Kra
parallelepipeds construction.

Definition A.2. Let G be a countable abelian group, and let X = (X, X, u, (T})) be
a G-system. For every k > 0, we define a G-system X[k] (X xR plkl (T[k]) G)

inductively by setting Xg] = X, and ngﬂ] = ng Xz (xH) X[ ! where I(X[ ]) is the

o-algebra of (Ték])geg—invariant functions.

Host and Kra proved the following result.
Theorem A.3 ([HKO5], Proposition 4.7). Z&(X) is the minimal o-algebra with the
property that T(X™) is a sub o-algebra of (ZE(X))k.

Let X = UQGJX be a partition of X to G-invariant sets. Then chf] = UQGJ a],

T(XW) = \/QEJI(XC[Y]C]) and ZE(X) = Ve Z2&(X,). Therefore, by the ergodic decom-
position, it is enough to prove Lemma in the case where the G-action is ergodic.

The following lemma gives the easy inclusion in Lemma
Lemma A.4. In the setting of Lemma ZE(X) = Z8(X).
Proof. The proof is immediate by Theorem and since any (Tg[k]) gec-invariant function
is also a (T,Ek])he g-invariant function. O
We need the following observation.

Lemma A.5. Let G be a countable abelian group, let X = (X, X, p, (Ty)g4ec) be an
ergodic measure preserving G-system, and let H < G be a subgroup of finite index. Then

Tu(X) X Za(X).
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Proof. The group G/ H acts ergodically by unitary transformations on H = L*(X, Zy, u|z,, )-
Since G/H is a finite abelian group, the unitary representation splits into a direct sum
of one-dimensional irreducible representations. In other words, H is generated by eigen-
functions of the action of G/H, which are measurable with respect to Zg(X). This
completes the proof. O

Now we prove the k£ = 1 case of Lemma [3.6[ under the additional assumption that the
action of H is ergodic.

Lemma A.6. Let G be countable abelian groups, and let H < G be a finite index
subgroup. Let X = (X, X, u, (T,)4ec) be an ergodic G-system, and suppose the action of
H is ergodic. Then Zy(X) = Z¢(X).

Proof. The group G/H is finite, and therefore it is a direct product of finite cyclic groups.
In particular, we can find d € N and a sequence of subgroups Hy = H < H; < --- <
H; < G such that G/Hy; and H;/H; 1, 1 < i < d, are cyclic groups of prime order.
Using a proof by induction on d, we may assume without loss of generality that G/H
is cyclic and of prime order. Let gy € G be a representative of a generator of G/H
and [ := [G : H| be a prime number. By the ergodicity of H, the o-algebra Zy(X) is
generated by H-eigenfunctions. Hence, it is enough to show that every H-eigenfunction
f is a linear combination of G-eigenfunctions. Let A\ : H — S! be the eigenvalue of f
and observe that for any I-th root w € S* of A(Igo) the function

frw Tpf+ .+ Ty, f
is a G-eigenfunction. Now since
f= > fHw Tuf+ .+ Tt
weSt 1 wl=X(lgo)
f is measurable with respect to Z5(X) and this completes the proof. U

Let G be a countable abelian group, and let X = (X, X, u, (T,)4ec) be a G-system. If

the system X is ergodic, it follows from the definition that X, [GH is the Cartesian product
of X with itself, and the measure is the product measure. As a consequence of Lemma

[A.6], we have:
Lemma A.7. If the action of H on X is ergodic, then

(X)) = T(X§).

Proof. The inclusion I(Xg]) = I(XE])) is trivial. Now let f : X x X — C be a
(Th, X Tp)ney invariant function. By Lemma , we can find an orthonormal basis of
G-eigenfunctions {f;}ien for Z5(X). By Lemma there exist constants a;; € C for
all 7,7 € N such that

o0

f(x,y) = Z ai,jfi(x)fj(y)'

=1
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Applying the H-action and using the uniqueness of the decomposition, we see that
a;; = 0 unless ¢ = j. In particular f is spanned by the G-invariant functions f; ® f;.
Thus, f is measurable with respect to Z(X2) and the claim follows. O

We use Lemma [A.7] to prove the following:
Proposition A.8. If the action of H on X s ergodic, then for k > 0, one has
(X =2(x8)  and  pd =ul

Proof. We prove the claim by induction on k. The case k = 0 is trivial.
Assume that for some k > 0, I(Xl[f]) = I(ng]) and u[(’;c] = /LES] It is immediate that

k+1 k k k k k+1

Mé = Mg]XﬂXy)My::ML}XﬂXy)My-—M[ !
By the ergodic decomposition theorem, applied with respect to the o-algebra Z(X g])
we can find a partition Xg] = U,y Xao of ng] to (T}k])geg invariant sets. Let Sg be the

restriction of Tg[k] to the set X,. By the induction hypothesis the action of (S§)nem on
X, is ergodic. Hence, by Lemma [A.7] we have

X[k’-i-l] U I X[l] — U IG(X([)}]) _ I(Xg;-‘rl),

acJ aeJ

as required. O

Proposition establishes Lemma in the case where the action of H is ergodic.
Now we assume that the H-action is non-ergodic. As in the proof of Lemma [A.6] we
may assume without loss of generality that G/H is cyclic of order [ for some prime /.
In particular, there exists a partition X = J,o;, iz X, into H-invariant sets and some
go € G such that TgoXi = Xi+17 1€ Z/ZZ

We need the following technical lemma.

