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Two-dimensional deep water waves and some problems in nonlinear optics can be
described by various third order dispersive equations, modifying and generalizing
the KdV as well as nonlinear Schrodinger equations. We classify all third order
polynomials up to certain transformations and study the pointwise decay for the
fundamental solutions,
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for all third order polynomials p in two variables. We deduce the corresponding
Strichartz estimates. These estimates imply global existence and uniqueness for
the Shrira system.
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1. INTRODUCTION

In has been known since 1968 (Zakhrov, 1968) that the stability of finite ampli-
tude gravity waves of deep water is governed by a nonlinear Schrédinger equation
(NLS). This is found by a perturbation analysis to O(e’) in the wave-steepness
e=ka< 1, where a is a typical wave amplitude and k the modulus of the mean
wave number.

Taking perturbation analysis one step further to O(s*), Dysthe (1979) has
derived a system which improves significantly the results relating the stability of
finite amplitude waves. One of the dominant new effects is the wave-induced mean
flow with potential ®. Solving the equation for @ in terms of the complex amplitude
of the wave packet allows to put the Dysthe system (in dimensionless variables) in
the following form, see Ghidaglia and Saut (1993):

34 104\ 104 184 5

2[4 )+ — s — AlA

’(az+2ax>+2ay2 w2 A
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where R, is the Riesz transform in [R?, that is

_ 5y
F(Rll/f)—lIél v

Here F denotes the Fourier transform.

The usual NLS is obtained by neglecting the right hand side of Eq. (1.1), which
is of order &* in the dimensional variables.

A similar derivation of the fourth order (in &) evolution equations for the
amplitude of a train of nonlinear gravity-capillary waves on the surface of an ideal
fluid of infinite depth was performed by Hogan (1985). The equation reads

34 94 ¥4 94 5
2t e, o)+ p IS+ oS — y14P4
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where ¢, is the group velocity and y, p, ¢, s, r, u, and v are real parameters depending
on the surface tension parameter. Note that ¢ and s are strictly positive, while p can
achieve both signs (in particular it is negative for purely gravity waves as in the
Dysthe system and positive for purely capillary waves).

A similar system has been obtained by Lo and Mei (1985) and Hara and Mei
(1994) for finite depth gravity waves. Another example of a nonlinear Schrédinger
type equation involving third order derivatives has been proposed by Shrira (1981)
to describe the evolution of a three dimensional packet of weakly nonlinear internal
gravity waves propagating obliquely at an arbitrary angle ¢ to the vertical. If the
dependence of the wave packet amplitude 4 on the transversal coordinate y is much
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slower than that on the x and z directions, one obtains the equation

A4 w0 A w,, 04 ¥A
e R s N e
a2 ax? 2 97 0x0z
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6 9x3 2 9x20z 2 9xdz2 6 923

04 -04
+iyA(Ag—A¥>:0 (1.3)

Here 9/0s = c(sin ¢(3/0x) — cos ¢(9/dz)). The coeflicients of the linear terms in
Eq. (1.3) can be computed explicitly as function of ¢. For nonzero constants «
and B we have

Wi = @ singcosp(3 — 5 cos? 1)
Wy = aSingcos (3 — 5 sin’ P)
O = —a(5sin* ¢ cos® ¢ — 2/3)
W = asin® (4 — Ssin’ p)

Wi = —3psin’ ¢

W, = Btangp(2 — 3 sin’ ®)

Wy = —B3sin’ ¢ — 1)

see Shrira (1981) and Ghidaglia and Saut (1993, Chap. 3). In particular wy,, and w,,
cannot vanish simultaneously.

Similar problems occur in nonlinear optics (see for instance Zozulya (1999)), in
particular in the modeling of the dynamics of femtosecond laser pulses in a nonlinear
media with normal dispersion. The evolution of the complex envelope E(x, y, z, t) of
the field is described by the third order NLS

2 3

ia%E + (1 —igd,)A  E — % — ig, % + (1 +ig;0)g(|EIHE =0 (1.4)
where A, = 8 /dx*> 4+ 8°/9)” is the transverse Laplacian and &, € R, £, >0. As usual
in nonlinear optics the evolution variable (which plays mathematically the role of
time) is z. The transverse Laplacian accounts for diffraction, while the second and
third time derivatives describe group velocity and third over dispersion.

Very little is known concerning the Cauchy problem for Egs. (1.1)—(1.4). The
only results available are local existence for analytic Cauchy data for Egs. (1.1) and
(1.2) by de Bouard (1993) and global existence for a very special case of Eq. (1.3), see
Ghidaglia and Saut (1993).

The aim of the present article, as a first step towards solving the Cauchy problem
in Sobolev classes, is to derive dispersion estimates for the linear group associated to
the linearized equation at 0. Those estimates have an independent interest and seem
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to be new for this class of third order symbols in 2 dimensions. On the other hand it
is well known that Strichartz estimates are an important tool to solve the Cauchy
problem by a fixed point argument.

Thus we study linear third order equations, more precisely the decay of
the fundamental solutions in x and ¢. This requires first a classification, second a
calculation of several Fourier transforms, and third several applications of the
method of stationary phases.

The short time behavior is dominated by the homogeneous part (unless
it is strongly nongeneric) whereas the long time behavior is determined by the
degeneracy at the strongest singularity. For generic two-dimensional third-order
polynomials the long time decay is 7 >/* and the generic short time bound is ¢z~>/>.

Stationary phase relates the map & — Vp(&) with the decay of the fundamental
solution. As side product we analyze the pointwise decay of the unique singularity
(up to transformations) of codimension two (the singularity of codimension one has
normal form &;, where the counting of the codimension is different from the one in
singularity theory since linear terms do not change the decay). The decay estimates
imply Strichartz estimates, which in turn allow to prove global well-posedness for the
Cauchy problem for the Shrira system (1.3).

The article is organized as follows. In Sec. 2 we introduce notation. Section 3 is
devoted to a classification of third degree polynomials up to affine transformations
of coordinates and the addition of affine terms. This extends the work of Dzhuraev
and Popélek, (Dzhuraev and Popélek, 1989 and 1991).

In Sec. 4 we give the inverse Fourier transform of ¢”® for those polynomials for
which the inverse Fourier transform can be computed in terms of exponentials,
trigonometric functions and the Airy functions. The next section, Sec. 5, introduces
the Pearcey integral, which occurs for one of the phase functions, and studies one
more oscillatory integral, where a change of the contour of integration allows to
obtain good estimates.

