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These notes are based on lectures delivered in the summer school “Modern Dynamics
and its Interaction with Analysis, Geometry and Number Theory”, held in Bedlewo,
Poland, in the summer of 2011. The course is an exposition of Furstenberg’s conjectures
on “transversality” of the maps * — ax mod 1 and x — bx mod 1 for multiplicatively
independent integers a,b, and of the associate problems on intersections and sums of
invariant sets for these maps. The first part of the course is a short introduction to
fractal geometry. The second part develops the theory of Furstenberg’s CP-chains and
local entropy averages, ending in proofs of the sumset problem and of the known case
of the intersections conjecture.
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1 Introduction

1.1 Main problem

Let [z], denote the base-b representation of x € [0, 1], i.e.

[z]p = 0.2122... <— x= inb%
i=1

For fractions of the form k/b" there are two possible expansions, we choose the one
ending in 0s. These notes are about the deceptively simple question, what is the relation
between [z], and [z], for a # b7 Algorithmically, converting between bases is a trivial



operation. But in most cases it is entirely non-trivial to discern any relation between
the statistical or combinatorial properties of the expansion in different bases.

There are two trivial cases where expansions in different bases are closely related.
The first is when x is rational, in which case the sequence of digits is eventually periodic
in every base (there remain subtle questions about the period, but qualitatively these
expansions are all similar).

The second trivial case is when there is an algebraic relation between the bases.
Specifically, if [z], = 0.z122 ... and a = b? then the expansion [z], arises by grouping
the digits of [x], into pairs. Indeed,

T = chib_i = Z(bl?ifl + $2i)(b2)_i
i=1

=1

Therefor, writing y; = bxg;—1 + x2;, we have [z], = 0.y192 . ... In a similar way, if a = b"
then we obtain [z], from [z], by grouping digits into blocks of length n.

Definition 1.1. Integers a,b are multiplicatively dependent, denoted a ~ b, if a,b are
powers of a common integer, i.e. a = ¢* and b = ¢*? for some ¢, k1, k2 € N (equivalently
loga/logh € Q). Otherwise they are multiplicatively independent, denoted a # b.

By the previous discussion, if a ~ b then the expansions [z],, [z], are closely related
via the expansion in the base ¢ € N that satisfies a = ¢*1, b = ¢*2. A concrete manifes-
tation of this, due to W.Schmidt [18], is that if @ ~ b then x is normal! in base a if and
only if it is normal in base b.

Having excluded two trivial cases, what remains is to understand the expansions of
numbers x € R\ Q in bases a o¢ b. This is an exceptionally hard problem and almost
nothing seems to be known. There is, however, a far-reaching conjecture by Furstenberg,
predicting that for a % b the expansions [z],, [], cannot simultaneously have too low a
complexity. To state the conjecture we interpret the complexity of the digit sequence in
the standard way, as the growth rate of the number of distinct sub-sequences of a given
length. More precisely, a sub-block of length k of [z], = 0.x12z2... is a sub-sequence
Tiy .. Tipp—1 € {0,...,b— 1}* for some i. Let

ck(x;b) = #{distinct blocks of length k in [z]}

Since every sub-block of length k + m of [z], is the concatenation of sub-blocks of [z];,
of lengths k and m, one has

Chm(230) < cx(@5D) - e (a5D)

and so the sequence %logb ck(x; b) is subaddtive, and the limit

c(z;b) = lim

dm ogp 108 k(@i 0)

exists. This limit is referred to as the (normalized) b-adic complexity of x. Since 1 <
cr(x;b) < b¥ this normalization ensures that 0 < ¢(z;b) < 1.

! A number z is said to be normal in base b if the empirical statistics of the digit sequence [z]p is the
same as that of uniformly chosen i.i.d. digits.



Example 1.2. .

1. Suppose z € Q. Then [z], is eventually periodic with some period m, meaning that

there is an n and digits ai, ..., an, b1, ..., by such that [z]y, = 0.a1 ... apby ... byb1 ..

It is clear that a block of length k appearing in [z]; at an index ¢ > n is determined
by i mod m, so ci(z;b) < n+ m, independently of k. Thus ¢(z) = 0.

2. Choose = 0.x1x3... by selecting z; uniformly at random from {0,...,b — 1},
independently of each other. Then with probability 1, every finite block appears
as a sub-block in [x]p, so ¢ (2;b) = b* and c(z;b) = 1.

Conjecture 1.3 (Furstenberg 1970). Ifa £ b and x € [0,1] \ Q then
c(zy;a) +c(z;b) > 1

In other words, low complexity in one base b implies correspondingly high complexity
in every other base a ¢ b.

It is worth noting that this conjecture is related to problems about integer expansions.
For example, Erdods has conjectured that there is an ng such that for n > ng, the digit
2 appears in the base-3 expansion of 2" (see [4, 13]). Though as far as we know these
two conjectures are not related, Conjecture 1.3 does imply a stronger fact for certain
other pairs of bases: For example, that for every block w of binary digits, w appears in
[2"]10 for n > ng(w). See [6].

Little is known about Conjecture 1.3 itself, and we shall have little to say about
it here. However, in its place Furstenberg proposed two geometric conjectures. These
concern the intersections and linear projections of certain fractal sets, and their validity
would provide some support for the conjecture above. The purpose of these notes is to
present the state of the art on those problems (we postpone their precise statement to
Section 5).

1.2 Organization

We begin in Sections 2-4 with a brief introduction to dimension theory. In Section 5
we state the geometric conjectures and discuss some related problems. In Section 6
we develop Furstenberg’s notion of a CP-chain. In Section 7 we prove what is known
about the intersections conjecture. In Section 8 we develop the method of local entropy
averages, and in Section 9 present the proof of the projections problem.

1.3 Pre-requisites

We assume the reader has some background in analysis and ergodic theory. Specifically
we freely use standard results in measure theory and ergodic theory, in particular the
ergodic and ergodic decomposition theorems, conditional expectation and martingale
convergence theorem. Some less well-known results of this nature are presented but
without proofs. We also rely on the basic properties of Shannon entropy, stating the
properties we need without proofs.

No background is assumed in fractal geometry.

ombr -



1.4 Conventions and notation

N = {0,1,2,...} and N, = {1,2,3...}. We equip R? with the metric induced by the
sup norm ||-||,. When convenient we omit mention of the o-algebra of a measurable
space (it is by default the Borel algebra when the space is a topological space) and sets
and functions are implicitly assumed to be measurable when this is required. Spaces of
probability measures are given the weak-* topology when this makes sense. We follow
standard “big O” and “little 0” notation

For the reader’s convenience we summarize our main notation in the table below.

B, (z) The closed ball of radius r around z

P(X) Space of probability measures on X

|A] Diameter of a set A

D2 (or D) Partition of R? into n-adic cells (Definition 2.6)

Dy (x), A(x) The element of the partition D,, (resp. A) that contains x.
dimyy, dim Mankowski and Hausdorff dimension (Definitions 2.1 and 2.11).
dim(p, x) (Lower) pointwise dimension of p at x (Definition 3.1)
dim g, dim g Upper and lower dimension of measures (Definition 3.8)
dim g Exact dimension of p (Definition 3.9)

gk Space of linear maps R% — R¥.

Tuw The map m, (z) = ux +v, x € R.

Ly The line {(x,y) € R? : y = uzx + v}.

wyv,m, 0 Probability measures on R%.

PQ,R Distributions (probability measures on “larger” spaces).
fu Push-forward of a measure p by a map f.

Lp Homothety mapping D € D,, onto [0,1)%.

WA Conditional measure of u on A (assuming u(A) > 0).
u L apa, the re-scaled version of puy (for A a cube)

A {0,...,b— 1} (digits of d-dimensional b-adic coding)
Q AN+ (symbolic coding space of [0, 1]¢.

[a] Cylinder set corresponding to a € A”™.

Cn Partition of Q into cylinders [a] for a € A™.

o Shift map, o(x), = Tpt1.

La pa) (for a € A", assuming pfa] > 0)

n o™ g (for a € A™)

vy Symbolic coding v : Q@ — [0, 1]¢.

o A x P(Q) (CP-space, Definition 6.14).
F={Fium}emes Furstenberg kernel (Definition 6.14).

H(p, A), H(u, A|B) Shannon entropy and conditional entropy.

em(p, m, ), e(u, 7, ) Definition 8.7

dime @ Entropy dimension, Definition 9.1

Hamy 15 Definition 9.5

em (P, m),e(P, ) Definition 9.9




2 Notions of dimension for sets

Fractal geometry is a branch of analysis concerned with the fine-scale structure of sets
and measures, usually in Euclidean spaces. The most basic quantity of interest is the
dimension of a set. In this section we recall the definitions of Minkowski (or box)
dimension and Hausdorff dimension, and the relations between them. In the next section
we discuss the dimension of measures. For a more thorough introduction to fractal
geometry see Falconer [5] or the monograph of Mattila [15].

2.1 First example: middle-a Cantor sets

The word “fractal” is not a well defined mathematical notion, and many of the tools of
fractal geometry apply to arbitrary subsets of Euclidean space or a metric space. The
term often refers, however, to sets which possess some hierarchical structure or that are
invariant under some hyperbolic dynamics. Before giving general definitions, we begin
with the simplest examples.

Let 0 < a < 1. The middle-a Cantor set C, C [0,1] is defined by a recursive

procedure. For n = 0,1,2,... we construct a set C} which is a union of 2" closed
intervals, each of length ((1 — )/2)". To begin let C0 = [0,1]. Assuming that C” has
been defined and is the disjoint union of the closed intervals Iy, ..., Ion, set
277.
ctt=Jarurn)
i=1

where Il-jE C I; are the closed sub-intervals that remain after one removes the open
subinterval of relative length « from I; (thus, if I = [a,a + 7], then I~ = [a,a + 1527]
and I't = [a — 1527, d)).

Clearly C% D Cl D ... and the sets are compact, so the set

ca:ﬁcg
n=0

is compact and nonempty.

All of the sets C,, 0 < a < 1, are mutually homeomorphic, since all are topologically
Cantor sets (i.e. compact and totally disconnected without isolated points). They all
are of first Baire category. And they all have Lebesgue measure 0, since one may verify
that Leb(Cll) = (1 — @)™ — 0. Hence none of these theories can distinguish between
them.

Nevertheless, qualitatively it is clear that C, becomes “larger” as o — 0, since
decreasing « results in removing shorter intervals in the course of the construction. In
order to quantify this one uses dimension.

2.2 Minkowski dimension

Let (X, d) be a metric space. For A C X, the diameter of A is denoted |A| and given by

|Al = sup d(z,y)
T,YyeA



The simplest notion of dimension measures the growth of the number of sets of a given
diameter needed to cover a set.

Definition 2.1. Let (X, d) be a metric space. For a bounded set A C X and § > 0 let

k
N(A,0) =min{k : AC U A; and |A;] < 0}

=1

The Minkowsk:i dimension of A is

. _ .. log N(4,9)
dlmM(A)_%lg(l) log(1/9)

assuming the limit exists. We define the upper and lower dimensions

- . log N(A, )
d A = 1 —_—
) = e 7

. ... logN(A,9)
dimy(4) = lminf = a5

Remark 2.2. .

1. dimy A = o means that N(A, ) grows approximately like =% as § — 0. More
precisely, dimy A = « if and only if for every € > 0,

67078 < N(4,6) < 6@+ for sufficiently small § > 0
2. Clearly
@NI A S MM A
and dimy; A exists if and only if the two are equal.

3. It is possible that dimy; A = oo. In fact, dimy; A < oo implies that A it totally
bounded, and this is the same as compactness of the closure A.

4. Dimension is not a topological notion, rather, it depends on the metric. In R?
we use the metric induced from the norm ||-||,, but it is not hard to verify that
changing the norm changes N(A,d) by at most a multiplicative constant, hence
does not change dimy.

Example 2.3. .

1. A point has Minkowski dimension 0, since N ({z¢}, ) = 1 for all §. More generally
N({x1,...,2n},0) < n, so finite sets have Minkowski dimension 0.

2. A box B in R can be covered by c- =% boxes of side §, i.e. N(B,6) < cd~%
Hence dim B < d for any bounded set B.



3. If A C R? has dimy A < d then Leb(A) = 0. Indeed, choose & = (d — dimy A4).
Then, for all small enough 4, there is a cover of A by §—(dimm A+e) gets of diameter
< 8. Since a set of diameter < § can itself be covered by a set of volume < ¢§¢,
we find that there is a cover of A of total volume < ¢§® . §—(dimm A+e) — ~5¢  Since
this holds for arbitrarily small §, we conclude that Leb(A) = 0.
Equivalently, if A C R? and Leb(A) > 0 then dimy A > d. In particular, for a
bounded set £ C R¢ with non-empty interior we have dimy E > d, and also, by
the previous example, dimy £ < d, so dimy £ = d.

4. A line segment in R? has Minkowski dimension 1. More generally any bounded
k-dimensional embedded C'-submanifold of R¢ has box dimension k.

5. Let us show, forC,, as in Section 2.1, that dimy; C,, = log2/log(2/(1 —«)). To get
an upper bound, notice that for §, = ((1 — «)/2)" the construction of the sets C}
provides a cover of C,, by 2" disjoint intervals of length d,,, hence N(Cy, d,) < 2™.
If 6,41 < 9§ < 6, then clearly

N(Cy,0) < N(Cg,bpy1) <27+
On the other hand every set of diameter § < §,, intersects at most two maximal
intervals in C}, and any cover of C/ must intersect each of these intervals, hence
1
N(Cq,9) > 5-2”
so for 0,41 < 9 < §, we have shown that
nlog2 —log 2 <logN(Ca,6) < (n+1)log2
(n+1)log(2/(1—a)) = logl/d ~ nlog(2/(1—a))
Taking 6 — 0, we find that dimy Cy, = log2/log(2/(1 — a)).

Proposition 2.4 (Properties of Minkowski dimension). 1. AC B — dimyA <
dimy; B.

2. dimM A= dimM Z

3. dimyg A depends only on the induced metric on A.

4. If f: X =Y is Lipschitz then dimy fA < dimy A, and if f is bi-Lipschitz then
dimy; fA = dimyg A.

The proofs are easy consequences of the definition and are omitted (see the closely
related proof of Proposition 2.12 below).
Here is a simple but nontrivial application:

Corollary 2.5. For 1 < a < 3 < 1, the sets C,,Cg, are not Cl-diffeomorphic, i.e.
there is no C'-diffeomorphism f of R such that fCy = Cj.

Proof. If f: R — R is a C! diffeomorphism then f|c, : Co — f(C4) is bi-Lipschitz, so
by part (4) of the proposition, dimy; fC, = dimy C,,. But for a # 3, we have seen that
log 2 log 2
log(2/(1—a)) * log(2/(1—f))
so fCy # Cp. O

dimy; C,, = = dimy Cp



2.3 Covering with cubes

We now specialize to Fuclidean space and show that in the definition of Minkowski di-
mension, one can restrict to covers by convenient families of cubes, rather than arbitrary
sets. This is why Minkowski dimension is often called box dimension.

Definition 2.6. Let b > 2 be an integer. The partition of R into b-adic intervals is

k k+1

Dy=Alg,——) : keL}

The corresponding partition of R? into b-adic cubes is
DI={I x...x1I;: I € Dy}

(We suppress the superscript d when it is clear from the context). The covering number
of A C R by b-adic cubes is

N(X,Dy) =#{D €Dy : DNX # 0}

Lemma 2.7. For any integer b > 2,

1
dimy X = lim ——— log N (X, Dyn)
n—oo nlogb

and similarly for dimy; and dimy;.
Proof. Since |D| =b~" for any D € D} (recall that we are using the sup metric),
N(A,c-b™) < N(A, Dyn)

On the other hand every set B with |B| < b™" can be covered by at most 2¢ cubes
D € Dyn. Hence
N(A, Dy) < 2¢N(A,b7")

Substituting this into the limit defining dimy, and interpolating for b=""1 < § < b7
as in Example 2.3 5 above, the lemma follows. O

2.4 Hausdorff dimension

Minkowski dimension is relatively simple to compute, but it is a rather coarse quantity
that is sometimes “too large”. For example, countable sets may have positive dimension:

dimy(Q N [0,1]) = dimy (Q N [0, 1]) = dimy[0,1] = 1

Worse yet, this can occur for closed countable sets. For example the Monkowski dimen-
sion of

A:{O}U{%:neN}

is % We leave the verification to the reader.
Hausdorff dimension provides a better, albeit somewhat more complicated, notion of
dimension. To motivate the definition, observe that sets of positive Lebesgue measure



in R? are natural candidates to be considered fully d-dimensional, so one should look
for sets of dimension < d among the Lebesgue nullsets. Recall that such a nullset is just
a set with the property that it can be covered by balls whose total volume is arbitrarily
small, where the volume of a ball of radius r is proportional to ¢ . Imagine now that
we have a notion of “volume” for which the mass of a ball of radius r was of order r<.
Then a set of positive “volume” would be a candidate to have dimension > «, and a set
of “volume” zero would be a candidate to have dimension < «.

