GEOMETRIC RIGIDITY OF xm INVARIANT MEASURES

MICHAEL HOCHMAN

ABSTRACT. Let p be a probability measure on [0, 1] which is invariant and
ergodic for Tg(x) = az mod 1, and 0 < dimp < 1. Let f be a local diffeo-
morphism on some open set. We show that if £ C R and (fu)|lg ~ plg,
then f'(z) € {£a" : r € Q} at p-a.e. point x € f~'E. In particular, if g
is a piecewise-analytic map preserving p then there is an open g-invariant set
U containing supp p such that g|y is piecewise-linear with slopes which are
rational powers of a.

In a similar vein, for p as above, if b is another integer and a,b are not
powers of a common integer, and if v is a Tp-invariant measure, then fu 1 v
for all local diffeomorphisms f of class C2. This generalizes the Rudolph-
Johnson Theorem and shows that measure rigidity of Tg, T} is a result not
of the structure of the abelian action, but rather of their smooth conjugacy
classes: if U,V are maps of R/Z which are C2-conjugate to Ty, T} then they

have no common measures of positive dimension which are ergodic for both.

1. INTRODUCTION

1.1. Background. The motivating problem of this paper is to understand, for
“structured” Borel probability measures on R, which transformations can map one
measure to another, in whole or in part, and how the structure of the measures
determines this. More precisely, writing fu for the measure fu(A) = u(f=1A), we
ask what one can say about maps f for which is fu non-singular with respect u, or
with respect to some other measure v. The expectation is that highly structured
measures should be preserved by a small number of maps whose structure reflects
that of the measure.

There are a few elementary things one can say. Since any two non-atomic prob-
ability measures on R can be mapped to each other by a continuous function, one
must impose some regularity assumption for the question to make sense. In this
paper we consider diffeomorphisms of the line, and denote the set of such maps
by diff(R). Write diff”(R) for the set of diffeomorphisms of class C*. Also, there

are some trivial cases of measures p such that p, fu are non-singular for many

2000 Mathematics Subject Classification. 37A10, 37E10, 37A45, 37C45, 28 A80.
Key words and phrases. Measure rigidity, invariant measure, interval map, fractal geometry, geo-

metric measure theory, scenery flow.
Research supported by NSF grant 0901534.



2 Michael Hochman

f € diff(R), namely if 4 has a Lebesgue component or atoms. One must therefore
consider measures without such components. Recall that the local dimension of a

measure p at z is the limit

where B,.(x) is the ball of radius r around z. In general the local dimension may not
exist but it exists in the cases which will interest us. We will work with measures of
intermediate dimension, meaning that 0 < D(u,x) < 1 at p-a.e. x. This rules out
Lebesgue component, and also any zero-dimensional component, including atoms.

In this work we consider probability measures which are invariant under the
maps Ty : [0,1] — [0, 1] defined for integers a > 2 by

T,x = bx mod 1

i.e. measures such that T,u = p. We sometimes view T, as a map of the torus
R/Z. We note that there is a very rich supply of T,-invariant measures, including
some self-similar measures but also many (most) which are not.

For T,-invariant measures most work to date has focused on their behavior for
maps which are related to the group structure of R/Z, i.e. when f is one of the
maps T (an endomorphism of R/Z) or translation by an element of R/Z. The
principal result for endomorphisms is the measure rigidity theorem of Rudolph [17]
and Johnson [11]. Write a ~ b if a,b are powers of a common integer, i.e. a = c¥
and b = ¢™ for some ¢, k,m € N, and otherwise write a % b. The Rudolph-Johnson
Theorem states that if u is a T,-invariant measure whose ergodic components all
have entropy strictly between 0 and loga, then it is not preserved by T; for any
b 4 a. The result can be slightly improved, using a later result of Rudolph-Johnson
[10], to conclude that p L v for every Tp-invariant measure v of intermediate
dimension. To date this is essentially the best result towards Furstenberg’s x2,x3
conjecture, which predicts that there should be no non-atomic measures except
Lebesgue which are jointly invariant under T, and T}, for a # b. See [13] for a
survey of related conjectures and results.

For translations we are aware only of the work of Host [8]. Define p to be
conservative for a subgroup A C R/Z if for every set A with u(A) > 0 there is some
0 # r € A such that (AN (A+r)) > 0. For the groups A = Z[] of b-adic rationals
when ged(a, b) = 1, or for the cyclic subgroup generated by an element r € R/Z such
that {T"r},en is dense in R/Z, Host showed, using methods of harmonic analysis,
that the only conservative T,-invariant measure is Lebesgue measure. Note that
these results do not require any assumption about the dimension of the meeasure,
but also they do not directly relate to our question, since they do not say anything

about preservation of u under a particular rotation.
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In another direction, the question we are interested in has been studied in the
fractal geometry literature for rather general functions f, e.g. C' or bi-Lipschitz,
but for restricted classes of measures such as self-similar measures on attractors of
iterated function systems. In situations like these it has been shown that measures
arising from different parameters are mutually singular, and cannot be easily de-
formed into each other, see for example [3]. Related questions for certain classes of

Cantor sets are known, for instance see [2, 1, 19].

1.2. Statement of results. Write  ~ v and ¢ L v to indicate that the measures
are equivalent or singular, respectively, and let p|g denote the restricted measure
ulp(A) = (AN E). Thus u,v are non-singular if and only if u|g ~ v|g for some
set E with v(E) > 0.

Theorem 1.1. Let pu be a T,-ergodic measure of intermediate dimension. Then
there exists n € N such that if f € diff(R) and (fp)|g ~ plE, then

f'(x) e {£a"" : keZ} for p-a.e. x € f'E

More generally, if v is another T,-ergodic measure and (fu)|g ~ v|g then there
exists t € R such that

fl(x) e {£t-a/" : kez) for p-a.e. x € f'E

While we have stated the result for diffeomorphisms of R, the result is of a local
nature and immediately applies to partially defined or piecewise diffeomorphisms.

Theorem 1.1 is close to optimal. One clearly cannot hope to get information
about f except on the support of p|g. On the other hand, a T,-invariant measure
w is also invariant for T,» for every n € N and sometimes also for n = 1/m when
a'/™ € N. Thus one cannot expect that some intrinsic property of u will encode
a, and the best one can hope for is a power of a. The ergodicity assumption is
necessary also: for example fix a Ts-invariant measure p of intermediate dimension
and form v = %u + %Tgu, which is also Ts-invariant. It is easy to see that there is
a piecewise linear map f with fv,v non-singular, and with slopes 2 and 3 on sets
of positive v-measure.

We do not know whether it can happen in the theorem that '/" is not an
integer. We also do not know whether a version of the theorem is true under
Lipschitz (rather than differentiability) conditions on f.

Under mild additional assumptions, Theorem 1.1 implies that very few maps can

preserve a Ty-ergodic measure of intermediate dimension.

Corollary 1.2. Let p and n be as in the theorem.. Then every piecewise analytic
map of [0, 1] which preserves u is piecewise linear on an open set U containing the

support of u and on U has slopes of the form +a*/™, k € N.
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Corollary 1.3. If p is a T,-ergodic measure on R/Z which has intermediate di-
mension and is globally supported, then every Cl-map which preserves p has the

form Ty for an integer a’ ~ a.

