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Abstract. Let V be a quasi-projective algebraic variety over a non-
archimedean valued field. We introduce topological methods into the model
theory of valued fields, define an analogue “V of the Berkovich analytification
V an of V , and deduce several new results on Berkovich spaces from it. In
particular we show that V an retracts to a finite simplicial complex and is
locally contractible, without any smoothness assumption on V . When V
varies in an algebraic family, we show that the homotopy type of V an takes
only a finite number of values. The space “V is obtained by defining a topology
on the pro-definable set of stably dominated types on V . The key result is
the construction of a pro-definable strong retraction of “V to an o-minimal
subspace, the skeleton, definably homeomorphic to a space definable over the
value group with its piecewise linear structure.

1. Introduction

Model theory rarely deals directly with topology; the great exception is the
theory of o-minimal structures, where the topology arises naturally from an or-
dered structure, especially in the setting of ordered fields. See [29] for a basic
introduction. Our goal in this work is to create a framework of this kind for
valued fields.

A fundamental tool, imported from stability theory, will be the notion of a
definable type; it will play a number of roles, starting from the definition of
a point of the fundamental spaces that will concern us. A definable type on a
definable set V is a uniform decision, for each definable subset U (possibly defined
with parameters from larger base sets), of whether x ∈ U ; here x should be viewed
as a kind of ideal element of V . A good example is given by any semi-algebraic
function f from R to a real variety V . Such a function has a unique limiting
behavior at∞: for any semi-algebraic subset U of V , either f(t) ∈ U for all large
enough t, or f(t) /∈ U for all large enough t. In this way f determines a definable
type.

One of the roles of definable types will be to be a substitute for the classical
notion of a sequence, especially in situations where one is willing to refine to a
subsequence. The classical notion of the limit of a sequence makes little sense
in a saturated setting. In o-minimal situations it can often be replaced by the
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limit of a definable curve; notions such as definable compactness are defined using
continuous definable maps from the field R into a variety V . Now to discuss the
limiting behavior of f at ∞ (and thus to define notions such as compactness),
we really require only the answer to this dichotomy - is f(t) ∈ U for large t ? -
uniformly, for all U ; i.e. knowledge of the definable type associated with f . For
the spaces we consider, curves will not always be sufficiently plentiful to define
compactness, but definable types will be, and our main notions will all be defined
in these terms.

A different example of a definable type is the generic type of the valuation ring
O, or of a closed ball B of K, or of V (O) where V is a smooth scheme over O.
Here again, for any definable subset U of A1, we have v ∈ U for all sufficiently
generic v ∈ V , or else v /∈ U for all sufficiently generic v ∈ V ; where “sufficiently
generic” means “having residue outside ZU ” for a certain proper Zariski closed
subset ZU of V (k), depending only on U . Here k is the residue field. Note that
the generic type of O is invariant under multiplication by O∗ and addition by O,
and hence induces a definable type on any closed ball. Such definable types are
stably dominated, being determined by a function into objects over the residue
field, in this case the residue map into V (k). They can also be characterized as
generically stable. Their basic properties were developed in [14]; some results are
now seen more easily using the general theory of NIP, [18].

Let V be an algebraic variety over a field K. A valuation or ordering on K
induces a topology on K, hence on Kn, and finally on V (K). We view this
topology as an object of the definable world; for any model M , we obtain a
topological space whose set of points is V (M). In this sense, the topology is on
V .

In the valuative case however, it has been recognized since the early days of the
theory that this topology is inadequate for geometry. The valuation topology is
totally disconnected, and does not afford a useful globalization of local questions.
Various remedies have been proposed, by Krasner, Tate, Raynaud and Berkovich.
Our approach can be viewed as a lifting of Berkovich’s to the definable category.
We will mention below a number of applications to classical Berkovich spaces,
that indeed motivated the direction of our work.

The fundamental topological spaces we will consider will not live on alge-
braic varieties. Consider instead the set of semi-lattices in Kn. These are On-
submodules of Kn isomorphic to Ok ⊕Kn−k for some k. Intuitively, a sequence
Λn of semi-lattices approaches a semi-lattice Λ if for any a, if a ∈ Λn for infin-
itely many n then a ∈ Λ; and if a /∈ MΛn for infinitely many n, then a /∈ MΛ.
The actual definition is the same, but using definable types. A definable set of
semi-lattices is closed if it is closed under limits of definable types. The set of
closed balls in the affine line A1 can be viewed as a closed subset of the set of
semi-lattices in K2. In this case the limit of decreasing sequence of balls is the
intersection of these balls; the limit of the generic type of the valuation ring O
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(or of small closed balls around generic points of O) is the closed ball O. We also
consider subspaces of these spaces of semi-lattices. They tend to be definably
connected and compact, as tested by definable types. For instance the set of all
semi-lattices in Kn cannot be split into two disjoint closed definable subsets.

To each algebraic variety V over a valued fieldK we will associate in a canonical
way a projective limit “V of spaces of the type described above. A point of “V
does not correspond to a point of V , but rather to a stably dominated definable
type on V . For instance when V = A1, “V is the set of closed balls of V ; the
stably dominated type associated to a closed ball is just the generic type of that
ball (which may be a point, or larger). In this case, and in general for curves,“V is definable (more precisely, a definable set of some imaginary sort), and no
projective limit is needed.

While V admits no definable functions of interest from the value group Γ,
there do exist definable functions from Γ to ”A1: for any point a of A1, one can
consider the closed ball B(a;α) = {x : val(a− x) ≥ α} as a definable function of
α ∈ Γ. These functions will serve to connect the space ”A1. In [13] the imaginary
sorts were classified, and moreover the definable functions from Γ into them were
classified; in the case of ”A1, essentially the only definable functions are the ones
mentioned above. It is this kind of fact that is the basis of the geometry of
imaginary sorts that we study here.

At present we remain in a purely algebraic setting. The applications to
Berkovich spaces are thus only to Berkovich spaces of algebraic varieties. This
limitation has the merit of showing that Berkovich spaces can be developed
purely algebrically; historically, Krasner and Tate introduce analytic functions
immediately even when interested in algebraic varieties, so that the name of the
subject is rigid analytic geometry, but this is not necessary, a rigid algebraic
geometry exists as well.

While we discussed o-minimality as an analogy, our real goal is a reduction
of questions over valued fields to the o-minimal setting. The value group Γ
of a valued field is o-minimal of a simple kind, where all definable objects are
piecewise Q-linear. Our main result is that any variety V over K admits a
definable deformation retraction to a subset S, a “skeleton”, which is definably
homeomorphic to a space defined over Γ. At this point, o-minimal results such as
triangulation can be quoted. As a corollary we obtain an equivalence of categories
between the category of algebraic varieties over K, with homotopy classes of
definable continuous maps “U → “V as morphisms U → V , and a category of
definable spaces over the o-minimal Γ.

In case the value group is R, our results specialize to similar tameness theorems
for Berkovich spaces. In particular we obtain local contractibility for Berkovich
spaces associated to algebraic varieties, a result which was proved by Berkovich
under smoothness assumptions [4], [5]. We also show that for projective varieties,
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the corresponding Berkovich space is homeomorphic to a projective limit of fi-
nite dimensional simplicial complexes that are deformation retracts of itself. We
further obtain finiteness statements that were not known classically; we refer to
§ 13 for these applications.

We now present the contents of the sections and a sketch of the proof of the main
theorem. Section 2 includes some background material on definable sets, definable
types, orthogonality and domination, especially in the valued field context.

In § 3 we introduce the space “V of stably dominated types on a definable set
V . We show that “V is pro-definable; this is in fact true in any NIP theory, and
not just in ACVF. We further show that “V is strict pro-definable, i.e. the image
of “V under any projection to a definable set is definable. This uses metastability,
and also a classical definability property of irreducibility in algebraically closed
fields. In the case of curves, we note later that “V is in fact definable; for many
purposes strict pro-definable sets behave in the same way. Still in § 3, we define a
topology on “V , and study the connection between this topology and V . Roughly
speaking, the topology on “V is generated by “U , where U is a definable set cut
out by strict valuation inequalities. The space V is a dense subset of “V , so
a continuous map “V → “U is determined by the restriction to V . Conversely,
given a definable map V → “U , we explain the conditions for extending it to “V .
This uses the interpretation of “V as a set of definable types. We determine the
Grothendieck topology on V itself induced from the topology on “V ; the closure
or continuity of definable subsets or of functions on V can be described in terms
of this Grothendieck topology without reference to “V , but we will see that this
viewpoint is more limited.

In the last subsection of §2 (to step back a little) we present the main result of
[14] with a new insight regarding one point, that will be used in several critical
points later in the paper. We know that every nonempty definable set over an
algebraically closed substructure of a model of ACVF extends to a definable
type. A definable type p can be decomposed into a definable type q on Γn, and a
map from this type to stably dominated definable types. In previous definitions
of metastability, this decomposition involved an uncontrolled base change that
prevented any canonicity. We note here that the q-germ of f is defined with no
additional parameters, and that it is this germ that really determines p. Thus
a general definable type is a function from a definable type on Γn to stably
dominated definable types.

In § 4 we define the central notion of definable compactness; we give a general
definition that may be useful whenever one has definable topologies with enough
definable types. The o-minimal formulation regarding limits of curves is replaced
by limits of definable types. We relate definable compactness to being closed and
bounded. We show the expected properties hold, in particular the image of a
definably compact set under a continuous definable map is definably compact.
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The definition of “V is a little abstract. In §5 we give a concrete representation
of ”An in terms of spaces of semi-lattices. This was already alluded to in the first
paragraphs of the introduction.

A major issue in this paper is the frontier between the definable and the topo-
logical categories. In o-minimality automatic continuity theorems play a role.
Here we did not find such results very useful. At all events in §2.7 we charac-
terize topologically those subspaces of “V that can be definably parameterized by
Γn. They turn out to be o-minimal in the topological sense too. We use here in
an essential way the construction of “V in terms of spaces of semi-lattices, and the
characterization in [13] of definable maps from Γ into such spaces.

§7 is concerned with the case of curves. We show that “C is definable (and not
just pro-definable) when C is a curve. The case of P1 is elementary, and in equal
characteristic zero it is possible to reduce everything to this case. But in general
we use model-theoretic methods. We find a definable deformation retraction from“C into a Γ-internal subset, the kind of subset whose topology was characterized
in §2.7. We consider relative curves too, i.e. varieties V with maps f : V → U ,
whose fibers are of dimension one. In this case we find a deformation retraction of
all fibers that is globally continuous and takes “C into Γ-internal subset for almost
all fibers C, i.e. all outside a proper subvariety of U . On curves lying over this
variety, the motions on nearby curves do not converge to any continuous motion.

§8 contains some algebraic criteria for the verification of continuity. For the
Zariski topology on algebraic varieties, the valuative criterion is useful: a con-
structible set is closed if it is invariant under specializations. Here we are led to
doubly valued fields. These can be obtained from valued fields either by adding
a valued field structure to the residue field, or by enriching the value group with
a new convex subgroup. The functor X̂ is meaningful for definable sets of this
theory as well, and interacts well with the various specializations. These criteria
are used in §9 to verify the continuity of the relative homotopies of §7.

§9 includes some additional easy results on homotopies. In particular, for a
smooth variety V , there exists an “inflation” homotopy, taking a simple point to
the generic type of a small neighborhood of that point. This homotopy has an
image that is properly a subset of “V , and cannot be understood directly in terms
of definable subsets of V . The image of this homotopy retraction has the merit
of being contained in “U for any Zariski open subset U of V .

§10 contains the statement and proof of the main theorem. For any algebraic
variety V , we find a definable homotopy retraction from “V to an o-minimal sub-
space of the type described in §2.7. After some modifications we fiber V over
a variety U of lower dimension. The fibers are curves. On each fiber, a homo-
topy retraction can be described with o-minimal image, as in §7; above a certain
Zariski open subset U1 of U , these homotopies can be viewed as the fibers of a
single homotopy h1. The homotopy h1 does not extend to the complement of U1;
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but in the smooth case, one can first apply an inflation homotopy whose image
lies in V̂1, where V1 is the pullback of U1. If V has singular points, a more delicate
preparation is necessary. Let S1 be the image of the homotopy h1. Now a relative
version of the results of §2.7 applies (Proposition 6.3.9); after pulling back the
situation to a finite covering of U , we show that S1 embeds topologically into
U ′ × ΓN∞. Now any homotopy retraction of “U , fixing U ′ and certain functions
into Γm, can be extended to a homotopy retraction of S1 (Lemma 6.3.13). Using
induction on dimension, we apply this to a homotopy retraction taking U to an
o-minimal set; we obtain a retraction of V to a subset S2 of S1 lying over an
o-minimal set, hence itself o-minimal. At this point o-minimal topology as in [7]
applies to S2, and hence to the homotopy type of “V .

In §10.7 we give a uniform version of Theorem 10.1.1 with respect to parame-
ters. Sections 11 and 12 are devoted to some further results related to Theorem
10.1.1.

Section 13 contains various applications to classical Berkovich spaces. Let V
be a quasi-projective variety over a field F endowed with a non-archimedean
norm and let V an be the corresponding Berkovich space. We deduce from our
main theorem several new results on the topology of V an which were not known
previously in such a level of generality. In particular we show that V an admits
a strong homotopy retraction to a subspace homeomorphic to a finite simplicial
complex and that V an is locally contractible. We prove a finiteness statement for
the homotopy type of fibers in families. We also show that if V is projective, V an

is homeomorphic to a projective limit of finite dimensional simplicial complexes
that are deformation retracts of V an.
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2. Preliminaries

We will rapidly recall the basic model theoretic notions of which we make use,
but we recommend to the non-model theoretic reader an introduction such as
[24].