All this relies on the fact that we deal with very specific phase functions.

The last two oscillatory integrals require natural but much deeper tools: We
have to study the contribution from general singularities of fold type and cusp type.

In Sec. 6 we study local changes of coordinates and local normal forms for
nondegenerate points, folds, and cusps. Here Mather’s theory of stable maps
enters crucially. The reduction to normal forms allows to establish decay estimates
for compactly supported amplitudes, which is done in Sec. 7. The next section, Sec. 8
applies these results to obtain decay estimates for the inverse Fourier transforms of
¢® for the remaining two polynomials.

Section 9 is standard: the decay estimates imply Strichartz estimates, some of
them with smoothing. Well-posedness for the Shrira system is an easy consequence.
We plan to return to the study of the other systems.

It should be noted that there are at least two motivations for the problems at
hand. First we establish sharp estimates for cusps—here the Pearcey integral plays a
similar role as the Airy function for holds. This is a natural step in the study of
oscillatory integrals. Even though the tools are available we are not aware of similar
estimates in the literature, despite their importance for degenerate dispersive inte-
grals. Secondly systems like the Shrira system have a strong motivation from physics,
which makes a good analytical understanding highly desirable.
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2. NOTATION

We denote the Fourier transform by F and its inverse by F~":
F© =6 = oy [ as
and
—1 _ X _ —n/2 in&
F @0 = 90 = 26" [ o

For x in R" we set ¥ = (x|,...,x,_). If A C R" is measurable we denote its volume
by |A|. The Lebesgue spaces are denoted by L”.
We define Lf, by the quasinorm

11l = sup Al{x /()] > a3

These spaces are Banach spaces if 1 < p < oo. They occur in the context of the
weak Young inequality (see Stein and Weiss (1971)):

Lemma 2.1. We have
I/ * gl < cllfllrliglps

provided 1 < p,q,r < oo and

I 1 1
—-=1+-.
P q r

In what follows, we shall derive space-time estimates for the oscillatory integral
I(x,1) = / ePETIE ge

The real polynomial p (in & € R?) is a general cubic polynomial. However, for
the estimates the constants clearly play no role while the linear terms can be
dispensed with by a suitable shift x to x + at. Thus, we shall assume that p contains
only third and second order homogeneous parts. In the following section we shall
reduce it to one of a class of normal forms (modulo linear terms), by suitable linear
transformations of &.

3. NORMAL FORMS

Homogeneous second degree polynomials are quadratic forms. There are only
two invariants: rank and signature. There are three equivalence classes, represented

by &, & + &, and £&.
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Note let p be homogeneous of degree three. Assuming p(1, 0) #0 (otherwise we
rotate our coordinates) we can scale the &, direction to obtain
P61.8&) = & + CEE + 458 + BE.

_ We will keep this normalization for some time. We change coordinates to
& =& +(C/3) so that

pE1L&) = & + AE\&F + BE 3.1)
with
y C? . AC 2C°

We drop the tilde in the sequel and suppose that p is a polynomial of the form (3.1).

Given a regular matrix D = Z;: Z;’) we consider

Po(&) = p(DE) = A& + ME &3 + IbiEy + Ay

where A;= A« D). This defines a smooth map from the space of regular matrices to
(Ai<i<q € R*. An immediate computation gives

pp(n) = (d131 + Ad11d221 + Bd;l)'?% + (3d121d12 + A(d12d221 + 2dy,dy dyy)
+ 3Bd3 dy)niny + (3dyydiy, + A(dyyd3y + 2dyydy dyy) + 3Bdy d3y)m 3
x (diy + Adyydsy + Bds))n3. 3.2)

The derivative at the identity is gives by the matrix

30 0 O

0 3 24 0

A 0 3B 24 (3.3)
0 4 0 3B

which has determinant I'(4, B) := 3(27B* +44%). This is zero if and only if
A3 =—(B/2)*". Suppose that ['(4, B) #0. Using the implicit function theorem we
can find a nonsingular matrix if (4, B) is close to (4, B) such that

po(&) = & + A&1& + B,

A simple covering argument shows that the same is true for each (4, B) in the
pathcomponent of I'(4, B)#0. Obviously there are two path connected open
components +I'(4, B) > 0.

We choose two representative polynomials one for each component, thereby
changing coefficient of & : (1/6)&] — (1/2)&,& and (1/6)(&) + &).

Now we consider the case 4/3=—(B/2)*>. If A=0 then the polynomial is &;.
If not we may scale &, so that 4 =3. Then B= =2 and changing &, to —&, if necessary
we arrive at

p(E) =& — 358 +28. (3.4)
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In summary, we have four representatives for the homogeneous third degree
polynomial. A short check shows that they are classified by the shape of the zero set
of the determinant of the Hessian & — det sz(S), which is either the whole space, a
line, the union of two transversal lines or a point. The shape is invariant under the
operations we used above. This consideration allows us to use the following set of
representatives:

e sa8 @+ ad i -led (339
Note that the second of those four representatives is replacing the one in Eq. (3.4).
For notational simplicity we introduced coefficients different from 1. In what follows
we refer to the four cases in Eq. (3.5) by Cases I-1V.

We now want to classify all polynomials with cubic and quadratic terms and to
find normal forms for each class. We shall use affine changes and the addition of
linear and constant terms, as long as they leave the cubic terms in Eq. (3.5) invariant.
As has been observed earlier, the transformed polynomials are considered modulo
affine terms.

Thus, let p be a polynomial with cubic and quadratic terms. We set

d = degree det(D’p) and S = (£ : det(D*p(§)) = 0}
and consider the four cases separately.

Case L. If the coefficient of & is nonzero we may suppose that it is one. Then we have
the polynomial

1 1
G HDE HabiE + 8 = 6 + (062 + &) + (b —a/DE. (3.6)

We set n=§&, 4+ a&;/2, plug it into the formula and rename 75 to &. Then

1
PE) =&+ 86+ (3.7

and we may assume that ¢=0 since the term can be eliminated by a shift in &;.
This creates affine terms, which we neglect in our classification. It is easily seen
that d=1.