Although for a < d there is no canonical locally finite? measure on R? for which
magss decays in this way, one can use this heuristic to define the notion of a null set. The
following definition is the same as the definition of Lebesgue-null sets in R?, except that
the contribution of each ball is 7 instead of r?.

Definition 2.8. Let A be a subset of a metric space. The a-dimensional Hausdorff
content H,, is

Ho(A) =inf{> 4| : AC (A}
i=1 i=1
We say that A is a-null if Hy(A) = 0.
Remark 2.9. .

1. Hy is not a measure, and it is usually denoted H2° in order to distinguish it from
Hausdor{l measure. We shall not discuss Hausdorfl measures here, and adopt the
simpler notation without the superscript co.

2. The definition of H, does not require that the sets A; have small diameter. When-
ever A is bounded one can cover it with a single set, and then H,, is finite. For
unbounded sets H, may be finite or infinite.

Lemma 2.10. If Ho(A) =0 then Hg(A) =0 for f > a.

Proof. Let 0 < € < 1. Then there is a cover A C |J A; with > |4;|* < e. Since e < 1,
we know |A;| <1 for all i. Hence

DA =D AMALTT <Y A <€

so, since € was arbitrary, Hz(A) = 0. O]

From the lemma it follows that for any A # () there is a unique «ap such that
Ho(A) =0 for a > ap and Hy(A) > 0 for 0 < a < ap.

Definition 2.11. The Hausdorff dimension dim A of A is
dim A = inf{a : H4(A) =0}

Proposition 2.12 (Properties of Hausdorff dimension). .

2A measure is locally finite if bounded Borel sets have finite measure. In complete separable metric
spaces this implies that the measure is inner and outer regular as well, i.e. it is a so-called Radon
measure.

10



1. ACB — dimA <dimB.
A=2,4; = dimA=sup;dim4; .

dim A depends only on the induced metric on A.

Gro o e

If f is a Lipschitz map X — X then dim fX < dim X, and bi-Lipschitz maps
preserve dimension.

Proof. .
1. Clearly if B is a-null and A C B then A is a-null, and the claim follows.

2. Since A; C A, by (1) we have dim A > sup, dim A;.

To show dim A < sup,dim A;, it suffices to prove for a > sup; dim A4; that A is
ca-null. This follows from the fact that each A; is a-null by the same argument that
shows that a countable union of Lebesgue-null sets is Lebesgue null. Specifically,
for € > 0 choose a cover A; C |J; A j with 3, |4;;|* <e/2". Then A C |, ; Ai;

and .
Z\Ai,jlo‘ < Z? <e
1,7 (2

Since € was arbitrary, Hqo(A) = 0.

3. Let B > a > dimy A and fix any small 6 > 0. Then there is a cover A C Ufil A;
with diam 4; < § and N < §~¢. Hence E?;l(diamAi)fB < Zfil 0P < 558 =
6%, Since § was arbitrary, Hg(A) = 0. Since B > dimy; A was arbitrary (we can
always find suitable «), dim A < dimy; A.

We leave the proof of (4) and (5) to the reader. O

Analogous to the fact that Minkowski dimension can be defined using boxes, we
have:

Lemma 2.13. The same notion of dimension is obtained if, for some integer b > 2, in

the definition of Ho(A) , we restrict to covers {A;} of A with A; € |J,cry Dor.

We leave the proof to the reader. Note, however, that if we reverse the quantifiers
and consider covers {A;} such that there is an n with A; € D,, for all 7, then rather than
Hausdorfl dimension one ends up with lower Minkowski dimension.

Example 2.14. .

1. A point has dimension 0, so by the previous proposition countable sets have di-
mension 0. This and the examples at the beginning of Section 2.4 show that the
inequality dim A < dimy; A can be strict.

2. dimA < d for any A C R?%. Indeed, since we can write A = Upep, AN D, by
Proposition 2.12 (2) it is enough to prove dim AN D < d for D € D;. This follows
from the fact that by Example 2.3 (2), dim A < dimy A < d for any bounded
ACRY

11



3. It is clear from the definition that H4(A) = 0 if and only if Leb(A) = 0. It follows
that any A C R? of positive Lebesgue measure (or even outer measure) satisfies
dim A > d. Thus, by the previous example, such sets satisfy dim A = d.

4. A set A C R? can have dimension d even when its Lebesgue measure is 0. Indeed,
we shall later show that C,, has the same Hausdorff and Minkowski dimensions.
Let A = U,enCi/n- Then dim A = sup,, dim Cy/, = 1 (Proposition 2.12 (2)).
Hence dim A = 1. On the other hand Leb(C),,) = 0 for all n, so Leb(A) = 0.

5. If M is an embedded k-dimensional C'' submanifold M of R%, then it is bi-Lipschitz
equivalent to a subset of R* with non-empty interior, so dim M = k.

3 Notions of dimension for measures

The Hausdorff dimension of a set is usually more difficult to compute than the Minkowski
dimension. This is true even for very simple sets like the middle-a Cantor sets. One can
often obtain an upper bound on the Hausdorff dimension by computing the Minkowski
dimension, but in order to get a matching lower bound, if one exists, the appropriate
tool is often the construction of appropriate measures on the set. In this section we
develop this connection between the dimension of sets and measures.

3.1 The pointwise dimension of a measure

The definition of Hausdorff dimension of sets in RY was motivated by an imaginary
“volume” which decays r* for balls of radius r. Although there is no canonical locally-
finite measure with this property for a < d, we shall see below that there is a precise
connection between dimension of a set and the decay of mass of measures supported on
the set.

We restrict the discussion to sets and measures on Euclidean space. As usual let

Br(x) ={y : |z -yl <7}
although one could use any other norm with no change to the results.

Definition 3.1. The (lower) pointwise dimension of a measure u at x is

: o log u(Br(2))
dim(p, x) = llm&lf ~logr

(1)

(note that dim(u,x) = oo for x ¢ supp u).

Thus dim(pu, ) = o means that the decay of pu-mass of balls around z scales no
slower than ¢, i.e. for every ¢ > 0, we have u(B,(z)) < r*~¢ for all small enough r,
and that this « is the largest number with this property.

Remark 3.2. .

1. There is an analogous notion of upper pointwise dimension using limsup, but we
shall not have use for it here.

12



2. In many of the cases we consider, the limit (1) exists. In that case p is said to
have exact dimension « at z.

3. There is a natural stronger notion of decay of mass at a point, namely, it may
happen that for some «, the limit lim (B, (x))/r® exists and is positive and finite.
For o = d and a measure p on R? absolutely continuous with respect to Lebesgue
measure, or to a smooth volume on a submanifold, such decay is guaranteed u-
a.e. by the Lebesgue differentiation theorem. It is a remarkable fact due to D.
Preiss [17] that if o is not an integer, then for any measure pu on R? the limit
lim p(By(z))/r® can exists only for = in a p-nullset.

Example 3.3. .
1. If u = 9§, is the point mass at u, then pu(B,(u)) = 1 for all r, hence dim(p,u) = 0.
2. If \ is Lebesgue measure on R? then A(B,(z)) = cr? for any z, and dim(u, ) = d.

3. Let 4 = A+ dp where A is the Lebesgue measure on the unit ball. If x # 0
is in the interior of the unit ball, u(B,(z)) = A(B,(x)) for small enough r, so
dim(p, x) = dim(\, z) = d. One easily sees that the same local dimension occurs
also on the boundary of the unit ball. On the other hand u(B,(0)) = A(B,(0))+1,
so dim(u,0) = 0.

4. Let p = po on C, denote the probability measure which gives equal mass to
each of the 27 intervals in the set C” introduced in the construction of C,. Let
dn = ((1 — @)/2)™ be the length of these intervals. Then for every z € C,, one
sees that Bjs, (x) intersects at most two of the stage-n intervals and contains one

of them, so
27" < u(Bs, (x)) <27
Hence
i 108 #(Bs, () _ log 2
im =
n—r00 log 6, log(2/(1 — «))

One obtains the same limit as § — 0 continuously by observing that Bs,, (z) C
B, (z) C By, (x) whenever 6,41 < 7 < d,,. Hence dim(pq, z) = log2/log(2/(1—a))
for every z € C,.

The fundamental relation between pointwise dimension of a measure and Hausdorff
dimension of sets is given in the next proposition, before which we recall the well-known
Vitali covering lemma whose proof can be found e.g. in [15].

Lemma 3.4 (Vitali covering lemma). Let {B;};cr be a collection of balls in R whose
radii are all less than some R. Then there is a subset J C I such that {B; : j € J} are
pairwise disjoint, and \J;c; B; C UjeJ 5B;, where 5B; is the ball with the same center
as Bj and 5 times the radius.

Proposition 3.5. Let u € P(RY) and let A CR? be a set with u(A) > 0.
1. (Mass distribution principle) If dim(u,x) > a for all x € A, then dim A > «.

2. (Billingsley’s lemma) If dim(u,x) < « for all x € A then dim A < a.
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Remark 3.6. In the first part of the theorem one can clearly relax the hypothesis and only
require it to hold for p-a.e x or even a positive u-mass of z , since then the bound applies
to the subset Ag C A of points x for which it holds, and then dim A > dim Ay > «. It
is not possible to similarly relax the second part.

Proof. We prove the first statement. Suppose by way of contradiction that dim A < «
and let dim A < 8 < «a. Applying Egorov’s theorem to the limit in the definition of
dim(u, x), we can find a subset of A of positive (actually, arbitrarily large) measure
where the convergence in 1 is uniform, and of course this set still has dimension < a.
Replacing A with this set we can assume that there is an r¢ such that if » < rg then
w(Br(x)) < rP for all x € A.

For every & > 0 there is a countable cover A C |J 4; such that 3 |4;]% < §. We may
assume A; N A # (), since otherwise we can throw that set out. Let x; € A; N A and
ri = |Ail, so that A; C By, (z;). Also note that |A;1P < 6,801 < §1/8. Hence, assuming
0 is small enough, implies r; < rg. We now have

p(A) < D7) <7 p(Brilas) < 3] <6

Since § was an arbitrary small number we get p(A) = 0, a contradiction.

Now for the second statement. Let € > 0 and fix rg > 0. Then by assumption, for
every x € A we can find an r = r(x) < rq such that B, = B, () satisfies u(B,) > r®*e.
Apply the Vitaly lemma to choose a disjoint sub-collection {By, }icr € {Bz}zea such
that A C (J;c; 5Bz, Using the fact that [5B;,| = 5-|By,|, we have

Ha+2€(A) < Z |5Bwi|a+2€
el
— pat2e, Z ‘B:cz ’a+25
iel
< gat2e TS ZM(BM)
iel
< 5 (R

Since p is finite and ¢ was arbitrary, we find that Hs42:(A) = 0. Hence dim A < a+2¢
and since € was arbitrary, dim A < a. O

As an application we can now compute the dimension of the sets C, from Section
2.1:

Corollary 3.7. dim C, = dimy C,, = log2/log(2/(1 — a)).

Proof. Let = log2/log((1 — a)/2). We saw already that dimyC, < (3, and so
dimC, < . We also saw in Example 3.3 (4) that there is a measure p, on C, with
dim(u, x) > B for x € C,, so by the proposition dim C,, > 5. The claim follows. O

The last argument is typical of computing the dimension of a set: generally one
obtains an upper bound using Minkowski dimension, and tries to find a measure on the
set which gives a matching lower bound.
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3.2 Dimension of measures

Having defined dimension at a point, we now turn to global notions of dimension for
measures. These are defined as the largest and smallest pointwise dimension, after
ignoring a measure-zero set of points.

Definition 3.8. The upper and lower Hausdorff dimension of a locally finite measure
u are defined respectively by

dimpu = esssupdim(u, )
ToU

dimp = essinfdim(u, z)
T~

If the pointwise dimension is p-a.s. constant, i.e. dim g = dim u, then their common
value is the pointwise dimension of p and is denoted dimg p.

There is a stronger notion of dimension which is not always defined but, when it is,
is sometimes useful:

Definition 3.9. If the limit in Equation (1) exists and is p-a.s. independent of x, then
this value is called the ezact dimension of u and is denoted dim p.

Clearly if u is exact dimensional then dimpu = dimp = dim gy, but the converse
implication is false.

Proposition 3.10. If 4 is a locally finite measure on R? then dimy = inf{dim A :
u(RA\ 4) = 0},

Proof. Since p is o-finite it is easy to reduce to the case that p is a probability measure,
which we now assume. Write o = dimp. If A is a Borel set with u(A) = 1, then by
definition of dim p for every ¢ > 0 there is a subset A. C A such that dim(u,2) > a —¢
for x € A., and u(Az) > 0. From the Proposition 3.5 (1) we have dim A > a—e. Since
dim A > dim A., we have dim A > «. Hence a < inf{dim A : p(A4) = 1}. To prove
equality, let

A={zcR?: dim(y,z) < a}

By definition of o = dim u, we have u(A) = 1. By Proposition 3.5(2), we know that
dim A < . Hence inf{dim A : u(A) =1} < dim A < a. This completes the proof.
A nearly identical argument gives: O

Proposition 3.11. If 4 is a locally finite measure on R? then dimp = inf{dim A :
u(A) > 0}.

Proof. Write a = dim p. Clearly if p(A) > 0 then after removing a set of measure 0
from A, we have dim(u,z) > « for & € A, so by Proposition 3.5(1), dim A > «. This
shows that a < inf{dim A : u(A) > 0}. For the converse direction fix € > 0 and let

A={z : dim(p,x) > a}

so u(A) > 0. By Proposition 3.5(2), we know that dim A < «. Hence inf{dim A :
u(A) >0} < dim A < a. This completes the proof. O
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We have seen that the dimension of a set is no smaller than the dimension of the
measures it supports. There is a converse result which we do not prove, see [15]:

Theorem 3.12 (Frostman’s lemma). If X C R? is a Borel set and Ho(X) > 0 then
there is a measure y on X such that dim u > «. In particular, for every € > 0 there is
a probability measure p supported on X such that dim p > dim X — e.

In general one cannot always find a measure p on X with dim g = dim X. Indeed, if
X =JX,, and X,, has dimension o — 1/n, then dim X = «, but by Theorem 3.11 any
measure of dimension a will satisfy p(X,,) = 0 for all n and hence u(X) < > u(X,) = 0.

Corollary 3.13. for a Borel set X,
dim X = sup{dimp : p € P(X)}

Proof. For p € P(X) we have dim X > dim p by Proposition 3.11, giving dim X >
sup{dim p : p € P(X)}. The reverse inequality follows from Theorem 3.12. O

3.3 Density theorems

For A =Lebesgue measure on R?, the Lebesgue density theorem states that if f € L1(\)

then for A—a.e. x,
1
Jim d/ Fd) = f(x)
r—0 cr B, (z)
(here c is the inverse volume of the unit ball, which in the ||-|| , norm is just 2%).

For other measures p one might expect that, if dim(u,x) = «, then the same would
hold with r® in the denominator rather than r¢. This is almost never the case (see
Remark 3.2(3)), but we have the following, where r® is replaced by u(B,(z)), and
similarly along b-adic cells (rather than balls). We write

Dy(z) = the unique D € Dy, containing =

Theorem 3.14 (Differentiation theorems for measures). Let p be a locally finite measure
on R% and f € L'(u). Then for p-a.e. x we have

) T
and for any integer b > 2,
liml/ fdp= f(x)
n—=00 ((Dyn () Jpyn (2)

Remark 3.15. .

1. The first of these results is due to Besicovtich and can be found e.g. in [15]. The
formulation makes sense in a general metric space, but the theorem does not hold
in this generality. The two main cases in which it holds are Euclidean spaces and
ultrametric spaces, in which balls of a fixed radius form a partition of the space.
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2. The second statement is a consequence of the martingale convergence theorem,
since the ratio whose limit we are taking is nothing other than E(f | Dy )(z).

