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Abstract

We investigate the interaction between compactness principles and
guessing principles in the Radin forcing extensions [Rad82]. In partic-
ular, we show that in any Radin forcing extension with respect to a mea-
sure sequence on k, if x is weakly compact, then {(x) holds, answering
a question raised in [BNI9]. This provides contrast with a well-known
theorem of Woodin [Cum], who showed that in a certain Radin extension
over a suitably prepared ground model relative to the existence of large
cardinals, the diamond principle fails at a strongly inaccessible Mahlo
cardinal. Refining the analysis of the Radin extensions, we consistently
demonstrate a scenario where a compactness principle, stronger than the
diagonal stationary reflection principle, holds yet the diamond principle
fails at a strongly inaccessible cardinal, improving a result from [BN19].

1 Introduction

This paper contributes to the study of the interaction between compactness
principles and guessing principles, specifically, in the context of Radin forcing
[Rad82]. Recall that for a regular uncountable cardinal x, {(k) asserts the
existence of a sequence (S, C « : o < k) such that for any X C &, {oo < & :
X Na=_5,} is stationary. An old open problem in this area asks if {>(x) must
hold at a weakly compact cardinal k. We prove that this is indeed the case in
the Radin forcing extensions.

Theorem 1.1. Let Ry be Radin forcing by a measure sequence U on k.

IFr, (k is weakly compact == (k) holds )
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The special attention given to Radin forcing in this context, originates in
results of Woodin [Cuml|, who used Radin forcing to establish the consistency
of a large cardinal k, such as strongly inaccessible, Mahlo, and greatly Mahlo,
with —=¢(k). In fact, Radin forcing is the only known method for producing
models where the diamond principle fails fully on any large cardinals.

The history of the relation between the diamond and compactness principles,
goes back to the work of Kunen and Jensen [JK69], who showed that ¢(x) must
hold at every subtle cardinal. In fact, they prove that the stronger property
O(Reg,) holds at such cardinals, where ¢(Reg,) asserts that there exists a di-
amond sequence supported on regulars. The consistency of —((Reg,) on weak
compact cardinals was shown by Woodin, and improved by Hauser [Hau92| to
indescribable cardinals, and by Dzamonja and Hamkins [DHOG] to strongly un-
foldable cardinals. Each of these consistency results concerning the failure of the
diamond principle on the regulars is established from its minimal correspond-
ing large cardinal assumption. In contrast, =Q(k) at at relatively small large
cardinals, such as Mahlo cardinals, is known to have a significantly stronger
consistency strength. Jensen [Jen69] has shown that —=0(x) at a Mahlo cardinal
% implies the existence of 0%. Zeman [Zem00] improved the lower bound to the
existence of an inner model with a cardinal x, such that for every v < k, the
set {a < K | o(a) > v} is stationary in . The last large cardinal assumption
is quite close to the hypermeasurability (large cardinal) assumptions used by
Woodin to force =0 (k) at a greatly Mahlo cardinal.

In [BN19] the first author studied Radin forcing Ry, and the connection
between properties of measure sequence U on x and large cardinal properties
of k in generic extensions by Rg. It is shown that Woodin’s construction of
—0(k) can be extended to large cardinal properties such as stationary reflection
principles. A question on whether we can extend the analysis to get a model
of k being weakly compact and —{(k) was asked in [BNI9]. Theorem [I.1
answers this question in the negative by showing that this approach cannot
yield significantly stronger results. Two properties of measure sequences U
which were isolated in [BN19], are the Weak Repeat Property (WRP) and Local
Repeat Property (LRP). It is shown in [BN19] that U satisfies WRP if and only
if xk is weakly compact in generic extensions by Ry, and asks if the stronger
property of LRP has a similar characterization. We answer this question in
Proposition showing that LRP characterizes the large cardinal property of
almost ineffability. In the rest of the paper we extend the study of compactness
and guessing principles in Radin forcing extensions. The organization of the
paper is as follows:

1. In Section [2] we provide some background on the type of forcing notions
that we will work with for the rest of the paper.

2. In Section |3 we study characterizations of almost ineffable cardinals and
weakly compact cardinals in the Radin extension based on certain prop-
erties of the measure sequence used to defined the forcing.

3. In Section[d] we isolate scenarios when a variety of guessing principles can



hold in the Radin extensions.

4. In section |5 we demonstrate a scenario where a compactness principle,
stronger than the diagonal stationary reflection principle, holds but the
diamond principle fails at a strongly inaccessible cardinal.

2 Preliminaries

2.1 Measure sequences

A measure sequence is a sequence w = (k(w)) " (w(T) | T < lh(w)), where each
w(7) is a K (w)-complete ultrafilter on V), and w is derived from an elementary
embedding j = jg : V — M with crit(j) = (@) in the sense that for A C V, )
and 7 < [h(w),

Acw(t) < o |7ejll).

In particular, w(0) is equivalent to the normal measure derived from j and
lh(w) < j(k(w)). The class of all measure sequences is denoted by MS. For a
set A C MS, we denote the set of critical points x(w) for w € A by O(A).

All measure sequences w in our constructions are assumed to satisfy MS N
Vi) € (@ (see the discussion involving the set A in [Git10, page 1402], for
further details).

Definition 2.1. Let U be a measure sequence on k constructed by j : V. — M,
and A C MSNV, and U a measure sequence on k = k(U). We say

1. Ais U-measure-one if A€ U.

2. Ais U-tail-measure-one if there is some v < [h(U) such that A € U(i) for

all v < i < Ih(U).
3. Ais U-positive if {i < Ih(U): A € U(i)} is cofinal in [h(U).

4. Ais U-stationarily-positive if {i < Ih(U) : A € U(i)} is a stationary subset

of Ih(U).
5. Ais U-non-null if there is some v < [h(U), A € U(y).
Definition 2.2. We say a function b: MSNV, = V,

1. is a measure function if dom(b) = MS NV, and for any w € dom(b),
b(w) € Nw.

2. is a tail measure function if dom(b) = MS NV, and for any @ € dom(b),
b(w) is w-tail-measure-one.



2.2 Radin forcing

Let Ry be the Radin forcing defined using U, constructed by j : V — M.
This forcing was first invented in [Rad82]. The notations regarding the measure
sequence and its constructing embedding are fixed for the rest of the paper
unless otherwise stated.

Our notations and presentation follow [BN19|] or [Git10] for the most part,
with the exception of using the forcing convention by which for two conditions
p,q, p > q means that ¢ extends p (i.e., ¢ is more informative). We refer the
readers to the above for the definition of this forcing.