Now we consider the case that the coefficient of 5% is zero and that of &&, is not.
Then we may assume that it is one and we are left with (1/ 6)&) + & &. Then d=0 and
det(D?p) is constant but not zero. If both coefficients are zero then det(D?*p)=0.
We conclude that Case I leads to three normal forms:

1 1 1 1
65’?» 65%‘1‘555, and 65’?4'51&2-

Case II. We shift & so that the coefficient of & is zero. Shifting & we achieve the
same for the coefficient of £&. We can normalize the coefficient of & and hence
obtain the two representative polynomials (1/2)&& and (1/2)&& + (1/2)&:.
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Then d=2 and S is a line or a parabola. The second case provides a normal form for
a cusp. The notion of a cusp here is motivated by the fact that the image of S under
the map & — Vp(§) is a geometric cusp. The inverse Fourier transform can be
expressed by the Pearcey integral (5.1).

Case III. The same arguments show that there are only two classes with normal
polynomials

1 1
PO =2E+8)  and  p@) =L @E+E) +EE.
Here d=2 and S consists of a hyperbola or two lines.

Case IV. There are two classes with normal forms

1 1 1 1 1

cH—ZhB+5E T8, and  cE - oS

Here d=2 and S is either a circle or a point. There cannot be any further reduction

which can be seen by checking the zero sets of the determinant of the Hessian.
This completes the classification: The third order polynomials:

1 1 1 1 1 1

cH a5t 458, (V) &+ H+a8 (D), (3.8)
will be discussed in Sec. 8. Their study is the most demanding and the most impor-
tant part of this article. We recall that S is a circle (the first polynomial) resp. a
hyperbola. The leading part of the asymptotic expansion of the oscillatory integral

I(x,1) = / pPEFIxE de
RZ

is expressed through the Airy function near points (x,¢) for which there are
degenerate critical &, satisfying

x+tVpE) =0

for which the null space of D*p(£,) is transversal to S—this corresponds to values of
x/t lying in the image of S > — —Vp(&), where the image is smooth. There exist,
however, three cusps &), & and &, resp. one cusp &. The leading part of the
Taylorexpansion of p(§) + x& at these values is, in suitable coordinates,
(1/2)(E1&, + &) + x - £ which is the second polynomial in the list below. The leading
part of the expansion of I(x, 7) close to directions

x/t=—=Vp(§)

is expressed using the Pearcey integral. Proving this fact requires deeper notions
and arguments from singularity theory. Even though the technique for getting the
estimates is more or less standard it requires considerable work to carry it through
for the specific case of the cusp.
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The polynomials

1 1 1
chl—za&, (V) and  S@E+EE) (D (3.9)

6
are discussed in Sec. 5. The oscillatory integral I, with the second polynomial is
transformed to the Pearcey integral. It is the model for the cusp singularity.

The inverse Fourier transforms of ¢'” with p from the lists

1 1 1 1

chitch (), S&& (D, c&+as ), (3.10)
1 1 1 1 1

cfits8, & (I, &6 SE+8)  and o (3.11)

will be given in the next section.

4. SOME FOURIER TRANSFORMS

Here we give the (inverse) Fourier transforms of several functions. For simplicity
we always assume ¢ > 0.

(1) Quadratic phase functions: Let /- detzlote the square root in the slit domain
C/R~ and x,& € R. Then F~' (2% )(x) = (1/+/it)e” /> We define

1 A
K(x) = =7,

(2) The Airy function: The Airy function is defined by
Ai(x) = Q) PF (e P ().

It is the unique bounded solution to

Al'//(x) — xAl(x) =0 AZ(O) _ 3—1/6m.
21
We have the estimates
/I + AL+ (1 + ) A Go] < e

which can be seen by the WKB method or standard calculations.
(3) Let x,& € R?. Then

F~l (exp(itg] /6))(x) = (¢/2)" " 80(x2) Ai(x, /(2/2)'7).
4)

F~(exp(it(£] /6 + & /2)(x) = V2mi(20) >/ Ai(x, /(1/2' ) K (x/ /7).

(5) F~\(explit(&} + &&)) = ' C/D/Fmx0/t hence

1 1
- (eXp (”(6 g + a&))) Ve Sl e )
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(6) The inverse Fourier transform of exp(it(1/2)&&3) is

l | ) 0 if X = 0
F 15 = : '
(e"p<’ 25152)) /Y2 il <0

See also Fedoryuk (1977).
(7)  F~'(explith(&] + £))) = 2m(t/2)7 Ai(x, /(1/2)' ) Ai(x2/(2/2)'7).

5. TWO OTHER CASES
We recall the lemma of van der Corput in the form of Stein (1993).

Proposition 5.1. Suppose that k>2, f € ck and fP>1onR. Let ¢ € Cé([R). Then

‘/ Oy () dg' < et MYl
R

This can be extended to noncompactly supported functions. In that case the integral
has to be understood as suitable limit of truncated integrals.

We begin with the prototype of a phase function where we have to content
ourselves with estimates for large x. Let

B(y,2) = / ei(l/24x4+1/2)w2+zs) ds (5.1)
R

for y,z € R. This integral was introduced by Pearcey (1946). The level lines of its
modulus are shown in Arnold et al. (1999). In contrast to the previous cases there is
an explicit formula for the Fourier transform. We collect estimates for B below:

Lemma 5.2. We have

1B(p,2)l < e(1+ |21+ [y B+ (A + 1217 + 1) 7132)° + oy’ 117V

Proof. Set
(s) ! s+ : s> + zs
= — b zZS.
P =og% Y

Since p¥ =1 the van der Corput lemma implies |B(y, z)| < C. It suffices there-
fore to take

=GP+ Q) = L

We normalize the integral by

5 =113y, =272z and §5=21""%,
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so that, with

U SR U
p(§)_ﬁs +§ys + Zs,

B(y, Z) — )\’1/6/ eik2/3ﬁ(§) ds
R

_ AI/G |:/¢(§)€[)\2/315(5) ds + /(1 _ ¢(§)€D”2/313(§) d§i|
= Al/é[Bl(j;, 2) + Bz(j},g)

where ¢ € C(° is identically 1 for all arguments |5| < 10. Then, since the derivative of
p is bounded from below outside [—5, 5],

|By(7.5) < x;A~F forall k € N uniformly in 7, 2.