2.1. Definable sets. Let us fix a first order language L and a complete theory
T over L. The language L may be multisorted. If S is a sort, and A is an L-
structure, we denote by S(A), the part of A belonging to the sort S. For C a set
of parameters in a model of T and x any set of variables, we denote by Sx(C)
the set of types over C in the variables x. Thus, Sx(C) is the Stone space of the
Boolean algebra of formulas with free variables contained in x up to equivalence
over T .

We shall work in a large saturated model U (a universal domain for T ). More
precisely, we shall fix some an uncountable cardinal κ larger than any cardinality
of interest, and consider a model U of cardinality κ such that for every A ⊂ U of
cardinality < κ, every p in Sx(A) is realized in U, for x any finite set of variables.
(Such a U is unique up to isomorphism. Set theoretic issues involved in the choice
of κ turn out to be unimportant and resolvable in numerous ways; cf. [6] or [15],
Appendix A.)

All sets of parameters A we shall consider will be small subsets of U, that is
of cardinality < κ, and all models M of T we shall consider will be elementary
substructures of U with cardinality < κ. By a substructure of U we shall generally
mean a small definably closed subset of U.

If ϕ is a formula in LC , involving some sorts Si with arity ni, for every small
modelM containing C, one can consider the set Zϕ(M) of uplets a in the cartesian
product of the Si(M)ni such that M |= ϕ(a). One can view Zϕ as a functor from
the category of models and elementary embeddings, to the category of sets. Such
functors will be called definable sets over C. Note that a definableX is completely
determined by the (large) setX(U), so we may identify definable sets with subsets
of cartesian products of sets Si(U)ni . Definable sets over C form a category DefC
in a natural way. Under the previous identification a definable morphism between
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definable sets X1(U) and X2(U) is a function X1(U) → X2(U) whose graph is
definable.

By a definable set, we mean definable over some C. When C is empty one
says ∅-definable or 0-definable. A subset of a given definable set X which is an
intersection of < κ definable subsets of X is said to be ∞-definable.

Sets of U-points of definable sets satisfy the following form of compactness: if
X is a definable set such that X(U) = ∪i∈IXi(U), with (Xi)i∈I a small family of
definable sets, then X = ∪i∈AXi with A a finite subset of I.

Recall that if C is a subset of a model M of T , by the algebraic closure of C,
denoted by acl(C), one denotes the subset of those elements c of M , such that,
for some formula ϕ over C with one free variable, Zϕ(M) is finite and contains
c. The definable closure dcl(C) of C is the the subset of those elements c of M ,
such that, for some formula ϕ over C with one free variable, Zϕ(M) = {c}.

If X is a definable set over C and C ⊆ B, we write X(B) for X(U) ∩ dcl(B).

2.2. Pro-definable and ind-definable sets. We define the category ProDefC
of pro-definable sets over C as the category of pro-objects in the category DefC
indexed by a small directed partially ordered set. Thus, if X = (Xi)i∈I and
Y = (Yj)i∈J are two objects in ProDefC ,

HomProDefC (X, Y ) = lim←−
j

lim−→
i

HomDefC (Xi, Yj).

Elements of HomProDefC (X, Y ) will be called C-pro-definable morphisms (or C-
definable for short) between X and Y .

By a result of Kamensky [20], the functor of “taking U-points” induces an
equivalence of categories between the category ProDefC and the sub-category of
the category of sets whose objects and morphisms are inverse limits of U-points
of definable sets indexed by a small directed partially ordered set (here the word
“co-filtering” is also used, synonymously with “directed”). By pro-definable, we
mean pro-definable over some C. Pro-definable is thus the same as ∗-definable
in the sense of Shelah, that is, a small projective limit of definable subsets. One
defines similarly the category IndDefC of ind-definable sets over C for which a
similar equivalence holds.

Let X be a pro-definable set. We shall say it is strict pro-definable if it
may be represented as a pro-object (Xi)i∈I , with surjective transition morphisms
Xj(U)→ Xi(U). Equivalently, it is a ∗-definable set, such that the projection to
any finite number of coordinates is definable.

Dual definitions apply to ind-definable sets; thus “strict” means that the maps
are injective: in a U, a small union of definable sets is a strict ind-definable set.

By a morphism from an ind-definable set X = lim−→i
Xi to a pro-definable one

Y = lim←−j Yj, we mean a compatible family of morphisms Xi → Yj. A morphism
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Y → X is defined dually; it is always represented by a morphism Yj → Xi, for
some j, i.

Remark 2.2.1. A strict ind-definable set X with a definable point always admits
a bijective morphism to a strict pro-definable set. On the other hand, if Y is pro-
definable and X is ind-definable, a morphism Y → X always has definable image.

Proof. For the first statement, fix a definable point p. If f : Xi → Xj is injective,
define g : Xj → Xi by setting it equal to f−1 on Im(f), constant equal to p
outside Im(f). The second statement is clear. �

Let Y = lim←−Yi be pro-definable, and let X ⊆ Y . The inclusion X → Y yields
maps X → Yi, with image Xi; for any morphism i→ i′, we have maps Xi → Xi′ ,
forming a commutative diagram. We shall say X is iso-∞-definable if for some
i0, for all i and i′ mapping to i0 (i.e. above i0 in the partial ordering), all maps
Xi → Xi′ are bijections. If, in addition, each Xi is definable one calls X iso-
definable. Thus a set is iso-definable if and only if it strict pro-definable and
iso-∞-definable.

Remark 2.2.2. If above, all maps Xi → Xi′ are surjections for i ≥ i′ ≥ i0,
we call X definably parameterized. We do not know if definably parameterized
subsets of the spaces “V that we will consider are iso-definable. A number of
proofs would be considerably simplified if this were true; see Question 7.2.1 for
a special case. We mention two conditions under which definably parameterized
sets are iso-definable.

Lemma 2.2.3. LetW be a definable set, Y a pro-definable set, and let f : W → Y
be a pro-definable map. Then the image of W in Y is strict pro-definable. If f is
injective, or more generally if the equivalence relation f(y) = f(y′) is definable,
then f(W ) is iso-definable.

Proof. Say Y = lim←−Yi. Let fi be the composition W → Y → Yi. Then fi is a
function whose graph is ∞-definable. By compactness there exists a definable
function F : W → Yi whose graph contains fi; but then clearly F = fi and so the
image Xi = fi(W ) and fi itself are definable. Now f(Y ) is the projective limit of
the system (Xi), with maps induced from (Yi); the maps Xi → Xj are surjective
for i > j, since W → Xj is surjective. Now assume there exists a definable
equivalence relation E on Y such that f(y) = f(y′) if and only if (y, y′) ∈ E. If
(w,w′) ∈ W 2rE then w and w′ have distinct images in someXi. By compactness,
for some i0, if (w,w′) ∈ W 2 r E then fi0(w) 6= fi0(w′). So for any i mapping to
i0 the map Xi → Xi0 is injective. �

Corollary 2.2.4. X ⊆ Y is iso-definable if and only if X is in (pro-definable)
bijection with a definable set. �
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Lemma 2.2.5. Let Y be pro-definable, X an iso-definable subset. Let G be a
finite group acting on Y , and leaving X invariant. Let f : Y → Y ′ be a map
of pro-definable sets, whose fibers are exactly the orbits of G. Then f(X) is
iso-definable.

Proof. Let U be a definable set, and h : U → X a pro-definable bijection. Define
g(u) = u′ if gh(u) = h(u′). This induces a definable action of G on U . We
have f(h(u)) = f(h(u′)) iff there exists g such that gu = u′. Thus the equiv-
alence relation f(h(u)) = f(h(u′)) is definable; by Lemma 2.2.3, the image is
iso-definable. �

We shall call a subset X of a pro-definable Y relatively definable in Y if X is
cut out from Y by a single formula. More precisely, if Y = lim←−Yi is pro-definable,
X will be prodefinable in Y if there exists some index i0 and and a definable
subset Z of Yi0 , such that, denoting by Xi the inverse image of Z in Yi for i ≥ i0,
X = lim←−i≥i0 Xi.

Iso-definability and relative definability are related somewhat as finite dimen-
sion is related to finite codimension; so they rarely hold together. In this ter-
minology, a semi-algebraic subset of “V , that is, a subset of the form X̂, where
X is a definable subset of V , will be relatively definable, but most often not
iso-definable.

Lemma 2.2.6. (1) Let X be pro-definable, and assume that the equality relation
∆X is a relatively definable subset of X2. Then X is iso-∞-definable. (2) A
pro-definable subset of an iso-∞-definable set is iso-∞-definable.

Proof. (1) X is the projective limit of an inverse system {Xi}, with maps fi :
X → Xα(i). We have (x, y) ∈ ∆X if and only if fi(x) = fi(y) for each i. It follows
that for some i, (x, y) ∈ ∆X if and only if fi(x) = fi(y). For otherwise, for any
finite set I0 of indices, we may find (x, y) /∈ ∆X with fi(x) = fi(y) for every i ∈ I0.
But then by compactness, and using the relative definability of (the complement
of) ∆X , there exist (x, y) ∈ X2 r∆X with fi(x) = fi(y) for all i, a contradiction.
Thus the map fi is injective. (2) follows from (1), or can be proved directly. �

Lemma 2.2.7. Let f : X → Y be a morphism between strict pro-definable sets.
Then Imf is strict pro-definable, as is the graph of f .

Proof. We can represent X and Y as respectively projective limit of definable sets
Xi and Yj, and f by fj : Xc(j) → Yj, for some function c between the index sets.
The projection of X to Yj is the same as the image of fj, using the surjectivity
of the maps between the sets Xj and fj(Yj) is definable. The graph of f is the
image of Id× f : X → (X × Y ). �

Remark 2.2.8 (on terminology). We often have a set D(A) depending functori-
ally on a structure A. We say thatD is pro-definable if there exists a pro-definable
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set D′ such that D′(A) and D(A) are in canonical bijection; in other words D
and D′ are isomorphic functors.

In practice we have in mind a choice of D′ arising naturally from the definition
of D; usually various interpretations are possible, but all are isomorphic as pro-
definable sets.

Once D′ is specified, so is, for any pro-definable W and any A, the set of
A-definable maps W → D′. If worried about the identity of D′, it suffices to
specify what we mean by an A-definable map W → D. Then Yoneda ensures the
uniqueness of a pro-definable set D′ compatible with this notion.

The same applies for ind. For instance, let Fn(V, V ′)(A) be the set of A-
definable functions between two given 0-definable sets V and V ′. Then Fn(V, V ′)
is an ind-definable set. The representing ind-definable set is clearly determined
by the description. To avoid all doubts, we specify that Fn(U,Fn(V, V ′)) =
Fn(U × V, V ′).

2.3. Definable types. Let Lx,y be the set of formulas in variables x, y, up to
equivalence in the theory T . A type p(x) in variables x = (x1, . . . , xn) can be
viewed as a Boolean homomorphism from Lx to the 2-element Boolean algebra.

A definable type p(x) is defined to be a Boolean retraction dpx : Lx,y1,..., →
Ly1,...,. Here the yi are variables running through all finite products of sorts.
Equivalently, for a 0-definable set V , let LV denote the Boolean algebra of 0-
definable subset of V . Then a type on V is a compatible family of elements
of Hom(LV , 2); a definable type on V is a compatible family of elements of
HomW (LV×W , LW ), where HomW denotes the set of Boolean homomorphisms
h such that h(V ×X) = X for X ⊆ W .

Given such a homomorphism, and given any model M of T , one obtains a type
over M , namely p|M := {ϕ(x, b1, . . . , bn) : M |= ((dpx)ϕ)(b1, . . . , bn)}.

The type p|U is Aut(U)-invariant, and determines p; we will often identify
them. The image of φ(x, y) under p is called the φ-definition of p.

Similarly, for any C ⊂ U, replacing L by LC one gets the notion of C-definable
type. If p is C-definable, then the type p|U is Aut(U/C)-invariant. The map
M 7→ p|M , or even one of its values, determines the definable type p.

If p is a definable type and X is a definable set, one says p is on X if all
realizations of p|U lie in X. One denotes by Sdef (X) the set of definable types on
X. Let f : X → Z be a definable map between definable sets. For p in Sdef (X)
one denotes by f∗(p) the definable type defined by df∗(p)(ϕ(z, y)) = dp(ϕ(f(x), y)).
This gives rise to a mapping f∗ : Sdef (X)→ Sdef (Z).

Let U be a pro-definable set. By a definable function U → Sdef (V ), we mean
a compatible family of Boolean homomorphisms LV×W×U → LW×U , with h(V ×
X) = X for X ⊆ W × U . Any element u ∈ U gives a Boolean retraction
LW×U → LW (u) by Z 7→ Z(u) = {z : (z, u) ∈ Z}. So a definable function
U → Sdef (V ) gives indeed a U -parametrized family of definable types on V .
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Let us say p is definably generated over A if it is generated by a partial type of
the form ∪(φ,θ)∈SP (φ, θ), where S is a set of pairs of formulas (φ(x, y), θ(y)) over
A, and P (φ, θ) = {φ(x, b) : θ(b)}.

Lemma 2.3.1. Let p be a type over U. If p is definably generated over A, then
p is A-definable.

Proof. This follows from Beth’s theorem: if one adds a predicate for the p-
definitions of all formulas φ(x, y), with the obvious axioms, there is a unique
interpretation of these predicates in U, hence they must be definable.

Alternatively, let φ(x, y) be any formula. From the fact that p is definably gen-
erated it follows easily that {b : φ(x, b) ∈ p} is an ind-definable set over A. Indeed,
φ(x, b) ∈ p if and only if for some (φ1, θ1), . . . , (φm, θm) ∈ S, (∃c1, · · · , cm)(θi(ci)∧
(∀x)(

∧
i φi(x, c) =⇒ φ(x, b)). Applying this to ¬φ, we see that the complement of

{b : φ(x, b) ∈ p} is also ind-definable. Hence {b : φ(x, b) ∈ p} is A-definable. �

Lemma 2.3.2. Assume the theory T has elimination of imaginaries. Let f :
X → Y be a C-definable mapping between C-definable sets. Assume f has finite
fibers, say of cardinality bounded by some integer m. Let p be a C-definable type
on Y . Then, any global type q on X such that f∗(q) = p|U is acl(C)-definable.