Notation 2.3. 1. For any A € (U, there exists another A’ C A in NU
satisfying that for any u € A, A’ N Vg € (w. We may without loss of
generality assume all the measure one sets satisfy this property for the
rest of this paper.

2. Conditions p € Ry are finite sequences p = (d; | i < k) where each d; is
either of the form d; = (k;) for some k; < k, or of the form d; = (fi;, a;)
where [i; is a measure sequence of length [h(f;) > 0 and a; € Np;. We
denote fi(d;) = (k;) in the former case and u(d;) = f; in the latter. We
require that the top component fi(dy) = U. We also write p = py " dp,
where py = (d; | i < k) denotes the lower part of p, and dy = (U, AP)
denotes its top part.

3. Given a measure sequence w and a w-measure-one set ¢, we say a finite
sequence of measure sequences with increasing critical points 7 is addable
to (w,¢), or 77 << (w,¢), if for each @ € 7/, @ € ¢ and ¢ N Vi@ €.

—~

Remark 2.4. We clarify the following abuse of notations: — could mean con-
catenation or one-step extension depending on the context. However, our usage
s without ambiguity:

1. If the object after ™ is a pair, for example p~ (w, A) where W is a measure
sequence and A is w-measure-one, then = means concatenation. In this
case, k(W) > k(u) for any measure sequence 4 appearing on p.

2. If the object after — is a measure sequence, for example p~w, then this
means it is a one-step extension. In this case, k(w) belongs to the measure
one set APi in one of the components p; of p.

Definition 2.5. U satisfies the Repeat Property (RP) if there exists v < lh(U)
such that U [ v = U. We say ~ is a repeat point for U and ~ witnesses U
satisfies RP.

Definition 2.6. We say v < [h(U) is a weak repeat point if v witnesses U | y+1
satisfies RP. If v is not a weak repeat point, then it is nowvel.

Mitchell [Mit82] and Cummings-Woodin [Cum| independently proved that
x is measurable in Vv if and only if N\U = NU’ for some measure sequence U’
satisfying the RP.



For the rest of the paper, we may assume U does not satisfie RP. The reason
is that suppose 7 is the first repeat point of U, then Ry is forcing equivalent to
Ry, and U | v does not satisfy RP. Notice that if U does not satisfy RP, then
there are unboundedly many < [h(U) that is not a weak repeat point.

Remark 2.7. If U does not satisfy RP and cf(Ih(U)) < &, then in Vv, k
becomes singular. This follows from the arguments in [Git10)].

Remark 2.8. Suppose |2%|M does not divide Ih(U), then there exists some
v < Ih(U), such that for all o' € (v,lh(U)), 7 is not a weak repeat point. We
sketch this when Ih(U) < [25|M . Fix some function f on k such that for each
a < k, f(a) outputs a well ordering of 2% of length |2%|. For any v < Ih(U),
let A C k be such that j(f)(k)(y) = A. Consider the set By = {w € V, " MS:
f(r(w))(Ih(w)) = AN k(w)}. It is easy to see that By € U(y) — U, ., U(Y').

Definition 2.9. For any generic G C Ry over V, let
MSg={weMS|IpeG, p=_(d;:i<k),w=j(d;) for some i < k}.

= {k(w) | w € MSsg}

We say A C k is generated by a set in V if there exists B C MS such that
A=0(BNMSg).

The following theorem asserts that any club in the Radin extensions V[G],
G C Ry, where the regularity of « is preserved, contains a club generated by a
U-tail-measure-one set in V.

Theorem 2.10 ([BN19)). If U satisfies cf(Ih(U)) > kT, where & = x(U), then
given pg(U,A) =p Ik 7 is a club subset of k, there exists a measure one set
A" C A and a U-tail-measure-one set ' such that py~ (U, A") forces O(I'NG) C 7.

The converse is also true:

Theorem 2.11 ([BI\EIQ}). Suppose U is a measure sequence not satisfying RP
and B C MS is a U-tail-measure-one set. Then in V[G] where G C Ry is
generic over V., O(BN MS¢g) contains a club subset of k.

The following result shows that Theorem about clubs in Radin generic
extensions does not extend to stationary sets.

Proposition 2.12. Suppose [h(U) < |2%|M and cf(Ih(U)) > k*, then in Vo,
there exists a partition ¢ : Kk — Kk, such that for any unbounded A C C¢q generated
by a set in 'V, it is the case that ¢"O(A) = k. In particular, O(B) is not c-
homogeneous for any U-non-null set B.

Proof Let (zf : 1 < |2a|) be an injective enumeration of 2% for a < k. Let
(< 281 = (a2 1 1 < |22]) s @ < K))(k). For a < k and 7 < 2%, define
AY = {v: x); z)) = % N k(v)}. Note that A;EE% ¢ Jw, for U-measure-one

many w.



Define A>(;ZE ) as follows: v € A>(lhz ) iff v € A”E( )) or some initial segment

of v is in A;L((w) In V[G] where G C Ry is generic over V, define a mapping

: MSg — MS¢g such that w is mapped by ¢’ to the maximal element in
G N Ai(lizw) if it exists.

We show, using a density argument, that ¢’ has the following property: for
any A € U(y) and B € U(71) where v < 7, /[ANMSg| N B # 0.

Given p = pg (U E) € Ry, we find w from (EN BN AL) — Vi(max(po))+1
and extend p to p~w. The reason why such w exists is that A 5 € ﬂ,ygi U(3).

Then we find some & € AN E — Vi g)4+1 such that AS NV = A;;;B(u)a and

then we extend to po™ (w, E N Vi)™ (4, £ — A';(;;l)(u)) (U, E), which forces
¢ (u) = w.

Finally, in V, if we let * : MS — & be such that for any « € k, (x)7!(a) is
U-positive, then in V[G], ¢ =45 * o ¢’ is as desired, namely, for any A C MS
that is U-non-null, c[A N MS¢g] = k. O

The next lemma is a well-known fact that concerns getting nice representa-
tions for certain sets in the Radin forcing extension.