The cubic equation
. 1y . .
p(s):ES +y5s+z=0

has (for given (y,Z) # (0,0)) either one, two or three roots, depending on whether
the discriminant

D = (32 + (2
is positive, zero, or negative. If D >§ then,
1P +15"3) = (9
and, by the method of stationary phase
|B1(7.2)] < er” ',
The third derivative of f is uniformly bounded from below at zeroes of p”. Hence
|B)(7.9)| < ea”?”

for all y and z. We need however a more precise estimate if D < §. Arguing as for
fold singularities (see Hormander (1983) and Sec. 7.5 below) we obtain

1By(3, )| < e /B0 42Dy
hence
1B(p,2)] < A4+ 27201327 + 2y’ D174

Remark 5.3. It is not hard to prove the estimates of Lemma 5.2 by elementary
calculation and the van der Corput lemma. The key is the algebraic estimate

|51+ 15" = c|DI'?, (5.2)
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which implies the estimate by the van der Corput lemma. It suffices to verify Eq. (5.2)
at critical points. There the second derivative of p is of size of the square root of the
discriminant, which implies Eq. (5.2)

The cusp singularity. Here we consider p(€) = 1/2(£,& + &). The phase function

tp(§) + x&

has degenerate critical points for x/tz in a cusp. Figure 1 (a) shows the set

S ={&rkD?p(€) < 2} together with the kernel of the Hessian Dgp and Fig. 1 (b)

shows its image and the image of close by level curves of det(D?p) under the map

& — —Vp(é).
Let

I(x) = (2n)"! /[Rz /DG +E) g dE.

Then
L(x1,x0) = £ e 712 xpt ™) (5.3)

and, by performing the integration with respect to &,

/ A HEEIRE g _ 5112 / B v ge
R R

_ Ceix%/23(3—1/2x1’ 371/4x2)
where B is the Pearcey integral (5.1). The estimate
1l < et

follows from Lemma 5.2.

1 1
The homogeneous integral. p(§) = 65% - zél %‘%. Let
I(x) = / PETEE g (5.4)

where p(&) = 1/6& — 1/2&,£5. Then scaling shows
L(x) =L ')

which motivates the definition
C(x) = L (x).

Proposition 5.4. The following estimates hold.

|C(X)| < e(1 + |x)~ 1/
IV,.C)| < c.

F1
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Figure 1(a). The set S and the kernel of Dgp.

0.5 1 1.5 2
Xi

[1943-1974]

Figure 1(b). The image of S 3 & — —Vp(§).

[Page No. 1955]

F/MDI/Pde/28(11&12)/120025491_PDE_028_011-012_R1.3d

1.5

Communications in Partial Differential Equations (PDE)



+

612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658

[29.8.2003-10:16am] [1943-1974] [Page No. 1956] F:/MDI/Pde/28(11&12)/120025491_PDE_028_011-012_R1.3d Communications in Partial Differential Equations (PDE)

120025491_PDE28_11-12_R1_082903

1956 Ben-Artzi, Koch, and Saut
The following corollary is an immediate consequence.

Corollary 5.5. We have
IL,(x) < et 2 PA + x| P72

and

IV L(X)] < et

Proof of Proposition 5.4. There are many ways to prove the estimate. We choose a
change of the contour of integration, because this argument carries over to the
inhomogeneous phase function and large x/t with only minor changes. For the
same reason we do not make use of scaling here. Let

neé) = <2|§|(§1 £), — |f§1f§2>

Then |&|n = Vp and
Inl* = mz( & — &) +slsz) — &P
and

&,

| —

1
lmp(€+in(€))—| IVpI* = p(n) > ~ |€|3—g|nl3z

£l
We change the contour of integration:
C(x) = / exp(ip(§ + in) + ix(§ + in)) d&
hence for all x
|C(x)| > /.e—l/5|€|3+1/2|xug|d§ - 0.

We want to show that C(x) decays when x is large. Let x 0. We identify R* with C
and define

(51 — & — /2(x; + ix2)> (El —i& +/2(x) + ixz)) Vi p(®) — x8)

2(VIXT + 1)) I+

Let &. be one of the two critical points of & — p(€) + x&. Then we have |&,| = 2./]x]
and

Ux(f) =

_gp
1mp(€+ln)_8(|j—jf|§|)_\/mmm{lé &1 1+ E1).

Moving the domain of integration as above gives

|C@)| < e(1 4 |x)~ "2
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The estimate for the gradient is straightforward: there is an additional factor 2./[x].

We obtain the following result when we combine Lemma 2.1 with the previous
estimates to u(f) = S(¢f)up where S is the group defined by the differential equation
(where we plug in iy, for D)

ou — ip(D)u = 0.

Theorem 5.6. Consider the integral (5.4), where p is the polynomial 1/ 65% -1/ 2&1;&% .

1. Let1<r=<gqg=<oo. The following estimates hold.
lu(@)ll e < et P10y )
if
1.3

rog 4

If the difference is 3/4 we require that 1 <r <q < oo.
2. Moreover

IVull o < clt] ™ lu(0)]l 1.

6. SOME STABLE MAPS

It remains to study the two polynomials p,(&) = 1/6& — 1/2&,&+ 1/2(&7 + &)
and py(§) = 1/6&] + 1/68 + £1&. Let Ji(§) = det Dipi(§), i=1.2. Then

@ =1—E7  LE) =§&8&—1

which vanish respectively on a circle or on a hyperbola. Let S; be the set of points
x € R? where thee is a degenerate critical point of & — p;(&) + x&. The set S; is one
dimensional. It has three cusps if i=1 and it consists of two unbounded curves if
i=2, one of which contains one cusp. The leading part in suitable coordinates is
given by the cusp singularity discussed above. It will turn out that the asymptotic
behavior of the Pearcey integral (5.1) determines the asymptotic behavior of the
Fourier cotransforms of ¢”®, ¢ > 0, but this requires some singularity theory as
well as general results about oscillatory integrals.

More generally we will be concerned with the problem of bounding oscillatory
integrals of the type

1 y(x) = /R” w(g)eif(f(é)ﬂ-g) dE

where ¥ € C;°(R") and where f'is a smooth function. Suppose that

JE +x-&=fo(y,n)+¢(y) (6.1)
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where x = x(y) and £=&(y, n) in the support of . Then
. 9E\ .
Ly = [ e det(%) O gy
R

This observation decomposes the study of oscillatory integrals into two parts:
a classification of the relevant normal forms for the phase function, and an
estimation of oscillatory integrals with these phase functions. In this section we
classify the phase functions which are relevant. We follow the work of
Duistermaat (1974) and Mather (1968, 1969). From the discussion above it is
clear that we should (and do) replace f(&) + x-& by more general functions f(x, &).