Let 11 be a measure on R% and A a set with p(A) > 0 and pu(R%\ A) > 0. Topologically,
A and its complement can be very much intertwined: for example both may be dense,
or even have positive measure in every open set. However, from the point of view of p,
they become nearly separated when one gets to small enough scales.

Corollary 3.16 (Density theorems). If j1 is a locally finite measure on R® and pu(A) > 0,
then for p-a.e. © € A,

Proof. Apply the previous theorem to the indicator functions 14 and 1lgay 4. O

Corollary 3.17. If v < p are locally finite measures on R? then dim(v, z) = dim(u, x)
for v-a.e. x. In particular, if p(A) > 0 and v = pla, then dim(p,x) = dim(v,x) at
v-a.e. T.

Proof. Let dv = f - du where 0 < f € L'(u), so that v(B,.(z)) = fBT(:p) fdu. Taking
logarithms in the differentiation theorem we have

}i_r)r{l) (logv(B,(x)) — log u(By(x))) = log f(x) v-a.e. T

Since 0 < f(z) < oo for v-a.e. x, upon dividing the expression in the limit by logr
the difference tends to 0, so the pointwise dimensions of u, v at x coincide. The second
statement follows from the first. O

Corollary 3.18. If u = vy + vy is a locally finite measure on R then
dimpy = max{dimvp,dimv;}
dimpy = min{dimvy,dimv;}
and similarly if p =" .2, v; (with sup and inf instead of max and min, respectively).

Proof. Choose pairwise disjoint sets Ao, Ao1 and A; such that u|a,, is equivalent to both
V1) ag,and va|a,,, but wla, L vy and pla, L vi. By the previous corollaries, for p-a.e.
x € Ap; we have dim(u, ) = dim(vy, x) = dim(ve, x), while for p-a.e. z € Ay we have
dim(p, x) = dim(vp, ) and for p-a.e. x € Ay we have dim(u, z) = dim(vy, z). The claim
follows from the definitions. O

Pointwise dimension of a measure can also be defined using decay of mass along
b-adic cells rather than balls:

Definition 3.19. The b-adic pointwise dimension of u at z is

-1 Dyn
dimp(u, ) = lim inf og #(Dir (z))
n—00 nlogb
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Proposition 3.20. Let i be a locally finite measure on RY. Then dim(u, z) = dimy(u, )
for p-a.e. x.

Proof. We have Dyn(x) C By—n(x), s0 p(Dyn(z)) < p(By-n(x)) and hence dimy(p, x) >
dim(p, x) for every x € supp p.

We want to prove that equality holds a.e., hence suppose it does not. Then we can
find an o and € > 0, and a set A with pu(A) > 0, such that dimy(p,z) > o + 2¢ and
dim(p,x) < a + ¢ for x € A. By further reducing the set A, we may, by Egorov’s
theorem, assume that the limit (3.1) defining pointwise dimensions converges uniformly
for z € A.

Let v = p]a. By the previous corollary, dim(u, x) = dim(v, z) for v-a.e. x € A, and
since pu(Dpn(x)) > v(Dpn(x)) we a-priori have dimy (v, x) > dimy(p, z). For x € A,

By-i(z) €| J{D : D € Dyeand D N By-i(x) # 0}

The union contains 2% sets, and by uniformity, for k large enough, each has v-mass
< b k(@+2)  Hence

V(Bb—k (SL‘)) < 2d . b—k(a+25)

On the other hand, since dim(v,z) < a + ¢, for large enough k we have v(By-«(z)) >
b—k(+e) which is a contradiction. O

4 Products, projections and slices

4.1 Product sets

The following holds in general metric spaces but for simplicity we prove it for R,
Proposition 4.1. If X CRY Y CRY | then
dimy X XY =dimy X +dimy Y

Proof. A b-adic cell in R? x R? is the product of two b-adic cells from R%, R% . Tt follows
that

N(X x Y, Df) = N(X,Df) - N(Y, D )

Taking logarithms and inserting this into the definition of dimy; gives the claim. O

The behavior of Hausdorfl dimension with respect to products is more complicated
than that of Minkowski dimension. In general, we have

Proposition 4.2. dim(X x Y) > dim X + dimY for any X C R? and Y C R?
Similarly, for locally finite measures p, v on R RY | respectively, we have
ﬁ,u X V ﬁ,u +dimv

>
>

dim py X v dim p + dim v
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Proof. We prove the second statement first. Since D (z,y) = Dl(z) x DL (y),

log it x (D4 (x,y))

di — liminf —
imy(p x v, (z,y)) oo nlogb
log (u(Di(x)) - (DY (1))
= liminf —
n—00 nlogb
d d’
— limint [ 084Pa(@) | logr(Dy (y))
=500 nlogb nlogb

> dimy(p, ) + dimy (v, y)

The claim follows.

For the first statement, apply Frostman’s lemma (Theorem 3.12) to obtain, for each
€ > 0, measures . on X and v. on Y with dim g, > dim X — e and dimv, > dimY —e.
Then pe X ve is supported on X X Y so

dim(X x Y) > dim(pe X v) > dim g + dimy, > dim X + dimY — 2¢
As ¢ was arbitrary the claim follows. O

There are examples in which the inequality is strict, see [15]. However, we have the
following condition for equality:

Proposition 4.3. If dim X = dimy X and dimY = dimy Y then
dmX xY =dimyX XY =dimX +dimY

Remark 4.4. Tt is enough to require equality of the Mankowski and Hausdorff dimension
of one of the sets X,Y, but we will not prove this fact here. See [15].

Proof. We have

dimpyX xY > dimX xY
> dimX +dimY
= dimy X +dimy Y
= dimM X xY
so we have equalities throughout. O

4.2 Projections and slices

A classical and much-studied aspect of fractal geometry concerns the behavior of sets
A C R? under intersection with affine subspaces (“slices” of the set), and under taking
the image by a linear map 7 : R — R* (“projection”). These problems are dual in the
sense that for linear maps , preimages 7 '(y) are affine subspaces, and heuristically
the size of the fibers/slices AN7~!(A) should complement the size of the image 7(A), as
occurs by basic linear algebra when A = R? or when A < R is itself an affine subspace.

Let 11z denote the set of linear maps 7 : R? — RF of full-rank. For projections,
there is, first, a trivial bound:
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Lemma 4.5. Let A C R? and 7 € hom(R% RF). Then dimmA < min{k,dim A}.
Similarly, if p € P(RY) and 7 € Uy then dim(mu, 7o) < dim(u, ) for all x € supp p,
and in particular dim 7p< dim p.

Proof. Since 1A C R* we have dim7A < k. Since linear maps are Lipschitz, dim7A <
dim A. The first claim follows. For the second observe that there is a constant ¢ > 0 such
that for every x € supp u and 7 > 0, we have Be,.(z) C 7~ 1(B,(7z)) (in the Euclidean
norm this constant is 1. For ||| the constant is 1/v/d). Hence

(m) (B () = p(Ber (1))

The inequality dim(mwp, 7z) < dim(p,z) is a consequence of this, and from this the
inequality dim 7y < dim y follows. O

Strict inequality can occur. For example if A = A; x Ay and 7(z,y) = z, then
mA=A;. If dim Ay > 0 we will have dim 4; < dim A; 4+ dim Ay < dim A.

However, strict inequality dimmA < dim A is a rather exceptional situation. To
motivate this statement, consider a set X C R? and let mg be the orthogonal projection
to the line of slope 6 with the z-axis. Then for z,y € X, the distance of the images
mo(x), mg(y) is usually of order ||z —y||: e.g. |mgx — my| > J ||z — y|| for all but a J-
fraction of the directions #. Heuristically, this means that for a randomly chosen 6, the
map my will behave, with high probability, like a bi-Lipschitz map when restricted to
any “large” subset of X (i.e. all of X if dim X < 1, or a 1-dimensional subset of X if
dim X > 1). This is, essentially, why one expects the image to be as “large as it can be”.

This heuristic takes the following precise form. Let 11, ; denote the space of surjective
linear maps R¢ — R*, and parametrize it as the set of k x d matrices with rank %, which
is an open subset of R% . The volume measure on R% then induces a measure class on
I, and it is this measure class we refer whenever speaking of a.e. projection. The
following is known generically as Marstrand’s theorem, see e.g. [15] for sets, for measures
see [12].

Theorem 4.6 (Marstrand [15]). Let A C R? be a Borel set. Then
dim(7A) = min{k, dim A}

for a.e. ™ € Ugy. Similarly, for p € P(RY),
dim 7y = min{k, dim pi}

fora.e. mellyy.

Together with the previous lemma this says that the image of a set is typically “as
large as it can possibly be”.

To motivate the dual statement about intersections, let us start with an apparently
different problem of estimating the (box) dimension of the intersection of two sets A, B C
[0, 1] whose (box) dimensions are «, 3, respectively. Choose an interval I € D,,, I C [0, 1],
randomly and uniformly. Each interval is chosen with probability 1/n, and A intersects
roughly n® of them, so the probability of a random interval intersecting A is n®~!.
Similarly the probability of intersecting B is n”~!. Now, suppose that A and B are
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“independent” at scale 1/n in the sense that the probability that a random interval I €
D, I C [0, 1], intersects both A and B is the product of the probabilities that it intersects
each individually. Then this probability is n® 1. nf~1 = pletf-D-1 Ifa+5—-1>0,
this is the probability associated to a set of box dimension a+ 5 —1. If a+ 5 -1 <0,
this is (less than) the probability associated to a set of box dimension 0. Thus, under
the stated independence assumption, we expect dim(A N B) = max{0,a + 5 — 1}.

To relate this to the slice problem, note that the line ¢ = {y = uz + v} intersects
X = A x B in a set that is, up to a scaling of the metric, the same as (uA + v) N B.
When u, v are chosen randomly it is at least plausible that uA + v and B may display
the kind of independence needed in the discussion above. This leads one to expect that
for a generic line £ C R? we should have dim((A x B) N¢) < max{0,a+ 3 — 1}.

Something like this is indeed the case. Parametrize n-dimensional affine subspaces
as W = m~1(y), where m € Il and y € R~ are distributed independently according
to Lebesgue measure (this measure is equivalent to the usual measure class on the
Grassmanian). The following is Marstrand’s slice theorem (more refined versions exist
for measures, but we omit them).

Theorem 4.7. Let A C R? be Borel. Then
dim(ANW) < max{0,dim A +n — d}
for a.e. n-dimensional affine subspace W C R%,

Remark 4.8. .

1. We cannot expect an equality here, since there will generally be an infinite-measure
set of affine subspaces which do not intersect A at all. Strict inequality can also
happen for subspaces W which intersect A non-trivially. A counterexample is
again given by product sets: if A = A; x Ay C R? and dim A < 1 then the
theorem predicts that typically dim(A N W) = 0, while some lines parallel to the
axes intersect A in copies of A; and As, and these may have positive dimension.

2. Combining the two theorems, a.e. 7 € Il and a.e. y € R¥, writing W = 7~ 1(y),
we find

dimmA 4+ dim(ANW) < min{k,dim7A} + max{0,dim A + (d — k) — d}
= dimA

The projections w and subspaces W for which the conclusions of the theorems above fail
are said to be exceptional. In general, the exceptional set can be badly behaved from a
topological point of view. In particular, the map # — dim 7 A is measurable but does
not generally have any continuity properties, and likewise the map W — dim(W N A).
Bounds exist for the dimension of the set of exceptional maps 7w and subspaces W, but in
general they can be large, e.g. uncountable, dense G5 subsets of their respective spaces,
etc. For more information see e.g. [15].

Contrary to the “wild” situation for general sets, for “naturally defined” sets, it is
believed that the only exceptions should be those that are necessary by algebraic or
combinatorial reasons. Much progress has been made in this direction recently, at least
with regard to projections. We will see one such case in Section 9.
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5 Furstenberg’s conjecture revisited

5.1 The map x — bxr mod 1

We now return to Conjecture 1.3. We shall re-state it in terms of the dynamics of the
maps fp : [0,1] — [0, 1] given by

foxr = bx mod 1

By an invariant set for f, we mean a closed non-empty subset X C [0,1] satisfying
fX C X. Such sets represent sets of constraints on digit expansions: For any invariant
set, X there is a set L of finite words in the symbols 0,...,b— 1 such that X is precisely
the set of points = € [0, 1] which can be represented in base-b by a sequence containing no
word w € L as a sub-block. Conversely, any set such set L gives rise, by this procedure,
to a closed and fy-invariant set X (although X it may be empty). For example, for b = 3
and L the set consisting of the single length-1 sequence 1, the corresponding set X is the
middle—% Cantor set, Cy/3. This method of defining invariant sets if very flexible and
hints at the richness of the family of invariant sets, and indeed there is a great variety
of invariant sets. Nevertheless, in many ways these sets are well behaved.

Proposition 5.1. If X C [0, 1] is fy-invariant then dimy; X ezists and is equal to dim X .

We will prove this in Section 7.2, but note here that the existence of dimy; can be
proved by showing that log N (X, Dyn) is a subadditive sequence, much as was done for
cn(z,b) in Section 1.

Corollary 5.2. If X, Y C [0, 1] are, respectively, f, and fy invariant, then dim X xY =
dim X +dimY.

Proof. Combine the previous proposition and Proposition 4.3. 0

5.2 Dynamical re-statement of Conjecture 1.3

The complexity of digit expansions was defined in the introduction. We now re-interpret
it in terms of the orbit of x under the map f;(z) = bz mod 1, which we denote by

Op(x) ={fi'(z) :n=0,1,2...}
Lemma 5.3. ci(z;b) = N(Op(x), D).

Proof. A block of digits wy ... wy, € {0,...,b—1}* appears as a consecutive sub-block of
the expansion [z], if and only if it appears as the initial & digits of fJ'(x) = b"2 mod 1
for some n. Equivalently, there is an n such that fi'z € [m/b*, (m+1)/b%) € Dy, where
m = Z§:1 w;b~ 1 is the integer whose base-b expansion is wy ...wy. Since m is in 1-1
correspondence with its digit sequence wy .. .wy, the claim follows. ]

Corollary 5.4. ¢(z;b) = dim Op(x).
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Proof. By the definition of ¢(x;b), the previous lemma and Proposition 5.1

ck(z; )
im
k—oo klogbh
. logN(O),Dy)
k—oo klogb
= dimy Op(2)
= dimy Op(2)
= dim Oy(z) O

c(z;b) =

Thus, Conjecture 1.3 is equivalent to the following:

Conjecture 5.5. If a £ b and x € [0,1] \ Q then

dim O(f,, z) + dim O(fp, x) > 1

Remark 5.6. Let us show again, in dynamical language this time, that the two hypotheses
are necessary.

1. If z = % € Q for k,m € N, then b"z mod 1 can be written as k’/m for some
integer 0 < k&’ < m. Therefore the orbit of z under any of the maps f; is a closed,
finite set of dimension is 0, so the the conclusion of the conjecture is false.

2. For any b and n we have f* = fyn, so

n—1
Op(z) = | fi(Op(2))
=0

n—1
= U £(Op ()
=0

If AC[0,1] then fi(A) = UIGD” (b*(A N T) mod 1), which is the union of affine
images of the elements of a countable (in fact, finite) decomposition of A. Since
affine maps preserve dimension, dim A = dim f}A. It follows that dim Opn(z) =

dim Oy(z), and in particular, if dim Op(z) < %, then the conclusion of the conjec-
ture fails for the bases b and 0" for any m,n € N. Hence the assumption a ¢ b
cannot be weakened to a # b.

Essentially all the instances in which we can confirm Conjecture 5.5 occur when x
has dense orbit under one of the maps, say fp. In this case dim Op(x) = 1 and the
conjecture holds trivially for every other base a. Since Lebesgue-a.e. x has a dense
orbit, and, by general results in topological dynamics, the set of points with dense orbit
is a dense Gg, it follows that the conjecture is satisfied by typical points both in the
sense of measure and topology. It is important to note, however, that the set of points
with non-dense orbit is large in many senses, e.g. it is dense, uncountable and has full
Hausdorff dimension. Almost nothing is known about the conjecture for such points.