Easy examples show that there can be piecewise linear maps other than 7, which
preserve p, for example one can easily construct them by hand for the ”uniform”
measure on the middle third Cantor set (i.e. Hausdorff measure at the appropriate
dimension, normalized to mass 1), which is T3-invariant.

A special case of the above we recover the Rudolph-Johnson Theorem [17, 11].
One may speculate that Theorem 1.1 holds without the entropy assumption, but
proving this would imply the full x2,x3 conjecture.

Our methods also allow us to generalize the Rudolph-Johnson theorem in other

ways.:

Theorem 1.4. If a # b and p,v are respectively T, and Ty-ergodic measures of

intermediate dimension, then fu L v for every f € diff*(R).

We can eliminate the ergodicity and regularity assumptions under some (rather
weak) additional hypotheses, for example no ergodicity is needed if f is affine, or

when when f € diff(R) but the ergodic components of v under T}, do not have

spectrum of the form 1o§a-

An interesting consequence of the theorem above is that the measure rigidity
phenomenon in the Rudolph-Johnson Theorem is not a consequence of properties
of the abelian action generated by T, and T}, but rather of the smooth conjugacy

classes of the individual maps T,, T:

Corollary 1.5. Let a b and let f,g be self-maps of R/Z which are (separately)
C?-conjugate to T,, Ty, respectively. Then there is no measure of positive Hausdorff
dimension which is ergodic for both f and g, except possibly one which is equivalent

to Lebesgue, and this occurs precisely when the conjugating maps differ by a rotation.

Note that for f,g as above there will generally be no invariant measures at all,
but it is hard to verify this for any particular pair of conjugates. It is known that
if f, g commute then they are simultaneously C°-conjugate to Ty, T, [12], and then
Corollary 1.5 follows from the Rudolph-Johnson Theorem.

After this paper was completed P. Shmerkin suggested another approach which
proves Theorem 1.4 for f € diff(R) and non-ergodic measures, but which does not

give any version of Theorem 1.1. This will appear elsewhere.

1.3. Methods. To arrive at these results we study measures on R¢ through the
dynamics of the 1-parameter, measure-valued family obtained by “zooming in”

on typical points for the measure. These families are called sceneries, and for
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the measures we are considering they behave like generic orbits in an appropriate
dynamical system. Many variants of the notion of a scenery have appeared in the
fractal geometry literature, see e.g. Bedford and Fisher [1], and have been used
as a technical tool in the study of T),-invariant measures, in disguised form in
Furstenberg’s paper [4] and more recently in [7]. Our definition of the scenery flow
follows that of Gavish [5]. A systematic study of this notion and related ones can
be found in [6].

Briefly, we show that for a T,-invariant measure the sceneries equidistribute for

1

Toga’ and

an ergodic flow whose pure-point spectrum contains a rational multiple of
the remainig spectrum comes from the original dynamics of T;,. Since these flows
are associated to measures in a geometric way, they are invariants of the measure
under the application of differentiable, locally bijective maps. Furthermore, the

flows derived at different points of a T,-invariant measure may have different phases

_n_
loga’

phase by the logarithm of the derivative. The behavior of these phases underlies
the proof of Theorems 1.1 and 1.4.

This method of proof gives an effective condition for a measure p to be a smooth

with respect eigenvalues of the form and applying a smooth map shifts the

image of a T,-invariant measure, namely the spectrum of the associated flow must
contain a rational multiple of loga. In a sense, this explains how p “encodes” the

arithmetic class of the dynamics which generated it.

1.4. Related questions. We end this introduction with some open questions. Let
us begin by pointing out a connection between Theorem 1.4 and another conjecture
of Furstenberg [4]: If X, Y C [0, 1] are closed and invariant, respectively, under T,
and Ty for a 4 b, then for every affine map f(z) = ux + v,

dim(X N fY) < max{0,dim X + dimY — 1}

This says that all affine images of Y should intersect X in as small a set as possible.
Theorem 1.4 gives an analog of this for measures, though of course singularity of
measures implies nothing about the intersection of their topological supports. On
the other hand, note that Theorem 1.4 has content even when both p, v are globally
supported.

Returning to the x2, x3 conjecture, the topological version was proved by Fursten-
berg with no entropy assumptions: any closed infinite subsect of [0,1] which is
invariatn under 7y,T} for a ¢ b is the entire interval. One may similarly ask for

topological versions of our results:

Problem 1.6. Suppose A C [0, 1] is an infinite, proper closed T,-invariant subset.
If f € diff'(R) preserves A, must |f/(x)| € {a” : r € Q} for all non-isolated = € A?
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Problem 1.7. Let a # b and let f,g be maps of R/Z which are (separately)
conjugate, respectively, to Ty, Tp. If the conjugating maps are sufficiently smooth,
can we conclude that there are no infinite, closed proper subsets of R/Z which are

jointly f- and g-invariant?

We do not have answers except when for some s > 0 the s-dimensional Hausdorff
measure is positive and finite on A. Then one can apply our results to this measure.

In another direction, there is a strengthening of the Rudolph-Johnson Theorem
due Host [8], which assets that for ged(a,b) = 1, if p is Tg-invariant of intermediate
dimension, then p-a.e. point x equidistributes for Lebesgue measure under the
action of T, (in this case x is said to be normal in base b). It is natural to ask
whether the same is true when the measure is distorted by a nice enough map. Let

us formulate this question in the simplest and most plausible case:

Problem 1.8. Let pu be a T,-invariant measure and of intermediate dimension,
and ged(a,b) = 1. If f(x) = ux + v, u#0, is fu-a.e. point normal in base b?
Finally, it is very likely that analogs of Theorems 1.1 and 1.4 ours hold for more
general interval maps and in higher dimensional settings, for instance for measures
on the torus which are invariant under hyperbolic automorphisms under suitable
assumptions. However, in neither case does it appear that our methods apply

directly.

1.5. Organization. In the next section we describe our methods in more detail.
Proofs are given in the following sections. We assume familiarity with basic notions
in ergodic theory, recalling some definitions as we go; for an introduction see [18].

For background on geometric measure theory see [15].

1.6. Acknowledgment. I am greatful to Jean Bourgain, Elon Lindenstrauss and

Pablo Shmerkin for their comments.

2. MAIN ELEMENTS OF THE PROOFS

In this section we give our main definitions and technical results, and derive the

main theorems from them. The remaining proofs are provided in the next section.

2.1. The scenery flow. Let M = M, denote the space of Radon measures on R?,
endowed with the weak topology. We use the term measure for Radon measures
on R%, and denote measures by u, v, 0,7 etc. We reserve the term distribution for
Borel probability measures on M, which we denote by P,Q, R etc. The space of
distributions carries a measurable structure defined by declaring the map p +— p(A)
to be measurable for all Borel sets A C M. Write A for Lebesgue measure and
8. for the point mass at z, which is a measure when z € R? and a distribution

when z € M. Let supppu denote the topological support of a measure, that is,
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the complement of the union of all open sets of y-measure zero. We write ~ for
equivalence of measures or distributions, and also write z ~ i to indicate that z is
distributed according to p; which is intended will be clear from the context.