Lemma 2.13. Suppose p € Ry and a sequence of names (to, C o : @ < K) are
giwven. Then there exists an extension q < p with qo = po and a function f € V,
such that for any w € A9 with Ih(w) > 0, f(w) is a Rg-name for a subset of
k(w) and ¢~ w - f(0) = &)

Proof. For each w € AP with k(@) > 0, we can find a U-measure-one Ag C AP
and a Rg-name f(w) such that po™ (w, AP N V) (U, Ag) forces f(w) =
Ty To see this, consider

D =def {t S RH) 0t SRm pOr\(wa AP N Vn(ﬁ)))7

3B, € (U, 3Ry-name $,,t~ (U, By) Ik $4 = i) }-

Observe that D is a dense subset of Ry below po™(w, AP N Vy(g): given
any s € Ry extending po™ (w, AP N V,,(s)), since Ry /p~w ~ Ry /po™ (w0, AP N
V/i(’w ) X RU/(U AP — n(w -‘rl) and (RU/(U AP — ﬁ(w)-‘rl) <*) i (Q‘Rm')
closed, we can find t <p_ s and an Rg-name $; as well as some B; € (U, such
that (U By) kR, tIFR, Zx(@) = 8¢ This shows that D is dense in Ry.

Let D' C D be a maximal antichain below po™ (w, A? N Vj;(@)). Then we
can cook up a Rg-name f(w) for a subset of x(w) such that t I- f(w) = $
for any ¢ € D’. Now it is immediate that f(w) and Ag = (\,cp B satisfy the
requirement.

Finally, we let ¢ < p be such that ¢y = pg and A9 = Agecar Az, which is the
desired extension of p as sought. O

Unless otherwise stated, all the measure sequences relevant to our discussion
in the following are assume to have length > 0. An immediate consequence of
the previous lemma is:



Corollary 2.14. Let G C Ry be generic over V.. Then in V|[G], for any X C k,
there exists f € V' such that for every w € dom(f)NMS, f(w) is an Rg-name
for a subset of k(W) and there ezists a < k, (f(0))%'Fe = X N k(W) for each
we MSg —V,.

We finish this section with stating the following theorem.

Theorem 2.15 ([CW]). Let G C Ry be a V-generic filter. If k is regular in
VIG], then in V[G], for every subset X C k, if X Naw € V for all o < K then
XeV.

For a published account of the proof, the reader can consult [BN19)|.

3 Mild large cardinals in Radin extensions

In this section, we revisit two weakenings of the Repeat Property about the
measure sequence U, as considered in [BNI19]. In particular, each property
corresponds to x being a certain large cardinal in the generic extension by Ry .

3.1 Almost ineffable cardinals

Definition 3.1. U satisfies the Local Repeat Property (LRP) if for any measure
function b, there exist A € (U and v < [h(U) such that j(b)(U | v) = A.

Since U does not contain a repeat point, it is easy to check that if U satisfies
LRP, then [h(U) is a limit ordinal.

Remark 3.2. One obtains an equivalent definition by replacing “..y < Lh(U)
such that...” with “..cofinally many v < Ih(U) such that...” in Definition .

In [BNT19], it was shown that if [h(U) < 2%, then U does not satisfy LRP,
thus making LRP incompatible with Woodin’s argument for the failure of ¢ (k)
in Rg-generic extension (see Theorem [4.5). [BN19|] asks if LRP is equivalent
to a natural large cardinal property of s in Ry generic extensions. We show
next that this is the case. This shows that it is not an accident that LRP is
incompatible with the argument for the failure of O(x).

Definition 3.3 ([JK69]). Fix a regular cardinal «.

1. k is almost ineffable if for any sequence (t, C a : a < k), there is some
t C k such that {a: tNa =1t,} is unbounded in .

2. K is subtle if for any sequence (t, C a: @ < k) and any club C C k, there
are a < 8 € C such that t, C 3.

Remark 3.4. It is easy to check that k is almost ineffable iff for any sequence
(ta C a:a < k) and any club C C K, there is some t C K such that {o € C :
tNa =ty} is unbounded in k. As a result, if k is almost ineffable, then k is
subtle, which in turn implies $(k) by [JK6Y).



Proposition 3.5. VR0 = is almost ineffable iff U satisfies LRP.
Proposition [3.5| follows from the following two lemmas.
Lemma 3.6. If U satisfies the LRP, then k is almost ineffable in VFo

Proof. Let p' € Ry and a name ($, C o : a < k) be given. By Lemma[2.13] we
can get p = p; (U, A) <* p/ and (fy : w € MS) such that {5 is an Rz-name
and for any w € A with [h(w) > 0, p~w IF {5 = S(w)-

For each w € A, apply Lcmmato po” (w0, ANV, (@)) and Rg. As aresult,
we can find b(w) € (w, b(w) C A, such that for any v € b(w) with {h(7) > 0,
it is the case that py (0, (@) N Vi) ™ (@, b(0)) - gy to N (D) = he (D), where
hg is a function defined on MS N V() with hg(0) being a Ry-name for each
v € dom(hg) with [h(9) > 0. Let h denote (hy : W € MS N V).

By the hypothesis that U satisfies LRP, we can find 7 < [h(U) such that
B=j)(U | 71)€NU. Note BC A. We may assume 7 > 2 by Remark [3.2]
Let h = j(h)(U | 7), then h is a function from MS NV, to V,, taking v to h(?v),
which is an Rz-name for a subset of x(7).

Consider the set C' = {w € B : lh(w) > 1,B N Vi) C b(w),h [ Vi) =
hg} € U(r). Let G be a generic filter for Ry over V' containing pg (U, B)
and in V[G], we define a sequence of bounded subsets of x as follows: for
each w € C'N MSg, let dy be the union of the interpretation (h(v))¢ for all
vEMSegN Vn(u’;)~

Claim 3.7. dg is well-defined, and it is equal to tg =gey (ts)€.

Proof of the Claim. For any v < 9’ both in MSa¢ N V(@) N B — Viank(pe)+1, We
note that

(ha (), (ha(v)¢ T to.

This is because the statement is forced by pg™ (v, b(w) NV, 5)) ™ (w, (w)) (respec-
tively, by pg~ (v, b(w) NV, (5)) ™ (w, b(w))), extended byp (17 BNV,5)) " (w, BN
Vi(w)) by the fact that w € C. O

Claim 3.8. For w < w' € MSg NC, it is the case that dg C dg.

Proof of the Claim. Reason as above to check that for any MSqg NV (5 N B —
Veank(po)+1, (R(0)F = (hg(0))¥ = (ha (0))¢ is an initial segment of both dy
and dg-. O

Let X = Ugemsonc dw- Then we are done. Namely, in V[G], {a < & :
X Na=(5,)%} is unbounded in &.
O

Lemma 3.9. If VR0, k is almost ineffable, then U satisfies LRP.