One way to re-phrase a special case of the conjecture is as follows. Consider the
middle—% Cantor set C' /3. Since the fs-orbit of every z € (' /3 remains in C 3, a-priori
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c(z;3) < dim /3 = log2/log3, so Conjecture 5.5 predicts that all x € /3 \ Q have
dim O2(z) > 1 —log2/log3 = 0.36907.... No such estimates are known, and, again,
what we do know arises from the existence of points in C},3 whose fo-orbit is dense.

Questions about the existence of such points have a long history, going back to Cassels
and Schmidt [2, 18, 11, 10], leading up to

Theorem 5.7 (Cassels, Schmidt, Host, Hochman-Shmerkin). Let u be a measure which
15 fp-tnvariant. If dimp > 0 and a £ b, then p-a.e. x equidistributes for Lebesgue
measure under fq. In particular if X C [0, 1] is closed and fy-invariant and if dim X > 0
then there exist x € X whose f,-orbit is dense under every a % b.

At the same time, many fp-invariant set also contain points which do not have dense
fa-orbits. For instance, the following was proved by Broderick, Bugeaud, Fishman,
Kleinbock and Weiss [1]

Theorem 5.8. The sel of numbers in Cy;3 which are nol normal in any base has full
dimension (i.e. log2/log3).

Thus, the situation in (/3 vis-a-vis density or non-density of orbits under fs, is
precisely the relativization of the situation in the interval [0,1]: almost every point,
with respect to natural measures, has dense fs-orbit, but there is a full-dimensional set
of exceptions. It is a remarkable fact that, as far as we know, there are no explicit
example either of a point z € C};3 whose fy-orbit is dense, or x € Cy3 \ Q whose
fo-orbit is not dense!

5.3 Furstenberg’s conjectures on projections and intersections

Suppose that X C [0,1] is fe-invariant and Y'C [0, 1] is fp-invariant, a ¢ b, and dim X +
dimY < 1. Conjecture 5.5 predicts that X N'Y C Q. Indeed, note that if x € X then
Op(z) € X, and hence dim Op(z) < dim X, and similarly for y € Y. Thus, if there were
z € (X NY)\Q then by the conjecture we would have

1 <dimOgy(z) + dim Oy(z) < dim X +dimY < 1

which is impossible. In particular, the conjecture implies that dim(X NY’) = 0.

Now, XNY is, up to a linear change of coordinates, the intersection of the product set
X xY with the line £ = {x = y}. Also, by Proposition 4.3, dim X xY = dim X +dim Y.
Thus, Conjecture 5.5 implies that

dim(X xY) <1 —  dim((X xY)N6) =0

In other words, the particular line £ = {z = y} behaves like a Lebesgue-typical line,
since, by Theorem 4.7, for a.e. line ¢,

dim((X x Y)N/) = max{0,dimX xY +1—-2} =0

Furstenberg has proposed that for products X x Y as above, the exceptional set of
lines should not only have measure zero, but should in fact consist only of the trivial
exceptions (i.e. lines parallel to the axes). Let

by ={y =uz +v}
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Conjecture 5.9. Let X C [0,1] be closed and fq-invariant and Y C [0,1] closed and
fo-invariant, and a o4 b. Then for all v and u # 0,

dim((X xY)N4,,) < max{0,dim X + dimY — 1}

In view of the heuristic for the slice theorem described in Section 4.2, this conjecture
is another expression of the mutual independence of the structure of f,- and fp-invariant
sets.

While much is known about generic slices, very little is known about specific slices,
and the conjecture remains open except for a partial result by Furstenberg which is an
easy consequence of the main result of [6, Theorem 4|, though apparently the derivation
has not appeared in print.

Theorem 5.10. If X,Y are as in Conjecture 5.9, and if dim X + dimY < 1/2, then
for every u #£ 0,
dim((X xY)N¥ly,) =0

We prove this in Section 7.4. The case dim X +dimY > % remains completely open.

In view of the heuristic relation between slices and projections, it is natural to ask
about the “dual” version of the conjecture. This problem, also raised by Furstenberg,
was recently settled by Hochman and Shmerkin [9], following earlier work by Peres and
Shmerkin [16]. Let 7, : R> — R be given by

Tu(T,y) = uz 4y
Theorem 5.11. If X, Y are as in Conjecture 5.9, then for every u # 0,
dim7(X xY) = min{l,dim X + dimY'}

The proof is given in Section 9.4.

6 CP-chains

6.1 Warm-up: a random walk on measures

In our study of fp-invariant sets, a central tool will be Furstenberg’s notion of a CP-
chain [6, 7].> Roughly speaking, this is a random walk on the space of probability
measures which at each step jumps from a measure to a suitably re-scaled “piece” of the
measure. This framework allows one to view a measure on R¢ as a point in an appropriate
dynamical system, with the dynamics representing magnification, and provides useful
language for describing the recurrence of features of the measure at smaller and smaller
scales. Sufficiently regular recurrence of features at different scales gives a very powerful
generalization of “self-similarity”, or of the hierarchical structure that is present in many
examples (such as the sets C, from Section 2.1). Furthermore, the method of local
entropy averages, developed in Section 8, allows one to derive geometric information
about the initial measure from the statistics of these orbits.

30ur terminology and definitions differ slightly from the original ones in form but not substance.
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To fix notation, let b > 2 be an integer and for u € P([0,1]%) and for D € Dy with
(D) > 0, denote the conditional measure of u on D by

1
D = ——/|D
u(D)

that is, up(A4) = ﬁu(zﬁl N D). This measure is, naturally, supported on D, and it is

useful to “re-scale” it back to the unit cube. Thus, let Lp : D — [0, 1)? be the unique
homothety* from D onto [0,1)? and let

u” = Lppp

The random walk on measures, alluded to above, can now be described as follows.
Starting at some o € P([0,1]%), we jump to p1 = (uo)P* for a b-adic cell Dy € DY
that is chosen randomly with probability proportional to its mass u(D1). Repeating this
process, from ;1 we jump to pg = (p1)P? for a b-adic cell Dy € Dy, chosen randomly with
probability proportional to 1 (D2). Continuing in this way we obtain a random sequence
of measures fi,,, each of which is of the form pin1 = ()P for some D,y 1 € Dy. Tt
is not hard to check that u, = (uo)”» where D!, € Dy is a decreasing sequence of b-
adic cubes whose intersection is a point z. Thus (1, )52 ; describes the “scenery” that is
observed as one descends to x along dyadic cubes. One can also verify that the random
point x arising as above is distributed according to the original measure p (this is proved,
in a slightly modified setting, in Proposition 6.18 below).

While this description is heuristically correct, there are various complications which
require us to replace the random walk above with a random walk on a suitable symbolic
space. The next few sections are devoted to describing this setup more precisely, and to
a discussion of some elementary geometric implications.

6.2 Measures, distributions and measure-valued integration

For a compact metric space X let P(X) denote the space of Borel probability measures
on X, with the weak-* topology:

fn — B = /fdun%/fdu for all f e C(X)

This topology is compact and metrizable.

If (X, B,Q) is a probability space then a function X — P(X), x — P,, is measurable
if for every A € B, the map = — P,(A) is measurable. The measure-valued integral
R = [ P,dQ(z) € P(X) is defined by the formula

R(A) = / Py (4) dQ(z)

It is a direct verification that this is a probability measure on (X, B). Alternatively,
when X is compact one can also use the Riesz representation theorem to define R as
the measure corresponding to the positive linear functional C'(X) — R given by

o [ ([ war.w) da)

*A homothety L : R* — R? is a map of the form L(z) = rz + b, r > 0.
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In what follows, we shall use the terms measure and distribution both to refer to
probability measures. The term measure will refer to measures on R% or on sequence
spaces, while the term distribution will refer to measures on larger spaces, such as P(R%)
(in this example a distribution is a measure on the space of measures).

6.3 Markov chains

In probabilistic language, a process is a family of random variables defined on a common
(often unspecified) probability space. Given an X-valued process &, &1, &2, . . ., with un-
derling probability distribution @, the distribution of a sub-sequence &,,&n 41, - - -, &ntk,
which is a probability measure on X**1 is denote by Distg(&n,. .., &nrk). Similarly,
Distg(&n+1lé1 - - - &n) denotes the conditional distribution of the random variable &,41

given &1,...,&,, which is a P(X)-valued random variable determined by the values of
(&1,...,&,). If these values are (z1,...,x,) we denote the conditional distribution by
Distg(éns1lét = x1,...,& = zp). When there is no risk of confusion we drop the

subscript @), and generalize the notation in obvious ways.

In this section we recall some basic definitions and properties relating to Markov
chains, which are processes describing a “random walk” on a space X, in which, from a
point x € X, one jumps to a randomly chosen point which depends (only) on z. These
probabilities are encoded in a Markov kernel:

Definition 6.1. A Markov kernel on a compact metric space. is a continuous® map

P: X — P(X), denoted P = { P, },ecx, which to each point € X assigns a distribution
P, € P(X).

Given a Markov kernel P = {P,},ex and a random (or non-random) initial point
& € X, arandom walk &y, &1, . . . can be generated inductively: assuming we have reached
&n at time m, jump to a random point &, 1 whose distribution is FPg,. The resulting
sequence (&,)0, is characterized as follows.

Definition 6.2. A process (§,)52, of X-valued random variables is a Markov chain
with transition kernel P = { Py },ex and initial distribution @ € P(X) if

Dist(&) = @
Di3t<fn+1’50~~-€n) = an a.s.

It is often convenient to have a more concrete representation of the random variables
&, and of the underlying probability space. The standard way to do this is to consider the
space X" of infinite paths (z¢, 21, ...) whose coordinates are in X, and let &, : XN — X
denote the coordinate projections, &,(x) = x,.

Definition 6.3. The Markov chain distribution with transition kernel {P,}zex and
initial distribution @ € P(X) is the unique distribution @ € P(X") such that the co-
ordinate projections &, : X — X form a Markov chain with transition kernel {P,},ecx
and initial distribution Q).

50Often less than continuity is required of the map x — P, but for us continuity is convenient and
we shall assume it.
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Remark 6.4. .

1. Given @ and {P,},ex, the existence and uniqueness of Q is demonstrated as fol-
lows. For uniqueness, note that Q is determined by its marginals Q,, = Dist(&, ..., &)
on X"+ and by the properties in Definition 6.2 these marginals are characterized
by the property that for f € C(X"*1),

/fdQn://.../f(xo,xl,...,azn)dPxn_l(xn)...dPxO(asl)dQ(mo)

For existence, one can check that for @, € P(X"*!) defined as above, the dis-
tribution Q.41 extends @, in the obvious sense, and hence by standard measure
theory has a (unique) extension to XN,

2. If @ is as in the definition, then the random variables &, on the probability space
(XN, @) form a Markov chain in the sense of Definition 6.2. Conversely if (§,)22,
is a Markov chain in the sense of Definition 6.2, then their joint distribution is a
Markov chain distribution.

Define an operator Tp : P(X) — P(X) by

7:Q = [ Pdq(e)

This is a continuous and affine map. Note that if ) = 0,, then TpQ) = P,,. More
generally, if (£,)0; is a Markov chain and we denote @, = Dist(§,), then we have the
relation Qn4+1 = TpQn, because

Qni1(4) = P61 € 4)
= E(P(£n+1€A|£17"',£n))
= E(P,(4))

- / Po(A) dQq(x
(TpQu)(A)

In particular, by induction @, = TpQo.

Definition 6.5. A stationary distribution @ for the transition kernel { P, },cx is a fixed
point for Tp.

Lemma 6.6. Stationary distributions exist.

Proof. Begin with any initial distribution @, and let
| N

=5 2T
n=1
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Then Qn € P(X). Since P(X) is compact, there is a convergent subsequence Qn, —
Q' € P(X). Then by continuity of Tp,

Ny Ny
/ r_ . . .
TpQ' - Q" = klggoTP(E:lTﬁQ)—khszﬁ =
n= =
Ny, 1 N
o n+1
- o (s X o)
n=1 n=1
LN+t
= lim —(T)*
S A
= 0 OJ

Remark 6.7. .
1. In general there can be many stationary distributions.

2. In the proof one could also define each @y using a different initial distribution
Qo,~ depending on N, ie. Qn = % 25:1 T5Qo,Nn. The same argument shows
that accumulation points of @ are stationary distributions.

Define the shift o : XY — XV in the usual way,

(Um)n = Tn+t1

Lemma 6.8. Q is stationary for a kernel {P;} if and only if the Markov chain distri-
bution Q € P(XY), started from Q, is shift-invariant.

Proof. Endow XY with the distribution @ and let &, denote the random variables given
by the coordinate projections from X~. Note that shift-invariance is equivalent to

Dist(&o, ..., &) = Dist(&ny -+, Entk) for all n,k € N

Suppose that Q is shift invariant. Since Dist(&,) = TpQ, applying the above with n =1
and k=0,

TpQ = Dist(&) = Dist(&) = Q

so () is stationary.

Suppose now that @ is stationary. Fix n and k and let @, = T5(Q denote the distri-
bution of &, under é By the defining properties of @ it is clear that Dist(&y, ..., &1 k)
is the same as the distribution of the first £+ 1 terms of the Markov chain when started

from Q. If Q is stationary then @, = Qo, so Dist(o,...,&k) = Dist(&n, ..., Entk),
and since n, k were arbitrary this implies shift invariance. O

Definition 6.9. A stationary distribution @ is ergodic if @ is ergodic with respect to
the shift.
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More intrinsically, @ is ergodic if for every A C X with Q(A) > 0, for Q-a.e. x, the
random walk started from x will reach A after finitely many steps.

Our last task in this section is to show that the ergodic components of a stationary
Markov chain distribution are also Markov chain distributions, and for the same kernel.
In order to establish this it is necessary to extend our definitions to allow Markov chains
that extend backward in time as well as forward.

Definition 6.10. A distribution R € P(X%) is a Markov chain distribution for a tran-
sition kernel { Py }zex if Dist(§ni1/én—ky---,&n) = P, a.s., forall n € Z and k € N.

Evidently, the restriction of a two-sided Markov chain distribution to the positive
coordinates is a Markov chain distribution in the previous sense. One cannot always
extend a Markov chain distribution Q € P(X N) to a two-sided one, but if Q is shift-
invariant then one always can do so. Indeed, it is a general fact that if R € P(X") is
shift-invariant then there is a unique shift-invariant distribution Ry € P(X?%), called
the natural extension of R, characterized by the property that Distr, (§n,y -\ &ntk) =
Distr(&o,--.,&). Evidently, if Q is Markov then Q. is a Markov chain in the sense
just defined.

Lemma 6.11. R € P(X7?) is a Markov chain distribution with transition kernel { Py} e x
if and only if
Distr(&nlén—1,6n—2,-..) = Pe,_, a.s. (2)

Proof. 1f (2) holds for some n then we obtain Distr(&,|n—1,- .-, &n—k) = P, for all k
by taking expectation over the variables (&;)7"=*_!. On the other hand if R is a Markov

chain with transitions {P,}, then for any Borel set A C X, by the martingale theorem
with R-probability one we have

an—l (A> = ]P)R(gn € A‘{n—lv fn—27 cee 7§n7k) m IPR(&‘TL S A‘gn—la {n—?v .. )
which gives the other direction. O

Theorem 6.12. Let Q € P(XN) be a stationary Markov chain distribution for transition
kernel P. Then the ergodic components of Q are a.s. Markov chain distributions for P.

Proof. Consider the distribution R = Q+ € P(X%) which is the natural extension
of @ Let Z denote the o-algebra of o-invariant Borel sets in X%. For a sequence
r = (2;)%,, let R, denote the ergodic component of R to which x belongs. Now,
for any n € Z the sequence (x;)!" _ . determines the atom of Z to which x belongs
(up to R-probability zero), or equivalently, it determines R,. This can be seen by
applying the ergodic theorem “backwards” in time to a dense countable set of functions
f € C(X?%), and noting that (x;)™__ determines their ergodic averages and hence
the ergodic component. Therefore, by Lemma 6.11, for any Borel set A C X, with
R-probability one,

P, ((A) = Pr(&n€Alén-1=2n-1,{n—2=Tp-2,...)
= PréncAlép1=20 1,60 2=2n2,..., L)
= Pr(ncAlén1=20 1,60 2=Tp2,...)
which means, by the same lemma,that R, is Markov with kernel P. 0
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As a corollary, we find that the ergodic stationary distributions for P are precisely
the extreme points of the convex, compact set of stationary distributions for P.