For z € R? let U, : R* — R? denote the translation map

Usly) =y —x
and for t € R let S; : RY — R? denote the scaling map
Si(x) = e'w

Note the exponential time scale, which makes S = (S;)ier into an action of the
additive group R on R%. These operations induce maps on M: for y € M we have
Uppi(A) = p(A + ) and Spp(A) = p(e*A).

Let 1 — p” denote the operation of normalizing a measure to have unit mass
on [—1,1]¢ and restricting it to this cube, i.e.

0 1
K= mﬂh—m]d
Let
M = {Probability measures on R supported on [~1,1]¢}

and define S; : M7 — M" by
Sy = (Sip)”

so that S” = (S} );> is a semigroup acting on the set of 1 € M" with 0 € supp .
This is a Borel subset of M, and the action is Borel, though not continuous (it is

discontinuous at measures which give positive mass to the boundary of [—1,1]¢).

Definition 2.1. Let p € M and z € supp . The scenery of p at z is the orbit of

U.p under S7, i.e. the one-parameter family
Mzt = StD (Uzp) teR*

In other words, the scenery is what one sees when “zooming in” to u at x,
restricting and normalizing the measure as we go.

In order to discuss the limiting behavior of the scenery, note that M" may be
identified with the weak-* compact set of probability measures on [—1,1]¢. Thus

we may speak of convergence of distributions on M".

Definition 2.2. A measure p € M generates a distribution P at x € supp p if the
scenery (pg.¢)e>0 equidistributes for P, that is, if the uniform measure on the path
(tet)o<t<T converges weak-* to P as T — oo. Equivalently, for every f € C(M"),

im 7 [ " it = [ #ar

T—oo T
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In this case (M, P, S7) is called the scenery flow of p at .

For a discussion of the properties of distributions generated in this way see [6].
We mention a few basic facts. First, if there is a positive py-measure of points at
which p generates some distribution (which may vary from point to point), then u-
a.e. one of the distributions is S”-invariant.! Second, standard density arguments
show that if ¥ < p then a v-typical point generates a distribution for v if and only
if it does for u, and in this case the distributions are the same. This applies in
particular when v = p|4.

The following simple observation is a key ingredient in our arguments. Let

diff 4 (R) C diff(R) denote the subgroup of orientation-preserving maps.

Lemma 2.3. Let p € M(R), x € suppp and f € diﬂ“fr (R). Then after a time-shift
of s =log f'(x) the sceneries iy and (fp) ), are asymptotic, i.e.

tli)r{.lo(ﬂm,t - (f/i)f(z),tfs) =0 (wea’k' *)
In particular p generates P at x if and only if fu generates P at f(x).

The proof is immediate from the fact that, locally, f acts like S near x.

The assumption that f preserve orientation is necessary for the conclusion that
the scenery flows are the same, but if f is orientation reversing then the scenery
flows are isomorphic as measure preserving flows by way of the map induced on

MP from z — —z. We omit the details.

2.2. The scenery flow of T,-invariant measures and its spectral properties.
Next we describe the scenery flow of a Ty-invariant measure and, more generally,
products of such measures. Recall that the diagonal action of T}, on [0, 1]¢ is given
by To(x) = (Tax1, Toxa, ..., Taxq). A product of T,-invariant measures is invariant
under the diagonal action.

We require two more standard constructions, which we recall briefly. First,
the natural extension of an ergodic system (£2,,T) is an invertible ergodic system
((NZ, 2 T) factoring onto (2, v, T') and characterized by the property that every factor
map from an invertible system to (Q, v, T) factors through (Q,7,T). The natural

extension may be realized as the inverse limit of the diagram of factor maps
o= (T KR Q,v,T) KR (Qv,T)

See also Section 3.
Second, the tg-suspension of the discrete time system (€2, v, T') is the flow defined

on Q x [0, o] by

s+t

Ty(w,s) = (T "y, ¢
0

}o)

INote that SY acts discontinuously, so this is not a complete triviality.
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where [r] and {r} are the integer and fractional parts of r, respectively. This flow

1
preserves the product measure v X %)\|[07t0).

Proposition 2.4. Let pi1, ..., pq be T,-invariant measures and p = x%_ p;. Then
w generates an S” -ergodic distribution P, at a.e. point x, and the system (M", P,, S7)
arises as a factor of the logb-suspension of the ergodic component p'*) of x in
([0,1]%, u, T,). In particular P, depends only on the ergodic component u'®) of x.
Furthermore, if 1*) has intermediate dimension then P, is supported on measures

of intermediate dimension.

This is proved in Section 3.

Write e(t) = exp(2mit). Recall that o € R is an eigenvalue of an ergodic measure
preserving system (€, B,v,T) if there is a complex function ¢ € L? such that
poT = e(a)yp, and « is an eigenvalue of a measure-preserving flow (Q, B, v, (T})ter)
if there is a function ¢ € L? such that ¢ o T, = e(at)p for all t € R. Suh ¢ are
called eigenfunctions, and for ergodic transformations and flows they a.s. have
constant modulus, which we shall always assume has bees normalized to modulus
1. We denote the set of eigenvalues by X, with subscripts to indicate the system in

question.

Theorem 2.5. Let u be Ty-invariant with intermediate entropy. Let 3, denote
the spectrum of the ergodic component u™® of ([0,1], u, T,) to which x belongs. Let
P, be the distribution generated at x and X p, the spectrum of (M5, P, SP). Then
there is an n € N such that

n 1

ZCSp, C Z

E#(z) U

loga loga loga

One cannot assume that n = 1 since if p is T, invariant then for every n it is

also T,» invariant, since Ton =T,

Proof of Theorem 1.4 under spectral assumptions. Suppose f € diff! and W,V are
respectively T,,T; invariant, have intermediate entropy, and the ergodic compo-
nents of v do not have pure point spectrum of the form ﬁ, n € Z. By the
theorem above the scenery flows generated a.e. by p have pure point spectrum of
this form. If fu £ v then by Lemma 2.3, with positive u-probability the scenery
flow generated by p at x is isomorphic to the one generated by v at f(x). These

possibilities are incompatible. (I

2.3. The distribution of phases. More refined information can be obtained from
the distribution of phases of the eigenfunctions of the scenery flow. That is, for a
T,-ergodic measure and typical points x, y, we may consider the sceneries at x and y

and compare the relative phase of the eigenfunctions corresponding to a = k/loga.
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Recall that a joining of S”-invariant distributions Py, P» is a distribution P on
M x M" which projects to P; on the i-th coordinate, and which is invariant
under the diagonal flow S given by S (u,v) = (S{ i, Sf'v). When Py, P, are
ergodic, the ergodic components of a joining of P;, P» are also joinings of P;, P5. A
P-joining is a joining of P with itself.

