
ANALYSIS 1 - SOLUTION FOR EXERCISE 10

Question 1: We �rst show T is well de�ned. Let ϕ ∈ D(Rn) and x ∈ Rn be given,

and set K = supp(ϕ). There exists N ≥ 1 with y + ka /∈ K for every y ∈ B(x, 1)

and k > N , hence

Tϕ(y) =

N∑
k=1

ϕ(y + ka) for y ∈ B(x, 1),

which shows Tϕ|B(x,1) is well de�ned and smooth. This holds for all x hence

Tϕ ∈ C∞(Rn).

Given K b Rn and N ≥ 0 set

pK,N (f) = sup{|∂αf(x)| : x ∈ K, |α| ≤ N} for f ∈ C∞(Rn) .

Equip C∞(Rn) with the topology induced by the seminorms {pK,N}. We shall

now show T is continuous. It is clear that T is linear. Fix K b Rn, then since

C∞(Rn) is locally convex it follows from a claim proven in class that it su�ce to

show T |DK(Rn) is continuous. Let H b Rn and N ≥ 1 be given. There exists an

integer M ≥ 1 with x+ ka /∈ K for all x ∈ H +B(0, 1) and k > M , hence

Tϕ(x) =

M∑
k=1

ϕ(x+ ka) for ϕ ∈DK(Rn) and x ∈ H +B(0, 1) .

It follows that for ϕ ∈ DK(Rn), a multi-index α with |α| ≤ N , and x ∈ H,

|∂αTϕ(x)| ≤
M∑
k=1

|∂αϕ(x+ ka)| ≤M · pK,N (ϕ),

and so pH,N (Tϕ) ≤M ·pK,N (ϕ). Since T is linear it follows T |DK(Rn) is continuous,

which completes the proof.

First solution for question 2. Part (a): Let 1 ≤ k ≤ n, let ek ∈ Rn be the

k'th standard unit vector, and set ∂k = ∂ek . Given φ ∈ D(Ω)

∂k(ψ · u)(φ) = −ψ · u(∂kφ) = −u(ψ · ∂kφ) = u(∂kψ · φ)− u(∂kψ · φ)− u(ψ · ∂kφ)

= ((∂kψ) · u)(φ)− u(∂k(ψ · φ)) = ((∂kψ) · u)(φ) + (ψ · ∂ku)(φ),

which shows ∂k(ψ · u) = (∂kψ) · u+ ψ · ∂ku as we wanted.
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Part (b): Given multi-indexes β ≤ α set
(
α
β

)
= Πn

i=1

(
αi

βi

)
. We shall prove by

induction on |α| that for every multi-index α

(0.1) ∂α(ψu) =
∑
β≤α

(
α

β

)
∂βψ · ∂α−βu .

For α = 0 the claim is obvious since
(
0
0

)
= 1. Let α be a multi-index for which (0.1)

holds, let 1 ≤ k ≤ n, and set γ = α+ ek. From part (a) of this question we obtain

(0.2) ∂γ(ψu) = ∂k(∂α(ψu)) =
∑
β≤α

(
α

β

)
∂k(∂βψ · ∂α−βu)

=
∑
β≤α

(
α

β

)
(∂β+ekψ · ∂α−βu+ ∂βψ · ∂α−β+eku)

=
∑
β≤α

(
α

β

)
(∂β+ekψ · ∂γ−(β+ek)u+ ∂βψ · ∂γ−βu)

=
∑
η≤γ

(

(
α

η − ek

)
· 1{ηk>0} +

(
α

η

)
· 1{ηk≤αk})∂

ηψ · ∂γ−ηu .

Let η ≤ γ be a multi-index. If ηk > 0 and ηk ≤ αk then from Pascal's rule

(0.3)

(
α

η − ek

)
+

(
α

η

)
= (

(
αk

ηi − 1

)
+

(
αk
ηk

)
) ·Πi 6=k

(
αi
ηi

)
=

(
αk + 1

ηk

)
·Πi 6=k

(
γi
ηi

)
=

(
γ

η

)
.

If ηk = 0 then

(0.4)

(
α

η

)
=

(
αk
0

)
·Πi 6=k

(
αi
ηi

)
=

(
γk
0

)
·Πi6=k

(
γi
ηi

)
=

(
γ

η

)
.

If ηk > αk then clearly ηk = αk + 1 = γk, hence

(0.5)

(
α

η − ek

)
=

(
αk
αk

)
·Πi 6=k

(
αi
ηi

)
=

(
γk
ηk

)
·Πi 6=k

(
γi
ηi

)
=

(
γ

η

)
.

From (0.2), (0.3), (0.4), and (0.5) it follows (0.1) holds for γ in place of α. This

completes the induction and the proof of the claim.

Secon solution for question 2: Let Dj = i−1 ∂
∂xj

and Dα = Dα1
1 ...Dαn

n , α ∈ Nn.
Then for φ, ψ ∈ C∞,

Dα(φψ) =
∑
β≤α

α!

β!(α− β)!
Dβφ ·Dα−βψ.

Proof: Write

Dα(φψ) =
∑
β≤α

Dβφ · Pβ(D)ψ,



where clearly Pβ is a monomial of order α−β. Now take φ(x) = eixξ and ψ(x) = eixη

to get

(ξ + η)α =
∑
β≤α

ξβPβ(η).