6.4 Symbolic coding

If one tries to describe the random walk outlined in Section 6.1 using the formalism of
the last section, one arrives at the kernel (Fy,),,cp((0,1]¢) 8iven by Fy, = > pep, u(D) 0,0,
under which u € P([0,1]¢) goes to u” with probability (D). Unfortunately this is not
really a kernel, since pu — F), is discontinuous.® For this reason we work instead in a
symbolic space which represents [0, 1]¢, and in which the random walk corresponding to
the one above becomes a bona-fide Markov chain.

We begin by describing the symbolic coding. Fix a base b and the dimension d of
the Euclidean space we work in, and let

A={0,...,b—1}¢

This is a set of integer vectors in R?, and will serve as digits in the b-adic representation
of points in [0, 1]%. Let
Q=AM+

endowed with the product topology (with A discrete), which makes Q compact and
metrizable. We often denote elements of Q by i = (i1,i2...). On the other hand
we denote finite sequences without parentheses: a = a;...a; € AF. The cylinder
corresponding to such an a = a; .. .a, is the closed and open set

[a} :{iEQ : il...ik:al...ak}
These form a basis for the topology, and we denote by
Cn={[a] : a€ A"}

the partition of {2 into cylinders defined by words of length n.
This setup codes the unit cube [0,1]? as follows. For i = (iy,42,...) € Q with
coordinates iy = (i1, .. .,ikq4) € R? we define

(@) = Z ib™"
k=1

More explicitly,

o0 (o] (o]
V(@) = O ikab™> kb D kb ™)
k=1 k=1 k=1
Thus the i-th coordinate of *y(;) is given in base-b notation by 0.i1;i2,i3,;.... In par-

ticular this shows that the map v : Q — [0,1]? is surjective. On the other hand, since
numbers of the form k/b", k,n € N, have two base-b representations, it also shows that
7 is not 1-1. Rather, the set of points = € [0,1]? with multiple perimages under ~ is

5The discontinuity is already evident in each of the maps p +— p”, D € Dy. For example, let b = 2,
D =1[1/2,1) and let pin, = 61/2_1/n and p = dy/2. Then p, — p but ul = O1—2/n 7 00 = uP.
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precisely the set of x having a coordinate of the form = = k/b™. This set is a countable
union of affine subspaces which form the boundaries of the b-adic cubes.

In the presence of a measure the non-injectivity of + can often be corrected by
ignoring a nullset. For € P(R?), we say that v is 1-1 p-a.e. if y~!(x) is a singleton for
p-a.e. x. By the above this is the same as requiring that u(0D) = 0 for all D € Dyn,
n € N. If this is the case, then there is a unique g € P(2) with vz = p, and we
sometimes say then that v is 1-1 p-a.e.

For a sequence a € A", it is also clear that v([a]) = D, where D € Dyn is the unique
element containing » ,_; axb~*. Thus, up to topological boundaries, the partition C,
and Dy are identified under v, and in particular, if vy is 1-1 p-a.e. for some p € P([0, 1]%)
then v([a]) and D as above agree up to a p-nullset, and the partitions C,, and Dyn are
identified up to nullsets by ~.

6.5 Symbolic magnification of measures

Let o : Q — Q again denote the shift map
(ow)j = wjt1
For a € A" define the map L, : [a] — © by
La = 0"

This is a homeomorphism [a] — € preserving the sequence structure. The map L,
induces a map on measures, P([a]) — P(£2), by push-forward. We denote this map also
by Lo. Given a measure p € P(2) and a € A™ we often write pfa] instead of p([a]).
Assuming that pf[a] > 0, we define

)
Ha = —FT7H|[a
pla] e
and
p* = Lajia

These are both probability measures on €.

The maps L, : [a] — Q are the symbolic analogs of the homotheties Lp : D — [0, 1]%,
D e Dgn, defined in Section 6.1. Furthermore, if v is is 1-1 p-a.e. then for a € A™ and
D € Dyn such that D = ~y[a] p-a.e. we have

(pa) = ()b
Y = ()"
Thus, the operation u +— p® is the analog of the Euclidean “zooming in” operation.

Lemma 6.13. For any u € P(QQ) and any a1 ...a, € A", by ... by, € A™, we have

o play . ..apby ... byl
L@nlh by = 3
H (b1 ] plag ... any) (3)

(par--an ybr--b (4)

ai...anbi...b;m
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and

Proof. For the first identity, calculate:

/Lal"'a”[bl...bm] _ u([al...an} No~ [blbm]) _ ,u[al ...anbl bm}

wlay ... ap] play ... ay)

For the second, note that for any ¢ ...c¢, € A", by several applications of (3),

ﬂl---anbl---bm[ play . ..anby .. .byer ...

W Cl...Cr] = ,u[al---anbl"'bm]
plas . . an) o
= . nb bm G
plat ... apby ... bp) H (b1 cl... ¢l
1

= cp® by by ... ey
/J/al---an [bl o bm] H [ 1 C1 C ]

— (Mal---an)bl---bm [Cl . CT]

Since a measure is determined by the mass it gives to cylinders [c; ... ¢, ], this implies
(4). Finally, by (3) again,

H wlas ...

n
-1 u[al cen ak,l]
n

ak}
[T no= i)
=1

wlay ... ay)

ol

=

6.6 CP-chains

Let us now return to the random walk on measures that was outlined in Section 6.1. In
symbolic terms, it corresponds to the kernel {P,},cp(q) given by

Py=> pli] -6,
€A

Unlike its Euclidean relative, the map p — P, is continuous, so P is a true kernel,
but it is still not the “right” random walk to consider. The reason is that the sequence
of measures that one sees when one descends along nested cylinder sets does not tell
us which cylinder sets were chosen, and this information will be important to us later
on. To demonstrate this shortcoming, consider Q = {0, 1}+ with the uniform product
measure g. Then p® = u for every a € {0,1}+, and so Q = §,, is stationary for the
kernel described above and the associated Markov chain is trivial. On the other hand,
in the course of generating the Markov chain in this example, one chooses, at each step,
a symbol a € {0,1} uniformly and independently of previous choices. This random
sequence of symbols mirrors p itself, and we shall see that this connection is general and
can be exploited to great benefit.

Thus, in order to keep track of these choices, we enlarge the state space and modify
the kernel in the following way.
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Definition 6.14. The CP-space” is the (compact and metrizable) space

®=AXxP(Q)
The Furstenberg Kernel F': ® — P(®P) is given by

Flipw = Z“(M) “ 04,9
JEA

Informally, the transition from (i, u) € ® occurs by first choosing j € A with probability
w([4]), and then moving to (j, u?).
Remark 6.15. .

1. There may be j € A for which p7 is undefined, but in this case the transition to
(4, 4?) occurs with probability 0.

2. The symbol 7 does not play any role in the definition of F{; ,). Rather, it records
“where we came from”. The symbol j € A “to which we go” is recorded in the
resulting state (7, u?).

3. (i, p) = F; ) is continuous.

Definition 6.16. A (symbolic) CP-distribution is a stationary distribution for F. A
sequence of random variables (&,)22, representing the associated Markov chain is called
a OP-chain. The associated measure on ® is called the CP-chain distribution.

If PeP(®)=P(AxP(Q)) is a CP-distribution, we often shall identify it with the
marginal distribution of P on its second coordinate, P(€2). Thus for f : P(Q) — R we
may write [ f(v)dP(v) instead of [ f(v)dP(i,v).

Example 6.17. .

1. Let u= ,uON+ denote a product measure on Q = AN+, Clearly p’ = p for all i € A
with p[i] > 0, and one may verify that the distribution Z?;é p[i]d (i, is stationary.

2. More generally, any o-invariant measure pu € P(Q2) gives rise to two kinds of
stationary distributions. The first is P = fé(wl’lgw) dp(w), which is by definition
supported on atomic measures of the form d,,. Then

TFP = /TF5(W1750w)d/L(w)
= /5(@,5”%) dp(w)
= /5((0w)1’50(dw))d’u(w)

= /5(wl,5w)dﬂ(w)
= P

where in the second-to-last equality used the shift-invariance of u; so P is station-
ary.

"CP stands for Conditional Probability.
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3. The second distribution arising from o-invariant measure p is more interesting.
Let Q =A% let 7: Q — Q denote_the projection w — (wiwa...) € € to the

positive coordinates, and let g € P(€2) denote the natural extension of y, which
is the unique o-invariant measure on Q such that 71 = p. Let F~ denote the
o-algebra on Q generated by the coordinates i < 0 and [&] 7 the atom containing
w, i.e.

Gl ={7eQ:fi=wforali<0}=0Q
There is a family of conditional measures {yz}, measurable with respect to F—,
such that ug is supported on [W]7-, and

i(A) = / s (A) dfi(@)

This family is defined a.e. and is unique up to measure 0 changes. Informally,
given coordinates (w;)i<o describing the “past”, the measure pgz € P(f) is the
conditional distribution of (@;);>1 (note that pg depends only on the negative
coordinates).

Since p1 is o-invariant, if © € Q is distributed according to fi, then the distribution
of i,z is the same as ug. On the other hand clearly u,5 = (ug)“V, and the
conditional probability of wy = a given (@;)i<o is by definition pgla]. Hence
conditioned on (w;)i<o, the distribution of p,g is Tr(ug), so the distribution P =
J @0,z (W) is stationary.

It is interesting to note that this distribution coincides with the previous one when
u has entropy 0 with respect to the shift (equivalently, when 7 € P([0,1]) has
dimension 0). Then the measures ug reduce to points: the infinite past completely
determines the future, and P is again supported on point masses distributed ac-
cording to p.

One of the crucial properties of CP-chains is that they describe “zooming in” on a
measure along nested cylinders which are chosen with the probabilities assigned by the
original measure. This property is called adaptedness.

Proposition 6.18. Let (in, pn)o>, denote the CP-chain with initial distribution @ €
P(®) (so here in, pi, to denote random variables). Then for every n and a; .. .a, € A",

P(il...in:al...an\ug):uo[al...an] (6)

In particular, conditioned on pg, the random point? = (i1,12,...) € Q is distributed
according to L.

Proof. By definition of the transition kernel F', with probability one, ux = ui";l for all

k, so by iterating Equation (4) we have u_1 = uél"'ik_l . This means that pg, 41 ...05_1

determine pg_1, and that assuming (é1...ix—1) = (a1...ax—1) we also have up_1 =
al...ap_—1

Lo . Hence by the Markov property,
P(Zk = ak|u0, (il e ik—l) = (a1 . ak_l)) = [P(Zk = ak’#k—1 = Mgl"'akfl)
al...ap—1
= Ho [ak]
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which, using Equation (5) and the law of total probability, implies

]P’(z'l...in:al...an\,uo) = HIP’(ik:ak\,uo,(il...ik_l):(al...ak_l))
k=1

= TLw o

k

—_

0

—

aj ...an)

=

This gives the first statement. The second is immediate from the first, since, con-
ditioned on pg, the distribution of ¢ = (i1,49,...) is determined by the probabilities

P(i € [a1...an]|1o), which by the above are the same as ugla; ... ay]. O

6.7 Shannon information and entropy

Let p be a probability measure on a probability space (X, F) and A = {A;};cn a finite
or countable measurable partition of X. The information function I, 4 : X — R of u
and A is

I, 4(x) = —log u(A(z))

where as usual A(z) is the atom of A containing 2. The Shannon entropy of A is the
mean value of the information function:

H(u A) = / I () ds(z)
= =) u(A)logp(A)

AcA

with the convention 0log0 = 0.

Intuitively, H (i, A) measures how “finely” A partitions the probability space (X, u),
or how uniformly p is spread out among the atoms. This is evident from the following
basic properties, which we do not prove (see e.g. [3]):

Lemma 6.19. (FElementary properties of entropy)
1. 0 < H(u, A), with equality if and only if u is supported on a single atom of A.

2. If v is supported on k of the atoms of A then H(u, A) <logk, with equality if and
only if p gives mass 1/k to each of these k atoms.

3. H(-, A) is concave: if 0 < p < 1 then
H(pp+ (1—pv, A) > pH(p, A) + (1 — p)H(v, A)
and equality holds if and only if i(A) = v(A) for A € A.
4. H(-, A) is “almost convez” if 0 < p < 1 then
H(pp+ (1 —pv, A) < pH(p, A) + (1 —p)H (v, A) — H(p)

where H(p) = —plogp — (1 — p)log(1 — p).
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One technical problem which we shall encounter later when estimating entropy is
that the function (y,m) — L H(u, Dy,) is not continuous (it is continuous when p
is restricted to the space of non-atomic measures, but not uniformly so). However,
continuity does hold in an asymptotic sense: if m is large then small changes to u and
m have only mild effect on the entropy. The following lemmas make this precise.

Lemma 6.20. Let i € P(RY) and m € N.

1. (Approzimation) If v, — p weak-* then limsup |H (vy, D) — H(p, Dp)| < Ch,
where Cy depends only on d.

2. (Translation) If v(-) = p(- + zo) then |H(p,Dy) — H(v,Dpy)| < Ca, where Ca
depends only on d.

3. (Change of scale) If C3'm < m/ < Cym, then |H (i, Dy) — H(pt, Dpr)| < Cu,
where Cy depends only on Cs and d.

Finally, the following important inequality is essentially a consequence of convexity
of the information function:

Lemma 6.21. Let (p;),(q;) be probability vectors with ¢ = 0 = p; = 0. Then
—>_jpjlogg; > =3 ;pjlogp;.

6.8 Geometric properties of CP-distributions

Recall that v : Q2 = AN+ —10,1]? is the geometric coding map. We denote elements of
®N by (i,11) = (in, n)>y € @V (these are now elements of the sequence space, not a
sequence of random variables).

Definition 6.22. If P € P(®) is a CP-distribution we denote by P’ € P(P([0,1]%)) the
distribution P’ = y7 P, where 7 : ® — P(Q) is the projection to the second component.
We call P’ the geometric version of P, and say that it is a geometric CP-distribution.

Our first task is to address the non-injectivity of . Let
QR = {(1,)2,€Q: (in)y=b—1foralln=1,2,...}

Note that 6(22(F)) is a face of the cube [0,1]¢. The next lemma allows us to assume that
the measures of a CP-distribution make v : Q — [0,1]¢ a.e. injective.

Lemma 6.23. Let P be an ergodic CP -distribution. Then the probability that vyu,
W~ P, gives positive mass to 0D for some D € Dg is 0 or 1. In the latter case yu is
P-a.s. supported on a face of the cube of the form xp = 1 for some k =1,...,d, and
correspondingly 1 is supported on the set Q) In this case P can be identified with a
CP-distribution constructed in dimension d — 1 (that is, with Q = ({1,...,b— 1}7"1)N+
etc.).

Proof. Consider the shift-invariant and ergodic distribution Pe P(®%) corresponding
to P. For each k write _ N
Ay ={(, ) e d" : 7 e QP
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Since o~ 1Q*) C Q) is shift invariant so is Ay, and hence by ergodicity, lg(Ak) =0or
1. By the previous proposition,

BAy) = / 14, (5. 7)) PG, )
= [ 100 ®aPGn

_ //1Q(k> ) dpio (i) dP(po)
— [ w@)ap)

Hence, either ﬁ(Ak) =1, in which case p is supported on Q*%)| P-as., or else ]S(Ak) =0,
in which case p gives Q%) mass 0, P-a.s. The corresponding statement for wp and faces
of [0, 1]¢ follows.

Finally, if P(Ag) = 1 one can use the natural identification of Q%) with ({0,...,p—
1}4-HN to identify P to a CP-distribution of dimension d — 1. O

We assume henceforth that pu(Q®*)) =0 a.s. for all k =1,...,d. As a consequence,
v : Q= [0,1]¢ is p-a.e. 1-1 for P-typical pu, and v[a] is equal, up to yu-measure 0, an
actual b-adic cell, not the closure of one.

Our next goal is to obtain an expression for the dimension of yu when p € P(Q2) is a
typical measure for a CP-distribution P. A key lemma for us will be the representation
of the mass of long cylinders as an ergodic-like average. Define the function I : ®* — R
by

I(i,fiy = —loguo(Ci(7))
= —log poli1]

This is of course just the information function I, ¢, evaluated at i (see Section 6.7).