Definition 6.1. A function fy(x, &) is called stable at (xq, &) if there exists ¢, k, and §
such that for every smooth function f with

IS = Jollcrisyixg, ) = €

there exist local diffeomorphisms (y, n)—(x(y), & y,n)) (which, together with its
local inverse, are defined in Bs(xy) x Bs(&) and ¢ € C™(B;(x,)) satisfying (6.1) in a
neighborhood of (xg, &)).

Definition 6.2. We call f, infinitesimally stable at (x(,&,) if for every function
[ € C*(R" x R") there exist smooth functions g;, /;, and ¢ with

[, 8) =" gi(x, /o + > hi(0)dy fo + B(x)
J=1 J=1

for x and & in a neighborhood of (xg, &j).
Given a function f we define the set

S, ={(x, 8105/ (x,8) = 0 for 1 < j < n}

Proposition 6.3. (Theorem 2.1.5 of Duistermaat (1974)). Suppose fy is smooth near
(X0, &) and that the projection Sy > (x,§) — x is proper. Then f is stable at (xo, &) if
and only if it is infinitesimally stable at (x,, &)).

Proof. The implication stable implies infinitesimally stable is obvious. The other
direction has been proven (in much greter generality) by Mather (1968 and 1969),
and closer in the form needed here, by Duistermaat (1974). O

It is instructive to look at examples. Let 4 be a symmetric nondegenerate real
matrix. Then

1
Jole.§) =36+ x &

is stable for every point (x, &). To see this we assume that fis close to f, and we have
to find g:(gla v agn)s h:(hls s 7hn) and (p

[(x.8) = g'(x, §)(A& + x) + I'E + p(x)
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in a neighborhood of (xy, &). This is trivial if
A&+ x0 #0

and we restrict ourselves to 4§, = —x, in the sequel. Let n=&— &, and y =x — x,.
Then the problem reduces to the same problem near (0, 0). For simplicity we assume
that A4 is the identity (otherwise we first change coordinates so that A is a diagonal
with entries &+ 1 in the diagonal). Let

JCem) = [0 = ).

Then it suffices to fine g(x, n) and ¢ such that
fGem) =g+ ¢,

We set
$(x) = f(x,0)

and

1
g = /0 Ve, )t

The same arguments show that f(&)+ x-& is stable at (xq, &) if sz(éo)){, is
nondegenerate. 3

Now let 4 be a symmetric nonsingular real (n—1) x (n — 1) matrix. Let & =
(&1,...,&,_1). We claim that the normal form for a fold

1 1z =
Jox,§) = <& + S8 AE+x &

is stable at (0, 0). We again restrict ourselves to the case 4 = idgi-1.
We want to verify infinitesimal stability which amounts to finding g, /, and ¢ so
that (with f'a given function)

n—1 1
08 =) (x5, 8E + X)) + g4(x, €) (5 &+ xn) +h(x) - €+ $(x).
J=1

We begin with the one-dimensional case. Given f we want to find g, h, and ¢ with
- ~ 1 - -
Fsty =505+ ) + o+ 600

near (0, 0). This cane be done by the Malgrange preparation theorem, which is the
appropriate tool in general. Here we may also use a more elementary construction.
It is not hard to see that

s 1, 7 1, 7 1,
f(—zt,t)—h(—§t>t+¢(—§t>

hence
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and

(1) -4t -0)

We extend both functions smoothly to positive arguments. The definition of g is
straight forward.

We can do the same construction in the higher dimensional case as long as
we restrict ourselves to the subspace where &;...&,_1=0. Then we repeat the
construction for quadratic phase functions above to obtain the remaining functions.

It is clear that the same arguments imply stability for (with 3 < k<n+1)

1. - k=3 _
folw#) = FEAE+ 8+ £+ Y xEl
=1

This is a normal form for a cusp if k=4.

Moreover, if fis stable at (xq, &) and we add a nondegenerate phase function in
additional variables, then we obtain a stable singularity.

Finally we consider

1 1
Jo(x.8) = 56186 + S8 + xE.
We claim that fj is stable at (0,0). To see this we change variables: let

1
m =4 +§$% and m =6&.
Then
Jo(x, &) =f(x,n) = M =g +xim —53%m + x21;.

This function is infinitesimally stable near (0, 0). The properness assumption is
clearly satisfied. Hence f, is stable.
We collect the results:

Lemma 6.4. The following phase functions are stable at (0, 0):

(1) f(x,&) =¢&at+x-& (if A is symmetric and invertible),

Q) f(x,&)=1/6& +EAE+x-& (where A is an—1)xm—1) matrix,
symmetric and invertible),

(3) f(x.§) =& £+ 38 +x-§ and

@) f(n.§) =1/255 +1/28 +x - &

7. ESTIMATES FOR OSCILLATORY INTEGRALS

In this section we prove estimates for oscillatory integrals with degenerate phase
functions (not necessarily polynomials).
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We introduce some notation. Let U C R” be open and /" € C*(U).

Definition 7.1. A (Nondegenerate). We say that f is nondegenerate at &, if D*f is
nondegenerate at &, or, equivalently, if the map

§— Vf(§)

is nondegenerate near &,. Let

J = det(D’f(#)).

Then f'is nondegenerate at &, iff J(&) #0.

At a degenerate point &, we assume that J has a simple zero. As a consequence,
its zero level-set is a smooth hypersurface S, and the null-space of D*fis one-dimen-
sional at all points & € S. Let X € ker(D*f) be a nontrivial vectorfield, defined along
S i.e., at every point in .S, but not necessarily in 7'S.

B (Fold). We say that f'has a fold at the degenerate point & if X is transversal to S at
So., i.e., if X-VJ # 0 at So.

C (Cusp). We say that f has a cusp at the degenerate point &, if

(1) X -VJ has a simple zero at & (as a function on S) and:
(2) Let S| be the zero level-set of X - VJ in S. Then X is transversal to Sj.