Let u be a measure generating and ergodic distribution P, at x. Note that there is
a bijective correspondence between pairs (o, 7) € M] x M} and product measures
ox1 € M5, and that the set of product measures is closed in M~ x M" . Therefore
the accumulation points of the sceneries of p x p are product measures, and if 1 x p
generates a scenery flow it is supported on product measures. Furthermore, if 1 x
generates a scenery flow P, , at (z,y) one may verify that, making the identification
between product measures and pairs, P, , is a joining of the scenery flows P, P,
generated by p at  and y. Note that by Proposition 3.7, if u is T,-invariant then
1 X p indeed generates sceneries a.e.

Let P be an S”-invariant and ergodic distribution with an eigenvalue a and
corresponding eigenfunction ¢. Then the function p, : M"” x M" — C, defined by
(o)

o(7)

is a.e. invariant on any ergodic P-joining, since
p(SP0) _ elat)plo)
o(SP7)  elat)p(r)

Therefore if R is a P-joining then p, is constant on a.e. ergodic component of R,

Palo,T) =

pa(StD o, StD T)=

= pa(o,T)

and if R is ergodic then we may define
pa(R) = R-a.s. value of po(-,-)

Let 1 generate some distribution P at a.e. point and assume that u x p generates
an ergodic P-joining P, , at p X p-a.e. point. Fix a p-typical g so that P, , is
defined for p-a.e. y and for such y let

Palpt, o, y) = pa(P:Eo,y)

Definition 2.6. Let p be a measure which a.e. generates P, and such that pu x p
generates an ergodic distribution at a.e. point. Let a € ¥p. For a p-typical

point o the phase measure 0, = 0, (14, o) is the push-forward of p under the map

Y= pa(ﬂa$07y)'

Under the further assumption that p X p X u generates an ergodic distribution
at a.e. point, the dependence of the phase measure on g is very mild. Indeed, if

we choose another point x; then, by considering the threefold joining @) generated
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by p x ux @ at (xo,y, 1) we find that, writing (o1, 02, 03) for a Q-typical element,

o(o3)

palp, z1,y) = (2)
_ plos) (o)
B p(o1) p(o2)
= c'pa(ﬂu‘TOuy)

where ¢ = po (i, 1, 20) does not depend on y. Thus p.(u,xo,:) depends on xg
only up to a rotation, and the measures 6, (u, xo) and 6, (i, z1) are rotations of
one another. Since we shall be interested in properties which are independent of

rotation, we often suppress the dependence on ¢ and write 6, (u).

Theorem 2.7. Let u be a Ty-invariant measure of intermediate entropy whose
ergodic components a.s. generate the same distribution P. Let o € Xp and 6, =
Oo(1) . Then

(1) faeXp\ @Q then 0, is Lebesgue measure.

(2) IfaeXpn loéa(@ then 04 is singular with respect to Lebesgue measure.

3) IfaeXpn @Z and p s ergodic then 8, consists of a single atom.

We do not know how large the phase measure can be for non-ergodic u. With
our methods we can go a little further and show that dim 6, (x) < 1 — dim p, where
dim is the lower Hausdorff dimension of x. On the other hand, starting with a 7},-

ergodic measure pu with a = in the spectrum of the scenery flow, the measure

n
Toga
v=>,2, 27Ty is again Ta-iivariant and its phase measure consists of atoms at
e(logb/loga), b € N. We suspect that the phase measure is always atomic or at
least of dimension zero, but we have not resolved this.

We next examine how the phase distribution changes when a smooth map is
applied to a measure. First, suppose that u is a measure satisfying the conditions
in Definition 2.6 and the discussion following it. In particular for u x p-a.e. (z,y)
the scenery (pg+ X py¢)e>0 equidistributes for some P-joining P, ,. Now let s € R
and consider the family (y,; X fiy,t+s)i>0, in which we have shifted the second
component by S;'. This family equidistributes for the P-joining Q = (id x S5 )P,
obtained as the push-forward of P, through the map (o,7) +— (0,55 7).2 For

a € ¥p and corresponding eigenfunction ¢, let (o,7) be a P, ,-typical pair such

2This requires a short argument since S U is not continuous, but we omit it.
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that (o, SY 7) is Q-typical. Then

Pa(Q) = palo, SsD 7)

¢(o)
e(as)(r)
= e(—as) pa(o,7)

= e(—as) pa(Pry)

Together with Lemma 2.3, this leads to the following result:

Proposition 2.8. Let u be a T, -invariant measure of intermediate dimension which
a.e. generates a distribution P, let a € Xp and let f € diff'(R). Then 0, (fu) is

well defined, and, fixing a u-typical xq, is given up to rotation by
Ou(fr) = / Oc(~alog f'(y))Pa(Prg.y) H(Y)

The discussion above proves the proposition when f preserves orientation. An
obvious modification of the statement and proof is needed when f is orientation-

reversing. See the remark after Lemma 2.3.
2.4. Proof of the main results.

Proof (of Theorem 1.1). Let p,v be T,-ergodic measures of intermediate dimen-
sion. Suppose f € diff'(R) and fu|p ~ v|g for some set E with v(E) > 0. Then
0o (fule) and 6,(v|g) are equivalent for every @ € Y p. Choosing n € N and
o= % € X p, as we may by Theorem 2.5, it follows from Theorem 2.7 that 6, (v)
is a point mass. Therefore 6,(fu|g) is a point mass, and by Proposition 2.8 this
implies that e(a - log f'(+)) is p-a.s. constant on f~!E, giving the result.

In the case v = p we have fulp < p|g so 0u(frle) < 8a(), and since both
consist of a single atom we have equality. Hence e(a - log f/(+)) = 1 at p-a.e. point

of f7'E, so f'|;-1p is p-a.e. an integer power of at/m. O
Before proving the next theorems we require one more techinical result:

Proposition 2.9. Let u be a T,-invariant measure of intermediate entropy gener-

ating P, and v € ¥p N loéa
(1) p is ergodic and f € diff*(R),
(2) f is affine.

Then 0, (fp) is singular with respect to Lebesgue.

Z. Suppose one of the following holds:

Proof. In the first case 0y (u,xo) consists of a single atom (Theorem 2.7), and
pa(zo,-) is independent of y. Then by Proposition 2.8, up to rotation 6, (fu)
is the image of p under g : z +— e(f’(x)). Since f € C? we have f' € C' and in
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particular f/, and hence g, is Lipschitz. Since p has intermediate dimension it is
singular with respect to Lebesgue, so this is also true of gu, as desired.

In the second case f(x) = ux+v and we need only consider the case u # 0. Since
f'(z) does not depend on z, we find by Proposition 2.8 that 0, (fu) is a rotation of
0o (1) by e(logu), and so, since ) is singular by Theorem 2.7, so is 6, (f ). d

Proof (of Theorem 1.4 and variants). Let u be a T,-invariant measure and v a Tj-
invariant measure, both of intermediate entropy. Suppose that f € diffz(R) and
that (fu)|lg ~ v|g for some E with v(E) > 0. Then 0,(fu|g) is equivalent to
Or(fv|e) and it suffices to show that this is impossible.