Lemma 6.24. If (in, ) € OV satisfies p, = p'r | for all n, then, writing u = po and

0= (ie,i1,...),

n—1

log fir...in] = S I(e7(i. 1)) (7)

5=0
Proof. Immediate by taking logarithms in the identity puliy...in] = [Tp; pit%—1[ig]

(Equation (5)), and using the fact that pt%-1 = y;,_; (which follows from the definition
of the Furstenberg and Equation (4), as in the proof of Proposition 6.18). O

Lemma 6.25. Let P € P(Q®) and P € P(®%) the corresponding CP-chain distribution.
Then [IdP = [ H(p,C1)dP(u).
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Proof. Using Proposition 6.18, we calculate:
[1aP = - [toguli]aPG.

= /(/loguo[il] dMOG)) dP ()

::/mM@mmm
::/Hmawmm 0

Proposition 6.26. Let P be an ergodic CP-distribution with geometric version P'. Then
P'-a.e. u is exact dimensional and the dimension is given by

. 1
dim p = logb/H(M’Cl)dP('u)

Proof. By the previous proposition, we may assume that yu(0Dpm) = 0 for P-a.e. pu,
since otherwise reduce to a lower-dimensional situation.
Let us first re-state our objective, which is to show that for P-typical u, for yu-a.e.
x?
1

li = —
s log b

n—oo 1 log b

log yu(Dyr (2)) / H(p,Cy)dP(p)

By definition, the point z = 7(;) is distributed according to yp if i € Q is distributed
according to p. Hence, using the fact that yu(Dyn(z)) = plir ... i), what we need to
prove is that for P-a.e. u, for p-a.e. ¢ € €Q,

1 . .
i~ og uls ) = [ H(.C1)aP(r) (8)
n—00 N

Let P € P(®Y) be the CP-chain distribution corresponding to P. Then by Proposition

6.18, choosing p according to P and ¢ € ) according to p is the same as choosing

(4ns fin) ;o according to P and taking p = po and @ = (i1iz...). Thus we need to prove

(8) for a.e. p,7 chosen in this way. B
The proof is now completed by noting that by (7), % log pliy ..., = 1 Z;:Ol I(o9(i, 1)),

n

which, by the ergodic theorem, converges to [ I dP a.s. over choice of (¢, 7). By Lemma
6.25, this integral is just [ H(u,C1)dP(p), as claimed. O

Definition 6.27. If P is an ergodic CP-distribution we denote by dim P the a.s. di-
mension of yu for p ~ P.
7 Invariant sets and their intersections

7.1 Constructing CP-distributions from f,-invariant sets

Recall that Cy, is the partition of = AN into cylinders of length n. We generally denote
elements of Q by i = (i1, 2,...).
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Lemma 7.1. Let p € P(Q2). Then

HnCx) = [ Y Hi .00 dul)
n=0

In particular, writing Pn = + LSV Tﬁé(o w € P(®),

L o en) = / H(7,C1) dPy(7)

N
Proof The poofis a computation based on taking logarithms in the identity p([i; . .. i,]) =
Hk “o W ingq] (Equation (5)) and integrating. In more detail, using the identity

H= Z[a]ecn 1t](a), We have

%H(u,cn) — ;f/(log,u[ih---,iNDdﬂ@
| pNal o ~
_ - (—10 Zl"'l"[in ])d (Z)
N/nzo g U +1]) ap
N-1
_ ]17/ Z (—10gu“[in+1])dﬂ|[a]@
n=0 [a]eCy,
N-1
_ % Z / log 1 [1]) dp” (5)
n=0 [a]€Cp,
| V-l
- ¥a u[a]- H(p",C)

31 Jn Cl d#( )

Il
2|~
—
||MH

The second claim follows from the first, since by Proposition 6.18, and writing¢_y = 0
(arbitrarily), we have

1 N-1 _
2 3 [ B ) =
n=0

7.2 Dimension of invariant sets

Before discussing intersections of sets we prove a result about a single fy-invariant set
which we shall later use, and which also provides a self-contained proof of the coincidence
of Minkowski and Hausdorff dimension for such sets.

Theorem 7.2. Let X C [0, 1] be a closed, fy-invariant set with dimyX = «. Then there
18 a b-adic ergodic CP-distribution P such that yv is supported on X, and dimyv = a,
P-a.s..
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Proof. Write a = dimp;X. From the definition of box dimension there is a sequence
N — oo such that
Ik:{DGDb”k : XﬂD;’é@}

satisfies

1 «
—log |Z| = ——
N, og || oz

We pass to . Let
U, ={a € A" : y[a] NI # ) for some I € T,,}

so that 1 < |Uk|/|Zk| < 2, and hence Niklog |Uk| — «/logb. For a € Uy let y, €
[a] N y~1X be a representative point and set

1
] 2

acly,

Clearly

1 o
— H(1y.Cn) = — log [Uy| — ——
RA (vk:Civi ) N, 0g Uy | log b

Next, run the Furstenberg chain from time O to time N} starting at (0,15). We
obtain distributions Py given by

L Nl
Po=— Y T8

Since P(®) is compact, by passing to a further subsequence we may assume that P, — P,
and we have seen in the proof of Lemma 6.6 and the remark following it that P is F-
stationary, i.e. is a CP-distribution.

We claim thatyv is supported on X P-a.s. Indeed, since X is closed and 7 is
continuous, the set {v € P(AY) : yv(X) = 1} is closed in the weak-* topology, and so
it is enough to show that Py-a.e. v satisfies yv(X) = 1. To see this we must show that
for each 0 <n < Nj and a € A", the measure y(v}) is supported on X. Indeed, v(v),
and hence y(Vg|,[q), are supported on X, and since fi'X C X, we also have that

() = 1@ (W)lia) = ' O (Vilnfa)

is supported on X, as desired.
On the other hand, H(-,C1) : P(Q) — R is continuous®. We thus have

/H(T, C1)dP(r) = kli}n;o H(7,C1)dPy(7)

1
= lim —H
I T e C)
. «
~ logb

8The function H(-,Dyn) : P([0,1]%) — R is not continuous; this is another reason we passed to a
symbolic model.
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Since P is the integral of its ergodic components, there is a set of positive measure of
ergodic components P’ of P with [ H(7,C1)dP'(1) > «/logb and v is supported on
X for P'-a.e. v. The claim then followsby Corollary 6.26. O

Proposition 4.3 follows form the theorem above.

7.3 Eigenfunctions

Let Xg be a compact metric space, X = Xgl, and ¢ : X — X the shift map defined
in the usual way. Let u € P(X) be a o-invariant and ergodic probability measure. A
function f : X — S = {2 € C : |2| = 1} is called an eigenfunction for (X, u,o) with
eigenvalue A € St if f(ox) = \f(x) for p-a.e. x.

In the situation above, write R : St — S! for the rotation map R(z) = Az. Then
Ro f = foo, so the measure v = fu is R-invariant: Rv = Rfp = fou = fp = v.
In particular if A is not a root of unity then the only R-invariant measure on S' is
normalized Lebesgue measure,” and so v must be this measure.

We require a slight generalization of the situation above where f is set-valued. Let ‘H
denote the space of closed, non-empty subsets of S!, which can be made into a compact
metric space using the Hausdorff metric

dy(A,B) =min{e >0 : AC B and B C A®)}

where A®) = {z : d(z,a) < €}.

We say that a measurable function f: X — H is an eigenfunctions with eigenvalue
Nif f(ox) = Af(x) for p-a.e. x, where on the right-hand side Af(z) = {\z : z € f(x)}.
We exclude the trivial case that f(z) = S! a.e., for which the equation holds for any
A est

Lemma 7.3. Let f: X — H be an eigenfunction. Then there is a set E € H such that
f(z) is a rotation of E for p-a.e. x.

Proof. S' acts continuously on #H by rotations, with p € S! acting by E — pE. By the
eigenfunction property, f(z), f(ox) lie in the S'-same orbit, so by ergodicity fu must
be supported on a single S'-orbit in H. This was the claim. O

Lemma 7.4. Let f: X — H be an eitgenfunction with eigenvalue A which is not a root of
unity. Then for any set U C S* of positive Lebesque measure, u(zx : f(x) NU # 0) > 0.

Proof. Let E € H be as in the previous lemma. Suppose first that £ has no rotational
symmetries, i.e. pE # E for all p € S\ {1}. Then for pu-a.e. . we have f(z) = pE for
a unique p = p(x) € S'. It is easy to see that this implies that p = p(z) is measurable in
x (this uses the fact that E is closed), and we have p(ox)E = f(ox) = A\f(x) = A\p(2)E,
so p is an eigenfunction with eigenvalue A. Choose zg € E and set f'(x) = p(z)zo, which
is also an eigenfunction with eigenvalue A and satisfies that f'(z) € f(z) a.s. Now, f'u
is normalized Lebesgue measure on S', hence f/u(U) > 0. This means by definition that

9Indeed such a measure v must be invariant under z — A"z for all n € N, and if A is not a root
of unity, {A\"}nez is dense in S, so v is an invariant measure under group translations in the compact
group S', and so must be Haar measure.
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p(z = f'(z) € U) > 0. But f/(z) € f(z) p-as., so the event {z : f'(z) € U} is as.
contained in the event {z : f(z) NU # 0}, and the lemma follows.

In general let G denote the group of rotational symmetries of E, i.e. those p € S!
such that pE = E. Since F is closed so is G, and since E # S! also G # S!, so G, being
a proper closed subgroup of S!, is finite, and consists of roots of unity of some order
N. Let ¢ : S' — S! the map z — 2. It is then easy to check that £ = oE has no
rotational symmetries (any such symmetry could be lifted to a symmetry of E that is
not in G, a contradiction). Now define f = ¢f. This is an H-valued eigenfunction with
eigenvalue AV, and f(z) = E p-a.e.. Thus by the first case discussed above, if V' € St
has positive Lebesgue measure then p(x : f(x) NV # 0) > 0. Taking V = U (which
is measurable since ¢ is a local homeomorphism) and using the fact that f(x) NV #£ ()
if and only if f(z) NU # 0 we obtain the claim. O

Corollary 7.5. For f, X as in the previous lemma, for any set X' C X of full measure,
f(X") has full Lebesque measure (and is Lebesque measurable).

Proof. The only subtlety here is thee issue of measurability. By the theorems of Egorov
and Lusin, we can find compact subsets X/ C X on which f is continuous and, pu(X’\
UX/)) =0. Write X" = |J X, so X"has full measure. Also, f(X],) are compact, so
f(X") = J f(X}) is measurable. By the previous lemma (applied to U = S'\ f(X"))
we find that f(X”) has full Lebesgue measure. Since f(X') D f(X"), this implies that
f(X’) is Lebesgue measurable and of full measure. O

7.4 Furstenberg’s intersection theorem

In this section we prove Theorem 5.10. Suppose that X is f, invariant, Y is fp-invariant,
and a £ b. Let
buw = {(z,y) €R? : y =uz + v}

be a line, u # 0. Fix « and let
U={u>0:dim({(X xY)N¥,,) > a for some v}

As a first observation, we claim that if U # 0 then U is dense in [0,00). Indeed,
suppose that v € U and write £ = (X xY)N¥,,. Applying the map f, x id to E and
using the invariance of X x Y under this map, we obtain

Fa X 1A(E) C (fo x id)(X x V)N (fa % id)luy = (X % V)N (fo x id)lu0

The set f, % id(€y,) is the union of finitely many line segments of slope u/a, hence by
the above, f, x id(E) is a subset of a union of the form Ule Lyjaw,- Since fq x id is
piecewise bi-Lipschitz, dim(f, x id(F)) = dim £ = «. Hence one of the line segments
Lyjaw,; intersects X x Y in a set of dimension > a, i.e., u/a € U. Similarly, applying
id x f to E, we find that there is a line segment ¢, ,» which intersects X X Y in a set
of dimension > «, so bu € U. In short, U is invariant under multiplication by b and
1/a, or equivalently, logU = {logu : uw € U} is invariant under addition of logb and
subtraction of loga. Since logb/loga ¢ Q, it is a well known fact that follows that log U
is dense in R, i.e. that U = [0, c0).

43



The next theorem says that in the last paragraph density can be improved to full
Lebesgue measure. We first consider how a measure p € P([0,1]) can be affinely em-
bedded in X x Y. Let ¢, : [0,1] — T? denote the affine embedding

Ouw(t) = (t,ut + v mod 1)
For € P([0,1]), let
L(p) ={u € (0,00) : @y is supported on X x Y for some v}

This is a closed set. We make two observations.

Lemma 7.6. If u € L(u) then bu € L(p). Similarly, if v € P(AY) and u € L(wv) then
bu € L(mv).

Proof. For any w, v, observe that (id X f,) 0 ¢y » = @pu,r for some v’. The claim follows.
O

Lemma 7.7. Ifu € L(p), and if I € D, satisfies u(I) > 0, then u/a € L(pu!). Similarly,
if v e P(AY), u € L(nv) and v([i]) > 0, then u/a € L(r(vi)) .

Proof. Let I = [g, %‘1) and (t) = %t + % Let v € R be such that ¢, ,u is supported
on X x Y. Since vu! = pl|s, it follows that gpuﬂ,wﬂ is also supported on X x Y. But a
calculation shows that ¢y ,1(t) = @y /q. for some v' € R. The claim follows, and the
second part is proved similarly. O

Theorem 7.8 (Furstenberg 1970). Let X be closed and f, invariant, let Y be closed and
fo-invariant, and a o4 b. Suppose that dimy((uX +v)NY) =a >0 for some u,v € R.
Then for a.e. u' € R there is a v' = v'(u') such that dim((v/X +0")NY) > «.

Proof. Assume without loss of generality that b > a. We begin as in the proof of Theorem
7.2. Start with measures p supported in (uX +v)NY with NikH(uk, D, n,, ) — «. Lifting
pi to v, € P() using a-adic coding and running the a-adic Furstenberg operator Nj
steps starting from (0,vy), we obtain a sequence P, € P(®) of distributions; after
passing to a subsequence we can assume they converge to a a-adic CP-distribution P
with [ IdP > . Replacing P by an appropriate ergodic component we can assume that
P is an ergodic CP-distribution and [ IdP > «, hence by Corollary 6.26, dimyv > «
for P-a.e. v.

Since puy, is supported on (uX + v) NYy, we have u € L(uy), so by the lemmas
preceding the theorem, for every i € A™ with p([i]) > 0 we have u/a"™ € L(vy(y, ")),
and hence b"u/a" € L(v(ui}“'i”)) for all m. If n is large enough that u/a™ < 1, then
there is an m such that b™u/a™ € [1,b]. Thus, if for p € P([0,1]) we set

U(p) = L) N [1, 0]

then U(w(u,?l”)) # () for all large enough k,n and i € A" for which v} is defined. It
follows that Py(v : U(yv) # 0) — 1 as k — oo, and since p — U(u) is continuous, we
find that

Plv:U(w)#0)=1
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Next, note that if @ = (i, v,);2, is a typical sequence in the Markov chain started
from P, then again by the lemmas preceding the theorem, since v; = ' and b > a,

LeU(mr) f2>1
WeyUmn) ift<l

— b(logl7 u—logy a) mod 1 e U(’Yyl)

ueU(my) = {

Thus if we define the set-valued function define f : ®N — by

F((in, vn)oo) = {180 Y + w € Ulyro)}

then, by the above,
Fom) 2 e2mi1om (1)

By ergodicity, we must a.s. have f(o@) = > 182 f ().

Finally, with respect to the ergodic shift-invariant distribution Pe P(®N) corre-
sponding to P, the function f is an H-valued eigenfunction with eigenvalue e?™*1°8s 9
which, since a ¢ b, this is not a root of unity. By Corollary 7.5, the image of

W:{EGQN:@WVOZa}

under f has full Lebesgue measure. But this precisely means that for Lebesgue-a.e. u
there is a measure p with dimp > «, and a v, such that ¢, ,u is supported on X x Y.
This proves the theorem. ]

We can now prove the results on intersections that we stated earlier:

Theorem 7.9 (Furstenberg). Let X be closed and f, invariant, let Y be closed and
fo-invariant, and a # b. If dim X +dimY < % then dim((uX +v)NY) = 0 for all
u,v € R.

