ANALYSIS 1 - SOLUTION FOR EXERCISE 3

Question 1, part (a): Assume A is invertible, then f is invertible with f~1(z) =
A=tz — A71b for x € R™. This shows that f is a homeomorphism and in particular
an open map. Assume A is not invertible, then there exists y € R™ with Az # y
for all z € R™. Since A(R™) is a subspace for each ¢ > 0 we have ey ¢ A(R™), hence
A(R™) doesn’t contain a ball around 0. This shows that A is not an open map, and
so f is not open.

Part (b):(i) Let (21,...,2,) = & € R” be with ||z||,, < 1, then |z;| < 1 for
1<j5<n,so
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This shows that [|A[|, > «, and so [[A]|, , = a.

(ii) Let « € R™ be with [|z||, <1, then 37, |z;| <1, s0
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and so [|A|l; ; < B. Given 1 < j < n let e; be the standard unit vector of R”, then
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This shows that [|Al|; ; > 3, and so [|A|, ; =

(iii) Let x € R" be with [lz[|, <1, then 377, |:1:J\ <1,s0
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so [|All; o =, and so [|A[|; . =1

Question 2: Without loss of generality assume f > 0, otherwise replace f by
|f|. Assume by contradiction that f(zg,y0) > 0 for some (zg,y0) € R% Since
y — f(xo,y) is continuous, there exist a closed bounded non-degenerate interval
yo € I CR and € > 0 with f(xg,y) > efor y € I. For n > 1 set

A, ={yel: f(z,y) > % for all = € [xg —n ', 29 +n ']},

then I = U2, A,, because f(zo,y) > € and z — f(x,y) is continuous for y € I.
Since the map y — f(x,y) is continuous for every = € R, the set A, is closed for
all n > 1. From this, from Bair’s theorem, and since I is a complete metric space,
it follows that there exist n > 1 and an open interval Iy with Iy C A,,. This shows
that
flz,y) > % for all (x,y) € [xg —n" ', z0 +n 1] x Iy,

which is a contradiction to the assumption that f vanishes on a dense subset of R2.
Hence we must have f = 0 on R2.

Question 4: Assume Z is open in X, then it is a neighbourhood of 0 in X. Let
x € X, then since 0 -z = 0 and since the map that takes ¢t € R to tx is continuous,
there exists an open interval 0 € I C R with to € Z for t € I. Let ¢t € I\ {0}, then
r€e€t ' Z =27 andso Z = X.

Question 5: For n > m > 0 we have
DX
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Since >"p2, Hq,;!' < oo it follows that that {>,_, 7];—];}%0:1 is a Cauchy sequence in

B(X), and so the limit Y ;2 % exists in B(X) (since B(X) is complete). This
shows that exp(T') is well defined, and that it is a bounded linear operator on X.
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Question 6, part (a): Given a compact K C (0,1) it clearly holds that px and
ph are seminorms. Given f € C1(0,1) with f # 0, there exist a non-degenerate
closed interval I C (0,1) and ¢ > 0 with |f(z)| > € for z € I. It follows that
pr(f) > 0, so the family {px,p) : K C (0,1) compact} form a separating family
of seminorms on C'(0, 1), and so it makes C*(0,1) into a locally convex space.
Part (b): Let {K,}52, be compact subsets of (0,1) with U,K, = (0,1) and
K, C int K,y for n > 1. Given a compact H C (0,1) we have H C U,int K,,,
hence there exists n > 1 with H C K, and so py < pr, and p} < pf . This
shows that the family {px, ,p} }2, also induces the topology of C'(0,1), and so
C1(0,1) is metrizable.

Part (¢): Clearly p is a seminorm on C3(0,1). Let f € C}(0,1) be with p(f) =0,
then f’(z) =0 for all z € (0, 1), and so f is constant on (0,1). Since f is compactly



supported it follows that f = 0, hence p separates points, and so it makes C}(0,1)
into a normed space.

Part (d): We shall show that o is strictly stronger than 7. Let K C (0,1) be
compact and let f € C}(0,1), then clearly pi(f) < p(f). Let z € (0,1) be with
£@)] = max 1), then

)

prc(f) < |7(@)] = | / ) dyl < | / 1) dy < plf) -

This shows that id : (C}(0,1),0) — (C&(0,1),7) is continuous, and so o > 7.
Assume by contradiction that the set

B={feCi0,1) : p(f) <1}

belongs to 7, then there exist a compact K C (0,1) and e > 0 with

{f€C50,1) : pr(f) <eand pi(f) <e} CB.

Let f € C}(0,1) be such that f = 0 on an open neighbourhood of K but f #
0, then p(f) > 0 since p is a norm. For each n > 1 we have nf = 0 on an
open neighbourhood of K, hence px(nf) = pix(nf) = 0, and so p(nf) < 1. But
lim p(nf) = p(f) - lim n = oo, hence we arrived at a contradiction, and so B ¢ 7.
S?nce Beoit followns that o 2 7 as we wanted.

Question 7: If U C U then o C &. This is so since for every € > 0 and py, ..., p, €
¥ we have

{reX : pi(x) <efor 1 <i<n}=:V(p1,..,pn;€) €7,

and since the sets V(p1, ..., pn; €) form a local base at 0 for o.

This is related to the previous question as follows: Set ¥ = {pk,pk : K C
(0,1) compact} and U = VU{p}, where pk, p and p are as defined in the previous
question. If o is the topology (on C{(0,1)) induced by ¥ and & is the topology
induced by ¥ then o C . Note o is the topology given in 6a and & is the one

given in 6c.