Assume that p is ergodic, let P denote the distribution generated by u, and
choose @ € ¥p N @Z, which is possible by Theorem 3.12. Then by Proposition
2.9, 0,(fp) is singular with respect to Lebesgue, while by Theorem 2.7 6, (v) is
absolutely continuous. Thus the two are not equivalent. Note that for this argument
we did not require ergodicity of v.

Assume instead that f is affine (but u, v need not be ergodic). We first disinte-
grate p according to the partition of [0, 1] determined by the level sets of z — P,
where P, is the distribution generated by u at z. Since P, depends only on p(*),
this is a coarsening of the ergodic decomposition. Decompose v similarly. By
Lemma 2.3 f respects these partitions, so it suffices to prove the result for the
corresponding conditional measures, which in the case of u are T,-invariant, and
Tp-invariantin the case of v. Hence we may assume from the start that u, v generate
a single distribution P a.e. The result now follows as above from the second part
of Corollary 2.9.

The case of C''-maps when p, v satisfy some spectral assumptions was sketched
after Theorem 3.12. (|

Proof. Proof (of Corollary 1.5) Suppose pfp~t = T, and gy~ = T, for ¢,9 €
diff*(R/Z). Let p be a common measure of positive dimension. The measures
pu,Yu are invariant, respectively, for T, and T}, and the dimension hypothesis im-
plies that they have no ergodic component of entropy zero. Now o~ (pu) = ou
and Yo~ ! € diff2(R/Z), so Theorem 1.4 implies that ¢u is Lebesgue. Therefore
Yo~ (pp) is a Ty-invariant measure equivalent to Lebesgue, so it must be Lebesgue
measure as well, and so 9p~! preserves Lebesgue measure. The only diffeomor-

phism on R/Z with this property is a rotation. O

3. CONSTRUCTION AND PROPERTIES OF THE SCENERY FLOW

Throughout this section we fix an integer b > 1 and a non-atomic probability
measure 4 on [0,1] which is invariant under T,. We write [u;v) = [u,v) N Z, and

similarly [u;v] etc. Our convention is N = {1,2,3...}.
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3.1. The extended scenery flow. For the moment fix the dimension d = 1 and
consider measures on R. We use * to denote the operation of normalizing a measure
on [—1,1]?, that is, if 7 is a Radon measure on R? and 7([—1,1]) > 0, then

71 T
r([~1.1])

T =
Thus 77 = (7)|(=1,1). Let M* C M denote the set of measures giving unit mass
o [—1,1]. Write S} : M* — M* for the partially defined map

St = (Sep)”

Thus S* = (57 )ier is a measurable flow on the Borel subset of measures p € M*
with 0 in their support.

While working with S* is more natural than S”, we used the latter in the
definition of the scenery flow because P(M*) does not carry a nice topology with
which to define equidistribution of S*-orbits. However there is a simple way to move
between invariant distributions of the two flows. First, one may verify that 7 — 7"
is a factor map from the measurable flow (M*, S*) to the semi-flow (M",S7), i.e.
S (7)) = (Syp)”, and so an S*-invariant distribution @ is pushed via p +— p" to
an S”-invariant distribution P = Q" called the restricted version of Q. Conversely,
if P is a an S -invariant distribution then there is a unique S*-invariant distribution
Q on M*, called the extended version of P, satisfying Q” = P. The extended

version may be obtained as the inverse limit of the diagram

5D o SV o sP O
S MT M M

(so dynamically @ is the natural extension of P). Indeed, starting from a left-
infinite sequence (..., p_2,u_1, o) with ST piy1 = pi, there is a unique measure
oo € M* such that piee|[—pn yn) = Sy pt—n, and the induced distribution ¢ on these
measures is seen to be S*-invariant and satisfy Q" = P.

We shall usually not make the distinction between the extended and restricted
versions of these flows. We note for later use that they have the same pure point

spectrum.

3.2. The scenery flow of a T,-invariant measure. In this section we construct
a flow associated to a Tp-invariant measure, and study its properties. Let Q = Q;, =
{0,...,b—1}%, and denote the shift map on Q by T, i.e. (Tw); = w;y1. We write
wy for the subsequence (w;);er.

Let &, : Q — [0,b7%] denote the map

&p(w) = Z b lw;

i=k+1
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In particular we write

§£=%
which is the base-b coding map taking w € € to the point = € [0, 1] whose base-b
expansion is 0.wiws . . . (note that this map is everywhere uncountable-to-one since
it discards the non-positive coordinates of w).

Every non-atomic Tp-invariant measure p lifts to a unique T-invariant measure
won Q such that i = p; the system (g, T') is a realization of the natural extension
of (u,Ty). For z € [0,1] we denote by u(*) the ergodic component of 2 in y, and
write 7i(*) for the unique ergodic component of i which maps under & to u(*). We
also write i) for the ergodic component of w € €.

Recall that a measure on R has exact dimension « if its local dimension exists
a.e. and is a.e. equal to a.

Below we construct a map 7 : 0 — M, usually denoted w +— p,,, defined a.e. for

every T-invariant measure on (), and satisfying the following properties.

Proposition 3.1. For every Ty-invariant measure p, the following hold:

(1) u®) can be represented as

pl® = /(Ufﬁ(w)/‘w)ho,l]d '™ (w)

and in particular
p= /(UfE(w)/‘w)hO,l]d dp(w)
(2) The map 7 : w— u¥ intertwines the actions of T and Slogbs B-€-
Sfég bl = Ty,

In particular, the distribution

P, = p®
15 Sl*ogb—mvariant, and the map
(R, T) — (M*, Py, Sig)

is a factor map of discrete-time systems.

(3) pw has ezact dimension h(5i))/logb.

We now begin the construction of u,. Let u be a Tp-invariant measure. Given a
left-infinite sequence w(_oe;k) € {0,...,b — 1}(=o03k] Jet i(- | W(—oc;k]) be the proba-
bility measure obtained by conditioning /i on the set {1 € Q : N_ooik] = W(—ooik }-
Note that this set can be identified, using &, with [O,b_k]. Define the measure
1(-|w(—oo:k)) on [0,b7*] by pushing these conditional measure forward through &,
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ie.

/14( | w(*‘)o%k]) = ﬁ(gk_l() | w(foo;k])
Note that this definition depends only on the ergodic component ﬁ(‘“), rather than
the pair (1, w).