Proof. The partial type p|U(f(x)) admits at mostm distinct extensions q1, . . . , q`
to a complete type. Choose C ′ ⊃ C such that all qi|C ′ are distinct. Certainly the
qi’s are C ′-invariant. It is enough to prove they are C ′-definable, since then, for
every formula ϕ, the Aut(U/C)-orbit of dqi(ϕ) is finite, hence dqi(ϕ) is equivalent
to a formula in L(acl(C)). To prove qi is C ′-definable note that

p(f(x)) ∪ qi|C ′(x) ` qi(x).

Thus, there is a set A of formulas ϕ(x, y) in L, a mapping ϕ(x, y) → ϑϕ(y)
assigning to formulas in A formulas in L(C ′) such that qi is generated by {ϕ(x, b) :
U |= ϑϕ(b)}. It then follows from Lemma 2.3.1 that qi is indeed C ′-definable. �

2.4. Orthogonality to a definable set. Let Q be a fixed 0-definable set. We
give definitions of orthogonality to Q that are convenient for our purposes, and are
equivalent to the usual ones when Q is stably embedded and admits elimination
of imaginaries; this is the only case we will need.

Let A be a substructure of U. A type p = tp(c/A) is said to be almost
orthogonal to Q if Q(A(c)) = Q(A). Here A(c) is the substructure generated
by c over A, and Q(A) = Q ∩ dcl(A) is the set of points of Q definable over A.

An A-definable type p is said to be orthogonal to Q, and one writes p ⊥ Q, if
p|B is almost orthogonal to Q for any substructure B containing A. Equivalently,
for any B and any B-definable function f into Q the pushforward f∗p is a type
concentrating on one point, i.e. including a formula of the form y = γ.



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 13

Let us recall that for F a structure containing C, Fn(W,Q)(F ) denotes the
family of F -definable functions W → Q and that Fn(W,Q) = Fn(W,Q)(U) is an
ind-definable set.

Let V be a C-definable set. Let p be a definable type on V , orthogonal to Q.
Any U-definable function f : V → Q is generically constant on p. Equivalently,
any C-definable function f : V × W → Q (where W is some C-definable set)
depends only on the W -argument, when the V -argument is a generic realization
of p. More precisely, we have a mapping

pW∗ : Fn(V ×W,Q) −→ Fn(W,Q)

(denoted by p∗ when there is no possibility of confusion) given by p∗(f)(w) = γ
if (dpv)(f(v, w) = γ) holds in U.

Uniqueness of γ is clear for any definable type. Orthogonality to Q is precisely
the statement that for any f , p∗(f) is a function on W , i.e. for any w, such an
element γ exists. The advantage of the presentation f 7→ p∗(f), rather than the
two-valued φ 7→ p∗(φ), is that it makes orthogonality to Q evident from the very
data.

Let SQdef,V (A) denote the set of A-definable types on V orthogonal to Q. It will
be useful to note the (straightforward) conditions for pro-definability of SQdef,V .
Given a function g : S ×W → Q, we let gs(w) = g(s, w), thus viewing it as a
family of functions gs : W → Q.

Lemma 2.4.1. Assume the theory T eliminates imaginaries, and that for any
formula φ(v, w) without parameters, there exists a formula θ(w, s) without pa-
rameters such that for any p ∈ SQdef,V , for some e,

φ(v, c) ∈ p ⇐⇒ θ(c, e).

Then SQdef,V is pro-definable, i.e. there exists a canonical pro-definable Z and a
canonical bijection Z(A) = SQdef,V (A) for every A.

Proof. We first extend the hypothesis a little. Let f : V ×W → Q be 0-definable.
Then there exists a 0-definable g : S ×W → Q such that for any p ∈ SQdef,V , for
some s ∈ S, p∗(f) = gs. Indeed, let φ(v, w, q) be the formula f(v, w) = q and
let θ(w, q, s) the corresponding formula provided by the hypothesis of the lemma.
Let S be the set of all s such that for any w ∈ W there exists a unique q ∈ Q
with θ(w, q, s). Now, by setting g(s, w) = q if and only if θ(w, q, s) holds, one
gets the more general statement.

Let fi : V ×Wi → Q be an enumeration of all 0-definable functions f : V ×W →
Q, with i running over some index set I. Let gi : Si×Wi → Q be the corresponding
functions provided by the previous paragraph. Elimination of imaginaries allows
us to assume that s is a canonical parameter for the function gi,s(w) = gi(s, w), i.e.
for no other s′ do we have gi,s = gi,s′ . We then have a natural map πi : SQdef,V → Si,
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namely πi(p) = s if p∗(fi) = gi,s. Let π = Πiπi : SQdef,V → ΠiSi be the product
map. Now ΠiSi is canonically a pro-definable set, and the map π is injective. So
it suffices to show that the image is ∞-definable in ΠSi. Indeed, s = (si)i lies
in the image if and only if for each finite tuple of indices i1, . . . , in ∈ I (allowing
repetitions), (∀w1 ∈ W1) · · · (∀wn ∈ Wn)(∃v ∈ V )

∧n
i=1 fi(v, wi) = gi(si, wi). For

given this consistency condition, there exists a ∈ V (U′) for some U ≺ U′ such
that fi(a, w) = gi(s, w) for all w ∈ Wi and all i. It follows immediately that
p = tp(a/U) is definable and orthogonal to Γ, and π(p) = s. Conversely if
p ∈ SQdef,V (U) and a |= p|U, for any w1 ∈ W1(U), . . . , wn ∈ Wn(U), the element
a witnesses the existence of v as required. So the image is cut out by a set of
formulas concerning the si. �

If Q is a two-element set, any definable type is orthogonal to Q, and Fn(V,Q)
can be identified with the algebra of formulas on V , via characteristic functions.
The presentation of definable types as a Boolean retraction from formulas on
V × W to formulas on W can be generalized to definable types orthogonal to
Q. An element p of SQdef,V (A) yields a compatible systems of retractions pW∗ :
Fn(V ×W,Q) −→ Fn(W,Q). These retractions are also compatible with definable
functions g : Qm → Q, namely p∗(g ◦ (f1, . . . , fm)) = g ◦ (p∗f1, . . . , p∗fm). One
can restrict attention to 0-definable functions Qm → Q along with compositions
of the following form: given F : V × W × Q → Q and f : V × W → Q, let
F ◦′ f(v, w) = F (v, w, f(v, w)). Then p∗(F ◦′ f) = p∗(F )◦′ p∗(f). It can be shown
that any compatible system of retractions compatible with these compositions
arises from a unique element p of SQdef,V (A). This can be shown by the usual two
way translation between sets and functions: a set can be coded by a function into
a two-element set (in case two constants are not available, one can add variables
x, y, and consider functions whose values are among the variables). On the other
hand a function can be coded by a set, namely its graph. This characterization
will not be used, and we will leave the details to the reader. It does give a slightly
different way to see the ∞-definability of the image in Lemma 2.4.1.

2.5. Stable domination. We shall assume from now on that the theory T has
elimination of imaginaries.

Definition 2.5.1. A C-definable set D in U is said to be stably embedded if, for
every definable set E and r > 0, E ∩Dr is definable over C ∪D. A C-definable
set D in U is said to be stable if the structure with domain D, when equipped
with all the C-definable relations, is stable.

One considers the multisorted structure StC whose sortsDi are the C-definable,
stable and stably embedded subsets of U. For each finite set of sorts Di, all the
C-definable relations on their union are considered as ∅-definable relations Rj.
The structure StC is stable by Lemma 3.2 of [14].

For any A ⊂ U, one sets StC(A) = StC ∩ dcl(CA).
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Definition 2.5.2. A type tp(A/C) is stably dominated if, for any B such that
StC(A) |̂

StC(C)
StC(B), tp(B/CStC(A)) ` tp(B/CA).

Remark 2.5.3. The type tp(A/C) is stably dominated if and only if, for any
B such that StC(A) |̂

StC(C)
StC(B), tp(A/StC(A)) has a unique extension over

CStC(A)B.

By [14] 3.13, if tp(a/C) is stably dominated, then it is has an an acl(C)-
definable extension p to U; this definable type will also be referred to as stably
dominated; we will sometimes denote it by tp(a/ acl(C))|U, and for any B with
acl(C) ≤ B ≤ U, write p|B = tp(a/ acl(C))|B. For any |C|+-saturated extension
N of C, p|N is the unique Aut(N/ acl(C))-invariant extension of tp(a/ acl(C)).
We will need a slight extension of this:

Lemma 2.5.4. Let p be a stably dominated C-definable type, C = acl(C). Let
C ⊆ B = dcl(B), and assume p|B is Aut(B/C)-invariant. Assume: for any
b ∈ StC(B) r dcl(C), there exists b′ ∈ B, b′ 6= b, with tp(b/C) = tp(b′/C). Then
p|N is the unique Aut(N/C)-invariant extension of tp(a/C).

Proof. By hypothesis, p is stably dominated via some C-definable function h
into StC . Let q be an Aut(N/C)-invariant extension of tp(a/C). Let h∗q be
the pushforward. Then h∗q is Aut(StC(B)/C) invariant, so the canonical base
of h∗q|StC(B) must be contained in acl(C) = C; hence h∗q is a non-forking
extension of h∗p|C, so h∗q = h∗p. By definition of stable domination, it follows
that q = p. �

Proposition 2.5.5 ([14], Proposition 6.11). Assume tp(a/C) and tp(b/aC) are
stably dominated, then tp(ab/C) is stably dominated.

Remark 2.5.6. It is easy to see that transitivity holds for the class of symmetric
invariant types. Hence Proposition 2.5.5 can be deduced from the characterization
of stably dominated types as symmetric invariant types.

A formula ϕ(x, y) is said to shatter a subset W of a model of T if for any
two finite disjoint subsets U,U ′ of W there exists b with φ(a, b) for a ∈ U , and
¬φ(a′, b) for a ∈ U ′. Shelah says that a formula ϕ(x, y) has the independence
property if it shatters arbitrarily large finite sets; otherwise, it has NIP. Finally,
T has NIP if every formula has NIP. Stable and o-minimal theories are NIP, as
is ACVF.

If ϕ(x, y) is NIP then for some k, for any indiscernible sequence (a1, . . . , an)
and any b in a model of T , {i : φ(ai, b)} is the union of ≤ k convex segments.
If {a1, . . . , an} is an indiscernible set, i.e. the type of (aσ(1), . . . , aσ(n)) does not
depend on σ ∈ Sym(n), it follows that {i : φ(ai, b)} has size ≤ k, or else the
complement has size ≤ k.
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Definition 2.5.7. If T is a NIP-theory, and p is an Aut(U/C)-invariant type
over U, one says that p is generically stable over C if it is C-definable and finitely
satisfiable in any model containing C (that is, for any formula ϕ(x) in p and any
model M containing C, there exists c in M such that U |= ϕ(c)).

In general, when p(x), q(y) are Aut(U/C)-invariant types, there exists a unique
Aut(U/C)-invariant type r(x, y), such that for any C ′ ⊇ C, (a, b) |= p⊗q if and
only if a |= p|C and b |= q|C(a). This type is denoted p(x)⊗q(y). In general ⊗ is
associative but not necessarily symmetric. We define pn by pn+1 = pn⊗p.

The following characterization of generically stable types in NIP theories from
will be useful:

Lemma 2.5.8 ([18] Proposition 3.2). Assume T has NIP. An Aut(U/C)-
invariant type p(x) is generically stable over C if and only if pn is symmetric
with respect to permutations of the variables x1, . . . , xn.

For any formula ϕ(x, y), there exists a natural number n such that whenever
p is generically stable and (a1, . . . , aN) |= pN |C with N > 2n, for every c in U,
ϕ(x, c) ∈ p if and only if U |= ∨

i0<···<in ϕ(ai0 , c) ∧ · · · ∧ ϕ(ain , c).

The second part of the lemma is an easy consequence of the definition of a NIP
formula, or rather the remark on indiscernible sets just below the definition.

We remark that Proposition 2.5.5 also follows from the characterization of
generically stable definable types in NIP theories as those with symmetric tensor
powers in Lemma 2.5.8, cf. [18].

2.6. Review of ACVF. A valued field consists of field K together with a ho-
morphism v from the multiplicative group to an ordered abelian group Γ, such
that v(x + y) ≥ min v(x), v(y). In this paper we shall take write the law on Γ
additively. We shall write Γ∞ for Γ with an element∞ added with usual conven-
tions. In particular we extend v to K → Γ∞ by setting v(0) =∞. We denote by
R the valuation ring, by M the maximal ideal and by k the residue field.

Now assume K is algebraically closed and v is surjective. The value group
Γ is then divisible and the residue field k is algebraically closed. By a classical
result of A. Robinson, the theory of non trivially valued algebraically closed fields
of given characteristic and residue characteristic is complete. Several quantifier
elimination results hold for the theory ACVF of algebraically closed valued fields
with non-trivial valuation. In particular ACVF admits quantifier elimination in
the 3-sorted language LkΓ, with sorts VF, Γ and k for the valued field, value group
and residue field sorts, with respectively the ring, ordered abelian group and ring
language, and additional symbols for the valuation v and the map Res : VF2 → k
sending (x, y) the residue of xy−1 if v(x) ≥ v(y) and y 6= 0 and to 0 otherwise,
(cf. [13] Theorem 2.1.1). Sometimes we shall also write val instead of v for the
valuation. In this paper we shall use the extension LG of LkΓ considered in [13]
for which elimination of imaginaries holds. In addition to sorts VF, Γ and k
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there are sorts Sn and Tn, n ≥ 1. The sort Sn is the collection of all codes for
free rank n R-submodules of Kn. For s ∈ Sn, we denote by red(s) the reduction
modulo the maximal ideal of the lattice Λ(s) coded by s. This has ∅-definably
the structure of a rank n k-vector space. We denote by Tn the set of codes for
elements in ∪{red(s)}. Thus an element of Tn is a code for the coset of some
element of Λ(s) modulo MΛ(s). For each n ≥ 1, we have symbols τn for the
functions τn : Tn → Sn defined by τn(t) = s if t codes an element of red(s). We
shall set S = ∪n≥1Sn and T = ∪n≥1Tn. The main result of [13] is that ACVF
admits elimination of imaginaries in LG.