Proof. Fix a measure function b. Let G C Ry be generic over V. In V[G],
for each w € G, let 73 < k(w) be some ordinal such that MS¢g — V,,, C b(w).
Consider the sequence X = (Xg =gef {Va }U(b(0) =V, 41) : 0 € MSg). Note
that X C V. As & is almost ineffable, by Remark we can find X such that
{w € MS¢ : XNV, (5) = Xg} has size x. In particular, X is fresh. By Theorem
2.15] we know that X € V. As a result, there is some ~, such that there are
unboundedly mamy @ with v = v and X NV (z) = {72} U (b(0) =V, 41). As
a result, X contains a tail of MS¢, which in turn implies X € U.

Finally, we need to check that there is some 7 < [h(U), such that j(b)(U |
7) =* X. But this immediately follows from the fact that in V[G], {w € MS¢ :
X NV =* b(w)} is unbounded in k. O

3.2 Weakly compact cardinals

Definition 3.10 ([BNT9], Definition 21). We say U satisfies the Weak Repeat
Property (WRP) if every measure function b has a repeat filter W with respect
to U in the following sense:

1. W is a k-complete filter extending the co-bounded filter on MS,
2. any X € W is U-non-null,

3. W measures b, namely for each @, if we let X}, 5 =gy {0 : @ € b(0)}, then
either Xy 4 or Xpa €W and

4, [b]W =def {’l_l, : vaﬁ S W} € ﬂU

In [BN19], it was shown that s is weakly compact in VZ0 iff U satisfies
WRP. We supply more equivalent characterizations of weak compactness in
Radin extensions, which will be useful later on.

Proposition 3.11. The following are equivalent:
1. U satisfies WRP.
2. VEu = k is weakly compact.

3. VEu &= k is inaccessible and the V -tree property holds. Namely, any k-tree
T satisfying that T C 'V admits a cofinal branch.

4. for any measure function b, there exists A € NU such that for any o < k,
there exists some B < Ih(U), with ANV, C j(b)(U | B).

Proof. The equivalence between 1 and 2 is proved in [BN19] and it is immediate
that 2 implies 3.

e 3 implies 4: fix a measure function b. Let G C Ry be generic over V.
In V]G], the function w € MSg — g, where v is the least v < k(w)
such that MSg NV, (5 —V, C b(w), is regressive. Therefore, there exists
some 7, such that B = {@w € G : 3 = v} is stationary. More precisely,



O(BNMS¢) is stationary in k. Define a x-tree T  such that ¢t € T' iff there
exists some @ € B such that ¢t C b(w). The order of T is end extension.
Notice that T' C V. Apply the hypothesis, we can get a branch d through
T. By Theorem 215, d € V.

Observe that d € (NU. To see this, it suffices to see d contains G — V.
For any w € G — V., d NV (@)qin@@+1 C b(w) for some w € B. By the
choice of 7, we know that @ € b(w). Hence @ € d.

Finally, it remains to show that for any a < k, we need to show that
E =gey {w:dNV, C b(w)} is U-non-null. But this follows immediately
from the fact that O(E N MS¢) is unbounded in x.

e 4 implies 1: given a measure function b, apply 4 to get A € (U with the
property. We first show a strengthening of the conclusion at 4 is possible.

Claim 3.12. We can find an A4 as in fhe conclusion of 4 thatisatisﬁes for
any « < K, there exists some 8 < [h(U), with ANV, C j(b)(U | 8).

Proof of the Claim. Note the difference is “C” is replaced with “C”. Let
A’ be given by the conclusion of 4. For each a < &, let B, < Ih(U) be
the least witnessing ordinal that A’ NV, C j( J({U | Ba)- Consider the
tree on V, defined by T = {j(b)(U | Ba) | V4 : ¥ < @ < K}, ordered by
end extension. By the weak compactness of x in V', there exists a branch
A through the tree T. Clearly, for each o < k, there is some 3 < [h(U),
such that ANV, C j5(b)(U | B) by the definition of the tree. Note also
that A € U, as evidenced by the fact that A’ C A. To see the latter,
given @ < k, we can find some o/ > « such that ANV, C j(b)(U | Ba).
In particular, ANV, D A'NV,. O

Define W’ € MS such that B € W iff there is some @ € A with B = Xj 5
or there is some u ¢ A with B = Xy .. Let 7 C MS be the co-bounded
filter. Let W be the upward closure of {\pc, B : u € [W' U F]<"}. To
check W as defined is as desired, we verify that W C |JU is a k-complete
filter. It suffices to show that for any (B; : i < u) C W’ where u < k,
it is the case that ﬂi<u B; is U-non-null, since F C (U. Depend on
how B; gets into W', we can divide them into two groups with a function

: p — 2 and elements (@, : ¢ < p) such that g(i) = 0 iff B; = X}, 5, where
uZEAandg()—llffB = Xj 5, where 4; ¢ A. Let a > sup;_, (2 )
Then Clalm implies that {v : ANV, C b(v)}, as a subset of ),

is U-non-null.

z<u

O

Remark 3.13. In item 4 above, we get an equivalent statement by replacing
“..there exists some 3 < Ih(U)...” with “..there exist unboundedly many B <

Ih(D)...”.
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Lemma 3.14. If [2%|M does not divide Ih(U) as ordinals, then VR0 = k is not
weakly compact.

Proof. Assume first that [h(U) < [2%|™. We will indicate later how to deal
with the general case. Define g such that g(a) = (zf : | < |2%]) is an injective
enumeration of subsets of a. Denote j(g)(k) = (zf : 1 < [2%/M). Let A = Ty
In general for any B < k and any set B C (3, denote index,(B) to be the least
such that B = xl Note for a fixed 5 and B as above, indexy(B) only depends
on g(f).

Define a measure function b such that

b(w) = {u € Vi(a) : xfh((w))ﬂf-@( )= xg( ), where Ih(u) < B < indexy,(ANk(@))},

whenever the set is in ﬂ w and otherwise b(w) = Vi, (g).

Let us call the second case in the definition of b vacuous. Observe that {w €
V,. : b(w) is not vacuously defined} € (U. To see this, note that j(b)(U | 7) =
{u eV :zfnk(a) = xg(u),T < B <index g (j(A)NK()) = indexy(ANk(w))}.
Denote the set as E, then we see that £ € (U | 7. Given v < 7, we know that
Ul~yej(R)iff af = x5, where v < 8 < index(,)(A) = I[h(U), but the latter
is true as evidenced by 8 = 7.