For any measurable A C [0,b~*] we have the relation

(A | W(—ooik) = ¢ - (A + b Fwp | W soih1y)

k

w

More generally, for k < m and A C [0,b~™"1], we have

(31) N(A | w(foo;m]) = ci,m : M(A + Z b_iwi | w(foo;k])

k<i<m

where ¢ is a normalizing constant chosen so that equality holds for A = [0,b7%].

m

km _ k+1 |
B = it

where ¢ .- cC

It follows that the sequence of measures p, » € M, defined for k < 0 by

(32) pok(A) =0 p(A+ Y bW | W sk
i=k+1

agree as k — —oo on the increasing sequence of intervals

[—&k(w) &) + 07K == D> b7'wi, Y blwi b7
i=k+1 i=k+1
and vanish outside of them. Therefore, as kK — —oo the measures p,, ;, converge to
a Radon measure which we denote

Mo = lm  pig,
k——o0

Let us now verify the properties stated in Proposition 3.1. First, from equation
(3.2) we see that for k < 0,

0

k(A= E0(w)) = B0 p(A+ D7 b7 wi [ wi—oon)
i=k+1

which, from equation (3.1), implies

fo(A = &o(w)) = p(A]w(—oo,0))

Integrating over w ~ i*) or over w ~ Ji gives part (1) of Proposition 3.1.
Note that 0 € supp p,, and the relation (3.1) implies
1
(3.3) pro(A) = copin(3 4)
for some constant ¢,, independent of A. Thus by (3.3), the map w — p is defined

p-a.e. and intertwines the shift 7" and the scaling map Slogps 1€

* * %
Slog bMw = HTw
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This establishes part (2) of Proposition 3.1 (the later statements in that part follow
from the first).
Let

Wi-..cwn]={neQ :m...nn=w1...wn}
denote the cylinder set corresponding to a finite sequence ws ...w,. A variant of
the Shannon-McMillan-Breiman theorem states that for p-a.e. w,

o1 ~ -~

’n,lLIrOIO n log fi([w1, .., wy] |w(foo;0]) = h(ﬂ(w))

As a consequence for ji-a.e. w the measure 7 = fu(-|w(_o0,0)) has exact dimension
h())/ logb, i.e.

(@)
Lo logT(Bu(@) _ h(E)
N0 log r logd

at T-a.e. point x

(what is obvious is that this limit holds when, instead of B,(x), we consider the
mass of b-adic intervals containing z, since these correspond to cylinder sets; the
version above follows using e.g. [16, Theorem 15.3]). The same argument also holds
for p(-|w(—oo,k) and for any k < 0, hence for i, x, and gives the result for .

As a special case, we remark that when h(z) = 0 all the conditional measures
p(-|w(—o0,k)) consist of a single atom, and consequently, p., = do. Likewise, when /1
is A* it is easy to verify that p, = A* for p-a.e. w. In these cases the flows P, are

trivial, consisting of point masses at the S*-fixed points §y or A*.

3.3. Convergence of the scenery to the scenery flow. We now turn to the
sceneries of Typ-invariant measures and their relation to the flow constructed above.
We continue to work in dimension d = 1 and with the notation of the previous

section.

Proposition 3.2. Let pu be a Ty-invariant measure and let i, ]Sx be as in Proposition

3.1. Then at p-a.e. x, u generates the S*-invariant distribution

1
P$:/ S;F]Ogbpwdt
0

In particular, the scenery flow generated by p at x depends only on the ergodic

component of x and arises as a factor of the logb-suspension of (Q, i), T).

Note that, since by Proposition 2.4 P, is Siogp invariant and ergodic, it fol-
lows immediately that P,, as defined above, is S*-invariant and ergodic and that
(M*, P, Siogp) is a factor of the log b-suspension of the discrete time system (M*, P, Siogb)-
Since (M*, ﬁm, f‘ogb) is a factor of (2, ), T) by Proposition 3.1, the statement in
the second part of the proposition above is automatic, and it remains only to prove

the first, i.e. that u generates P, at x.
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To this end we introduce another sequence of measures i/, , on [0,b7%] by

plp(A) =0 G A+ DD bw)
i=k+1

This is the same as the definition of p,, r except we have not conditioned on w(_ . 4
Proposition 3.3. limy_._ ufu)k = p, weak-* on any compact set in R.

Proof. Let [i(-|wk41;00)) denote the conditional measure z on sequences 1 € € given

the “future” npi1;00) = Wik41;00)- Then
W = [ poditalesne)

= /(Mn,k = pin) A(n|wpt1,00)) + /un AR (Mwikt1:00))

The second term in the last expression is a measure-valued martingale in the vari-
able w with respect to the filtration i C Fi_1,..., where Fj is the o-algebra
generated by coordinates k£ + 1,k + 2,.... Since these algebras generate the Borel
algebra on (2, the term on the right converges pi-a.e. to u, as k — —oo.

In order to deal with the first term on the right, note that if we integrate against
any compactly supported function f on R, for k > ko(w) the measures i, and
In,—oo Will agree on the support of f, and so the integral will vanish. Hence the

first term also converges to 0 weak-* on any compact set. (I
Corollary 3.4. limk_>—oo(/i£u7k)m = (uw)" in the weak-* sense for fi-a.e. w.
For the next step we rely on a classical ergodic theorem due to Maker:

Theorem 3.5 (Maker, [14]). Let (2,v,T) be a measure preserving system. Let F,

be measurable functions with sup,, |F,| € L' and suppose that F, — F a.e.. Then

N
1
v > TF, — E(F|E)
n=1

a.e., where € is the o-algebra of T-invariant sets.

Proposition 3.6. For p-a.e. x

1

N

lim — E é — P,

Nooo N ‘ Mz, nlogb T
n—

Proof. Define F(w) = 5(#, )0 and Fj(w) = 5(# o From the corollary we know
w,—k w
that Fy, — F a.s. and these distribution-valued functions are uniformly bounded

in the space of distributions on P(M"). Thus by Maker’s theorem,

1 N
~ > Fp(T*w) — E(F|€)

n=1
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p-a.e. One verifies from the definitions that

(N/Tkwyk)m = Mzx,klogk

for © = &y(w). The proposition follows, since E(é(u o &) = P,. O

Finally, applying the operator fol S’tDlOg p dt to the limit in the proposition above,

we arrive at the conclusion of Proposition 3.1 concerning continuous-time sceneries.

3.4. The multidimensional case. We now turn to the higher dimensional setting.
Let * denote the normalization operation p — p* = = 1 mEnpId and define the
associated objects as in Section 3.1.

Let p1, ... puqg by Tp-invariant measures and write p = p1 X ... X pg, which is a
measure on [0, 1] invariant under the diagonal map Ty(z) = (Tpz1, - - ., Thzq). The
measure fi = iy X ... x fig on Q% = ({0,...,b—1}9)Z is the natural extension of .
We may define maps & : Q¢ — [0,b7%]? by applying &, coordinatewise and define
amap w — f, € My using the same procedure as in dimension d = 1.

Let ¢; denote projection to the i-th coordinate. Let 7* and 7} denote the maps

w > p and 1 (u;); respectively.

Proposition 3.7. Let u1, ..., g be Ty-invariant measures on [0,1], let p = >< 1M,

and let w — p,, be as above. Then:

(1) The analogs of Propositions 3.1 and 3.2 hold.

(2) o = Xiy (i) i

(3) If u generates P, at x € [0,1]¢ and u; generates P, at y, and we identify
product measures with d-tuples of measures, then the following diagram

factor maps commutes:
([Oa l]da ﬁ(z)v T) — (Mdv PI? Slt)g b)

il L @i

(0L F,T) T (M, Pra, i)
Proof. The proof of (1) is the same as the 1-dimensional case.

For (2), note that the space of product measures on R? is closed and each i,
is a product measure, so the scenery flow of a product measure is supported on
product measures. Hence by part (1), p, is a product measure.