With our conventions, if C ⊂ U, we write Γ(C) for dcl(C) ∩ Γ and k(C) for
dcl(C) ∩ k. If K is a subfield of U, one denotes by ΓK the value group, thus
Γ(K) = Q ⊗ ΓK . If the valuation induced on K is non-trivial, then the model
theoretic algebraic closure acl(K) is a model of ACVF. In particular the structure
Γ(K) is Skolemized.

We shall denote in the same way a finite cartesian product of sorts and the
corresponding definable set. For instance, we shall denote by Γ the definable set
which to any model K of ACVF assigns Γ(K) and by k the definable set which
to K assigns its residue field. We shall also sometimes write K for the sort VF.

The following follows from the different versions of quantifier elimination (cf.
[13] Proposition 2.1.3):

Proposition 2.6.1. (1) The definable set Γ is o-minimal in the sense that
every definable subset of Γ is a finite union of intervals.

(2) Any K-definable subset of k is finite or cofinite (uniformly in the param-
eters), i.e. k is strongly minimal.

(3) The definable set Γ is stably embedded.
(4) If A ⊆ K, then acl(A) ∩K is equal to the field algebraic closure of A in

K.
(5) If S ⊆ k and α ∈ k belongs to acl(S) in the Keq sense, then α belongs to

the field algebraic closure of S.
(6) The definable set k is stably embedded.

Lemma 2.6.2 ([13] Lemma 2.17). Let C be an algebraically closed valued field,
and let s ∈ Sn(C), with Λ = Λs ⊆ Kn the corresponding lattice. Then Λ is
C-definably isomorphic to Rn, and the torsor red(s) is C-definably isomorphic to
kn.

A C-definable set D is k-internal if there exists a finite F ⊂ U such that
D ⊂ dcl(k ∪ F ).

By Lemma 2.6.2 of [13], we have the following characterisations of k-internal
sets:
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Lemma 2.6.3 ([13] Lemma 2.6.2). Let D be a C-definable set. Then the following
conditions are equivalent:

(1) D is k-internal.
(2) For any m ≥ 1, there is no surjective definable map from Dm to an infinite

interval in Γ.
(3) D is finite or, up to permutation of coordinates, is contained in a finite

union of sets of the form red(s1)×· · ·×red(sm)×F , where s1, . . . , sm are
acl(C)-definable elements of S and F is a C-definable finite set of tuples
from G.

For any parameter set C, let VCk,C be the many-sorted structure whose sorts
are k-vector spaces red(s) with s in dcl(C)∩ S. Each sort red(s) is endowed with
k-vector space structure. In addition, as its ∅-definable relations, VCk,C has all
C-definable relations on products of sorts.

By Proposition 3.4.11 of [13], we have:

Lemma 2.6.4 ([13] Proposition 3.4.11). Let D be a Keq-definable set. Then the
following conditions are equivalent:

(1) D is k-internal.
(2) D is stable and stably embedded.
(3) D is contained in dcl(C ∪ VCk,C).

By combining Proposition 2.6.1, Lemma 2.6.2, Lemma 2.6.4 and Remark 2.5.3,
one sees that (over a model) the φ-definition of a stably dominated type factors
through some function into a finite dimensional vector space over the residue
field.

Corollary 2.6.5. Let C be a model of ACVF, let V be a C-definable set and let
a ∈ V . Assume p = tp(a/C) is a stably dominated type. Let φ(x, y) be a formula
over C. Then there exists a definable map g : V → kn and a formula θ over C
such that, if g(a) |̂

k(C)
StC(b), then φ(a, b) holds if and only if θ(g(a), b).

2.7. Γ-internal sets. Let Q be an F -definable set. An F -definable set X is
Q-internal if there exists F ′ ⊃ F , and an F ′-definable surjection h : Y → X,
with Y an F ′-definable subset of Qn for some n. When Q is stably embedded
and eliminates imaginaries, as is the case of Γ in ACVF, we can take h to be a
bijection, by factoring out the kernel. If one can take F ′ = F we say that X is
directly Q-internal.

In the case of Q = Γ in ACVF, we mention some equivalent conditions.

Lemma 2.7.1. The following conditions are equivalent:
(1) X is Γ-internal.
(2) X is internal to some o-minimal definable linearly ordered set.
(3) X admits a definable linear ordering.
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(4) Every stably dominated type on X (over any base set) is constant (i.e.
contains a formula x = a).

(5) There exists an acl(F )-definable injective h : Y → Γ∗.

Proof. The fact that (2) implies (3) follows easily from elimination of imaginaries
in ACVF: any o-minimal definable linearly ordered set is directly internal to Γ.
Condition (3) clearly implies (4) by the symmetry property of generically stable
types p: p(x)⊗p(y) has x ≤ y if and only if y ≤ x, hence x = y. The implication
(4) → (5) again uses elimination of imaginaries in ACVF, and inspection of the
geometric sorts. Namely, let A = acl(F ) and let c ∈ Y . Assuming (4), we have
to show that c ∈ dcl(Γ∗). This reduces to the case that tp(c/A) is unary; for if
c = (c1, c2) and the implication holds for tp(c2/A) and for tp(c1/A(c2) we obtain
c2 ∈ acl(A,Γ, c1); it follows that (4) holds for tp(c1/A), so c1 ∈ dcl(A, γ) and
the result follows since acl(A, γ) = dcl(A, γ) for γ ∈ Γm. So assume tp(c/A)
is unary, i.e. it is the type of a sub-ball b of a free O-module M . The radius
γ of b is well-defined. Now tp(c/A, γ(b)) is a type of balls of constant radius;
if c /∈ acl(A, γ(b)) then there are infinitely many balls realizing this type, and
their union fills out a set containing a larger closed sub-ball. In this case the
generic type of the closed sub-ball induces a stably dominated type on a subset
of tp(c/A, γ(b)), contradicting (4). Thus c ∈ acl(A, γ(b)) = dcl(A, γ(b)).

The remaining implications (1)→ (2) and (5)→ (1) are obvious. �

Let U and V be definable sets. A definable map f : U → V with all fibers
Γ-internal is called a Γ-internal cover. If f : U → V is an F -definable map, such
that for every v ∈ V the fiber is F (v)-definably isomorphic to a definable set in
Γn, then by compactness and stable embeddedness of Γ, U is isomorphic over V
to a fiber product V ×g,hZ, where g : V → Y ⊆ Γm, and Z ⊆ Γn, and h : Z → Y .
We call such a cover directly Γ-internal.

Any finite cover of V is Γ-internal, and so is any directly Γ-internal cover.

Lemma 2.7.2. Let V be a definable set in ACVFF . Then any Γ-internal cover
f : U → V is isomorphic (over V ) to a fiber product over V of a finite cover and
a directly Γ-internal cover.

Proof. It suffices to prove this at a complete type p = tp(c/F ) of U , since the
statement will then be true (using compactness) above a (relatively) definable
neighborhood of f∗(p), and so (again by compactness, on V ) everywhere. Let
F ′ = F (f(c)). By assumption, f−1(f(c)) is Γ-internal. So over F ′ there exists a
finite definable set H, for t ∈ H an F ′(t)-definable bijection ht : Wt → U , with
Wt ⊆ Γn, and c ∈ Im(ht). We can assume H is an orbit of G = Aut(acl(F )/F ).
In this case, since Γ is linearly ordered, Wt cannot depend on t, so Wt = W .
Similarly let Gc = Aut(acl(F )(c)/F (c)) ≤ G. Then h−1

t (c) ∈ W depends only
on the Gc-orbit of ht. Let Hc be such an orbit (defined over F (c)), and set
h−1(c) = h−1

t (c) for t in this orbit and some h ∈ Hc. Then Hc has a canonical
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code g1(c), and we have g1(c) ∈ acl(F (f(c)), and c ∈ dcl(F (f(c), g1(c), h−1(c))).
Let g(c) = (f(c), g1(c)). Then tp(g(c)/F ) is naturally a finite cover of tp(f(c)/F ),
and tp(f(c), h−1(c)/F ) is a directly Γ-internal cover. �

Lemma 2.7.3. Let F be a definably closed substructure of VF∗×Γ∗, let B ⊆ VFm

be ACVFF -definable, and let B′ be a definable set in any sorts (including possibly
imaginaries). Let g : B′ → B be a definable map with finite fibers. Then there
exists a definable B′′ ⊆ VFm+` and a definable bijection B′ → B′′ over B.

Proof. By compactness, working over F (b) for b ∈ B, this reduces to the case
that B is a point. So B′ is a finite ACVFF -definable set, and we must show that
B′ is definably isomorphic to a subset of VF`. Now we can write F = F0(γ) for
some γ ∈ Γ∗ with F0 = F ∩ VF. By Lemma 3.4.12 of [13], acl(F ) = acl(F0)(γ).
So B′ = {f(γ) : f ∈ B′′} where B′′ is some finite F0-definable set of functions on
Γ. Replacing F by F0 and B′ by B′′, we may assume F is a field. Now acl(F ) =
dcl(F alg). Indeed, this is clear if F is not trivially valued since then F alg is an
elementary substructure of U. In general there exists acl(F ) ≤ ∩τ dcl(F (τ)alg) =
dcl(F alg). Now we have B′ ⊆ acl(F ) = dcl(F alg). Using induction on |B′| we may
assume B′ is irreducible, and also admits no nonconstant ACVFF -definable map
to a smaller definable set. If B′ admits a nonconstant definable map into VF then
it must be 1-1 and we are done. Let b ∈ B′ and let F ′ = Fix(Aut(F alg/F (b))).
Then F ′ is a field, and if d ∈ F ′ r F , then d = h(b) for some definable map
h, which must be nonconstant since d /∈ F . If F ′ = F then by Galois theory,
b ∈ dcl(F ), so again the statement is clear. �

Corollary 2.7.4. The composition of two definable maps with Γ-internal fibers
also has Γ-internal fibers. In particular if f has finite fibers and g has Γ-internal
fibers then g ◦ f and f ◦ g have Γ-internal fibers.

Proof. Here we may work over a model A. By Lemma 2.7.2 and the definition,
the class of Γ-internal covers is the same as compositions g ◦ f of definable maps
f with finite fibers, and g with directly Γ-internal covers. Hence to show that this
class is closed under composition it suffices to show that if f has finite fibers and
g has directly Γ-internal covers, then f ◦ g has Γ-internal fibers; in other words
that if b ∈ acl(A(γ)) with γ a tuple from Γ, then (a, b) ∈ dcl(A ∪ Γ). But this
follows from Lemma 3.4.12 quoted above. �

Warning: the corollary applies to definable maps between definable sets, hence
also to iso-definable sets. However if f : X → Y is map between pro-definable
sets and U is a Γ-internal, iso-definable subset of Y , we do not know if f−1(U)
must be Γ-internal, even if f is ≤ 2-to-one.

Remark 2.7.5. Let Γ be a Skolemized o-minimal structure, a ∈ Γn. Let D be a
definable subset of Γn such that a belongs to the topological closure cl(D) of D.
Then there exists a definable type p on D with limit a.
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Proof. Consider the family F of all rectangles (products of intervals) whose inte-
rior contains a. This is a definable family, directed downwards under containment.
By Lemma 2.19 of [16] there exists a definable type q on F concentrating, for each
b ∈ F , on {b′ ∈ F : b′ ⊆ b}. Since a ∈ cl(D), there exists a definable (Skolem)
function g such that for u ∈ F , g(u) ∈ u ∩ D. To conclude it is enough to set
p = g∗(q). �

An alternative proof is provided, in our case, by Lemma 4.2.12.
It follows that if the limit of any definable type on D exists and lies in D, then

D is closed. Conversely, if D is bounded, any definable type on D will have a
limit, and if D is closed then this limit is necessarily in D.

2.8. Orthogonality to Γ. Let A be a substructure of U.

Proposition 2.8.1. (a) Let p be an A-definable type. The following conditions
are equivalent:

(1) p is stably dominated.
(2) p is orthogonal to Γ.
(3) p is generically stable.

(b) A type p over A extends to at most one generically stable A-definable type.

Proof. The equivalence of (1) and (2) follows from [14] 10.7 and 10.8. Using
Proposition 10.16 in [14], and [18], Proposition 3.2(v), we see that (2) implies
(3). (In fact (1) implies (3) is easily seen to be true in any theory, in a similar
way.) To see that (3) implies (2) (again in any theory), note that if p is generically
stably and f is a definable function, then f∗p is generically stable (by any of the
criteria of [18] 3.2, say the symmetry of indiscernibles). Now a generically stable
definable type on a linearly ordered set must concentrate on a single point: a
2-element Morley sequence (a1, a2) based on p will otherwise consist of distinct
elements, so either a1 < a2 or a1 > a2, neither of which can be an indiscernible set.
The statement on unique extensions follows from [18], Proposition 3.2(v). �

We shall use the following statement, Theorem 12.18 from [14]:

Theorem 2.8.2. (1) Suppose that C ≤ L are valued fields with C maximally
complete, k(L) is a regular extension of k(C) and ΓL/ΓC is torsion free.
Let a be a sequence in U, a ∈ dcl(L). Then tp(a/C ∪ Γ(Ca)) is stably
dominated.