Suppose for the sake of contradiction that s is weakly compact in Vv,
Apply 4 in Proposition to b to get B € (U such that:

for any a < k, there is B < Ih(U) with BNV, C j(b)(U | B).
Apply j again to the statement above, we get (in M):

for'any @ < j(x), there is 8 < Uh((D)) with j(B) N Va C jG0) (D) 1 5).
In particular, working in M, if we consider o = (2%)™™ < j(k), then we can
find some 7 < j(Ih(U)) such that j(B) N (V)M C j(G(0)(G(U) | 7) =

{w € j(Vi) : 2™ nn(a) = 25 1h(a) < B < index;(j(q) (7 (5(A)NK(@)}. (1)

For the sake of consistency, we use (z f('g) I <dom[j(j(9))(3(x))]) to denote
the enumeration of j(j(g))(j(x)). Since Ih(U) < dom(j(g)(x)), the elementarity
of j implies that j(Ih(U)) < dom(5(j(9))(j(x))). Thus the sentence above makes
sense.

We show first that there exists some v < [h(U) such that 22 g = x5, To
see this, fix some & < [h(U). Since U | € € j(B)N(Va)M, by (1), we know xT('{)ﬂ
Kk = zf, for some v > € and v < index;(j(4))((1(A)) N k) = zndex](J(g))(A) =
mdexj(j(g) 1) (A) = index;(4)(A) = Ih(U). The second last equation is because
the computation of index;;(4))(A) only depends on j(j(g))(x), which in turn is
decided by j(j(9) | K)(%) = J(9)(K). ]

Finally, fix some ¢ > v and ¢ < [h(U) such that U | ¢ € j(B) N (Vo)™
Reasoning as above, we can find v/ > ¢ > 5 with 4/ < [h(U) such that
acj}('{) Nk = af. But 2§ # z, by the injectivity of the enumeration. This

~
is a contradiction.
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In general without assuming (h(U) < [2%/M we modify as follows. First
notice that [h(U) < j(x) and j(k) is divisible by |2%|™. Hence, we may assume
InU) < j(k). By Remark there exists some p < Lh(U) so that [W(U) = p+9
with § < [2%|™, and U(y) is novel. It follows that there is some D C MS NV,
so that D € U(7) if and only if ¢ < p. For each w € MS NV, let ip(w) be
least value i < [h(w) so that D N V) & w(i) if such i exists, and leave ip(w)
undefined otherwise. If ip(w) is defined then clearly ip(w) < lh( ), and we set
dp(w) be the unique ¢ for which ip(w) + 6 = lh(w).

Define g as before and A = z§. Define b such that

b(w) = (DN VK(,,;,)) U{ae Vm(m) NnD°: {E';(u(}) )= xﬁ(u)

where 6p () < 8 < indexy(ANkK(w))},

whenever the set is in ﬂ w and otherwise b(w) = V().

Again observe that {w € V, : b(w) is not vacuously defined} € "U. Apply
4in Propositionto btoget B € (U as before. If welet a = (Ih(U)+2"%)+M,
then we can find some 7 < j(Ih(U)) such that j(B) N (Vo)™ C j(i(0)(5(U) |
7). The choice of a ensures that {U | v : v < [h(U)} C ( Vo)M. Fix some
5 < Ih(U) such that ¢ > p. Since U 5 € j(B) N (Vy)M, it follows that

UT€&ej(i))( ) I 7). Since j(j(D)) N5V, ) - j((D) NVi) = j(D), we
know that U | ¢ € 5(5(D)) since U | ¢ & j(D) an €€ j(V). As a result,
by looking at the definition of b, we must have

J(Fv)

TG GO )ﬂ/ﬁzx,’j, where j(6p)(U [ &) =& —pu <y <.

Fix another & < [h(U) such that & — i > . Repeating the argument above,
we get some ' > v such that x E;()& NGE) ) N = «7,. This contradicts with

the fact that af # a7,. O

Remark 3.15. The proof in Lemmal[3-17) actually produces a measure Junction
b such that there is no U-positive A, such that for any a < k, there is B < Ih(U),
AnVa C iU I B).

Remark 3.16. Similar proof as in Lemma[3.14] shows k is not weakly compact
in VR0 if there is some v such that Ih(U) = v + |27|M

4 Guessing principles in Radin extensions

Definition 4.1. Let V C W be two transitive models of set theory, with &
being a regular cardinal in W and S C k being a stationary subset. We say

e V-O(S) holds (in W) if there exists (s, C @ : « < k) such that for all
X C kin V, it is the case that {&« € §: X Na = s,} is stationary.
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e V-&(9) holds (in W) if there exists (S, € [P(a)]51%l : a < k) such that
for all X C k in V, it is the case that {a € S: X N« € 8, } is stationary.

Cummings and Magidor [Cum13] showed that V-diamonds are equivalent to
diamonds at & in Radin generic extensions of V' preserving the regularity of «.

Theorem 4.2 (Cummings-Magidor, [Cuml3]). Let G C Ry be generic over V
and assume that k is reqular in V[G]. Then in V[G], for any stationary S C &,
V-0~ (S) is equivalent to & (5).

Observation 4.3. Suppose cf(lh(U)) > k. Then VE0 = (k) holds iff there
exists a function f € V such that dom(f) = MSNV, and f(w) € [2-()]<H(®),
satisfying that for any X C s, {w : X Nk(w) € f(w)} is U-positive.

Proof. By Theorem [4.2|and a well-known result of Kunen, we know Vo = (k)
VRS | O (x) I VA0 b V-0 (k) I VRS V-0(s).

e Suppose there exists some p € Ry forcing that (3, : a < k) is a V-{(k)-
sequence. By Lemma [2.13] we may find ¢ < p and g such that for any
w € A9, g(w) is an Rg-name for a subset of x(w) in V and ¢~ IF g(w) =
$n(a)- Since Ry is k(w)*-c.c, we can find f(w) € [27(P)]S~(®) guch that
1lrg, g(w) € f(w). Suppose X C k, then we know that we can find
some 7 < ¢ such that 7 IF “{k(@) : @ € G, X Nk(w) = g(w) € f(w)} is
stationary”. This implies that {w : X N x(w) € f(w)} is U-positive by
Theorem 2111

e For the other direction, suppose there is one such f, then it is easy to
verify that if G C Ry is generic over V, then for {f(w) : w € G} is the
desired V-{~ (k)-sequence.

O

The last observation allows us to reproduce the following result of Cummings
and Magidor.

Theorem 4.4 (Cummings-Magidor, [Cuml13]). If [2%|M divides Ih(U), then
VRO = ().
Proof of Theorem[I.1} Let U be a measure sequence on r constructed by j :

V' — M and suppose V70 |= £ is weakly compact. By Lemma [3.14] [27|M
divides {h(U). Hence, Theorem implies () holds in Vo, O

The following is a well-known theorem of Woodin (see [Cum] or [BN19] for
published proofs).

Theorem 4.5 (Woodin). If [2%| does not divide th(U) and cf(Ih(U)) > k*,
then VEU = (k).