D (Global). We say that f'is nondegenerate if it nondegenerate at every point. It has
at most folds if at every point it is either nondegenerate or it has a fold. It has at most
cusps if at every point it is either nondegenerate, or it has a fold or a cusp.

Remark 7.2. Nondegeneracy at &, is a condition on the Taylor expansion up to
second order, existence of a fold at &, is decided by the Taylor expansion up to
order 3 and the conditions for a cusp require a Taylor expansions up to order 4.
Nondegeneracy implies that the map

§— Vf(§)
is invertible in a neighborhood of &. If &, is a fold then
S3&— V()

parameterizes a smooth hypersurface (since the derivative of (Vf)|S has full rank)
and the image of

§— Vf(§)

lies locally on one side of S—which is a consequence of the results below. If &, is a
cusp then

S12&— Vf(§)
parameterizes a smooth submanifold of codimension two and the image of
S 2 &— Vf(§) is a geometric cusp near Vf(&,), which is again a consequence of
the considerations below.

A fold corresponds to the singularity 4, and a cusp to A3 in the notation of
Arnol’d et al. (1985), Sec. 11.1.

[1943-1974] [Page No. 1961] F:/MDI/Pde/28(11&12)/120025491_PDE_028_011-012_R1.3d Communications in Partial Differential Equations (PDE)



+

894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940

[29.8.2003-10:16am] [1943-1974] [Page No. 1962] F:/MDI/Pde/28(11&12)/120025491_PDE_028_011-012_R1.3d Communications in Partial Differential Equations (PDE)

120025491_PDE28_11-12_R1_082903

1962 Ben-Artzi, Koch, and Saut

Remark 7.3. We will apply the estimates below only to functions with two dimen-
sional & variable. In that case S; will consist of isolated point.

Remark 7.4. We shall see that the functions above are closely related to the ones
discussed in the last section.

Theorem 7.5. Let v € Cy°(U) and

1, 4(x) = /Uw(g)eirf(é)ﬂxg dE.

1. Suppose that f is non-degenerate in the support of . Then

n/2 n/2

I, yll Loy < ct™ and Myl ey < ct

2. Suppose that f has at most folds in the support of . Then

—n/24+1/6 n/4

_ 2
1yl ey < ct o Myl sy <t and |, yllp gy < e

3. Suppose that [ has at most cusps in the support of . Then

—nj2+1/4 /4

— 2
1y ll Loy < ct gl sy < ct™%, and 1, )l gy < 2.
w(®") (RY)

Remark 7.6. Estimates for other values of p follow by interpolation. Then for p < 4
the estimate for ||/, ||, are the same in all cases.

Proof. We begin with the observation that we have for every integer
[y (O] < ex(L+ 11 + 15D~ (7.1)

for x with dist(—x/t,D) > 1 where D = {Vf(§) : & € suppy}.
A standard application of stationary phase shows that for the nondegenerate
phase function
1, ()] < e,
This implies the first statement.
Using a suitable partition of unity it suffices to prove the statements for ampli-

tudes supported in a small neighbourhood of a given point. The proof of the second
statement will be achieved by a (\,finite) sequence of lemmas.

Step 2 folds. Let &, be a point where f has a fold. We change coordinates so that
£0=0, S={£:J(§)=0} is tangential to R"~' and (Oge-1, 1) is in the null space of
D?f(0). We may and do assume that ¥ is supported in B.(0) for a small number &
and f{0) = Af(0) = 0. Then, as above,

1y (O] < en (141t + )Y

if [x| > 2¢lt].
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After a linear change of coordinates there exists a symmetric nondegenerate
(n—1) x (n—1) matrix A4 such that

1y - 1 :
J(® =5E A+ & + O 18] + 6.1,

Here § denotes that first n—1 components of the vector. Now we define
& = (A6 117,) and £,(§)=1""/,(5,). Then

1~ -~ 1
1./,.(6) — ES’AS - 6‘52”@(3,(0)) <ol
for all N € N. The function f; = 1/2&' A€ + 1/6&, + x& is stable. Thus, if A is small we
can change coordinates according to the last section so that we have the phase
function f, and an amplitude depending on x/f and & Then estimate follows from

Lemma 7.7 below.

Lemma 7.7. Let A be a nondegenerate symmetric (n— 1) x (n—1) matrix and let
Y e Ci°(B,(0) x B,(0)) be a smooth compactly supported function. Then

. 5o s 3 .
Iy(x): = / Yx/1, §)e AT g
w

= Sy, — A %8 0)e S A D detiA iy, /(20)7)
+o@™"?).

where [A_lfc/ t,0] denotes the obvious vector in R".

Proof. We may assume that x/z is small. We have

[ W/t E)eiml/z)é'Aém-é d§
Rn—l
= (4m0) " (det(iA) P/t — F/1,5,)EAO
+ / [Wx/1,8) — ()1, — /1, )] VPR AT g

The second term in the right hand side is O~

problem to the one dimensional one:

). This calculation reduces the

Lemma 7.8.
/ W(s, 0)e ™1/ g — w0, 03 Ai(a) + O()
R

if 0>0 and, for o <0,

/ (s, 0)e /65059 gg — Y(v—0/3,0 + Y(—v/—0/3, 0)t*1/3Ai(0t2/3
R

—2/3
5 )+ O 7).
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The proof of this estimate is straight forward. See also Theorem 7.7.18
(Hormander, 1983) for related estimates. O

n/2 n/2+1/6

Now, if ct7"* <A <ct™

{x 11y ()] > A} C {xt Ix] < et |, | < ex”H' ™)

n/2+1/6 and since the estimate is obvious for smaller A,

hence, since |/, (x)| <ct~
X 2 1 ()] > A} < ex™ "

and
12,4 lI7e = sup A*{x: |1, ()] > A} < er .

This is the L? estimate. The L' estimate is much simpler and we omit it.

Step 3, cusps. We suppose that f'has a cusp at &,. We shift &, to zero. Without loss of
generality we assume that f(0) = Vf(0) = 0. By assumption J has a simple zero at 0.
We make a linear change of coordinates so that X=e¢, at £€=0 and VJ(0) is a
multiple of e¢;. Thus the tangent space of S at §=0 is orthogonal to e;. Let
A= D’f(0) with components ¢’ and 4 = (a” )i<i j<n—1- The Taylor expansion is

| 1 1
S® =568 + e+ 5 A EgEE + O(E)

where ¢* and d"* are symmetric in all coefficients, the summation convention is
used, and, by assumption, a” =a" =0 for 1 <i<n and 4 is invertible. Then

J =" det A + o(|&])

nni

and hence ¢ =0 for 2<i<n and ¢
that ¢ = 1. Then

#0. After scaling & we may and do assume

. " . 1 .