(2) Let C be a maximally complete algebraically closed valued field, and a be
a sequence in U. Then tp(acl(Ca)/C ∪ Γ(Ca)) is stably dominated.

2.9. “V for stable definable V . We end with a description of the set “V of
definable types concentrating on a stable definable V , as an ind-definable set.
The notation “V is compatible with the one that will be introduced in greater
generality in §3.1. Such a representation will not be possible for algebraic varieties
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V in ACVF and so the picture here is not at all suggestive of the case that will
mainly interest us, but it is simpler and will be lightly used at one point.

A family Xa of definable sets is said to be uniformly definable in the parameter
a if there exists a definable X such that Xa = {x : (a, x) ∈ X}. An ind-definable
set Xa depending on a parameter a is said to be uniformly definable in a if it
can be presented as the direct limit of a system Xa,i, with each Xa,i and the
morphisms Xa,i → Xa,j definable uniformly in a. If U is a definable set, and
Xu = limiXu;i is (strict) ind-definable uniformly in u, then the disjoint union of
the Xu is clearly (strict) ind-definable too.

Recall k denotes the residue field sort. Given a Zariski closed W ⊆ kn, define
deg(W ) to be the degree of the Zariski closure of W in projective n-space. Let
ZCd(k

n) be the family of Zariski closed subset of degree ≤ d and let IZCd(k
n) be

the sub-family of absolutely irreducible varieties. It is well known that IZCd(k
n)

is definable (cf., for instance, §17 of [11]). These families are invariant under
GLn(k), hence for any definable k-vector space V of dimension n, we may consider
their pullbacks ZCd(V ) and IZCd(V ) to families of subsets of V , under a k-linear
isomorphism V → kn. Then ZCd(V ) and IZCd(V ) are definable, uniformly in any
definition of V .

Lemma 2.9.1. If V is a finite-dimensional k-space, then “V is strict ind-definable.
The disjoint union Dst of the ”VΛ with VΛ = Λ/MΛ and where Λ ranges over

the definable family Sn of lattices in Kn is also strict ind-definable.

Proof. Since “V can be identified with the limit over all d of IZCd(V ), it is strict
ind-definable uniformly in V . The family of lattices Λ in Kn is a definable family,
so the disjoint union of ”VΛ over all such Λ is strict ind-definable. �

If K is a valued field, one sets RV = K×/1 +M. So we have an exact sequence
of abelian groups 0→ k× → RV→ Γ→ 0. For γ ∈ Γ, denote by Vγ the preimage
of γ in RV.

Lemma 2.9.2. For m ≥ 0, R̂Vm is strict ind-definable. The function dim is
constructible (i.e. has definable fibers on each definable piece of R̂Vm).

Proof. Note that RV is the union over γ ∈ Γ of the k-vector spaces Vγ. For
γ = (γ1, . . . , γn) ∈ Γn, let Vγ = Πn

i=1Vγi . Since the image of a stably dominated
type on RVm under the morphism RVm → Γm is constant, any stably dominated
type must concentrate on a finite product Vγ. Thus it suffices to show, uniformly
in γ ∈ Γn, that V̂γ is strict ind-definable. Indeed V̂γ can be identified with the
limit over all d of IZCd(Vγ). �

2.10. Decomposition of definable types. We seek to understand a definable
type in terms of a definable type q on Γn, and the germ of a definable map from
q to stably dominated types.
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Let p be an A-definable type. Define rkΓ(p) = rkQΓ(M(c))/Γ(M), where A ≤
M |= ACVF and c |= p|M . Since p is definable, this rank does not depend on
the choice of M , but for the present discussion it suffices to take M somewhat
saturated, to make it easy to see that rkΓ(p) is well-defined.

If p has rank r, then there exists a definable function to Γr whose image is not
contained in a smaller dimensional set. We show first that at least the germ of
such a function can be chosen A-definable.

Lemma 2.10.1. Let p be an A-definable type and set r = rkΓ(p). Then there
exists a nonempty A-definable set Q′′ and for b ∈ Q′′ a b-definable function γb =
((γb)1, . . . , (γb)r) into Γr, such that

(1) If b ∈ Q′′ and c |= p|A(b) then the image of γb(c) in Γ(A(b, c))/Γ(A(b)) is
a Q-linearly-independent r-tuple.

(2) If b, b′ ∈ Q′′ and c |= p|A(b, b′) then γb(c) = γb′(c).

Proof. Pick M as above, and an M -definable function γ = (γ1, . . . , γr) into Γr,
such that if c |= p|M then γ1(c), . . . , γr(c) have Q-linearly-independent images
in Γ(M(c))/Γ(M). Say γ = γa and let Q = tp(a/A). If b ∈ Q there exist a
unique N = N(a, b) ∈ GLr(Q) and γ′ = γ′(a, b) ∈ Γr such that for c |= p|M(b),
γb(c) = Nγa(c)+γ′. By compactness, as b varies the matrices N(a, b) vary among
a finite number of possibilities N1, . . . , Nk; moreover there exists an A-definable
set Q′ such that for a′, b ∈ Q′ we have (∃t′ ∈ Γr)(dpu)

∨
i(γb(u) = Niγa′(u) + t′).

In other words the definable set Q′ has the same properties as Q.
Define an equivalence relation on Q′: b′Eb if (dpx)(γb′(x) = γb(x)). Then by

the above discussion, Q′/E ⊆ dcl(A(a),Γ) (in particular Q′/E is Γ-internal, cf.
2.7). By Lemma 2.7 it follows that Q′/E ⊆ acl(A,Γ), and there exists a definable
map g : Q′/E → Γ` with finite fibers.

We can consider the following partial orderings on Q′: b′ ≤i b if and only if
(dpx)((γb′)i(x) ≤ (γb)i(x)). These induce partial orderings on Q′/E, such that if
x 6= y then x <i y for some i. This permits a choice of an element from any given
finite subset of Q′/E; thus the map g admits a definable section.

It follows in particular there exists a non empty A-definable subset Y ⊆ Γ and
for y ∈ Y an element e(y) ∈ Q′/E. If Y has an A-definable element then there
exists an A-definable E-class in Q′/E; let Q′′ be this class. This is always the
case unless Γ(A) = (0), 0 /∈ Y , and Y = (0,∞) or Y = (−∞, 0); but we give
another argument that works in general.

For y ∈ Y we have a p-germ of a function γ[y] into Γr, and the germs of
y, y′ ∈ Y differ by an element (M(y, y′), d(y, y′)) of GLr(Q)nΓr. It is easy to cut
down Y so that M(y, y′) = 1 for all y, y′. Indeed, let q be any definable type on
Y ; then for some M0 ∈ GLr(Q), for y |= q and y′ |= q|y we have M(y, y′) = M0;
it follows that M2

0 = M0 so that M0 = 1; replace Y by (dqy
′)M(y, y′) = 1.

Now we have d(y, y′) = d1(y) − d2(y′) for some definable (linear) maps into
Γr. Since d(y, y′′) = d(y, y′) + d(y′, y′′) we have d1 = d2. Replace each germ
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γ[y] by γ[y] − d1(y). The result is another family of germs with M(y, y′) = 1
and d(y, y′) = 0. This means that the germ does not depend on the choice of
y ∈ Y . �

Lemma 2.10.2. Let p be an A-definable type on some A-definable set V and set
r = rkΓ(p). There exists an A-definable germ of maps δ : p → Γr of maximal
rank. Furthermore for any such δ the definable type δ∗(p) is A-definable.

Proof. The existence of the germ δ follows from Lemma 2.10.1. It is clear that
any two such germs differ by composition with an element of GLr(Q) n Γ(A)r.
So, if one fixes such a germ, it is represented by any element of the A-definable
family (γa : (a ∈ Q′′)) in Lemma 2.10.1. The definable type δ∗(p) on Γr does
not depend on the choice of δ within this family, hence δ∗(p) is an A-definable
type. �

Let q be a definable type over A. Two pro-definable maps h = (h1, h2, . . .) and
g = (g1, g2, . . .) over B ⊇ A are said to have the same q-germ if h(e) = g(e) when
e |= q|B. The q-germ of h is the equivalence class of h. So h, g have the same
q-germ if and only if the definable approximation (h1, . . . , hn), (g1, . . . , gn) have
the same q-germ for each n; and the q-germ of h is determined by the sequence
of q-germs of the hn.

In the remainder of this section, we will use the notation “V for the space of
stably dominated types on V , for V an A-definable set, introduced in §3.1. In
Theorem 3.1.1 we prove that “V can be canonicaly identified with a strict pro-
definable set.

Definition 2.10.3. If q is an A-definable type on some A-definable set V and
h : V → ”W is an A-definable map, there exists a unique A-definable type r on
W such that for any model M containing A, if e |= q|M and b |= h(e)|Me then
b |= r|M . We refer to r as the integral

∫
q h of h along q. As by definition r

depends only of the q-germ h of h, we set
∫
q h :=

∫
q h.

Note that that for h as above, if the q-germ h is A-definable (equivalently
Aut(U/A)-invariant), then so is r; again the definition of r depends on on h
hence if h is Aut(U/A) then so is r (even if h is not).

Remark 2.10.4. The notion of stably dominated type making sense for ∗-types,
one can consider the space ““V of stably dominated types on the strict pro-definable
set “V , for V a definable set. There is a canonical map h :

““V → “V sending a
stably dominated type q on “V to h(q) =

∫
q idV̂ . So h(q) is a definable type, and

by Proposition 2.5.5 it is stably dominated.

The following Proposition states that any definable type may be viewed as
an integral of stably dominated types along some definable type on Γr. The
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proposition states the existence of certain A-definable germs of functions; there
may be no A-definable function with this germ. For the notion of A-definable
germ, see Definition 6.1 in [14].

Proposition 2.10.5. Let p be an A-definable type on some A-definable set V
and let δ : p → Γr be as in Lemma 2.10.2. There exists an A-definable germ of
definable function h at δ∗(p) into “V such that p =

∫
δ∗(p)

h.

Proof. Let M be a maximally complete model, and let c |= p|M , t = δ(c). Then
G(M(c)) is generated over Γ(M) by δ(c). By [13], Corollary 3.4.3 and Theorem
3.4.4,M(t) := dcl(M∪{t)}) is algebraically closed. By Theorem 2.8.2 tp(c/M(t))

is stably dominated, hence extends to a unique element f(t,M) of “V (M(t)).
Let M ≤ N |= ACVF, with N large and saturated, and c |= p|N . Note that

s = tp(t/N) is M -definable. We will show that the homogeneity hypotheses of
Lemma 2.5.4 hold. Consider an element b of N(t) \M(t); it has the form h(e, t)
with e ∈ N . Let ē be the class of e modulo the definable equivalence relation:
x ∼ x′ if (dst)(h(x, t) = h(x′, t)). Since b is not M(t)-definable, ē /∈ M . Hence
there exists e′ ∈ N with tp(e′/M) = tp(e/M), but e′ 6∼ e. So b′ = h(e′, t) 6= b,
and tp(b′/M(t)) = tp(b/M(t)). Since tp(c/N(t)) is Aut(N(t)/M(t))-invariant,
by Lemma 2.5.4, tp(c/N(t)) = f(t,M)|N(t).

Given two maximally complete fields M and M ′ we see by choosing N con-
taining both that f(t,M) = f(t,M ′), so we can denote this by f(t). We obtain a
definable function f : P → “V , where P = tp(t). The δ∗(p)-germ of this function
f does not depend on the choice of δ. It follows that the germ is Aut(U/A)-
invariant, hence A-definable; and by construction we have p =

∫
δ∗(p)

h. �

2.11. Pseudo-Galois morphisms. We finally recall a a notion of Galois cover
at the level of points; it is essentially the notion of a Galois cover in the category
of varieties in which radicial morphisms (EGA I, (3.5.4)) are viewed as invertible.

[pseudogalois]
Following [30] p. 52, we call a finite surjective morphism Y → X of integral

noetherian schemes a pseudo-Galois covering if the field extension F (Y )/F (X) is
normal and the canonical group homomorphism AutX(Y ) → Gal(F (Y ), F (X))
is an isomorphism, where by definition Gal(F (Y ), F (X)) means AutF (X)(F (Y )).
Injectivity follows from the irreducibility of Y .

If V is a normal irreducible variety over a field F and K ′ is a finite, normal
field extension of F (V ), the normalization V ′ of V in K ′ is a pseudo-Galois
covering since the canonical morphism AutV (V ′) → G = Gal(K ′, F (V )) is an
isomorphism. This is a special case of the functoriality in K ′ of the map taking
K ′ to the normalization of V in K ′. The action of g ∈ G on V ′ may be described
as follows. To g corresponds to a rational map V ′ → V ′; let Wg be the graph
of this map, a closed subvariety of V ′ × V ′. Each of the projections Wg → V ′ is
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birational, and finite. Since V ′ is normal, these projections are isomorphisms, so
g is the graph of an isomorphism V ′ → V ′.

As observed in loc. cit., p. 53, if Y → X is a pseudo-Galois covering and X
is normal, for any morphism X ′ → X with X ′ an integral noetherian scheme,
the Galois group G = Gal(F (Y ), F (X)) acts transitively on the components of
X ′×X Y . Here is a brief argument: as Y/G→ X is generically radicial and finite,
it must be radicial since X is normal; hence G is transitive on fibers of Y/X. So
there are no proper G-invariant subvarieties of Y . It is clear from Galois theory
that G acts transitively on the components of X ′ ×X Y mapping dominantly
to X ′; it follows that the union of these components is an Gal(F (Y ), F (X))-
invariant subset mapping onto X ′, hence is all of X ′×X Y . So there are no other
components.

If Y is a finite disjoint union of non empty integral noetherian schemes Yi,
we say a finite surjective morphism Y → X is a pseudo-Galois covering if each
restriction Yi → X is a pseudo-Galois covering. Also, if X is a finite disjoint
union of non empty integral noetherian schemes Xi, we shall say Y → X is a
pseudo-Galois covering if its pull-back over each Xi is a pseudo-Galois covering.

