Convergence of sets and measures

Let X be a compact metric space. Recall the definition of convergence in 2% =
{ACX : 0#A, Aiscompact}.

Definition 1. A,, — A in 2¥ if for every € > 0 we have 4,, C A®®) and A C Asf)
for all large enough n.

Lemma 2. A, — A if and only if the following two conditions hold:
i If x € X then there exists x,, € A, with x, — x.
i If ¢y, € Ay, and x,, — x then € A.

Proof. Suppose 4, — A. To veryfy (i), let x € X and let z, € A, denote a
point minimizing the distance from z to A,,. Since A C Agf) for all large enough
n we conclude that d(x,x,) = d(z, 4,) is eventually smaller than e for every
e >0, so0d(x,z,) — 0. To veryfy (ii), let =,,, be asin (ii). Then since eventually
A, C A also z,, € A®) eventually, so, since A is closed, lim x,,, € A.

Now suppose A,, /~ A. Then either (i’) there is an € > 0 and infinitely many
n with A ¢ Agf), or (ii’) there is € > 0 and infinitely many n with A, ¢ A®).
We show that either (i) or (ii) fail. It is enough to show that (i’) implies that
(i) fail and (ii’) implies that (ii) fails.

If (i’) holds then there is an x € A with d(z, A,,) > ¢ infinitely often, which
clearly contradicts (i).

If (ii’) holds, then there is a sequence nj — oo and z,, € A,, \ A®). By
passing to a subsequence we can assume z,, — . Since d(z,, ,A) > ¢ we have
d(xz,A) > e so x ¢ A, contradicting (ii). O

Next we turn to measures. Let P(X) = {Borel probability measures on X }.
We define weak (or weak-*) convergence u,, — p in P(X) by
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This convergence is induced by a metric: choose a countable set {f,} C C(X)
of functions bounded by 1, whose space in sdense in C(X). Then set
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Another compatible metric is
dr(p,v) = sup{\/fdu - /fdu\ : f is Lipschitz with constant < 1}

The topology defined by this convergence is compact (we will not prove this).



Example 3. Let X =[0,1] and p,, = L Y7, 04/, For every f € C(X),
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where the limit is from the definition of the Riemann integral. Thus u,, — Leb.

Example 4. Let X = [~1,1] and p,, = §Leb|_1/p,1/n) (note that s, is indeed
normalized). Then for f € C(X),
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Definition 5. The (topological) support of p € P(X) is

SO [y, — Jp.

supp,u:X\U{UQX : U is open and p(U) = 0}

Equivalently, if ¢/ is a basis for the topology of X, supppu =X \|J{U e U :
w(U) = 0}. Choosing U to be countable, as we can since X is compact metric,
this implies

p(supp p) > p(X) =Y {u(U) : U €U annd p(U) = 0} = u(X)

so u is indeed supported on supp p.
supp p does not determine p or even the measure class of u.

Example 6. Let QN [0,1] = {gn}52;. Let p = > 27"¢,,. Then every open
interval I C [0, 1] has u(I) > 0, so supp p = [0, 1]. Of course also supp Leb|jg 1] =
[0,1]. But of course pu L Leb. Also note that we can find Borel measurable sets
A, B C [0,1] with u(A) =0 and u(B) =1, and Leb(B) = 0 and Leb(A) = 1. Of
course, A, B cannot be closed!

In general, p, — p (weakly) does not imply supp p,, — supp p (in 2%).

Example 7. Let X = [-1,1], and pu, = ﬁLeb\[,l’l} +(1- ﬁ)éo. Then it is
easy to check that p, — dg but p,(I) # 0 for every open interval I and every
n so

supp p, = [—1,1] = [=1,1] # {0} = supp o

Claim 8. Let A,, — A in 2% and p,, — p weakly. Suppose supp p, C A,. Then
supp 4 C A. In particular

supp(lim 1) € lim(supp fin)

assuming both limits exist.



Proof. Let x ¢ A, we must show that there is a small r such that u(B,(z)) = 0.
Choose r = d(z, A)/3. Then for large enough n we have Ba,.(z)NA,, = 0. Choose
a continuous function f : X — [0,1] with f|p ) = 1 and f[x\B,, () = 0, for

example
1 T e Br(x)
f(y) — 0 reX \ BQ’I"(‘T)
%d(y, X \ BQT(I)) T € BQT‘(:Z:) \Br(x)
Then
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where we have used the definition of weak convergence and in the last equality
we used A, N By,.(z) = 0 for all large n. O