(D) = d’ + " +5d™ 68 + O(El)
and, since by definition on S

0= (D’f)'X; = d"X; + g X; + O(l&P)
and since we may set X,,=1 we have (on S) for 1 <i<n-—1

X = —Aj' g + O(EP).
We compute

- 1 y - L -

= deti) (& + 30" — 7' e, + Ay e ) + OUer)

where the sum runs from 1 to n— 1 if 4 is involved. Thus

VJ - X = det(A)(d""g; — 347 &) + O(g).
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The singularity is a cusp provided
J4mmn 75 3A~1711.
We set
1 -~_
m=g+sAE, =4

which gives

g 1 1 nnr 1— ~
S© =5 + 57" = 3470, + Ol + 171 n))

and

X 1 1 ~ X 1 5~_1X;
AR/ J =~ (gnnnn -1y, 4 O bt} 5 ~12
f(E)+t §=5a mn,+24(d 3A11)nn+t U T + O(nl” + 171" In)).

For notational simplicity we restrict to 4 = 1 and (@™ — 347) = 1. The lead-

ing part is stable by Lemma 6.4. Scaling 7; = A'/?n; for 1 <i<n—1 and 7, = A%y,

we see as above that, at the expense of having an amplitude ¢ depending
on y = ®(x/¢) as well, we may suppose that we have the phase function

1 ~2 1 4 1 2
t-E== — = .
J@ +x/t-& =501 + 50+ 5y + -0
We integrate over 1 and obtain for a suitable function ¢

[z,w(x) _ (i[)—(n—l)/zenmz/z/qu(y, [ S])eit(1/24S4+l/2y]s2+y,,s) ds + O(I—n/Z)'

We continue with the proof of Theorem 7.5, Step 3. Let
M, ={x: 1 4l > 2}

By Eq. (7.1) we have for n>2, 1 <p <8, and some ¢ > 0

(ct)™!
/ AWM, 0 (RN\B(0)[er < eyt™.

where |.| denotes the volume. Clearly M, is empty if A > > (A

The L} estimate follows from
IM, , N B0)] <ct™"2™* (7.2)

This estimate is trivial for A < ¢"/?

—ll—ﬂ/2 5)\- Scl_’1/2+1/4. (73)

According to Duistermaat (1974) there exists a smooth function p with compact
support and new coordinates y = ¢(x/1) with

ay —n

and it remains verify Eq. (7.2) for

4
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such that locally
I 4(x) = f"/2+1/4p(32/t)e"’ﬁ"iy~B(tl/2y1, 13/4)/”) + O(fn/z).

where B is the Pearcey integral (5.1). The O(r~"?) term is easily dominated.
After localization and a change of coordinates it suffices to show for

M, ; =1y e Ryl < LBy, ) > 727740,
with
M2 < < A
the estimate
IM, ;| < ct2 27" (7.4)
We set R=z>+|y|> and T=2z*+)>. By Lemma 5.2 it suffices to prove
{(y.2) € ByO)R [ + RPITIV > ) < en™.
for
l << A< 4,
This set is contained in
A ={(3. 2912+’ =2A7*R’), and in 4, = {(1. 2|2 + [y°) <27}
The second set has size
o] ~ 27"
and, if (y,z) € 4, for fixed |z| > 1/2172, then y lies in an interval of size
Ay ~ A48,

This implies Eq. (7.4), and hence the L? estimate. The L' and L? estimate are simple
consequences. O

8. THE REMAINING CASES

The classification of third order polynomials has led to the list (3.8)—(3.11). We
have seen that there are explicit formulas for the oscillatory integrals of Sec. 2 for p
as in Eqgs. (3.10) and (3.11). The polynomial in list (3.9) have been studied above.
It remains to study the oscillatory integrals with p in the list (3.8).

A. The case p(&) = 1/6& — 1/26,& + 1/2(51 +€). This is a second order
perturbation of Eq. (5.4). The second order term changes the long term asymptotics.
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15 T T T T T

0.5 b

15 I I I I I
-1.5 -1 -0.5 0 0.5 1 15

Figure 1(c). The set S and the kernel of Dgp.

The degenerate singularity of the previous example is broke up into three cusps,
see Fig. 1 (¢) for S and the null space Dgp and (d) for the image of —Vpl|s and
closeby lines.

We begin with a discussion of the mapping properties of & — Vp and of degen-
erate points. We have det(Dgp) =1 — |&*, which vanishes on the circle of radius 1.
There are three points where the kernal of D?p is tangent to that curve. Those are the
most degenerate sets. They are mapped to three points (—1,0), (1/2,+/3/2), and
(1/2, —+/3/2)by & - —Vp in the x space, which are connected through the image
of the arcs of the circle. Every point outside has two preimages (by mapping degree
arguments) and every point inside has four preimages. The map of the circle to that
curve is a homeomorphism. This is discussed in detail in Arnol’d et al. (1985).

Suppose that x|/ <3. Let ¢ € CO(R?), ¢(&) = 1 for |€ < 10 and

L) = / H(E)TETE g

Then by Theorem 7.5

I, gl < (1407

and

I, glls < c(1+ 1)
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151

0.5

Figure 1(d). The image under S > & — —Vp(&).

We claim that for the points x under consideration

[ 1= peneoniae) < e,

Indeed, let ¥(&) be supported in B(0,20) and (&) =1 for |£] < 10. We define
n =01 - ye) 2

1+14]

and deform the contour of integration. We decompose the integral into one where we
multiply the integrand by v¥(./2) and one where we multiply it with 1 —(./2). There
is no critical point of the phase function in the support of the amplitude. Hence this
integral decays fast. The other integrand is bounded by

co—(E+D

which decays exponentially in ¢.

If |x|/ >3 we use the same arguments as in the previous section, replacing
+./x| + ix, by the roots of Vp(§) = —x/r. Here we mix real and complex notation.
We collect all estimates:

Proposition 8.1. The following estimates hold.