3. The space of stably dominated types “V
3.1. “V as a pro-definable set. We shall now work in a big saturated model U
of ACVF in the language LG. We fix a substructure C of U. If X is an algebraic
variety defined over the valued field part of C, we can view X as embedded as a
constructible in affine n-space, via some affine chart. Alternatively we could make
new sorts for Pn, and consider only quasi-projective varieties. At all events we
will treat X as we treat the basic sorts. By a “definable set” we mean: a definable
subset of some product of sorts (and varieties), unless otherwise specified.

For a C-definable set V , and any substructure F containing C, we denote by“V (F ) the set of F -definable stably dominated types p on V (that is such that
p|F contains the formulas defining V ).

We will now construct the fundamental object of the present work, initially as
a pro-definable set. We will later define a topology on “V .

We show that there exists a canonical pro-definable set E and a canonical
identification “V (F ) = E(F ) for any F . We will later denote E as “V .

Theorem 3.1.1. Let V be a C-definable set. Then there exists a canonical pro-C-
definable set E and a canonical identification “V (F ) = E(F ) for any F . Moreover,
E is strict pro-definable.

Remark 3.1.2. The canonical pro-definable set E described in the proof will be
denoted as “V throughout the rest of the paper.

If one wishes bringing the choice of E out of the proof and into a formal
definition, a Grothendieck-style approach can be adopted. The pro-definable
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structure of E determines in particular the notion of a pro-definable map U → E,
where U is any pro-definable set. We thus have a functor from the category of
pro-definable sets to the category of sets, U 7→ E(U), where E(U) is the set
of (pro)-definable maps from U to “V . This includes the functor F 7→ E(F )
considered above: in case U is a complete type associated with an enumeration of
a structure A, then “V (U) can be identified with “V (A). Now instead of describing
E we can explicitly describe this functor. Then the representing object E is
uniquely determined, by Yoneda, and can be called “V . Yoneda also automatically
yields the functoriality of the map V 7→ “V from the category of C-definable sets
to the category of C-pro-definable sets.

In the present case, any reasonable choice of pro-definable structure satisfying
the theorem will be pro-definably isomorphic to the E we chose, so the more
category-theoretic approach does not appear to us necessary. As usual in model
theory, we will say “Z is pro-definable” to mean: “Z can be canonically identified
with a pro-definable E”, where no ambiguity regarding E is possible.

One more remark before beginning the proof. Suppose Z is a strict ind-
definable set of pairs (x, y), and let π(Z) be the projection of Z to the x-
coordinate. If Z = ∪Zn with each Zn definable, then π(Z) = ∪π(Zn). Hence
π(Z) is naturally represented as an ind-definable set.

Proof of Theorem 3.1.1. A definable type p is stably dominated if and only if it
is orthogonal to Γ. The definition of φ(x, c) ∈ p stated in Lemma 2.5.8 clearly
runs over a uniformly definable family of formulas. Hence by Lemma 2.4.1, “V is
pro-definable.

To show strict pro-definability, let f : V × W → Γ be a definable function.
Write fw(v) = f(w, v), and define p∗(f) : W → Γ by p∗(f)(w) = p∗(fw). Let
YW,f be the subset of Fn(W,Γ∞) consisting of all functions p∗(f), for p varying in“V (U). By the proof of Lemma 2.4.1 it is enough to prove that YW,f is definable
Since by pro-definability of “V , YW,f is ∞-definable, it remains to show that it is
ind-definable.

Set Y = YW,f and consider the set Z of quadruples (g, h, q, L) such that:
(1) L = kn is a finite dimensional k-vector space
(2) q ∈ “L;
(3) h is a definable function V → L (with parameters);
(4) g : W → Γ∞ is a function satisfying: g(w) = γ if and only if

(dqv̄)((∃v ∈ V )(h(v) = v̄)&(∀v ∈ V )(h(v) = v̄ =⇒ f(v, w) = γ)

i.e. for v̄ |= q, h−1(v̄) is nonempty, and for any v ∈ h−1(v̄), g(w) = f(v, w).
Let Z1 be the projection of Z to the first coordinate. Note that Z is strict

ind-definable by Lemma 2.9.1 and hence Z1 is also strict ind-definable.
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Let us prove Y ⊆ Z1. Take p in “V (U), and let g = p∗(f). We have to show that
g ∈ Z1. Say p ∈ “V (C ′), with C ′ a model of ACVF and let a |= p|C. By Corollary
2.6.5 there exists a a C ′-definable function h : V → L = kn and a formula θ over
C ′ such that if C ′ ⊆ B and b, γ ∈ B, if h(a) |̂

k(C′)
StB, then f(a, b) = γ if and

only if θ(h(a), b, γ). Let q = tp(h(a)/C ′). Then (1-4) hold and (g, h, q, L) lies in
Z.

Conversely, let (g, h, q, L) ∈ Z; say they are defined over some base set M ; we
may take M to be a maximally complete model of ACVF. Let v̄ |= q|M , and
pick v ∈ V with h(v) = v̄. Let γ̄ generate Γ(M(v)) over Γ(M). By Theorem
2.8.2 tp(v/M(γ̄) is stably dominated. Let M ′ = acl(M(γ̄))1. Let p be the unique
element of ”V ′(M ′) such that p|M ′ = tp(v/M ′). We need not have p ∈ “V (M), i.e.
p may not beM -definable, but since k and Γ are orthogonal, h∗(p) isM -definable.
Thus h∗(p) is the unique M -definable type whose restriction to M is tp(v̄/M),
i.e. h∗(p) = q. By definition of Z it follows that p∗(f) = g. Thus Y = Z1 and
YW,f is strict ind-definable, hence C-definable. �

If f : V → W is a morphism of definable sets, we shall denote by f̂ : “V → ”W
the corresponding morphism. Sometimes we shall write f instead of f̂ .

3.2. The notion of a definable topological space. We will consider topolo-
gies on definable and pro-definable sets X. With the formalism of the universal
domain U, we can view these as certain topologies on X(U), in the usual sense.
If M is a model, the space X(M) will not be a subspace of X(U). It will be the
topological space whose underlying set is X(M), and whose topology is gener-
ated by sets U(M) with U an M -definable open set. Indeed in the case of an
order topology, or any Hausdorff Ziegler topology in the sense defined below, the
induced topology on a small set is always discrete.

We will say that a topological space X is definable in the sense of Ziegler if the
underlying set X is definable, and there exists a definable family B of definable
subsets of X forming a neighborhood basis at each point. This allows for a good
topological logic, see [32]. But it is too restrictive for our purposes. An algebraic
variety with the Zariski topology is not a definable space in this sense; nor is the
topology even generated by a definable family.

Let X be an A-definable or pro-definable set. Let T be a topology on X(U),
and let Td be the intersection of T with the class of relatively U-definable subsets
of X. We will say that T is an A-definable topology if it is generated by Td, and
for any A-definable family W = (Wu : u ∈ U) of relatively definable subsets
of X, W ∩ T is ind-definable over A. The second condition is equivalent to
{(x,W ) : x ∈ W,W ⊆ X,W ∈ W ∩ T} is ind-definable over A. An equivalent
definition is that the topology is generated by the union of an ind-definable family

1Actually dcl(M((̄γ))) is algebraically closed.
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of relatively definable sets over A. We will also say that (X,T) is a (pro)-definable
space over A, or just that X is a (pro)-definable space over A when there is
no ambiguity about T. We say X is a (pro)-definable space if it is an (pro)-A-
definable space for some small A. As usual the smallest such A may be recognized
Galois theoretically.

If T0 is any ind-definable family of relatively definable subsets of X, the set T1

of finite intersections of elements of T0 is also ind-definable. Let T be the family of
subsets of X(U) that are unions of sets Z(U), with Z ∈ T1. Then T is a topology
on X(U), generated by the relatively definable sets within it. By compactness, a
relatively definable set Y ⊆ X is in T if and only if for some definable T ′ ⊆ T1,
Y is a union of sets Z(U) with Z ∈ T ′. It follows that the topology T generated
by T0 is a definable topology. In the above situation, note also that if Y is A-
relatively definable, then Y is an A-definable union of relatively definable open
sets from T ′. Indeed, let Y ′ = {Z ∈ T ′ : Z ⊆ Y }, then Y = ∪Z∈Y ′Z. In general
Y need not be a union of sets from T1(A), for any small A.

As is the case with groups, the notion of a pro-definable space is more general
than that of pro-(definable spaces). However the spaces we will consider will be
pro-(definable spaces).

When Y is a definable topological space, and A a base substructure, the set
Y (A) is topologized using the family of A-definable open subsets of Y . We do not
use externally definable open subsets (i.e. A′-definable for larger A) to define the
the topology on Y (A); if we did, we would obtain the discrete topology on Y (A)
whenever Y is Hausdorff. The same applies in the pro-definable case; thus in the
next subsection we shall topologize X̂(K) using the K-definable open subsets of
X̂, restricted to X̂(K).

When we speak of the topology of Y without mention of A, we mean to take
A = U, the universal domain; often, any model will also do.

3.3. “V as a topological space. Assume that V comes with a topology TV , and
a sheaf O of definable functions into Γ∞. We define a topology on “V as follows.
A pre-basic open set has the form: {p ∈ “O : p∗(φ) ∈ U}, where O ∈ TV , U ⊆ Γ∞
is open for the order topology, and φ ∈ O(O). A basic open set is by definition a
finite intersection of pre-basic open sets.

When V is an algebraic variety, we take the topology to be the Zariski topology,
and the sheaf to be the sheaf of regular functions composed with val.

When X is a definable subset of a given algebraic variety V , we give X̂ the
subspace topology.

3.4. The affine case. Assume V is a definable subset of some affine variety. Let
Fnr(V,Γ∞) denote the functions of the form val(F ), where F is a regular function
on the Zariski closure of V . By quantifier-elimination any definable function is
piecewise a difference of the form 1/nf − 1/mg with f and g in Fnr and n and



30 EHUD HRUSHOVSKI AND FRANÇOIS LOESER

m positive integers. Moreover, by piecewise we mean, sets cut out by Boolean
combinations of sets of the form f ≤ g, where f, g ∈ Fnr(V,Γ∞). It follows that
if p is a definable type and p∗(f) is defined for f ∈ Fnr(V,Γ∞), then p is stably
dominated, and determined by p∗|Fnr(V ×W,Γ∞) for all W . A basic open set is
defined by finitely many strict inequalities p∗(f) < p∗(g), with f, g ∈ Fnr(V,Γ∞).
(In case f = val(F ) and g = val(G) with G = 0, this is the same as F 6= 0.) It
is easy to verify that the topology generated by these basic open sets coincides
with the definition of the topology on “V above, for the Zariski topology and the
sheaf of functions val(f), f regular.

Note that if F1, . . . , Fn are regular functions on V , and each p∗(fi) is continuous,
with fi = val(Fi), then p 7→ (p∗(f1(x)), . . . , p∗(fn(x))) is continuous. Thus the
topology on “V is the coarsest one such that all p 7→ p∗(f) are continuous, for
f ∈ Fnr(V,Γ∞). So the basic open sets with f or g constant suffice to generate
the topology.

The topology on “V is strict pro-definably generated in the following sense:
for each definable set W , one endows Fn(W,Γ∞) with the Tychonoff product
topology induced by the order topology on Γ∞. Now for a definable function
f : V ×W → Γ∞ the topology induced on the definable set YW,f is generated by
a definable family of definable subsets of YW,f (recall that YW,f is the subset of
Fn(W,Γ∞) consisting of all functions p∗(f), for p varying in “V (U)). By definition,
the pullbacks to “V of the definable open subsets of the Fn(W,Γ∞) generate the
topology on “V .

In particular, “V is a pro-definable space in the sense of § 3.2.
When V is a definable subset of an algebraic variety over VF, the topology on“V can also be defined by glueing the affine pieces. It is easy to check that this

is consistent (if V ′ is an affine open of the affine V , obtained say by inverting g,
then any function val(f/g) can be written val(f)−val(g), hence is continuous on”V ′ in the topology induced from “V ). Moreover, this coincides with the topology
defined via the sheaf of regular functions.

Lemma 3.4.1. (1) If X is a definable subset of Γn∞ then X = X̂ canonically.
More generally if U is a definable subset of VFn or a definable subset of an
algebraic variety over VF and W is a definable subset of Γm∞, then the canonical
map “U ×W → Û ×W is a bijection.

(2) Let h : V → U be a morphism of varieties, and let X ⊂’V/U be relatively
Γ-internal over U . In other words, X is a relatively definable subset of “V , the
projection of X to “U consists of simple points, and the fibers Xu of X → U are Γ-
internal, uniformly in u ∈ U . Then there exists a natural embedding θ : X̂ → “V ,
over “U ; over a simple point u ∈ “U , θ restricts to the identification of X̂u with Xu.
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Proof. (1) Let f : U × W → U, g : W : U × W → W be the projections. If
p ∈ Û ×W we saw that g∗(p) concentrates on some a ∈ W ; so p = f∗(p)× g∗(p)
(i.e. p(u,w) is generated by f∗(p)(u) ∪ g∗(p)(w)).

(2) Let hX : X → U be the natural map. Let p ∈ X̂; let A = acl(A) be such
that p is A-definable; and let c |= p|A, u = hX(c). Since tp(c/A(u)) is Γ-internal,
by Lemma 2.7.1 (5) there exists an acl(A(u))-definable injective map j with j(c) ∈
Γm. But acl(A(c))∩ Γ = Γ(A). So j(c) = α ∈ Γ(A), and c = j−1(α) ∈ acl(A(u)).
Let v |= c| acl(A(u)), and let θ(p) be the unique stably dominated, A-definable
type extending tp(v/A). So θ(p) ∈ “V , and hX(p) = h∗θ(p). �

If U is a definable subset of an algebraic variety over VF, we endow “U ×
Γm∞ ' Û × Γm∞ with the quotient topology for the surjective mapping Û × Am →
Û × Γm∞ induced by id× val.