In order to see that u, = Xg:ﬁli,w'a let @ be the Sl*og p-invariant distribution on
pairs of measures obtained by pushing forward jz through the map w — (1)1, 1),
and let Q. be the push-forward of i(*) by the same map, so that Q = [ Qu dp(z).
We wish to show that Q-a.e. pair (1,11 X ... X 14) satisfies 7 = v1, so we must show

that for p-a.e. x this holds for Q.. To see this, consider for p-typical = € [0,1]%
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the sequence
(Tn,s Vn) = ((Ml)ml,n log by Ma,nlog b)
n=1,2,3..., and repeat the proof of Proposition 3.2 to conclude that % 21]:[:1 O(rnm) =
Q.. Since the relationship 7,, = 71 () holds for all n and this is a closed condition,
it holds also for the limiting distribution Q.

Finally, the commutativity of the diagram is a direct result of the relationship
(Mi)wi = Wi(ﬂw)' ]

3.5. Eigenvalues and ergodicity of flows. We briefly present some technical
facts about flows and their spectrum and ergodicity properties. For sake of economy
we present the discussion for an invariant distribution P on (M*, S*).

A function f € L?(P) generally is defined only P-a.e. and hence for typical v
it is defined at S;v for only Lebesgue-a.e. t. The next lemma says that a function
which behaves like an eigenfunction at a.e. point along a.e. orbit may be modified

on a set of measure zero to become an eigenfunction.

Lemma 3.8. Let ¢ € L?(P) and suppose that for every t € R we have Sfp =
e(at)p P-a.e. Then there exists p € L?(P) which, for P-a.e. v, satisfies S;p(v) =
e(at)p(v) for every t € R, and ¢ =@ a.e.

Proof. Define p(v) = fol e(—at)p(Siv) O

Usually, the ergodic decomposition of a measure is defined only in an a.e. sense.
For the decomposition of P with respect to Sj we can give a more canonical
description. We say that an S; -invariant distribution @) is an ergodic component
of P (with respect to Sf)) if it is ergodic for S and fol St .+Qdt = P. Note that
if P = [Q,dP(v) is an abstract ergodic decomposition of P with respect to S
then P = f(fol S} +Qu dt)dP(v), and each of the inner integrals is S*-invariant.
Therefore, ergodicity of P implies that for P-a.e. v the inner integral is P, so @,

is an ergodic component. Hence ergodic components exist.

Lemma 3.9. IfQ and Q' are ergodic components for S, then Sy, Q" = Q for some
r € [0,1]. In particular, the representations of P as fol St .+ Q dt does not depend

(up to a translation modulo 1 of the parameter space) on the ergodic component Q.

Proof. Since .[01 Sf4Qdt, fol S Q' dt are both ergodic decompositions of P, by
uniqueness of the ergodic decomposition we see that for a.e. ¢ € [0, 1] there is an
s € [0,1] with S} ,Q = Sf ,Q". Thenforr =s—t (orr=1+s—tif s <t), we
have @ = S}, (Sft)Q' . The second statement is immediate from the first. O

Lemma 3.10. Let Q) be an ergodic component of P with respect to Sf . Then either
Q = P, i.e. S§ is ergodic, or there is a largest n € N such that Q is invariant

under St*o/n.
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Proof. Consider the map ¢ : R/Z — P(M) given by q(t) = S}, ;Q, which is well
defined since S} @ = Q. Let A C R/Z denote the set of periods of ¢, that is 7 € A
if q(t +r) = q(t) for t € R/Z, or equivalently, such that ¢(r) = ¢(0). Since ¢ is
measurable with respect to Lebesgue measure, either A is discrete or A = R/Z. In
the latter case, since P = fR/Z q(t)dt = q(0) = Q. In the former case A has the

form {£ : 0 < k < n} for some n, and this is the n we are looking for. O

Lemma 3.11. For ty > 0 the following are equivalent:

(1) % €Xp.
(2) For some (equivalently every) ergodic component Q of St , the flow (M*, P, S*)
is isomorphic to the to-suspension of (M*,Q, S}, ).

*

(3) Sf, is not ergodic, and its ergodic components are not preserved under Sto/n

for any n € N.
Proof (sketch). (1) = (2): If ¢ is an eigenfunction for % then one may verify
that the ergodic components of S; are precisely the conditional distributions of P
on the level sets of ¢. Fixing an ergodic component () supported on a level set
¢~ 1(2) define r : M* — [0,1) by e(tor(v)) = 2. Then v — (8™, s p(v)) is an
isomorphism of (M*, P, S*) and the to-suspension of (M*,Q, S}, ).

(2) = (3): Trivial since e.g. the subset of M* corresponding to M* x [0, %) in
the suspension is Sf -invariant, but not S /n—invariant for any 1 #n € N.

(3) = (1): By the previous lemma we find that the action of S* on the ergodic
components for S is isomorphic to [0,%p) with addition modulo Zy. Since P-a.e.
point belongs to a well defined ergodic component, this gives an eigenfunction with
eigenvalue % ([
3.6. The spectrum of (M*, P,, S*). In this section we prove Theorem 2.5. Let
1 be Ty-ergodic with entropy strictly between 0 and logb. Recall the construction
and notation from Section 3.2: specifically (€, 1, T) is the natural extension of
([0, 1], u, Tp), the image of f under w — p, is the Sy, ,-ergodic distribution P (it
does not depend on z or w, as it did in previous sections, because u and & are now
ergodic), and P = fol Sy

Recall that the lower Hausdorfl dimension of a measure 7 is

logbﬁ dt is the distribution of the scenery flow of p.

dim 7 = inf{dim A : 7(A4) > 0}

We note that if 7 has exact dimension « then dim 7 = « as well.
It is simple to verify that 7 < 7" implies dim 7 > dim 7" and, more generally, if
a measure 7 can be written as 7 = f 7;do (i), then dim 7 > essinf; ., dim 7;. Thus

if f is a map then fr = [ fr;do(i), and a similar bound applies.
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We are out to show that

1
ZCSp C—%

=7 = loga " - z

o
loga loga
The right hand side follows from the fact that (M*, P, S*) is a factor of the log b-
suspenssion of ([0, 1], u, Tp). To establish the left hand inclusion it suffices to prove

the following theorem.
Theorem 3.12. There exists an n € N such that & € Y(m+,p,5%)-

Proof. Since P is an ergodic component of P with respect to Si, ., by Lemma
3.10 and 3.11 it suffices to show that P is not S*-invariant. Suppose that it were
S*-invariant. We claim that this implies that p is Lebesgue, contradicting the
assumption of intermediate dimension.