Lemma A.9. Let G be a countable abelian group, and let Y = (Y, Y, v, (1T,),ec) be an
ergodic G-system. Suppose that there exists some gy € G and H -invariant subsets Y; such
that Y = UzeZ/lZY and Tg)Y; = Yip for i € ZJIZ. Then, Y Xz,v)Y = UzgeZ/lZ Y,
where Yi; = Y; Xz,v;) Vi and Tsgy % Tig, s an tsomorphism between Y;; and Yiigive,
i€ Z)IZ.

Proof. Let A € Zg(Y) be a measurable G-invariant subset of Y. For each 0 <i <[ —1,
A; = ANY; is an H-invariant set. In particular, Ay is H-invariant and A; = T;,, Ag. We
deduce that the mapping A — A NY} is an isomorphism between Zg(Y) and Zy(Y)).
Using the ergodic decomposition we can find a partition

Yo = You

acl
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of Yy to H-invariant sets. For every aw € I, and i # 0, let Y, = T4, Y0, and Y, =
UZGZ/ZZ Yia- Then, Y = J,.; Yo is the ergodic decomposition of ¥ with respect to the

factor Zg(Y'). Thus, if we let Y;; = J,c; Yia X Yﬂ we have,
Yo = Ve xzoom Yo) = U GiaxVia)= | U GiaxVia)= |J Vi
acl a€l 1,567 /17 1,J€EZL/IZ acl 1,JEL)IL
In particular, Yi; = J,e;(Yia X Yia) = Y; X Y}, as required. O
Recall that G = Ui;é igo + H. It follows from Lemma that for i,5 € Z/IZ,
(Tgo X Tgo)(Y; XIy(Y) Y}) = Y;-I-l,j-i-l'

Therefore, the subsets V; = UjeZ/lZ Y jtis © € Z/IZ form a partition of Y X7,y Y into
(T, x T,) geg-invariant sets. Furthermore, Id x T}, is an isomorphism between Vj and V;.

We use Lemma to show the following:

Lemma A.10. Let X = (X, X, 1, (Ty)gec) be an ergodic G-system. Let X = J;cz,, X
be a partition into H-invariant sets, and let go € G be as above. Then for any k > 0,
there exists a partition ch] = Uje(Z/lZ)k W;, into (Tg[k])geg—invarmnt sets, such that
Wy = UieZ/lZ(Xi)EfI} and Tg[];] ((XJE?) = (Xz+1)[ ! Purthermore, for every j € (Z)1Z)*,
there exists an isomorphism of measure spaces 7; : Wo — W;, which in every coordinate
of X is a power of To,
Proof. We induct on k. The case k = 0 is trivial.

Assume that the claim holds for some k£ > 0. Then

k+1 k k
xhHl = x Xz xXg = U W xzar) W)
JEZ/IT)

Fix j € (Z/IZ)%. Since the isomorphism 7; : Wy, — W; commutes with (Tk)geg,
it induces an isomorphism 7; X 7; : Wy Xz, Wo — W; xzaw,) W;. By assumption
Wy = UieZ/lZ(Xi)[fI] and by Lemmal(A.
invariant sets {V;};ez/iz such that

= U ((Xi)[[’fr] *z(x0l) (XZ.)BL’;}) - U ()

i€Z)IZ ic€Z)IZ

Ne)

, WoXzawy,) Wo can be partltloned into (Tg[kﬂ])geg—

Moreover, V; is isomorphic to V; via an isomorphism whose projections are powers of
T g[?. Since W) is isomorphic to W, this completes the proof. O

We recall that it suffices to establish the proof of Lemma in the case where the
G-action is ergodic and G/H is a cyclic group of order [ for some [ > 0. As before, we
find a partition X = J,o;, iz X of X into H-invariant sets and some go € G such that

Tgo (Xz) = Xi-‘,-l for i € Z/lZ
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Proof of Lemma[3.6. Let k > 0, and let {W;};ez/zx be as in Lemma . Since

Xo, ..., X1 are disjoint (7},)pe g-invariant subsets of X, we have I(X}f]) = licz/i ((Xl)gl}])
and Zj;(X) = [Liezz Zir(Xi). Let B be a (T e g-invariant subset of (X;)¥. For ev-

ery j € ZJIZ, let A; = (T([]}?]_Z.)go)(B) and A = Jjczz 4. By definition A C Wy is a
(Ték})geg—invariant set. Therefore, by Theorem |A.3| A € (Zé(X))[k]. Since X; is (T,Ek])-
invariant, by Lemma , X; € Z5(X). Therefore, B=A; = AN (Xi)[llf,] is an element
of (Z&(X ))[k]. Since B is arbitrary, and this holds for all i € Z/IZ, we deduce that

Z(X¥) < 25(X). By Theorem [A.3] we have 2% (X) < Z5(X). Lemma [A.4] provides
the other inclusion, and this completes the proof. [l
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