We will see below (as a special case of Lemma 3.4.3) that the topology on
Γ∞ = Γ̂∞ is the order topology, and the topology on Γ̂m∞ = Γm∞, is the product
topology.

If b is a closed ball in A1, let pb ∈ ”A1 be the generic type of b: it can be defined
by (pb)∗(f) = min{valf(x) : x ∈ b}, for any polynomial f . This applies even
when b has valuative radius∞, i.e. consists of a single point. The generic type of
a finite product of balls is defined by exactly the same formula; we have, in the
notation of Remark 3.5.3, pb×b′ = pb⊗pb′ .

For γ = (γ1, . . . , γn) ∈ Γn∞, let b(γ) = {x = (x1, . . . , xn) ∈ An
1 : val(xi) ≥ γi, i =

1, . . . , n}. Let pγ = pb(γ).

Lemma 3.4.2. The map j : ”An × Γ∞ → Ân+1, (q, γ) 7→ q⊗pγ is continuous for
the product topology of ”An with the order topology on Γ.

Proof. We have to show that for each polynomial f(x1, · · · , xn, y) with
coefficients in VF, the map (p, γ) 7→ j(p, γ)∗f is continuous. The functions
min and + extend naturally to continuous functions Γ2

∞ → Γ∞. Now if
f(x1, · · · , xn, y) is a polynomial with coefficients in VF, there exists a function
P (γ1, · · · , γn, τ) obtained by composition of min and +, and polynomials hi
such that minval(y)=α val(f(x1, · · · , xn, y)) = P (val(h1(x)), · · · , val(hd(x)), α),
namely, minval(y)=α val(

∑
hi(x)yi) = mini(val(hi(x)) + iα). So P : Γn+1

∞ → Γ∞ is
continuous. Hence j(p, γ)∗f = P (p∗(h1), . . . , p∗(hd), γ). Continuity follows, by
composition. �

Lemma 3.4.3. If U is a definable subset of An×Γ`∞ and W is a definable subset
of Γm∞, the induced topology on Û ×W = “U × W coincides with the product
topology.

Proof. We have seen that the natural map Û ×W → “U ×W is bijective; it is
clearly continuous, where “U ×W is given the product topology. To show that it
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is closed, it suffices to show that the inverse map is continuous, and we may take
U = An andW = Γm∞. By factoring ̂U ×Gm

∞ → ̂U × Γm−1
∞ ×Γ∞ → “U×Γm−1

∞ ×Γ∞,
we may assume m = 1. Having said this, by pulling back to An+` we may assume
` = 0. The inverse map is equal to the composition of j as in Lemma 3.4.2 with
a projection, hence is continuous. �

In the lemma below, F is not necessarily a field; it could be any structure
consisting of field points and Γ-points.

Lemma 3.4.4. Let V be a variety over a valued field F and let U be an F -
definable subset of V . Let F be any structure consisting of field points and Γ-
points, including at least one positive element of Γ. Let F ≤ A. If “U(A) is open
in “V (A), then “U(F) is open in “V (F).

Proof. Covering V by affines, we may assume V is affine.
Assume first F ⊆ dcl(F ). In particular, by assumption, F is not trivially

valued. Let p ∈ “U(F ). There exist regular functions G1, . . . , Gn and intervals Ij
of Γ∞ such that p ∈ ∩j ĝj−1(Ij) ⊂ “U , with gj = val(Gj). By definability of p,
and since F alg is an elementary submodel, we can choose G1, . . . , Gn to be definef
over over F alg. So it suffices to show, for each j, that the intersection of Galois
conjugates of ĝj−1(Ij) contains an open neighborhood of p in “V (F ). Let G = Gj,
g = gj and I = Ij, and let Gν be the Galois conjugates of G over F , gν = val(Gν).

Let b |= p. Then the Gν are Galois conjugate over F (b), p being F -definable.
The elements cν = Gν(b) are Galois conjugate over F (b); they are the roots of a
polynomial H(b, y) = Πν(y−Gν(b)) =

∑
m hµ(b)ym. For all b′ in some F -definable

Zariski open set U ′ containing b, the set of roots of H(b′, y) is equal to {Gν(b′)}.
Within U ′, the set of b′ such that, for all ν, gν(b′) ∈ I can therefore be written
in terms of the Newton polygon of H(b′, y), i.e. in terms of certain inequalities
between convex expressions in val(hk(b

′)). This shows that the intersection of
Galois conjugates of “G−1(I) contains an open neighborhood of p.

This argument shows more generally the topology of “V (F) is the same as the
topology induced from “V (acl(F)). Hence from now on we assume F is alge-
braically closed.

We now have to deal with the case that F is bigger than F ; we may assume
F is generated over F by finitely many elements of Γ, and indeed, adding one
element at a time, that F = F (γ) for some γ ∈ Γ. Let c be a field element with
val(c) = γ; it suffices to show that if U is open over F (c), then it is over F too.
Let G(x, c) =

∑
Gi(x)ci be a polynomial (where x = (x1, . . . , xn), V ≤ An.) Let

g(p, c) be the generic value of val(G(x, c)) at p and gi(p) the one of val(Gi). Then
g(p, c) = mini gi(p) + iγ. From this the statement is clear. �
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Note that the lemma would not quite be true over a trivially valued field F ,
though it is true over the two-sorted (F,R); the latter will be used in the Berkovich
setting.

3.5. Simple points. For any definable set X, we have an embedding X → X̂,
taking a point x to the definable type concentrating on x. The points of the
image are said to be simple.

Lemma 3.5.1. Let X be a definable subset of VFn.
(1) The set of simple points of X̂(which we identify with X) is a relatively

definable dense subset of X̂. If M is a model of ACVF, then X(M) is
dense in X̂(M).

(2) The induced topology on X agrees with the valuation topology on X.

Proof. (1) For relative definability, note that a point of X̂ is simple if and only if
each of its projections to ”A1 is simple and that on A1, the points are a definable
subset of the closed balls (cf. Example 7.1.2). For density, consider (for instance)
p ∈ X̂(M) with p∗(f) > α. Then valf(x) > α ∧ x ∈ X is satisfiable in M , hence
there exists a simple point q ∈ X̂(M) with q∗(f) > α.

(2) Clear from the definitions. The basic open subsets of the valuation topology
are of the form valf(x) > α or valf(x) < α. �

We write VF∗ for VFn when we do not need to specify n.

Lemma 3.5.2. Let f : U → V be a definable map between definable subsets of
VF∗. If f has finite fibers, then the preimage of a simple point of “V under f̂ is
simple in “U .
Proof. It is enough to prove that if X is a finite definable subset of VFn, then
X = X̂, which is clear by (1) of Lemma 3.5.1. �

Remark 3.5.3. The natural projection Sdef (U×V )→ Sdef (U)×Sdef (V ) admits
a natural section, namely ⊗ : Sdef (U) × Sdef (V ) → Sdef (U × V ). It restricts to
a section of Û × V → “U × “V . This map is not continuous in the logic topology,
nor is its restriction to “U × “V → Û × V continuous. Indeed when U = V the
pullback of the diagonal ‘∆U consists of simple points on the diagonal ∆

Û
. But

over a model, the set of simple points is dense, and hence not closed.

3.6. v-open and g-open subsets, v+g-continuity.

Definition 3.6.1. Let V be a an algebraic variety over a valued field F . A
definable subset of V is said to be v-open if open for the valuation topology. It is
called g-open if it is defined by a positive Boolean combination of Zariski closed
and open sets, and sets of the first form above, {u : valf(u) > valg(u)}. More
generally, if V is a definable subset of an algebraic variety W , a definable subset
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of V is said to be v-open (resp. g-open) if it is of the form V ∩O with O v-open
(resp. g-open) in W . A definable subset of V × Γm∞ is called v-or g-open if its
pullback to V × Am via id× val is.

Remark 3.6.2. IfX is A-definable, the regular functions f and g in the definition
of g-openness are not assumed to be A-definable; in general when A consists of
imaginaries, no such f, g can be found. However when A = dcl(F ) with F a
valued field, they may be taken to be F -definable, by Lemma 8.1.1. For A a
substructure consisting of imaginaries, this is not the case.

Definition 3.6.3. Let V be an algebraic variety over a valued field F or a de-
finable subset of such a variety. A definable function h : V → Γ∞ is called
g-continuous if the pullback of any g-open set is g-open. A function h : V → ”W
with W an affine F -variety is called g-continuous if, for any regular function
f : W → A1, val ◦ f ◦ h is g-continuous.

Note that the topology generated by v-open subsets on Γ∞ is discrete on Γ,
while the neighborhoods of ∞ in this topology are the same as in the order
topology. The topology generated by g-open subsets is the order topology on Γ,
with ∞ isolated. We also have the topology on Γ∞ coming from its canonical
identification with Γ̂∞, or the v+g topology; this is the intersection of the two
previous topologies, that is, the order topology on Γ∞.

From now on let V be an algebraic variety over a valued field F or a definable
subset of such a variety. We say that a definable subset is v+g-open if it is both
v-open and g-open. If W has a definable topology, a definable function V → W
is called v+g-continuous if the pullback of a definable open subset of W is both
v-and g-open, and similarly for functions to V .

Note that v, g and v+g-open sets are definable sets. Over any given model
is possible to extend v to a topology in the usual sense, the valuation topology,
whose restriction to definable sets is the family of v-open sets. But this is not
true of g and of v+g; in fact they are not closed under definable unions.

Any g-closed subset W of an algebraic variety is defined by a disjunction∨m
i=1(¬Hi∧φi), with φi a finite conjunction of weak valuation inequalities v(f) ≤

v(g) and equalities, and Hi defining a Zariski closed subset. If W is also v-closed,
W is equal to the union of the v-closures of the sets defined by ¬Hi∧φi, 1 ≤ i ≤ m.

Lemma 3.6.4. Let W be a v+g-closed definable subset of the affine space An

over a valued field. Then ”W is closed in ”An. More generally, if W is g-closed
then cl(”W ) ⊆ ĉlv(W ), with clv denoting the v-closure.

Proof. Let M be a model, p ∈ ”An(M), with p ∈ cl(”W (M)). We will show that
p ∈ ĉlv(W ). Let (pi) be a net in ”W (M) approaching p. Let ai |= pi|M . Let
tp(a/M) be a limit type in the logic topology (so a can be represented by an
ultraproduct of the ai). For each i we have Γ(M(ai)) = Γ(M), but Γ(M(a))
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may be bigger. Consider the subset C of Γ(M(a)) consisting of those elements
γ such that −α < γ < α for all α > 0 in Γ(M). Thus C is a convex subgroup
of Γ(M(a)); let N be the valued field extension of M with the same underlying
M -algebra structure, obtained by factoring out C. Let ā denote a as an element
of N . We have ai ∈ W , so a ∈ W ; since W is g-closed it is clear that ā ∈ W .
(This is the easy direction of Lemma 8.1.1.) Let b |= p|M . For any regular
function f in M [U ], with U Zariski open in An, we have valf(ai) → valf(b) in
Γ∞(M). In particular if valf(ā) =∞, or just if valf(ā) > val(M), then f(b) = 0.
Let R = {x ∈ N : (∃m ∈ M)(val(x) ≥ val(m))}. Then R is a valuation ring
of N over M , with residue field isomorphic to M(b), the residue map taking ā
to b. Since ā ∈ W , it follows that b ∈ clv(W ) (see § 8.2 for more detail), hence
p ∈ ĉlv(W ). �

3.7. Canonical extensions. Let V be a definable set over some A and let f :
V → ”W be a A-definable map (that is, a morphism in the category of pro-
definable sets), where W is an A-definable subset of Pn × Γm∞. We can define a
canonical extension to F : “V →”W , as follows.

If p ∈ “V (M), say p|M = tp(c/M), let d |= f(c)|M(c). By transitivity of
stable domination (Proposition 2.5.5), tp(cd/M) is stably dominated, and hence
so is tp(d/M). Let F (c) ∈”W (M) be such that F (c)|M = tp(d/M); this does not
depend on d. Moreover F (c) depends only on tp(c/M), so we can let F (p) = F (c).
Note that F : “V →”W is a pro-A-definable morphism.

Lemma 3.7.1. Let f : V → ”W be a definable function, where V is an algebraic
variety and W is a definable subset of Pn × Γm∞. Let X be a definable subset of
V . Assume f is g-continuous and v-continuous at each point of X; i.e. f−1(G)
is g-open whenever G is open, and f−1(G) is open at x whenever G is open, for
any x ∈ X ∩ f−1(G). Then the canonical extension F is continuous at each point
of X̂.

Proof. The topology on ”Pn may be described as follows. It is generated by the
preimages of open sets of ΓN∞ under continuous definable functions Pn → ΓN∞ of
the form: (x0 : . . . : xn) 7→ (val(xd0) : . . . : val(xdn) : val(h1) : . . . : val(hN−n)) for
some homogeneous polynomials hi(x0 : . . . : xn) of degree d; where in ΓN we define
(u0 : . . . : um) to be (u0 − u∗, . . . , um − u∗), with u∗ = minui. Composing with
such functions we reduce to the case of Γm∞, and hence to the case of f : V → Γ∞.

Let U = f−1(G) be the f -pullback of a definable open subset G of Γ∞. Then
F−1(G) = “U . Now U is g-open, and v-open at any x ∈ X ∩ U . By Lemma 3.6.4
applied to the complement of U , it follows that “U is open at any x ∈ X̂. �

Lemma 3.7.2. Let K be a valued field and V be an algebraic variety over K. Let
X be a K-definable subset of V and let f : X → ”W be a K-definable function,
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with W is a K-definable subset of Pn × Γm∞. Assume f is v+g-continuous. Then
f extends uniquely to a continuous pro-K-definable morphism F : X̂ →”W .