To this end, choose an integer d such that ddimp > 1 and write p*? for the
d-fold convolution of g, which is the image of the d-fold product x%_,u by the
map f(x) = E'Z:l x;. We first show that p*¢ has dimension 1. Recall that by
Proposition 3.1,

p= /Ufg(w)ﬂw dii(w)

Since P is S*-invariant, there is a function &(z, ) € [0,1] such that

1
(3.4) p= / / (U—g(w,t)St10g i) [0,1) dt Fi(w)

J Jo
This gives a similar representation of the product measure: write t = (¢1,...,tq)
and u? for uniform measure on [0,1]?, and likewise write w = (w',...,w?) and

= x4 fi. Then

ngﬂl:/ / Xliizl ((U—g(wi,ti)stibgb/‘:ﬁ)
ad J{o,1)4

Therefore, using the comments preceding the proposition,

0,1]) du(t) dii (w)

dim p*¢ > essinf ) f (X;'izl(U_g(wi7ti)Sti log bllyi) [0,1])

w~pd | teou
Since f is linear and &(w', %) € [0, 1], we have
> essinf dim f (X{_; (Stiogbtin)[-1,1])
w~pd | teoud
because each of the previous measures is absolutely continuous with respect to
the corresponding measure above. Writing fi(z) = > t;x;, we have by another
absolute-continuity argument

> essinf <essinfdi_mft((xf_luwi)h_b)%]))

wr~ad t~ud
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Finally, for fixed typical w we have

d
dim xleuwi = Zdim Lei > 1
i=1
so the inner essinf (over ¢ ~ u?) in the previous expression is 1 by the following

version of Mastrand’s classical theorem on projections of measures.

Theorem 3.13 (Hunt-Kaloshin [9]). Let o be an exact dimensional probability
measure on R? with dim 7 = «. Then for Lebesque-a.e. (t1,...,tq) € RY, the image

d . . . . . : .
of o under x — Y., t;x; is exact dimensional and has dimension min{1,dimo}.

Thus, we have shown that ;*% has dimension 1. Next, note that convolution in
R/Z is obtained by taking the convolution in R modulo 1. Since this is a countable-
to-1 local isometry R — R/Z it does not change dimension, so the d-th convolution
of p in R/Z has dimension 1. Since this convolved measure is also Tj-invariant it
is exact dimensional, and hence its exact dimension is 1, and it must be Lebesgue
measure because this is the only measure of dimension 1 invariant under 7j. Finally,
by examining the Fourier coefficients and using the elementary relation (;L/*E)(k) =
7i(k)?, we conclude that y is Lebesgue measure. This is the desired contradiction.

d

3.7. The phase. Let u be a Tp-invariant measure of intermediate dimension gen-

erating a.e. the same distribution P. As usual we denote by P, the distribution

generated by p at z and by P, , the distribution generated by p x p at (x,y), and

by P, and ﬁwy distributions obtained from g and & x g as in Proposition 3.1.
Throughout this section o € ¥p and ¢ is the corresponding eigenvalue. Recall

that the phase po(P;y) is the almost sure value of ¢(o)/p(y) for o X 7 ~ P, ,

which is the same as for ¢ X 7 ~ ﬁwy Therefore for u x p-typical (x,y) and

corresponding typical (w,n) € Q x Q,

(1)

o (1)

jS)

poz(Pm,y) =

Fixing a u-typical o, the phase measure 6, = 0,(u, o) is the push-forward of u
via y — pa(Pyy,y). Thus, for wy corresponding to xg, we find that 0, (u, o) is the
push-forward of fi through the map 1 — (u, )/ (1)

Proposition 3.14. If A € Xp \ @Q then 0y is Lebesgue measure.

Proof. m — ¢(uy) is an eigenfunction for the system (Q,n,T) with eigenvalue
Alogb. Since Alogb is irrational the distribution of cp(u;;) is uniform on the circle,

so the same is true for ¢(u, )/ (i), and the conclusion follows. O
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Proposition 3.15. If a = #Ogb € Y(m=,p,5+) and p is ergodic then 0, is uniform
measure on a rotation of the m-th roots of unity. In particular if m = 1 then 0,

consists of a single atom.

Proof. n+— ¢(uy) is an eigenfunction of (£2, 1z, T') with eigenvalue (logb)ar = n/m.
The distribution of () for n ~ i it just the distribution of this eigenfunction,
which is uniform on a rotation of the m-th roots of unity. Therefore the same is

true for w(u;o)/sﬁ(u;), 1 ~ [, proving the proposition. (I

Now we turn to the non-ergodic case. For z = e(t) with ¢ € [0,1) let us denote
L(z)=t/a.

Lemma 3.16. The distribution of pf, w ~ 1 is the same as the distribution of

Sts W, 2) ~ Py, X 0o, where O, = 0, (1, 30).

Proof. Write for brevity

_ el
Plw) = o)

and consider the map Q@ — M* x {|z| = 1} defined by

w = (SiL(p(w))/'L:) ; p(w))

It suffices to show that this map takes g to Px 0., and for this we must show that
(a) the second component of the image measure is 6, and (b) conditioned on the
value of the second component, the distribution of the first component is 16%.

For (a) , for « ~ p. Then for fi™-a.e. w the value of p(w) = p(uk,)/e(us) is
pa(ﬁmg,m); because, by definition, p}  x p is a typical element of ]596@0; and this
is the same as po(Pr,.2), because Py, = fol S:log bﬁmo,z dt. The distribution of
Pa(Pry.») this quantity for  ~ u is by definition equal to 6.

Next, conditioned on the value p(w) = @(u,)/¢ (i) we know by Corollary that
SjL(z)ﬁz = ﬁzo. This proves the lemma. O
Proposition 3.17. Ifa € ¥pN @Q then 6, is singular with respect to Lebesgue.
Proof. Our strategy is similar to the proof of Theorem 3.12. Choose an integer d
with d - dim ¢ > 1; we show that if §, were continuous with respect to Lebesgue
measure then this would imply that dim p*¢ = 1, which would contradict the to
intermediate entropy of u, as in Theorem 3.12.

We aim to show that dim ;*® = 1. By Proposition 3.1 we have

= /(UE(w)NW)|[O,l] dii(w)
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Write w = (w!,...,w?) and % = x%_ fi. Let f(z) = 2", ;. Then

dimp ! = dim ([ i Ueganion) o d7(0)
> ejiig{lfCﬁ_mf((x?:lUg(wi)Hw)ho,l]d)
> isi%f(h_mf((xldﬂﬂwi) (~1,1)4)
where in the last equality we used linearity of f. Writing v = (11,...,v4), 2 =
(#1,...,24) and ]5d, < for the d-fold product measures, we can apply the previous

lemma and get
= gSSinf dl_mf ((Xg:lsz(zi)yi)h*l,l]d)

v~ Py, t~02
Setting f;(z) = Y0, efiz; and L(z) = (L(z1), - .., L(za)),

> essinf di_mf—L(z)((szlVi)h—b,b]d)

v~ Py, t~03

Now with vy,...,v4 fixed typical measures for 1510 we know that dezll/i|[_b7b]d
has exact dimension ddimy > 1. Also, since L is a piecewise smooth map, if
6, were absolutely continuous then the distribution of L(z) for z ~ 8¢ would be
absolutely continuous with respect to d-dimensional Lebesgue measure. Hence,
applying Marstrand’s theorem again, we find that for ﬁfo—a.e. choice of v the
dimension in the expression above is 1, so the essential infimum is 1. This completes
the proof. (I
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