Remark 4.6. If j : V. — M constructs U, and _ifU I IWU) € M, then
VEo = —O(k) whenever |2%|M does not divide Ih(U). This is done by apply
Woodin’s theorem in M.
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Under certain circumstances, we can get stronger guessing principles. Recall
the following characterization of stationary sets in the Radin extensions.

Theorem 4.7 ([BN19)). If S is an Rg-name for a stationary subset of r and
p € Ry, then there exists an extension e = ey (U,B) < p and a measure
function b such that

1. Zey =agey {0 :3A € NU,e0™ (w,b(w)) " (U, A) IF k(a) € S} is U-positive,
2. forianyﬁ EMS and ] C B, Ze | T =dey {0 € Zoy : 7 << (4, b(7))}

s U-positive.

Proposition 4.8. If U is a measure sequence constructed by j : V — M and
M = cf(IMU)) > 2%, then in VEv  {(S) holds for all stationary S C k.

Proof. Let S be a name for a stationary subset of x and p = o (U, A) be a
condition forcing this, which furthermore satisfies the conclusion of Theorem
We will construct a V-~ (S)-sequence in Vo, By Lemma and a
theorem of Kunen, we know <»(S) holds in Vv,

For each «, we fix (zf* : [ < |2%]) an enumeration of subsets of a with cofinal
repetitions. For each A C MS, we define fa(w) = otp({& < lh(w) : w | £ € A}).

In V[G], we define a V-~ (S)-sequence as follows: if w € MSq and k(w) €
S, then define S, to consist of xf(w) for those [ such that there is some 7 €
A<Y NV, (g) such that @ € Z,, | 7 and | = (f2,,17 (W) mod 2r(w)) < gr(w),
Note that by the definition for each w € MS¢ with « = k(w), it is true that
|Sa| < lal.

Let’s check that this is as desired. Suppose not, then there exists an extension
q of pand X C  and a tail measure one I' as witnessed by v < [h(U) such that
q forces that X is not guessed at any point at SN O(MSg NT).

Write ¢ as pgh(ﬁ,zﬁ)A(U,B'), where there is some @ with po,py € Ry
and p{, <g, po. Here 7/ is an increasing sequence of measure sequence and 7
is a sequence of measure one sets with respect to the measure sequences on 7

By the choice of p, we know that Z,, | 7 is U-positive. Let [ < 2" be
such that ] = X and j(prow)(U I €) =1 ( mod 2%) for some U | ¢ €
JInZzy, | 7) By elementarity, there is some @ reflecting U | £, namely, there
is some % € I'N Z,, | 7/ such that if [ = [ 2,517 (W) ( mod 2%(®) then xf(u) =
X Nk(@). Since 77 << (@, b()), we know that pg“(ﬁ,Xﬁ)ﬂ(a,b(a))ﬁ(U,B/)
is compatible with py (@, b(@)) ™ (U, A). Hence a common extension will force
k(@) € S, as well as k() € T and X N k(@) € S,, contradicting with our
assumption. O

Remark 4.9. Proposz'tion is optimal in the following sense: if M |= cf(Ih(U)) <
2% and U € M, then in VEU there exists a stationary set S such that (S) fails.

It suffices to show there exists a U-positive set B such that M = “{7 : B € U(1)}
has size < 257, Then we can finish with the argument of Theorem [{.5
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Recall j : V — M constructs U. By a theorem by Cummings- Woodin [CW],
we may assume that M = {j(f)(U | €) : € is novel}. The point is that any mea-
sure sequence is equivalent, in the sense of the Radin forcing defined from it, to
another one constructed by the embedding formed by taking the limit ultrapower
along the novel points on the measure sequence.

By the simplification, we can find f and a novel & < Ih(U) such that j(f)(U |
€) = E, which is cofinal in Ih(U) and of size < 2%, as computed in M. Let
AecUE) - JU(< &). Consider B = {u : if £ is the least such that u | £ €
A,h(@) € £t ] &)} )

We claim for 7 > & B e U(r) iff r€ E. If 7 > &, and U | 7 € j(B),
then by the definition, & is the least such that U | £ € j(A), then T has to be
in j(f)(U | &) = E. Conversely, if U | T is not in j(B), then it must be that
T &€ E by the same reasoning.

Definition 4.10. We say the Strong Club Guessing (SCG) holds on S C « if
there exists a sequence (t, C a: € S) for any club C' C k, there exists another
club D, such that for any « € DN S, ¢, is unbounded in « and t, C* C.

By taking closure, we could also assume ¢, C « is closed for each o < k.

Proposition 4.11. In V0 where k is reqular, SCG holds on the set of singular
cardinals below k.

IN

Lemma 4.12. Let U be a measure sequence without repeat points and cf (Ih(U))
k. Then in V[G], there exists a cofinal subset ¢ of k such that for any tail mea-
sure one set B€V, ¢ C* O(BNMSgq).

Proof. First assume that cf(Ih(U)) = A\ < k. Since we assume U does not
have a repeat point, we can fix (v; : i < ) cofinal in [h(U) such that for
each i < A, there is some A,, € U(y;) — JU(< v;). In VI[G], define the
following sequence recursively: ¢ = {(¢; : © < A), where for each i < A, ¢; is
the least element in G N A,, above sup,_; ¢;. It is well known that in V[G],
cf(k) = X (see [GitlQ]). Hence c is well-defined. Tt is also easy to see that this
sequence is cofinal in k. Let us verify that for any tail measure one set B, it
is the case that ¢ C* O(B N MSg). For this, we use the density argument.
Fix p = p~(U,A) € Ry and B whose tail-measure-one-ness is witnessed by
v < Ih(U). Consider A’ = AN (BU Nicaw, >y Ap,)- Then it is easy to verify
that po™ (U, A’) forces ¢ is almost contained in O(B N MSg).

