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Functions here are real , defined on an open domain 7" C R" and continuously
differentiable (i.e., in C*(T)).
The (open) ball of radius r, centered at x, is denoted by B(z,r). It will be clear
from the context what is the dimension .
We use the Euclidean norm. The corresponding operator norm is denoted by
-1l
e Let f € CY(T) be a real function.
e DEFINITION: (Second Order Derivatives): If (,?Tfj, has a partial deriv-

ative with respect to zy, for some k € {1,2,....,n}, at 2(0) € T, we denote
2
this derivative by 24— (z(9)).

Oz 0x;
e We call it the “mixed” (k,j) second order derivative (at z(%)).
e REMARK: For the mixed derivative to exist at zq it is necessary that the

first derivative 57’:_ exist in some ball B(z(®,§).

e NOTATION: The “pure” second order derivative is denoted by %(x(o)).
J

THEOREM. Let f € CY(T) be a real function.
. . . i 9% f .
Suppose that the mized derivatives T and prar et e ke{l,2,..,n},
exist in some ball B(x(®),§).
If they are continuous at z(°) then
2 2
T oy = O oy
8xk8xj a.’bjal'k
e PROOF. It is enough to prove for a function of two variables, f(x,y), (x,y) €
T CR2.
Fix (x0,90) € T and let § > 0 be sufficiently small so that if |k|, |k] < ¢
then the rectangle Q whose vertices are the four points four points

(0,%0), (o + h,yo), (zo + h,yo + k), (zo,y0 + k)
satisfies Q C T.
Define the functions (of a single variable):
¢($) = f(x»yo + k) - f(xay())v ﬁ’(y) = f(xO + h,y) - f(x(by)
Then

¢(zo + h) — ¢(z0) = P(yo + k) — ¥ (yo)-
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But by the Mean Value Theorem:
Of (@, yo+ k)  0f(z,y0)
h) — —h / _ h|: ) o 9 :| 7
Of (o +h,y)  9f(wo,y)
k) — = k' () = k| ) 2N
where £ is a point between zq, ¢ + h and 7 is a point between yg, yo + k.
Using again the mean value theorem we get,
0%f(z,y)
h) — = hk :
¢(xo + h) — d(x0) 0507 oy’
0%f(z,y)
+ k) — = hk———>~ ,
Y(yo + k) — ¥ (yo) 920 et yn
where &; is a point between xg, x¢ + h and 7; is a point between yg, yo + k.
Clearly
¢(zo + h) — ¢(z0) = V(Yo + k) — ¥ (y0),
so that 5 )
f(z,y) _ 9 f(z,y)
8y8x =&, y=m 59657; z=£1,y=n
Letting h, k — 0 and using the assumed continuity we finally obtain
0%f(x,y) _ P f(xy)
8y5‘x T=T0,Y=Y0 &Tay T=T0,Y=Yo
|
e REMARK: It is sufficient to assume that only one of the mixed derivatives
is continuous at xg. See R. Courant and F. John, Introduction to Calculus
and Analysis, vol. 2, Ch. 1.4.d, p.36.
e Going to higher order, it should be clear what we mean by the ”I —th order
1
mixed derivative” 61_8#7 (i1,..,71) € {1,2,...,n}.
ip - O%dg
e DEFINITION: The space C'(T) is the space of functions whose derivatives
of all orders <[ exist and are continuous in 7. l
¢ Equality of Mixed Derivatives : If f € C'(T) then the value of az.aﬁ
K B Q)
remains invariant under any permutation of the indices i1, is, ..., 4.
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TAYLOR’S THEOREM IN DIMENSION > 2
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e TAYLOR’S THEOREM: Let f € C'*(B(z,d)) be a real function, for
some [ > 1. Then, for any y € B(z,J)),
n n
of(x) 1 0*f ()
1 ¢ 3 f(x)
ﬁ“z; ) 9z, .07, (Yir — @iy) Win — Tin)--(Yi, — T4)
1 S I*f(E)
+ Z 7(%1 - xi1)(yi2 - xiz)'"(yiz - ’Iil)(yiH»l - xil+1)a

(l—‘r 1)' 833i1-~-637il+1

U1yt 041 =1

where £ € B(z, ) (actually, on the line segment connecting x to y).
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e PROOF. Define the function of one variable
g(t) = flz+tly—x)), 0<t<1,
and apply Taylor’s theorem for a single variable

o(1) = (0)+5/0) + 58" + .+ 90 + e V). DT,

Now express the derivatives of g in terms of the partial derivatives of f,
using the chain rule:

'g

)

®)(0) = Nys — s .
9= 2 ot ax% Tor e Win = %0) Wia = i) (i = ).
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The HESSTAN
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e DEFINITION (HESSIAN): The symmetric matrix

_(Pf(@)
H(z) = (M)gi,jén

is called the Hessian matrix (at z) of f.
e REMARK: H is actually the Jacobian matrix of the map D(Df)(z) €
Hom(R™ R"™).
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e SUFFICIENT CONDITIONS FOR LOCAL EXTREMUM OF A
C? FUNCTION.
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THEOREM. Let f € C*(T) be a real function. Suppose that (0 € T is
a critical point of f. Then:
(a) If H(z0) is positive definite-the point x(°) is a local minimum of f.
(b) If H(z()) is negative definite-the point x(°) is a local mazimum of
f.
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