1,(x)| < emin{r 4, 1777),

|V L(x)| < cmax[t", 34,
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If |x|/t = 3 then

Lol < e Pl 712,
We have

AP

Theorem 8.2. Part 1 of Theorem 5.6 holds here. Moreover

VU@l < et 4 117 u(0)]l 1

B. The polynomial (1/6)(& + &)+ £&. This is a second order perturbation of
(1/6)&; + (1/6)€3. The second order terms lead to a cusp, see Fig. 1(e) and 1(f).

1(x) :2L / /OGO 684 e
T

The map & — Vp(&) is degenerate at the hyperbola, &6 = 1. The kernel of Dgp is
tangential to the hyperbola only at (1, 1). The hyperbola is mapped to two curves in
the x space with a singularity at (—1.5, —1.5). We denote these curves by y..

Xl
=)
T
I

Figure 1(e). The set S and the kernel of Dgp.
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Figure 1(f).

The image under S 3 & - —Vp(é).

1295 Proposition 8.3. The following estimates hold:

1296
1297
1298
1299
1300
1301

4]l < cmin{r™

23 34

Moreover, for all p > 4

il < c”CPI,

1302 Proof. We consider first the case |x|/t <5. Then

1303

1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315

1316 P(E) = p(r').

[29.8.2003-10:16am]

1 i1((1/6)& +(1/6)&3 ‘
oy o) =5 f HE)V/OEHVOB B e g

is controlled by Theorem 7.5. Now

1 / (1 — g(&))e " V/OEH/O8 +Hafa)Fixt g
2w

 2nt

[1943-1974]

i / /08 +H1/08+6 &) +ixéy

[Page No. 1970]

(1 — ¢(&))(EL &)

It is not hard to see that the integrand is integrable, which yields the decay ¢ .
The argument could be iterated to yield ¢y~
argument, but with cutoff function

F/MDI/Pde/28(11&12)/120025491_PDE_028_011-012_R1.3d

L&t +18 + &8 = 68 + x 18 + 08

dE.

1

For t<1 we apply a similar
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Then the argument gives

| < ct™ 3.

It remains to study the decay if |x| > 5¢. We may assume that |x;| > |x,|.

Let R=|x|/t, y=x/R, n = £/~/R. Then it suffices to consider

2p3/20. 3 2 p—1/2 )
]r,¢(x) = R/(IJ’(T})(Z”R m+m+R™ Py +yn) dn

since the integral with amplitude 1 — ¢(n) can be estimated by ¢|x|™"/ 212 by the
same arguments as above. The estimate follows now from Theorem 7.5 by a tedious
computation. ]

Theorem 8.4. The estimate
()l o < et @PVP=VD )y (0))|

holds for p and q satisfying the strict inequalities of Theorem 5.6.

9. STRICHARTZ ESTIMATES AND CONSEQUENCES

The (local) Strichartz estimates follow by standard arguments (complex inter-
polation, TT™* arguments and the Hardy-Littlewood-Sobolev inequality) from the
local estimate

[(x)] <ct™ for xeR +1e(0,T) 9.1
A pair (g, r) is admissible if (for R")

1 <1 1)
2<r< oo, —=al=-——).
q 2

If A denotes the operator

A(f)() = /Ot S(t—=s)f(s)ds for 0<t<T

then for any admissible pairs (g, r) and (g, 7) one has

Os<l;l£)T ”A/{(Z‘)”L2 + ”Af”Lq([O, T]; L' (R%)) = C”f”Lti’([Q T); L7 (R2))

where ¢’ and 7 are the Holder conjugate exponents of ¢ and 7, and
”S(')(ﬁ”y/([o, T];Lr'(quz))) < C||¢||L2(R2)'

For instance estimate (9.1) holds with «=2/3 if p(¢) is one of the following
polynomials

1 1 1 1 1 1

f—sh8. c@+8H). H-sH8+5E +8).

1

E(E? + &)+ &6 9.2)
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It holds with o = 3/4 if p(&) = (1/2)(£,& + &), with a = 5/6 if p(§) = & /6 + & and
with a=1 if p(§) = (1 /6)§f + £,&. For these polynomials we obtain the admissible
pairs and the corresponding Strichartz estimates by the procedure described above.

We now give a simple application of the Strichartz estimates to the Cauchy
problem for the Shrira system (1.3). A partial result has been obtained in Ghidaglia
and Saut (1993). The idea was to use the conservation laws (see Proposition 3.6
in Ghidaglia and Saut (1993))

d 2 d 2
— A » = C — A, =
7 quz| |“dxdz=0 and dt/;gzl s"dxdz=0

together with the Strichartz estimates.

In Ghidaglia and Saut (1993) only two very special cases were considered,
corresponding to

1 1
PO=8+&  and  p@) =& +38.
We obtain
Theorem 9.1. Let

s & &
L — %_2 + wnn _2 wnk
2 Ox 0z 2 0x0z

_ wkkk8_3 Wilen 33 Wlenn 33 a)mma_3
6 ax3 2 9x20dz 2 9xdz? 6 97

and assume that the symbol is equivalent to a phase p with o >2/3.
Then, if Ay € L*(R*) and 9,4, € L*(R?) there exists a unique solution of Eq. (1.3)
with initial data A, linear part L such that

Ae CR; L*(R)) N Li (R, LY(R?));

94
= € CR; L(RY)),
where
9 2 18 5 3
yzzifa:§, VZ?I'fOl:gy V=44f0l=Z, y=3ifa=10.3)

Proof. It results immediately from the proof of Theorem 3.8 in Ghidaglia and Saut
(1993) by using the Strichartz estimates explained above. ]

Remark 9.2. A straight forward calculation shows that the second order part of J is

2 2 2 2
(a)kkkwknn - wkkn)‘i:l + (wkkkwnnn - wkknwknn)gl‘& + (wknnwmm - a)knn)$2~
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This is a quadratic form with determinant

2 2
D= (wk/ckw/cnn - a)kkn)(w/mnwnnn - wknn) - (a)k/(kwnnn - w/(kna)knn)'

The number D is a function of ¢. If D # 0 then the polynomial is equivalent to
one of the four polynomial with @ =2/3. Numerically one sees that there are two
angles (<m/2) where D vanishes: ¢ = 0, and ¢ ~ 7.405. In both cases the normal
form for the polynomial is

1
5(5% + 515%)

Thus we obtain global existence for all cases of the Shrira system.
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