
ANALYSIS 1 - SOLUTION FOR EXERCISE 11

Question 1: Let x ∈ R, then from the inversion theorem and the de�nition of f̂

(0.1) f(x) = (2π)−
1
2 lim
a→∞

ˆ a

−a
f̂(ξ)eixξ dξ

=
1

2π
lim
a→∞

ˆ a

−a

ˆ
R
f(t)eiξ(x−t) dt dξ .

Since for each a > 0 ˆ a

−a

ˆ
R
|f(t)eiξ(x−t)| dt dξ <∞

we can use Fubini's theorem on (0.1), and so

f(x) =
1

2π
lim
a→∞

ˆ
R
f(t) ·

ˆ a

−a
eiξ(x−t) dξ dt

=
1

2π
lim
a→∞

ˆ
R
f(x+ t) ·

ˆ a

−a
e−iξt dξ dt .

Now since for a > 0 ˆ a

−a
e−iξt dξ =

2 sin(at)

t

it follows that

f(x) =
1

π
lim
a→∞

ˆ
R
f(x+ t) · sin(at)

t
dt,

which is what we wanted.

Question 2, part (a): For every x ∈ R we have d
dxϕ(x) = −x · e

− 1
2x

2

, so

d2

dx2
ϕ(x) = −e− 1

2x
2

+ x2 · e− 1
2x

2

,

and so

− d2

dx2
ϕ(x) + x2ϕ(x) = e−

1
2x

2

= ϕ(x),

which is what we wanted.

Part (b): For x ∈ R set P (x) = x2. From claims stated in class it follows

P̂ϕ = − d2

dx2 ϕ̂ and d̂2

dx2ϕ = −Pϕ̂. From this and part (a) we get

ϕ̂ = F(− d2

dx2
ϕ+ Pϕ) = Pϕ̂− d2

dx2
ϕ̂,

i.e. ϕ also satis�es the di�erential equation given in part (a).

Part (c): For x ∈ R set Q(x) = x, then

d

dx
ϕ̂(0) = −iQ̂ϕ(0) = 1√

2πi

ˆ
R
x · e− 1

2x
2

dx = 0,

1



where the last equality holds since x→ x ·e− 1
2x

2

is an odd function. Let c = ϕ̂(0) >

0, then

(c−1 · ϕ̂(0), c−1 · d
dx
ϕ̂(0)) = (1, 0) = (ϕ(0),

d

dx
ϕ(0)) .

From this, since ϕ and c−1 · ϕ̂ both satisfy the di�erential equation given in (a),

and since this equation has order 2, it follows ϕ̂ = cϕ. In addition we have c = 1

since

c = ϕ̂(0) =
1√
2π

ˆ
R
e−

1
2x

2

dx = 1 .

Question 3, part (a): For x ∈ R set P (x) = x2 and let ϕ be as in the previous

question. From parts (c) and (a) of the last question we obtain

ˆ
R
x2 · e− 1

2x
2

dx =
√
2π · P̂ϕ(0) = −

√
2π · d

2ϕ̂

dx2
(0)

= −
√
2π · d

2ϕ

dx2
(0) = −

√
2π · (P (0)ϕ(0)− ϕ(0)) =

√
2π .

Part (b): Let a > 0 and set b =
√

a
2 , then

ˆ ∞
0

e−ax
2

cos(ax) dx =
1

2

ˆ
R
e−ax

2 eiax + e−iax

2
dx

=

√
2π

4
· 1√

2π

ˆ
R
e−

1
2x

2

(eibx + e−ibx) · (2a)− 1
2 dx =

√
π

16a
(ϕ̂(−b) + ϕ̂(b))

=

√
π

16a
(ϕ(−b) + ϕ(b)) =

√
π

4a
· exp(−a

4
) .

Question 4, part (a): For x ∈ R set Q(x) = x, then

F(σ) = F(Qψ)−F(dψ
dx

) = i
d

dx
F(ψ)− iQF(ψ)

= iλ · d
dx
ψ − iλ ·Qψ = −iλσ,

which is what we wanted.

Part (b): Since Fϕ = ϕ we have

F(θ) = 2F(Qϕ) = 2i
d

dx
F(ϕ) = 2i

d

dx
ϕ = −2iQϕ = −iθ .

Part (c): We shall prove the claim by induction on k. For k = 1 the claim

follows from part (b). Let k ≥ 1 and assume there exists a real polynomial Hk

with degHk = k and F(Hkϕ) = (−i)kHkϕ. Let Hk+1 be the polynomial with

Hk+1ϕ = (Q− d
dx )(Hkϕ), then degHK+1 = k + 1 and from part (a)

F(Hk+1ϕ) = (−i)k+1Hk+1ϕ .

This completes the induction and the proof.