Now suppose c¢f(lh(U)) = k. Let {v; : i < k) be cofnal in [h(U) such that
for each i < k, there is some A; C V, N MS such that A, € U(¢) iff £ > v;.
By [Git10], we know in V[G], ¢f(k) = w, as witnessed by some (£, : n € w).
Recursively define £/, such that !, the least element > k,, such that there is some
W € MSc N (icp<n, Ai With k), = k(w). Hence, the sequence (k;, : n € w)
has the property that it is almost contained in O(MS¢g N A;) for any i < k.
Suppose B is any other tail measure one set, then there exists some large enough
i < k such that A;N B¢ is U-null. As aresult, in V[G], a tail of G avoids A; N B°.
Therefore, A;,NMSg C* BNMSq. Therefore, (k!, : n € w) is almost contained
in O(BNMSg). ]
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Proof of Proposition[{.11} Let G C Ry be generic over V. In V[G], if w € G
such that cf(x(w)) < k(w), then we let ¢,z be the set as given by Lemma
applied to Rg. We claim this sequence is strong club guessing on the set of
singulars below k. Given any club D C &, by Theorem [2.10] we may find a tail
measure one set B, witnessed by v < [h(U) such that O(B N MSg) C D. For
any w such that B NV, g is tail measure one with respect to w, Lemma
implies that c.(g) C* O(B N MSg). Since {w : BN V(4 is tail measure one
with respect to @} is tail measure one with respect to U, we can apply Theorem
[2:17] to get the conclusion as desired. O

Even though there are many instances of club guessing principles valid in
ZFC (see [She94]), SCG at singulars does not necessarily hold in ZFC. For
example, in the forcing extension where we add AT many Cohen subsets of A,
SCG on the singulars below A fails. We describe another scenario of a different
nature.

Proposition 4.13. Suppose k is a strongly compact cardinal and X > K is a
regular cardinal, then SCG fails on the set S = {a € X : cf(a) < |a|}.

Proof. Suppose for the sake of contradiction that ¢ = (¢, : a € S) is a strong
club guessing sequence. We may assume ¢, is a club in a for each o € S.
Let j : V — M witness that « is A-compact. In particular, *"M C M and
supj”A =gey 6 < j(A). Let t = j(f); and A = j'acc(t N j”)). Recall for
aset Z, acc(Z) = {6 € Z : Z N4 is unbounded in 0}. It is not hard to see
the set A is < k-closed and unbounded. Consider A, the closure of A. By the
hypothesis, there exists a club D C A, such that for any a € DN S, to, C* A.
By elementarity of j, we know that § € j(D N S). As a result, t C* j(A). This
in particular implies ¢ N j”\ C* j(A) N j"\ = ;" A.

We check that for any v € ¢ N j”\, there is some v/ > v in t N j” X that does
not belong to j”A. This clearly gives a contradiction as desired. Given such
a v, if it already does not belong to j” A, then we are done. Suppose there is
some & € A, j(&) = v. Let v/ be min ((t N j”\) — (v +1)). In particular, v/ is
in nacc(tNj"”)). Observe that v/ & j” A. To see this, suppose for contradiction
that there is ¢’ € A such that j(¢') = /. Note that & > £. By the definition of
A ¢ € A— A. We can then find 1 € (£,¢) N A. But then v < j(n) < v/ and
j(n) € tN 3"\, contradicting with the choice of v'. O

Remark 4.14. Proposz'tion can be used to separate the O -principles from
the SCG principles. For example, [Ish03, Question 1] asks if for a regular
uncountable cardinal p, $F(p) implies SCG on p. By [CEMOT, Theorem 22],
if 28 = M and 227 = A, then there is a A\*-directed closed and A\t -c.c
poset that forces OT(AT). Therefore, relative to the existence of a supercompact
cardinal &, we can produce a model (using the technique by Laver [Lav78]) where
K remains supercompact and X\ > k satisfies OT(AT) holds. In this model, SCG
on AT fails by Proposition . There are two things worth noting:
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1. Large cardinals should not be needed to separate O+ from SCG. For exam-
ple, [IL12] shows it is consistent relative to ZFC that {T(wq) holds and
SCG on wy fails.

2. If X is regular with A\<* = X, then [FK03] proves there is a < A-closed and
AT -c.c poset that adds a SCG-sequence on .

The truth of SCG on regulars is constrained by the compactness principle
to be discussed in the next section.

5 A weak consequence of ineffability does not
imply the diamond principle

To relate the compactness principle we will consider in this section with standard
large cardinals, we first supply a characterization of ineffable cardinals in terms
of club sequences. The following lemma is essentially due to Todorcevic [Tod07],
who proved the corresponding version for weakly compact cardinals. Recall
k is ineffable iff for any (d, C a : o < k), there exists A C &k such that
{a < k:ANa=d,} is a stationary subset of &.

Definition 5.1. A C-sequence on « is a sequence (C,, : o < k) where each C,
is a club subset of « for any a < k.

Lemma 5.2. For a strongly inaccessible k, we have that: r is ineffable iff for
any C-sequence on k (C,, C a: a < k), there exists a club C' C k, such that
{a<k:CnNa=CL} is stationary.

Proof. Let T be a tree of height £ and the &-th level of the tree is T'(§) =
[0¢,0¢41), where (0¢ : £ < k) is an increasing continuous sequence of ordinals
below k. We will also assume that T does not split at limit levels, in the sense
that for any limit £ < &, and ag, a1 € T(&), if {n:n <r a} = {n:n <r a1},
then ap = ag.

We claim that there is a branch d through T such that {{ < k : 6¢ € d}
is stationary in k. Note that there is a club C consisting limit £ such that
d¢ = . Consider the following C-sequence C: for any ¢ < k, if £ € lim C, then
we let C¢ be the closure of By =g4ey {n < € : n <p &} and if £ & lim C, then
Ce = (maxC N &, E). Apply the hypothesis, we get a club D C k such that
S ={( <k:DNE=C¢} is stationary in k. We claim that S Nlim C forms
a branch as desired. Suppose o < € SNlimC, let &' € T(a) be the unique
node such that o/ <7 . We need to show that o = o’. By the fact that T does
not split at limit levels, we only need to show that o and o’ have the same set
of T-predecessors. Because T is a tree, it suffices to show there are arbitrarily
large n < a = §, with n <7 a,a’. Given £ < «, note that D NT(§ + 1)
has a unique element. To see this, by the hypothesis we have D Na = C,,
as a result D NT (£ + 1) consists of the unique node that is T-below «, since
DNT(E+1)=CoNT(E+1)=E,NT(E+1). Let n € DNT({+1). The same
argument shows that 7 <r o’. We are done.
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It is left to see the principle as above implies k is ineffable. Given a list
(do € 2% : & < k), consider the tree 7" = {dg | a : @ < B}. Note T” does
not split on limit levels. Since k is strongly inaccessible, it is possible to find
an increasing continuous sequence (J¢ : £ < k) such that there is a bijection
be : [0g,0e41) <> T"(€) with be(d¢) = de for each £ < k. Let T be the pull-back
of T", namely, for any ag, a1 with &,& < k be such that a; € [d¢,,d¢,+1) for
i <2, 00 <p ay iff b, (o) <77 be, (01). It can be easily verified that T is of the
form described above. Then there is a branch d through T such that S = {£ <
K : 0¢ € d} is stationary. Consider d' = {b¢(d¢) =ges de : £ € S}. Then for any
<& es, (550 <r 551, which implies b&o (5&0) = d&o <7 b& (551) = d&u hence
de¢, = de, | &o. This implies that x is ineffable.