Proof. Suppose the conclusion were false. Let p denote the map

p:RZxR*\ {(z,2) : z€R*} — !
ol

ron

that ends a pair of vectors 2/, 2 to the (oriented) direction that they determine. Then
the previous line means that the image of (X x Y)? under p has full Lebesgue measure,
and hence dim p((X x Y)?) = 1. On the other hand p is smooth, hence locally Lipschitz,
hence cannot increase dimension, so

dimp((X x Y)?) < dim(X x Y)? = 2dim(X x Y) = 2(dim X + dimY")

By assumption this is less than 1, a contradiction. O
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7.5 Kakeya-type problems

The argument used in the last theorem solves the intersections conjecture when dim X +
dimY < % and raises the following problem:

Problem 7.10. Suppose Z C R? is a set such that in every (or almost every) direction
there is a line £ with dim(Z N¥¢) > a. When can one conclude that dim Z > 1 4 «o?

If the answer were affirmative for products of the form CZ = X x Y with XY as
in Theorem 5.10, then the intersections conjecture would follow from that theorem.

Although Fubini-type heuristics would lead one to believe that the answer is affir-
mative in general, but this is not the case, see [19]. It is an open problem to find the
best lower bound on dim Z in terms of . However, known examples do not rule out the
possibility that the answer is affirmative for the sets of the form X x Y that interest us.

It is worth noting that the problem is related to the following well-known problem:

Conjecture 7.11 (Kakeya). If Z C R? is a set which contains a line segment in every
direction, then dim Z = d.

In dimension d = 2 there is relatively elementary proof, see e.g. Falconer [5]. For
d > 3 the conjecture remains open. For a comprehensive, though slightly outdated,
survey, see Tom Wolff’s article [19], which also contains a discussion of Problem 7.10.

8 Local approach to dimension of projections

8.1 Martingale differences and their averages

We recall some standard tools from probability and analysis.

Definition 8.1. Let (2, B, 1) be a probability space. A filtration F = (Fp)nen is a
sequence F1 C Fo C ... C B of sub-c-algebras. A sequence of measurable functions
f1, fa, ... is adapted to (Fp)nen if fn is Fp-measurable.

Definition 8.2. Let (92, B, 1) be a probability space, (F,,) a filtration. A sequence { f,,}
of L'-functions is called a martingale difference sequence'® if it is adapted to (F,) and
E(fn‘f:nfl) =0.

Starting with an L! sequence (g,) adapted to (F,), one obtains a martingale differ-
ence sequence by setting f, = gn — E(gn|Fn-1)-

The only fact we need about martingale differences is a consequence of the following
ergodic-like theorem for orthogonal functions.

Theorem 8.3. Let (Q, B, ) be a probability space and (f,) be a martingale difference
sequence, fn € L2, such that sup,, || fully < 0o. Then & SN fi =0 as. and in L2.

'The reason for this terminology is that if (f,) is a martingale difference sequence, then Fy =
Zf:’:l fn Is an martingale (i.e. Fnv is Fny measurable and E(Fn|Fn—1) = Fn—_1, and conversely, if (Fn)
is a martingale adapted to (F,) then f, = F;, — F,_1 is a martingale difference sequence).
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The proof is similar to the standard proof of the law of large numbers for independent
random variables using Kolmogorov’s inequality (which is usually states for i.i.d. random
variables, but is valid with the same proof for martingale differences). Note also that
L?-martingale difference sequences also form an orthogonal sequence in L?, and together
with norm-boundedness this is enough to ensure that the averages converge a.e. to 0.
In fact one can do with even weaker non-correlation conditions, see e.g. [14].

Corollary 8.4. Let (gn) be a sequence of functions and (Fy) a filtration such that for
some p and every 0 < k < p, the sequence (gnp+k) s a martingale difference sequence

for (Fup+k), and sup, ||gnlly < co. Then + SN i — 0 a.s. and in L?.

Proof. For any N we can write N = Nop + kg for 0 < kg < p, and then

1 N NO No p—1 No—1
N Zgi Z ( Zglp+k> N Z < Z glp+k>
=1 k=ko+1

Since by the previous theorem, % Zi\il Jip+k — 0 a.s. and in L? for each 0 < k < p, and
since there are p terms in the sum and % — % as N — oo, the corollary follows. O

8.2 Local entropy averages

Throughout this section and the coming ones we fix an implicit (arbitrary) integer
parameter b > 2 and suppress it in our notation.

The following theorem allows one to compute the dimension of a measure p at a
typical point z via the average behavior of the measure on the b-adic cells Dyn(x) de-
scending to x. The motivation is dynamical, inasmuch as one can think of this sequence
of measures as an orbit in a dynamical system, and this dynamical viewpoint is precisely
what underlies the computation of dimension in Proposition 6.26. Unlike that propo-
sition, however, the theorem below works in complete generality with no dynamical
assumptions, and this is precisely its utility.

Theorem 8.5 (Local entropy averages lemma). Let u € P(RY) and p € N. Then for
p-a.e. T,
N-1

| 1 1
dim(p, ) = lim inf Z ozt (Do () Dpotnn))

Proof. For convenience, for n < 0 we re-define D,, to be the trivial partition of R%.
Consider the information function of up,, () with respect to the partition Dyn+p, which
we denote by ® @)
MU\ Lpn+p (T
Tl = =108 = e, )
Thus
H (1D, pm (2)s Dyptn+1)) = E(Ippn | Dyon ) ()

and the terms of the averages %Zﬁfz_ol (E(Iypn | Dynw) — Ippn) are a sequence of L2-
bounded!! martingale differences for the filtration'? (D,,). By Theorem 8.4 they converge

"'To verify L? boundedness, note that the function z log? z, which arises when integrating the second
power of the information function, is bounded on [0, 1].
12We identify D,, with the o-algebra generated by its atoms.
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p-a.e. to 0. Finally, we have already encountered the identity

log (Dyen () = Zl DZZM1())))
N-1
= —Zfbpn(x)
n=0

which combined with the above a.s. limit shows that for p-a.e. x,

. .. log (Dpwyn ()
Al e) = R N gy
13
= liminf 5 ZO WH(“’DW (z)> Dpp(n+1) )01

It is often better to average in single steps rather than steps of p. For this we have:

Lemma 8.6. Let i € P(R?) and p € N. Then for p-a.e. z,

N
. S A .
dim(u, z) = lﬁglof N ng_l EH(MDgn(x), Dijn-p)

Proof. The proof of the last theorem is easily adapted to show for every 0 < k < p that

dim(p, ) = liminf — Z J [y p-a.e.

N—o0

Averaging over k gives the claim. O

8.3 Dimension of coordinate projections

The local entropy averages lemma bounds dim p in terms of the average entropy of
the measures pp,,(;), n € N. In the next three sections our objective is to obtain an
analogue for linear images of measures. Thus, for u € P(R?) and 7 € I1; a linear map
R? — R* we would like to bound dim 7 in terms of the mean behavior of the sequences
HDyn () TOr p-typical z, and, specifically, the entropy of their m-images.

Definition 8.7. If u € P(RY) and 7 : R? — R* is a linear map, then for € R? and
m € N write

m(p, 7, ) = lim lnfﬁ Z H(m(ppg, (2))> Dijnm)

mlogb

and

e(p, m,x) = limsup e, (u, 7, )
m—0o0

Although it is not obvious from the definition, the sequence e, (u, 7, 2), m € N, is
p-a.e. convergent, but we will not use this fact.
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Theorem 8.8. Let € P([0,1]%) and let nt(x1,...,24) = (x1,...,21) be the coordinate
projection RT — R*. If p € N and ep(p, m,x) > o for p-a.e. x then dimmp > o. In
particular, dim wp > essinf,, e(p, m, ).

Proof. Let & = n~'DF, so that u(&;(z)) = mu(DF(rx)). Since a wu-typical point y € R¥
is obtained as the projection 7wz of a p-typical point 2 € RY, our goal is to show that

1 n
dim(mwp, 7z) = 1innii£f w > p-a.e.
- (Epren ()
H\Cpntp (T
Jpn = —log —Z——>
(@)
Note that Zf:tol Jpon () = —log u(Ewn (z)). Also, Jyn is Eyntp-measurable, and since

Dyn+p refines Eyntp, it is also Dyn+p-measurable. Arguing now just as in the proof of the
local entropy averages lemma (Theorem 8.5), we conclude that for every 0 < k < p,

N-1

| 1
d(mp,7x) = lﬂloréf N nz:o ngE(pr(nHHk]Dbpn+k)(x) p-a.e. (9)

Now fix z and let D = Dyi(z) and E = &i(x), and let Eq, ..., E, € E,i+p denote the cells
such that p(E;) > 0. Write ¢; = pp(E;) and p; = pup(Ej), so that Jy: takes the value
g; on E;. Both (g;) and (p;) are probability vectors, and since D C FE also up < pug
and hence g; = 0 implies p; = 0. Thus, from the definitions and Lemma, 6.21 applied to
the vectors (p;), (¢;),

E(Jy|Dy)(x) = / Ty (9) dup(v)

= > ulE)) - Jyls
J
= =) pjlogg;
j

> =) pjlogp;
j
= H(/"LD7 gbi‘ﬂ’)

Inserting this into Equation (9) completes the proof. O

8.4 Changing coordinates

The proof of Theorem 8.8 relied on the fact that ng 4, refines 71DK, . This holds
when 7 is a coordinate projection, but not for general linear maps. In order to treat
the general case we now investigate how the local behavior of entropy changes when we
change to a dyadic partition in a new coordinate system. We shall state things a little
more generally, since it is not much harder to do so.

Recall that a partition B refines a partition A if every A € A is a union of elements
of B. A sequence (A,) of partitions is refining if A, refines A, for all n.
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Definition 8.9. Let (X, ) be a probability space. Let (A,), (B,) be refining sequences
of partitions of X. We say that (B,,) asymptotically refines (A,) (with respect to p) if
for every € > 0 there is an s € N such that

l}wonof — nzl LiBnis(@)CAn(z)y > 1 — € p-a.e.

Trivial situations aside, the simplest method to ensure that one partition asymptot-
ically refines another is to randomly perturb one of the partitions. The example that
interests us is that of b-adic partitions for different coordinate systems on R?. To be
precise, fix some orthogonal basis u1, ..., uq of R? and let £ € [0, 1] be chosen randomly
according to Lebesgue measure. Let &, = &,(€) denote the (random) partition of R?
which is the n-adic partition with respect to the coordinate system whose origin is £ and
whose principal axes are in directions ug, ..., uy (we continue to write D¢ for standard
n-adic partitions). Observe that &,(€) = &,(0) + &, where for a partition £ and = € R?
we write E+x ={E+z : E€f&}.

Proposition 8.10. Let u € P(R?) and let £, = E,(€) be the random partitions described
above for a given orthogonal basis of R?. Then almost surely (over the choice of €), for
every base b, the partitions (Dbn) asymptotically refine (Epn).

Proof. A point z € R? is said to be normal if the sequence b"x mod 1 € [0,1]? equidis-
tributes for Lebesgue measure on [0, 1]%; if = € [0,1]¢ is chosen randomly according to
an absolutely continuous measure, it is a.s. normal. Since the Lebesgue measure of the
-neighborhood of 9([0,1]%) tends to 0 as § — 0, for every £ > 0 there is a § > 0 such
that, for a normal point x,

Jm N Z Lipn.d(z,0Dpn (2)) <8} < € (10)

Denote by Ug the isometry of R? given by the composition of translation by —¢ and
the linear map given by u; + e;. Note that Us maps Eyn = Epn(§) to Dyn. Since £ is
chosen from an absolutely continuous distribution, any fixed x, the distribution of Ugx
is absolute continuous, and hence Ugx is a.s. (over the choice of &) normal. Choosing
x randomly according to p and applying Fubini’s theorem, for a.e. choice of ¢ we find
that Ugz is normal for p-a.e. . Thus (10) implies that for every € > 0 thereisa § > 0
such that

N
R Zl Lm-d(Uew oDy () <6} < €
n
which translates to
J\}gnoo N z:l 1{bn d(z,0En (2)) <8} <e H-a.e. T (11)
n—=—

Fix ¢ and corresponding § as above, and choose s so that every I € fonﬂ has
diameter less than b~"¢. Observe that if x,n are such that b" - d(z,0&n(z)) > § then
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DY, (z) C & (z). From this and the inequality (6) we conclude that

N
A}gnoo — Z Ip,,s(@)Cepm@) = 1 —¢ p-a.e.
=1
which is what we wanted to prove. O

Definition 8.11. For partitions A, B of a space X and A C X write
NA,B)=#{BeB: AnB#0}

and

N(A,B) =max{N(A,B) : Aec A}

Definition 8.12. Let K be a convex set. A function G : K — [0, 00) is is said to have
convezity defect 0 if aG(v) + (1 — a)G(w) > G(av + (1 — a)w) — ¢ for every v,w € K
and 0 < o < 1.

It is elementary that if G has convexity defect §, then G(Z 1 Q) > Z 1 ;G (v;)—
0 [logy £] for every convex combination Zi:l Q;v;.

In our application we will consider functions G : P([0, 1]¢) — R of the form %H(-, En),
for suitable partitions &, and a parameter p,n. Since the entropy function H has
convexity defect 1, such functions all have the same defect 6 = 1/p (uniformly in n).

Theorem 8.13. Let u € P([0,1]%) and let (A,), (By) be refining sequences of partitions
such that (By,) asymptotically refines (Ay,) (w.r.t. p). Let C,, = A,V By,. Then for every
e > 0 there is an s such that the following holds.

1. For any sequence Gy, : P([0,1]%) — [0, M] of concave functions,

lim mf
N—o0

HMZ

N
o1
Grs(tic, () = l}goréf N Zl Gn(pB, @) — M -a.e. x
n=

2. If £ = sup, ey N(An, Buys) < 0o and Gy, : P([0,1]%) — [0, M] are almost-convex
functions with common defect 6, then

l}ﬁgof — nz:l Grts(He, (z) < hm 1nf — nzzl G (1B, () +eM+0 [logy /] p-a.e.

3. If ¢ and Gy, satisfy the combined hypotheses of (1) and (2), then

N
|
lwgf — Z Gn(1B,(z)) — l}wgof N Z_:l Gnrs(tic, ()| < 2eM+6 [log (] [-a.e. T

The same statements hold with lim sup in place of liminf.
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Proof. Fix e, and choose s as in the Definition 8.9 for the sequences { A}, {B,}. Define
frnrgn : [0,1]¢ = [0, M] by

fa(@) = Up,, ()Chn(@)}
gn(l“) (E (/~LB”+S(1)) ’ fn(x)

By our choice of s,

N
o1
l}\Ifr;lC{lofN an(z) >1—c¢ (12)

n=1
Since C,, = A, V B,, and the sequences (A,,) and (B,,) are refining, B, 1s(z) C A, (z) if
and only if By45(x) C Cp(z), so

fn(l') = 1{Bn+s (m)gcn(l')}

Finally, note that f,, g, are C,ts-measurable (because C,,1s refines By, 1 ).
We prove the first claim. Write

fen(z) = Z 1e, (z)(B) - BBAC, (2)
BEBn+S
= > te, (z)(B) - pB + > tie, (z)(B) - LB, (x)
BEB4s. BCCn () BEB4s, BLCn ()

By non-negativity and concavity of Gy,

Grts(pe, (@) = > pen (@) (B) - Gnys(ip)
BeBn+s ,BQCn (CC)

or equivalently (using fn(7) = 15, (z)CCu(2)})

Gn+s (Ncn (x)) > E(gn |Cn) (l‘)

Since g, is Cpys-measurable and bounded uniformly in n, by the last inequality and the
ergodic theorem for martingale differences (Corollary 8.4),

N N
| |
hmlnfﬁ g Gnts(He, (z) l}\Ifn_glofN g E(gn|Cn)(x)

>
N—o0
n=1 n=1
1
= liminf — n -a.e. 1
gn_&N;g () pae w (13)
Using 0 < G, < M, we have
gn(x) = Gn—i—s(ﬂl’j’nﬂ(m)) - (1- fn(x))Gn—FS(MBnH(x))

> GnJrs(,uBnJrs(ac)) - M(l - fn(l'))
so with the help of Equation (12),

N N
.1 ... 1
lim inf nE_l gn(z) > liminf n§_1 (Grrs(bB, 4 (@) — M(1 — fa(2)))
1 N
> liminf — E Gn(pg, () — Me p-a.e. x
n=1

N—ooo N
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Combined with (13), this completes the proof.
For the second part, write ¢ = 0 [logy ¢]. Using almost-convexity and Gp4+s < M we
have

Gnrs(pic,(z)) < > pen (@) (B) - Gnys(ip)

+ Z :uCn(z)(B) : GnJrs(MB) +c
BEBn+S,BZC”(Z‘)

Z He,, () (B) - Gns(uB)

BeBnJrs:Bgcn(l')
BEBn-‘—s,BZCn(I)

= E(galCa) + M - (1 — E(fo[Ca)(z)) + ¢

Since fn,gn are Cpys-measurable, we again use the ergodic theorem for martingale
differences again (Corollary 8.4), equation (12), and the trivial inequality g,(xz) <

Gn-i—s (MBn_._S(x) )7

IN

lim 1nf
N—oo

Gnys /tcn < hm 1nf ~ ZE gn|c

uMz

N—oo

N
+ M - (1 —limsup % ZE(fn]Cn)(x)) +c
n=1

A
=
E
=
2=
g
<
2
2

N
N
+ M- (1 —hmmfN;fn(x)) +c

< hmlnf—Zgn +eM +c

N—oo

< liminf — Z Gnts(BB, u(2) T EM +c

N—oo
=1

Changing the index from n + s to n in the last inequality gives the claim.
The third statement is a formal consequence of the first two. The versions using
lim sup instead of liminf are identical. ]

Corollary 8.14. Let pn € P(R?), let b > 2 and let (D},)3, (D)3, be b-adic parti-
tions of R relative to different orthogonal coordinate systems. Then for every € > 0, if
G : P([0,1]%) — [0, M] are concave and almost convexr with common defect 5, then

N
1
lim sup | — Z Gn( MD’ -~ Z Gn(M’D;)/n(x)) < 2eM + O.(0) [-a.e. T
n=1

N—oo
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Proof. Let (&n)22, be a b-adic partition with respect to a randomly perturbed coordi-
nate system. By Proposition 8.10, (&n) asymptotically refines both (Dj,.) and (D},),
and clearly N(Dj.,Epnts) = N(Djh,Epnts) = O(b~5%). The corollary now follows by
part (3) of the previous theorem for the pairs (Dj,), (En) and (D, ), (&), and from the
triangle inequality. O

8.5 Dimension of general projections

We now give the general case of Theorem 8.8 for non-coordinate projections. As before
the base we fix an integer base b > 2 and suppress it in our notation.