On the other hand the binomial formula reads

(ξ + η)α =
∑
β≤α

α!

β!(α− β)!
ξβηα−β ,

and we conclude

Pβ(D) =
α!

β!(α− β)!
Dα−β .

Question 3: Set K0 = supp(ϕ), let H b Rn, and set K = K0 +H. It is clear that

Tϕ is linear. In order to show Tϕ is continuous it su�ce to show it is continuous

as a map from DH(Rn) into DK(Rn) (clearly we have Tϕ(DH(Rn)) ⊂ DK(Rn)).

Let {pK,N} be the seminorms de�ned in question 1. Given N ≥ 1, a multi-index α

with |α| ≤ N , ψ ∈ DH(Rn), and x ∈ K,

|∂αTϕψ(x)| = |ϕ ∗ ∂αψ(x)| ≤
ˆ
K0

|ϕ(y)∂αψ(x− y)| dy

≤ Leb(K0) · pK0,0(ϕ) · pH,N (ψ),

which shows

pK,N (Tϕψ) ≤ Leb(K0) · pK0,0(ϕ) · pH,N (ψ) .

It follows Tϕ : DH(Rn)→ DK(Rn) is continuous, which completes the proof.

Question 4, part (a): u ∈ D′(Rn) since e|x|
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is locally integrable.

Part (b): By using polar coordinates it is easy to see 1
|x|m is locally integrable if

and only if m < n. It follows um ∈ D′(Rn) if and only if m < n. Note that when

m ≥ n there exists ϕ ∈ D(Rn) with
´

1
|x|mϕ(x) dx =∞.

First solution for part (c): We shall show u /∈ D′(Rn). For simplicity assume

n = 1, the general case follows by using polar coordinates. Let 0 ≤ ϕ ∈ D(R) be



with ϕ = 1 on [−1, 1], then for j ≥ 1

ˆ ∞
0

e−x/j!ϕ(cos

(
x

j

)
· x) dx ≥ e−π

ˆ j!π

0

1[−1,1](cos

(
x

j

)
· x) dx

= e−πj

ˆ (j−1)!π

0

1[−1,1](jx · cosx) dx

= e−πj

(j−1)!−1∑
l=0

ˆ (l+1)π

lπ

1[−1,1](jx · cosx) dx

≥ e−πj
(j−1)!∑
l=1

ˆ π

0

1[−1,1](jlπ · cosx) dx

= e−πj

(j−1)!∑
l=1

ˆ 1

−1
1[−1,1](jlπ · x) · 1√

1− x2
dx

≥ e−πj
(j−1)!∑
l=1

2

jlπ
=

2

π
e−π

(j−1)!∑
l=1

l−1 .

Since
∑∞
l=1 l

−1 =∞ it follows u(ϕ) is not well de�ned, and so u /∈ D′(Rn).

Second solution for part (c):De�ne the functional

Ij(φ) =

ˆ
Rn

e−
|x|
j! φ(cos(

|x|
j

) · x)dx for φ ∈ D(Rn) and j ∈ N.

Given φ ∈ D(Rn) set I(φ) = lim
j→∞

Ij(φ), then I /∈ D′(Rn).

Proof: Use the fact that | cos(π2 + ε)| ≤ |ε| if |ε| ≤ π
4 . Take 0 ≤ φ ∈ D(Rn) such

that φ(y) = 1 for |y| < π.

Now consider spherical shell Sj = {j(π2 −
1
j ) ≤ |x| ≤ j(π2 + 1

j )}. The volume

(Lebesgue measure) of this shell satis�es ν(Sj) > cjn−1 and

| cos(
|x|
j

) · x| ≤ 1

j
(
π

2
+ 1)j < π, x ∈ Sj .

Thus

|Ij(φ)| ≥
ˆ
Sj

e−1φ(cos(
|x|
j

) · x)dx ≥ cjn−1,

hence lim
j→∞

Ij(φ) =∞.

Question 5, part (a): Given ϕ ∈ D(R) it follows from the dominated convergence

theorem

lim
k
uk(ϕ) =

ˆ
lim
k

sin(kx)√
k

ϕ(x) dx = 0,

which shows uk
k→ 0 in D′(R).



Part (b): Let j ∈ N and ϕ ∈ D(R) be given, then from part (a)

lim
k
∂juk(ϕ) = (−1)j · lim

k
uk(∂jϕ) = 0,

which shows ∂juk
k→ 0 in D′(R).

Part (c): duk

dx does not tend to 0 pointwise, since for k ≥ 1 and y ∈ R

duk
dx

(y) =
√
k · cos(ky) .

Question 6: Given ϕ ∈ D(Rn)

|uk(ϕ) − δ0(ϕ)| = |
ˆ
knu(kx)ϕ(x) dx − ϕ(0)| ≤

ˆ
|u(x)(ϕ(

x

k
) − ϕ(0))| dx .

For x ∈ Rn we have |u(x)(ϕ(xk ) − ϕ(0))| ≤ 2‖ϕ‖∞|u(x)| and ϕ(xk )
k→ ϕ(0), hence

from the dominated convergence theoremˆ
|u(x)(ϕ(

x

k
)− ϕ(0))| dx k→ 0 .

It follows uk(ϕ)
k→ δ0(ϕ), which shows uk

k→ δ0 in D′(Rn).