O

The following notion is related to constructions of distributive Aronszajn
trees, which strenghtens the principle ®z from [She94, p. 134].

Definition 5.3 ([BR19]). A C-sequence on k (C, : a < k) is said to be
amenable if there is no club D C &k, such that {& < k : DNa C C,} is
stationary.

Therefore, the assertion that there is mo amenable C-sequence on k is a
weakening of ineffability. To be more explicit, the compactness principle states:

for any C-sequence (C, C « : a < K), there exists a club D C k, such that
{a:DnacC,} is a stationary subset of k.

Remark 5.4. That “there is no amenable C-sequence on Kk” is a non-trivial
compactness principle. For example, it implies that the diagonal stationary
reflection principle at k, which means: for any k-sequence of stationary subsets
of k {S; : 1 < k), there is some § < k such that for any i < §, S;N¢ is stationary.
However, it is not a consequence of k being weakly compact, while the diagonal
stationary reflection principle at k is. For instance, in L, there is no amenable
C-sequence on k iff Kk is ineffable.

Remark 5.5. To relate to the Strong Club Guessing principle discussed in the
previous section, notice that if there is no amenable C-sequence on k, then the
Strong Club Guessing principle on the regulars below k fails.

In [BN19], it was shown that relative to the existence of large cardinals, it is
consistent that there is a strongly inaccessible cardinal x where the diagonal sta-
tionary reflection principle holds yet (k) fails. We strengthen the compactness
principle in this model to “there is no amenable C-sequence on k”.

Theorem 5.6. If U is a measure sequence on k such that cf(Ih(U)) > k7,
then in V0 | there is no amenable C-sequence on k.

Lemma 5.7. Suppose cf(lh(U)) > k*. Let E C MS be U-stationarily positive,

namely {7 < Ih(U) : E € U(7)} is a stationary subset of Ih(U). Given a tail
measure function b, there exists A € (\U [> B for some 3 < Ih(U), such that
in any generic G C Ry, {a <k : O(ANMSg)Na C* O(b(w) N MSg),w €
MSa N E, k(W) = a} is stationary.
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Proof. Fix a tail measure function b. Then there is some 7 = 75 < [h(w) such
that b(w) € (1w [> 7. Let f be the function w + 7. Let S = {7 < Ih(U): E €
U(7)}. Consider g: S — Ih(U) such that g(v) = j(f)(U | ) < 7. By Pressing
Down, there is a stationary S’ € S and 8 < [h(U) such that ¢”S’ C 3. We may
assume 3 is novel since U does not contain a repeat point. Pick Az € U [>
with A5 e U | B
We check that F = {w € E : AgNb(w)*© is w-null} is U-positive. Indeed, for
any 7 € S, U | 7 € j(F), since Ag Nj(b)(U | 7)¢ & U(i) for any i < 7. To see
this, if i > 3, 7(b)(U | 7) € U(i) and if i < f3, AG € U().
Let G C Ry be generic over V, then O(F N MSG) is a stationary subset of
K, by Theorem For each w € F N MS¢, we know a tail of MS¢g below w
avoids Ag N b(w ) As a result, O(Ag N MS¢g) N k(w) C* O(b(w) N MSq).
U

Lemma 5.8. Suppose cf(Ih(U)) > kT. Let pl- ¢ is a name for a C-sequence.
Then there exists ¢ <* p and a tail measure function b such that for some
B € N\U, for any w € B, if cf(lh(w)) > k(w)™T, it is the case that ¢~ w |-
O(b(w) NG) C* ¢(w).

Proof. Suppose p = py (U, A). By Lemma [2.13 . we can find U-measure-one
A’ C A, and some d such that d(@) is a Rg-name for a club subset of x(w) and
letting ¢ = py (U, A’) we have that ¢~ w IF C(w) = d( ) for any w € A’.

For each w € A’ with cf(lh(w)) > k(w)T, t € Viz) N Rey, we can find
(by Theorem “ A € Nw and some I'y; € Nw [> 7 where 7 < [h(w)
such that ¢t~ (w, AL) IFr. OL N Gy) C (w) Let Ay = AyAL € Nw and
Iy =AdL € Nw | 7 for some 7 < [h(w).

Let b be a tail measure function satisfying that b(w) = T'y for any w € A’
with cf(lh(w)) > k(w)*. We claim that ¢~ IF O(b(w) N G) C* ¢(w) for all
w € A" with ¢f (Ih(w)) > k(w)T. Fix such w.

It is left to check that py (w, A’ N Vi) IFr, OT's N Gy) C* d(w). This
follows immediately from the fact that for any ¢ € V,(5y with ¢t (w0, Ag) € Ra,
t~(w, Ag) kg, O(Ly N Gg) — (rank(t) + 1) C d(w). To see this fact, suppose
for the sake of contradiction that this is not the case for some ¢, then we have
an extension t* = '~ (i, e) " (7], Zﬁ (0, A*) I k(1) ¢ d(w) for some @ € T
Notice that @ € A% and 77 C A by the definition of Ag. Hence ¢* is compatible
with ¢ (w, ALY, which forces O(I'% NGg) C d(w). As % € I'Y | we know that
' (u, AyNV @) ™ (w, ALY IF k(@) € d(w), and is compatible with t* that forces
k() & d(w), which is absurd.

U

Proof of Theorem[5.6, By Lemma [5.8] in V[G] where (cq : o < k) is given, we
aim to find a club C' C & such that {a: CNa C* C,} is a stationary subset
of k. By Lemma [5.8] we can find tmf b € V|, such that on a tail of MSg, if
w € MSgq satisfies ¢f(Ih(w)) > k(w)", then O(b(w) N MSg) C* ¢uw). By
Lemma [5.7 with E = {@ : ¢f(Ih(w)) > r(w)*}, we can find a club D in V[G]
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such that for stationarily many regular o € C¢ with a = k(@) for @ € MSg,
it is the case that D Na C* O(b(w) N MSqg) C* cq. O

If we prepare the ground model such that x is (k + 2)-strong and 2% > g™,
then for some elementary embedding, we can derive a measure sequence U of
length k™. By Theoremand Theorem we have no amenable C-sequence
on k and ~ (k) in VEo,

Corollary 5.9. Relative to the existence of suitable large cardinals, it is con-
sistent that there does not exist an amenable C-sequence at k and (k) fails.
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