Theorem 8.15. Let p € P(RY) and © : R — R* a linear map of full rank. Then
dim 7y > essinf, ., e(p, 7, x).

Proof. Choose a coordinate system in R? with respect to which 7 is the coordinate
projection to R¥, and let &, be the corresponding n-adic partition of R?. We may
assume that 7~ 'DF, refines & (if this is not the case initial, a translation and scaling
of the coordinates in R¥ achieve it without changing dim 7).

Fix ¢ > 0 and m and define G,, : P([0,1]¢) — [0, 1] by

1
mlogb

Gn(v) = H(7v, D)

By basic properties of entropy, this function is concave and has convexity defect § =

ﬁgb' By Corollary 8.14, and assuming m is also large in a manner depending on ¢, for
[-a.e.. T,

N
... 1 1 L
lim inf ﬁ § EH(T((MSW(J:))? Dbn+m) > em(,u, T, I’) — 2 — OE(

N—oo

1
mlogb

)

n=1
By our choice of &, and Theorem 8.8 this implies

1
mlogb

)

dimp > e (p, 7, ) — 2 — Oc(

Now taking the limsup over m, and then the infimum over ¢, for py-a.e. x

dim 7y > limsup ey, (p, m, ) = e(p, m, x)
m—00

The claim follows. O

9 Projections of dynamically defined sets and measures

We are finally ready to study the dimension of projections of typical measures for CP-
distributions, and prove Theorem 5.11.
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9.1 More on entropy and dimension

A natural notion of dimension is the following:

Definition 9.1. The entropy dimension dim, p of u € P(Q?) is

m —
n—oo  logn

assuming the limit exists; if not we define dimep and dim,u using limsup and lim inf,
respectively.

Often it is convenient to compute entropy dimension along an exponential subse-
quence of ns:

Lemma 9.2. For every integer b > 2,

H(u, Dyn
dime = lim H(p, D)
n—oo  nlogb

and similarly for upper and lower entropy dimension.

Proof. Each m is bounded between v"~! and b™ for some n = n(m). Using Lemma 6.20,
for such a pair we see that |H(u, Dyn) — H(p, Di)| < C. The desired equality follows
since n(m)logb/logm — 1 as m — co. O

Entropy dimension and pointwise dimension are related by the following:
Proposition 9.3. dim y < dim_ p

Proof. By Fatou’s lemma,

o — log ju(Dan () / .. —log i(Dan (z))
>

it [ =R ) > [ =2 o
— [ a2 du(o)
> dimp

O

Remark 9.4. The inequality above can be strict, and in general there is no relation
between entropy dimension and dim p. However, if a(z) = lim,_olog u(B,(z))/logr
exists at p-a.e. point then dim, p = [ a(z)du(z).

9.2 Dimension of projections of with local statistics

We have seen that for measures on [0,1]¢ arising from ergodic CP-distributions, the
dimension can be expressed in terms of the mean entropy of Dg (Corollary 6.26). Our
goal in this section and the next is to obtain a similar formula for the dimension of linear
projections.

Recall the notation pp,u? from Section 6.6. It is convenient to introduce a short-
hand notation:
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Definition 9.5. For a fixed base b > 2 and u € P(R?),

Hzn = HDyn(z)
Mz,n _ ,qun (z)
whenever they are defined.
Note that we have suppresses the base b in the notation.

Definition 9.6. u € P(]0,1]%) generates a distribution P € P(P([0,1]%)) in base b, if
for p-a.e. = the sequence (u™™)2°, equidistributes for P, i.e.

1
N Z Syzn — P weak-* as N — oo

In other words,

1 N-1

~ Z f(u®m) — /fdP for all f € C(P([0, 1]d))

n=0

The main examples of measures satisfying the previous definition arise from geomet-
ric versions of CP-distributions (recall Definition 6.22):

Lemma 9.7. Let P € P(®) be an ergodic base-b symbolic CP-distribution and P’ its
geometric marginal. Then for P'-a.e. u, the measure p generates P' at p-a.e. x.

Proof. We assume as always that P-a.e. p gives no mass to the boundaries of b-adic
cells.

Let P € P(®Y) correspond to P and let Q € P(P(Q)) denote the projection of P to
the second coordinate of ® = A x P(Q). By the ergodic theorem, for P-a.e. (i,i) € ®Y,

1l
lim N Z O, = Q (weak-*)

N—oo
n=0

Write 7 : Q — [0, 1]¢ for the symbolic coding. Since 7 is continuous we can apply it to
the limit above and conclude that for P-a.e. (i, 1),

P =7Q=x(lim — Z 0 it in) = lim — Z Orpin (weak-*)

N—oco N Nﬁ\oo
Since g, = g™ (see the proof of Proposition 6.18) and m(ug ™) = (o)™ " (since
the boundaries of b-adic cells are y-null), this implies that po generates P atz = = i
Conditioned on pg the point i is distributed according to uo (Proposition 6.18), so x = 7i
is distributed according to mjug, hence mju generates P’. This happens for P-a.e. (i, ),
which is equivalent to what we wanted to prove. O

Remark 9.8. There is also a converse: if u € P(R?) generates a distribution P at p-a.e.
point, then P is the geometric marginal of a CP-distribution. We do not use or prove
this fact, see [§].
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We now turn to the study of projections.

Definition 9.9. For P € P(P([0,1]%)) and a linear map 7 : R? — R¥ write

1
mlogb

em(P,m) = /H(ﬂ'y, Dym ) dP(v)

and

e(P,m) = limsup e, (P, )

m—o0

Theorem 9.10. Let 1 € P(RY) be a measure that generates P in base b. Let m € Tl .
Then

dim7p > 6(P,7T)

In particular, if P is an ergodic CP-distribution, then P-a.e. p satisfies dimmwu >
e(P,m).

Proof. For x. Write
1 N
Pa;N - Nngl (Suzm

and assume that P, y — P weak-* , which holds for p-a.e. 2. Note that by Lemma
6.20,

H(r(jta), D) = H(r(u"), D) + O()

Therefore, by the same lemma and the fact that P, v — P weak-*,

N
o 1 .
em(p, ™) = 1}\1[1335 N ,?:1 mlong(W('um’n)’ Dysm)
1 ZN 1 1
_ P - z,n k -
N l}\I/ISglof N ot mlog I)H(W('u ) D) + O(m)
. 1 1
_ l}wglof/mlong(wy,Dfm)dPN(V) +O()
1

v

em(P,m) — O(E)’

so for p-a.e. x,

e(p, ™, x) = limsup ey, (u, 7, ) > lim sup (em(P, ) — O(l)> =e(P,m).
m

m—r0o0 m—o0

Applying Theorem 8.15, we have dim mp > essinf,, e(p, m,2) > e(P, ), as claimed.
The second statement is immediate from the first using the fact that a.e. measure for
a geometric, ergodic CP-distribution generates the distribution along b-adic cells. O
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9.3 Semicontinuity of dimension for CP-distributions

We now consider typical measures for a ergodic CP-distribution, which, by Lemma 9.7.
The following proposition shows that such for measures the lower bound on dimension
that was given in Theorem 9.10 is an equality.

Proposition 9.11. Let P € P(P([0,1]%)) be the geometric marginal of an ergodic base-b
CP-distribution and m € Il . Then

dim 7y = e(P,7) for P-a.e.

and
e(P,m) = lim ey (P, )

n—o0

(i.e., the limsup in the definition of e(P, ) is a limit).

Proof. P-a.e. u satisfies the hypothesis of Theorem 9.10 with the distribution P. There-
fore,

e(P,m) = lim_>supen(P,7r)
n—oo
> liminfe, (P, )
n—oo
o 1
= hnrggfnlogb/H(ﬂu,Dbn)dP(u)

. 1
> [t o H (71 D) AP

= /dimewdp(u)
> /dimde(u)
> e(P,m)

(The first equality is the definition of e(P,); the second is trivial; the third is the
definition of e, (P, ); the fourth is Fatou’s lemma; the fifth is the definition of entropy
dimension; the sixth is Proposition 9.3 (which is another application of Fatou); and the
seventh is Theorem 9.10). Thus all are in fact equalities. In particular

limsup ey, (P, 7) = liminf e, (P, )
n—»00 n—0o0

50 lim,, o0 e, (P, ) exists. We also conclude that

/ dim 7 dP(1) = e(P, )

Since dim 7y > e(P,m) for P-a.e. p, this implies that e(P,7) = dim 7wy for P-a.e. pu, as
claimed. O

Theorem 9.12. Let P € P(P([0,1]%) be the geometric version of an ergodic base-b
CP-distribution. Then m — e(P, ) is lower semi-continuous, i.e.

lim m, == == liminf e(P, m,) > e(P,7)

n—o0 n—oo
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Proof. 1t suffices to show that there is a neighborhood of 7 in which, for every § > 0,
e(P,7") > e(P,m)— 4.

Fix k and 7 and note that there is a neighborhood U = U ;. C Il of 7 such that
for 7/ € U and any measure 7 € P ([0, 1]%),

1 1 C
—H Dy.) — ——H(x't,D —

Taking p to be a P-typical measure and applying Theorem 9.10 to it, we find that
dim 7'y > ep(P,m) — 0 — %, where 6 — 0 as k — oco. But from this and Proposition
9.3 it follows that for large enough r,

1 C
H(7' 1, Dyr Pr)—dp ——
T]Ogb (ﬂ-:u‘? b)>€k( 77T> k k
Therefore for large r,
er(Pr) > ex(Pm) — b~
Hence
C
e(P,7’) = lim er(Py7") > ep(P, ) — O — %

This inequality holds for all 7’ € Uy, and since the right hand side tends to e(P, ) as
k— o0, the claim follows. O

Remark 9.13. For P-typical p we have dim7u = e(P,m) (Proposition 9.11). Hence
there is semicontinuity of the projected dimension when one randomizes over p. It is
not known if for P-a.e. u the function 7 — dim 7y coincides with 7 +— e(P, ).

Lemma 9.14. If P is the geometric version of an ergodic CP-distribution then e(P, ) =
min{k, dim P} for a.e. m € gy.

Proof. Let a denote the dimension of P-typical measures. By Marstrand’s projection
theorem (Theorem 4.6), for any measure p € P([0, 1]9) with dim p = a, for a.e. m € Tlgy,
we have dim 7wy = min{k, a}. Since dim pu = « for P-a.e. p, the conclusion follows by
Fubini. O

Corollary 9.15. Let P € P(P([0,1]9)) be a the geometric version of an ergodic CP-
distribution, and p a measure which generates P at a.e. point. Then for every e there
is a dense open set of projections m € gy, such that dim7p > min{k,dim P} —e. In
particular, the set {m € Il : dimmp = min{k,dim P}} contains a dense Gy.

Proof. Let o denote the dimension of P-typical measures. By Lemma 4.5 e(P,m) <
min{k, a} for every m € Il ;. Thus min{k, a} is an upper bound for e(P,-) : IIg; — R,
and by the last theorem this upper bound is attained on a set of full measure, and hence
on a dense subset of Il . Since the set of maxima of a lower semi-continuous function
is a G5 and e(P, ) is lower semi-continuous, the conclusion follows. ]
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9.4 Projections of products of f,- and f,-invariant sets

For v € R we again write
mu(2,y) = ur +y

Lemma 9.16. Let E CR?, u € R and s,t € N we have
dimm,((fs X fi)(E)) = dim s/ F

Proof. On each cell I x J , I € Dy, J € D; the map f, x ft‘[o,u? is affine and given by
(z,y) = (sx,tz) + a for some a = ay; € R% Thus

Wu(fs X ft‘IXJ(:an)) = Wu((5$',ty> + (1)

usxr + ty + mya

t- 7T'u,s/t(:’Ua y) + 7Tu(a)
¢I,J oﬂ—us/t("ray)

where 1 is an affine map of R which, being bi-Lipschitz, preserves dimension. Therefore
dim 7, (fs x fe(EN (I x J))) = dim g, (EN (I x J))
Since £ = Ujep, jep,(E N (1 x J)), the claim follows by Lemma 2.12 (2). O

Theorem 9.17. Let X be closed and f, invariant, let Y be closed and fy-invariant, and
a b, Then dim 7, (X x Y) =min{l,dimY + dim X} for every u # 0.

Proof. Let Z = X x Y and for each ¢ > 0. We wish to show that dimm,Z >
min{l,dim Z} — e. Now, for any m,n € N the set Z is invariant under fym X fpn =
fat < fit, so by the Lemma 9.16,

dim 7, Z = dim 7, ((f3" x f')(Z)) = dim m.qm jpn Z for all m,n € N

Therefore it suffices to show that dim 7 qm pn Z > min{1,dim Z} — ¢ for some m,n € N.
By assumption loga/logh ¢ Q, so a™/b™ is dense in RT. Therefore it suffices to show
that the set

Us={melly; : dimnZ > min{l,dim Z} — ¢}

has non-empty interior.

To show this we construct an ergodic base-a CP-distribution P such that dim P =
dim Z and for P-a.e. p thereis a u € R such that, writing L(x,y) = (z,uy) mod 1, the
measure Ly is supported on Z. We first note that Z has equal box and Hausdorff di-
mension (since X, Y have this property), so nga log N(Z,D,x) — dim Z. We construct
a CP-distribution as in the proof of Theorem 7.8, starting from measures uy € P(Z)
such that H(ug, Dyr) = log N(Z, D, ), and passing to an ergodic component for which
dim P > dim Z, and in fact there is equality because P-a.e. u satisfies Lu(Z) =1, a
fact also proved as in Theorem 7.8.

Let us now replace P with its geometric version. Fixing a P-typical p, we know from
Theorems 9.10 and 9.12 that m, — dim m,u is bounded below by a lower semi-continuous
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function which is a.e. equal to min{1,dim Z}, so, for the measure y' = Lu|z, the map
7y +— dim ' is bounded below by a similar function, and in particular the set

V.={re o1 : dim7y' > min{l,dim Z} — £}

is open and non-empty (in fact dense) in Iy ;. Since dimnZ > dim 7y’ for all 7 € Iy,
we have V. C V, so V_, as desired. O

Remark 9.18. One can show that the same result holds for products of invariant mea-
sures, but establishing a relation between the product measure and an appropriate CP-
distribution requires a little more work, see [9].
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