ANALYSIS 1 - SOLUTION FOR EXERCISE 10

Question 1: We first show T is well defined. Let ¢ € D(R") and « € R™ be given,
and set K = supp(p). There exists N > 1 with y + ka ¢ K for every y € B(z,1)
and k£ > N, hence

N

> @y + ka) for y € B(a, 1),
k=1

To(y)

which shows T'¢|g(;,1) is well defined and smooth. This holds for all = hence
Tp € C*(R™).

Given K € R™ and N > 0 set
pr.N(f) =sup{|0“f(2)] : z € K, |a| < N} for f € C*(R").

Equip C*°(R"™) with the topology induced by the seminorms {px n}. We shall
now show T is continuous. It is clear that T is linear. Fix K &€ R", then since
C>(R"™) is locally convex it follows from a claim proven in class that it suffice to
show T'|p, (rn) is continuous. Let H € R™ and N > 1 be given. There exists an
integer M > 1 with  + ka ¢ K for all x € H + B(0,1) and k > M, hence

M
To(z) = ¢z +ka) for ¢ €Dk (R™) and x € H + B(0,1).
k=1
It follows that for ¢ € Dg(R™), a multi-index o with |a| < N, and = € H,
M
0°Tp(x)] <> 10%p(x + ka)| < M - pc v (p),
k=1

and so py, N (T'p) < M -pg n(p). Since T is linear it follows T'|p . gy is continuous,

which completes the proof.

First solution for question 2. Part (a): Let 1 < k < n, let e, € R™ be the
k’th standard unit vector, and set d; = 9. Given ¢ € D(f)

(V- u)(@) = =¥ - u(Ok®) = —u(y) - Op¢) = w(Okt) - @) — w(Opy) - ) — u(tp - )

= ((Ok¥) - u)(®) — u(Ok(¥ - ) = (Ok¥) - u)(d) + (¢ - Dpu)(9),

which shows O (¢ - u) = (Okt)) - u + ¢ - Opu as we wanted.
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Part (b): Given multi-indexes § < a set (§) = II7_, (). We shall prove by

induction on |a| that for every multi-index «

(0.1) o (pu) = Y (g) 8% - 02 By

Ba

For o = 0 the claim is obvious since (8) = 1. Let a be a multi-index for which (0.1)

holds, let 1 < k < n, and set v = « + ex. From part (a) of this question we obtain

02 "(v0) = 0u(0* ) = 3 (§ Jon(o%p o)
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Let n <~ be a multi-index. If n > 0 and n, < oy, then from Pascal’s rule

« o fe%3 g 6%
03 (0 =)+ (0 ma(2)
03 (n—ek) n (m—l Mk ) Hiz Mi

ap+1 i
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If n; = 0 then

o ()3 () e ) )

If ny, > ag then clearly n, = a + 1 = i, hence

6 (0% Q5 7
09 (%) = (o) () = (o) e ()= C)
n— €k (6773 i Nk i n
From (0.2), (0.3), (0.4), and (0.5) it follows (0.1) holds for 7 in place of «. This

completes the induction and the proof of the claim.

Secon solution for question 2: Let D; = i_1% and D* = D{"..Dg", o € N,
Then for ¢, € C,
B a—p
=3 e .

BLla

Proof: Write
D(¢v) =) D¢ Ps(D),

B<a



where clearly Ps is a monomial of order a— 3. Now take ¢(z) = ¢'*¢ and ¢ (x) = "
to get
E+m*=>_ & Psn
B<La
On the other hand the binomial formula reads

E+m* =) e 5’3 o,
BLla
and we conclude |
_ al a—p
P = Gita ™"

Question 3: Set Ky = supp(yp), let H € R™, and set K = Ko+ H. It is clear that
T, is linear. In order to show T, is continuous it suffice to show it is continuous
as a map from Dy (R") into D (R™) (clearly we have T,(Dy(R™)) C Di(R™)).
Let {px n} be the seminorms defined in question 1. Given N > 1, a multi-index «
with |a| < N, ¢ € Dy (R"), and z € K,

0T = e+ °0(@) < [ Jew)ovta =l dy

Ko

< Leb(Ko) - pro,o(e) - pa,N (Y),

which shows
pr.N(To) < Leb(Ko) - proo(#) - pr.n(9) -
It follows T, : D (R"™) — Dx(R™) is continuous, which completes the proof.

Question 4, part (a): u € D'(R") since el*I” is locally integrable.
Part (b): By using polar coordinates it is easy to see W is locally integrable if
and only if m < n. It follows u,, € D'(R") if and only if m < n. Note that when

m > n there exists ¢ € D(R") with [ ﬁ@(m) dxr = 00

First solution for part (c): We shall show u ¢ D'(R™). For simplicity assume
n = 1, the general case follows by using polar coordinates. Let 0 < ¢ € D(R) be



with ¢ =1 on [—1, 1], then for j > 1

0 | T gl T
/ e*gﬂ/J'cp(cos () ~x)dr > 67”/ 1j-1,1y(cos (> ‘x) dw
0 J 0 J

(7—1)'=w
= e*”j/ 1—1,1)(j - cosz) dx
0
G—1)!-1

(I+1)m
=e7j Z / 1j—1,1)(jw - cosz) dx
!

1=0 ™

G-D! n
>e "] Z / 1j—1,1)(jlm - cos x) dx
=1 “0

(G—1)!

1
s . 1
=e "y /1 Ly (o - @) - i dx
= /-
=c jlm o« '
=1 =1

Since >°,°, 171 = oo it follows u(¢p) is not well defined, and so u ¢ D'(R™).

Second solution for part (c):Define the functional
|z

ILi(¢) = / 67%¢(COS(7) -z)dz for ¢ € D(R™) and j € N.

Given ¢ € D(R™) set I(¢) = lim I;(¢), then I ¢ D'(R™).

j—o0
Proof: Use the fact that |cos(§ + ¢€)| < [e] if |[¢] < F. Take 0 < ¢ € D(R") such
that ¢(y) =1 for |y| < 7.
Now consider spherical shell S; = {j(§ — %) <zl < 5(5 + %)} The volume
(Lebesgue measure) of this shell satisfies v(S;) > ¢j"~! and

1
|cos(|j_|) cz] < E(g +l)j<m z€S,

Thus

hence lim I;(¢) = oo.
Jj—o0
Question 5, part (a): Given ¢ € D(R) it follows from the dominated convergence

theorem
sin(kx)

hl]in ug(p) = /hlgn 7 p(x) dx =0,
which shows uy, =5 0 in D'(R).




Part (b): Let j € N and ¢ € D(R) be given, then from part (a)
liin Hug(p) = (—1)7 - lilgn ug (07 ¢) =0,

which shows &/uy, 2 0 in D'(R).
Part (c): % does not tend to 0 pointwise, since for £ > 1 and y € R

dux
dx
Question 6: Given ¢ € D(R™)

(y) = Vk - cos(ky) .

us(0) = )] = | [ Kuka)ola) de = oO)] < [ u(@)e(F) = p(0))] da

El S

For = € R" we have [u(x)(p(£) — 9(0))] < 2|l lu(z)| and ¢(%) % (0), hence

from the dominated convergence theorem
x k,
[ @) - wplde % 0.

It follows ug () LA 80(), which shows wuy, 5 8o in D'(R™).