Proof. Existence of a continuous extension follows from Lemma 3.7.1. There is
clearly at most one such extension, because of the density in X̂ of the simple
points X(U), cf. Lemma 3.5.1. �

Lemma 3.7.3. Let K be a valued field and V be an algebraic variety over K.
Let f : I × V → “V be a g-continuous K-definable function, where I = [a, b] is a
closed interval. Let iI denote one of a or b and eI denote the remaining point.
Let X be a K-definable subset of V . Assume f restricts to a definable function
g : I × X → X̂ and that f is v-continuous at every point of I × X. Then g
extends uniquely to a continuous pro-K-definable morphism G : I × X̂ → X̂. If
moreover, for every v ∈ X, g(iI , v) = v and g(eI , v) ∈ Z, with Z a Γ-internal
subset, then G(iI , x) = x, and G(eI , x) ∈ Z.

Proof. Since Î × V = I × “V by Lemma 3.4.1, the first statement follows from
Lemma 3.7.1, by considering the pull-back of I in A1. The equation G(iI , x) = x

extends by continuity from the dense set of simple points to X̂. We have by
construction G(eI , x) ∈ Z, using the fact that any stably dominated type on Z is
constant. �

3.8. Good metrics. By a definable metric on an algebraic variety V over a
valued field F , we mean an F -definable function d : V 2 → Γ∞ which is v+g-
continuous and such that

(1) d(x, y) = d(y, x); d(x, x) =∞.
(2) d(x, z) ≥ min(d(x, y), d(y, z)),
(3) If d(x, y) =∞ then x = y.
Note that given a definable metric on V , for any v ∈ V , B(v; d, γ) := {y :

d(v, y) ≥ γ} is a family of g-closed, v-clopen sets whose intersection is {v}.
We call d a good metric if there exists a v+g-continuous definable function

ρ : V → Γ (so ρ(v) < ∞), such that for any v ∈ V and any α > ρ(v), B(v; d, α)
has a unique generic type; i.e. if there exists a definable type p such that for any
Zariski closed V ′ ⊆ V not containing B(v; d, α) and any regular f on V r V ′, p
concentrates on B(v; d, α) r V ′, and p∗(f) attains the minimum valuation of f
on B(v; d, α) r V ′. Such a type is orthogonal to Γ, hence stably dominated.

Lemma 3.8.1. (1) Pn admits a good definable metric, with ρ = 0.
(2) Let F be a valued field, V a quasi-projective variety over F . Then there

exists a definable metric on V .

Proof. Consider first the case of P1 = A1 ∪ {∞}. Define d(x, y) = d(x−1, y−1) =
val(x− y) if x, y ∈ O, d(x, y) = 0 if v(x), v(y) have different signs. This is easily
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checked to be consistent, and to satisfy the conditions (1-3). It is also clearly v+g-
continuous. If F ≤ K is a valued field extension, π : Γ(K)→ Γ̄ a homomorphism
of ordered Q-spaces extending Γ(F ), and K = (K, π ◦ v), we have to check
(Lemma 8.1.1) that π(dK(x, y)) = dK(x, y). If x, y ∈ OK then x, y ∈ OK and
πdK(x, y) = πvK(x − y) = dK(x, y). Similarly for x−1, y−1. If v(x) < 0 < v(y),
then v(x− y) < 0 so π(v(x− y)) ≤ 0, hence dK(x, y) = 0 = dK(x, y). This proves
the g-continuity. It is clear that the metric is good, with ρ = 0.

Now consider Pn with homogeneous coordinates [X0 : · · · : Xn]. For 0 ≤ i ≤ n
denote by Ui the subset {x ∈ Pn : Xi 6= 0 ∧ inf val(Xj/Xi) ≥ 0}. If x and y
belong both to Ui one sets d(x, y) = inf val(Xj/Xi−Yj/Yi). If x ∈ Ui and y /∈ Ui,
one sets d(x, y) = 0. One checks that this definition in unambigous and reduces
to the former one when n = 1. The proof it is v+g-continuous is similar to the
case n = 1 and the fact it is good with ρ = 0 is clear. This metric restricts to a
metric on any subvariety of Pn. �

A good metric provides, in a uniform way, the kind of descending family of
closed balls that we noted for curves; but uniqueness of the germ of this family
is special to curves.

3.9. Zariski topology. We shall occasionally use the Zariski topology on “V . If
V is an algebraic variety over a valued field, a subset of “V of the form “F with F
Zariski closed, resp. open, in V is said to be Zariski closed, resp. open. Similarly,
a subset E of “V is said to be Zariski dense in “V if “V is the only Zariski closed
set containing E. For X ⊂ “V , the Zariski topology on X is the one induced from
the Zariski topology on “V .

4. Definable compactness

4.1. Definition of definable compactness. Let X be a definable or
pro-definable topological space in the sense of § 3.2. Let p be a definable type
on X.

Definition 4.1.1. A point a ∈ X is a limit of p if for any definable neighborhood
U of a (defined with parameters), p concentrates on U .

When X is Hausdorff, it is clear that a limit point is unique if it exists.

Definition 4.1.2. Let X be a definable or pro-definable topological space. One
says X is definably compact if any definable type p on X has a limit point in X.

For subspaces of Γn with Γ o-minimal, our definition of definable compactness
Definition 4.1.2 lies between the definition of [23] in terms of curves, and the
property of being closed and bounded; so all three are equivalent. This will be
treated in more detail later.
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4.2. Characterization. A subset of VFn is said to be bounded if for some γ in
Γ it is contained in {(x1, . . . , xn : v(xi) ≥ γ, 1 ≤ i ≤ n}. This notion extends
to varieties V over a valued field, cf., e.g., [26] p. 81: X ⊆ V is defined to
be bounded if there exists an affine covering V = ∪mi=1Ui, and bounded subsets
Xi ⊆ Ui, with X ⊆ ∪mi=1Xi. Note that projective space Pn is bounded within
itself, and so any subset of a projective variety V is bounded in V .

We shall say a subset of Γm∞ is bounded if it is contained in [a,∞]m for some
m. More generally a subset of VFn × Γm∞ is bounded if its pullback to VFn+m is
bounded.

We will use definable types as a replacement for the curve selection lemma,
whose purpose is often to use the definable type associated with a curve at a
point. Note that the curve selection lemma itself is not true for Γ∞, e.g. in
{(x, y) ∈ Γ2

∞ : y > 0, x <∞} there is no curve approaching (∞, 0).
Note that if V is a definable set, the notion of definable type on the strict

pro-definable set “V makes sense, since the notion of a definable ∗-type, i.e. type
in infinitely many variables, or equivalently a definable type on a pro-definable
set, is clear.

Let Y be a definable subset of Γ∞. Let q be a definable type on Y . Then
lim q be the unique α ∈ Y , if any, such that q concentrates on any neighborhood
of α. It is easy to see that if Y is bounded then α exists, by considering the
q(x)-definition of the formula x > y; it must have the form y < α or y ≤ α.

Let V be a definable set and let q be a definable type on “V . Clearly lim q
exists if there exists r ∈ “V such that for any continuous pro-definable function
f : “V → Γ∞, lim f∗(q) exists and

f(r) = lim f∗(q).

If r exists it is clearly unique, and denoted lim q.

Lemma 4.2.1. Let V be an affine variety over a valued field and let q be a
definable type on “V . We have lim q = r if and only if for any regular H on V ,
setting h = val ◦H,

r∗(h) = limh∗(q).

Proof. One implication is clear, let us prove the reverse one. Indeed, by hypothe-
sis, for any pro-definable neighborhood W of a, p implies x ∈ W . In particular, if
U is a definable neighborhood of f(a), p implies x ∈ f−1(U), hence f∗(p) implies
x ∈ U . It follows that lim f∗(p) = f(a). �

Lemma 4.2.2. Let X be a bounded definable subset of an algebraic variety V
over a valued field and let q be a definable type on X̂. Then lim q exists in “V .

Proof. It is possible to partition V into open affine subsets such that X intersects
each affine open in a bounded set. We may thus assume V is affine; and indeed
that X is a bounded subset of An. For any regular H on V , setting h = val ◦H,
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h(X) is a bounded subset of Γ∞ and h∗(q) is a definable type on h(X), hence has
a limit limh∗(q).

Now let K be an algebraically closed valued field containing the base of defi-
nition of V and q. Fix d |= q|K and a |= pd|K(d), where pd is the type coded
by the element d ∈ “V . Let B = Γ(K), N = K(d, a) and B′ = Γ(N). Hence B
is a divisible ordered abelian group. We have Γ(N) = Γ(K(d)) by orthogonality
to Γ of pd. Since q is definable, for any e ∈ B′, tp(e/B) is definable; in partic-
ular the cut of e over B is definable. Set B′0 = {b′ ∈ B′ : (∃b ∈ B)b < b′}. It
follows that if e ∈ B′0 there exists an element π(e) ∈ B ∪ {∞} which is nearest
e. Note π : B′0 → B∞ is an order-preserving retraction and a homomorphism in
the obvious sense. The ring R = {a ∈ K(d) : val(a) ∈ B′0} is a valuation ring of
K(d), containing K. Also d has its coordinates in R, because of the boundedness
assumption on X. Consider the maximal ideal M = {a ∈ K(d) : val(a) > B}
and set K ′ = R/M . We have a canonical homomorphism R[d] → K ′; let d′ be
the image of d. We have a valuation on K ′ extending the one on K, namely
val(x + M) = π(val(x)). So K ′ is a valued field extension of K, embeddable in
some elementary extension. Let r = tp(d′/K). Then r is definable and stably
dominated; the easiest way to see that is to assume K is maximally complete
(as we may); in this case stable domination follows from Γ(K(d′)) = Γ(K) by
Theorem 2.8.2. The fact that r∗(h) = limh∗(q) is a direct consequence from the
definitions. �

Let V be a definable set. According to Definition 4.1.2 a pro-definable X ⊆ “V
is definably compact if for any definable type q on X we have lim q ∈ X.

Remark 4.2.3. Under this definition, any intersection of definably compact sets
is definably compact. In particular an interval such as ∩n[0, 1/n] in Γ. However
we mostly have in mind strict pro-definable sets.

Lemma 4.2.4. Let V be an algebraic variety over a valued field, Y a closed pro-
definable subset of “V . Let q be a definable type on Y , and suppose lim q exists.
Then lim q ∈ Y .

Hence if Y is bounded (i.e. it is a subset of X̂ for some bounded definable
X ⊆ V ) and closed in “V , then Y is definably compact.

Proof. The fact that lim q ∈ Y when Y is closed follows from the definition of the
topology on “V . The second statement thus follows from Lemma 4.2.2. �

Definition 4.2.5. Let T be a theory with universal domain U. Let Γ be a stably
embedded sort with a ∅-definable linear ordering. Recall T is said to bemetastable
over Γ if for any small C ⊂ U, the following condition is satisfied:

(MS) For some small B containing C, for any a belonging to a finite product
of sorts, tp(a/B,Γ(Ba)) is stably dominated.
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Such a B is called a metastability base. It follows from Theorem 12.18 from
[14] that ACVF is metastable.

Let T be any theory, X and Y be pro-definable sets, and f : X → Y a surjective
pro-definable map. The f induces a map fdef : Sdef (X) → Sdef (Y ) from the set
of definable types on X to the set of definable types on Y .

Lemma 4.2.6. Let f : X → Y a surjective pro-definable map between pro-
definable sets.

(1) Assume T is o-minimal. Then fdef is surjective.
(2) Assume T is metastable over some o-minimal Γ. Then fdef is surjective,

moreover it restricts to a surjective X̂ → “Y .

Remarks 4.2.7. (1) It is not true that either of these maps is surjective over
a given base set F , nor even that the image of Sdef (X) contains “Y (F )
(e.g. take X a finite set, Y a point).

(2) It would also be possible to prove the C-minimal case analogously to the
o-minimal one, as below.

Proof. First note it is enough to consider the case where X consists of real ele-
ments. Indeed if X, Y consist of imaginaries, find a set X ′ of real elements and a
surjective map X ′ → X; then it sufices to show Sdef (X

′)→ Sdef (Y ) is surjective.
The lemma reduces to the case that X ⊆ U×Y is a complete type, f : X → Y

is the projection, and U is one of the basic sorts. Indeed, we can first let U = X
and replace X by the graph of f . Any given definable type r(y) in Y restricts
to some complete type r0(y), which we can extend to a complete type r0(u, y)
implying X. Thus we can take X ⊆ U × Y to be complete. Now writing an
element of X as a = (b, a1, a2, . . .), with b ∈ Y and (a1, a2, . . .) ∈ U , given the
lemma for the case of 1-variable U , we can extend r(y) to a definable type one
variable at a time. Note that when X = lim←−Xj, we have Sdef (X) = lim←−Sdef (Xj)
naturally, so at the limit we obtain a definable type on X. If X is pro-definable
in uncountably many variables, we repeat this transfinitely.

Let us now prove (1). We can take X, Y to be complete types with X ⊆ Γ×Y ,
and f the projection. It follows from completeness that for any b ∈ Y , f−1(b) is
convex. Let r(y) be a definable type in Y . Let M be a model with r defined over
M , let b |= r|M , and consider f−1(b).

If for any M , x ∈ X & f(x) |= r|M is a complete type p|M over M , then
x ∈ X ∪ p(f(x)) already generates a definable type by Lemma 2.3.1 and we are
done. So, let us assume for some M , and b |= p|M , x ∈ X & f(x) = b does not
generate a complete type over M(b). Then there exists an M(b)-definable set D
that splits f−1(b) into two pieces. We can take D to be an interval. Then since
f−1(b) is convex, one of the endpoints of D must fall in f−1(b). This endpoint is
M(b)-definable, and can be written h(b) with h an M -definable function. In this
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case tp(b, h(b)/M) is M -definable, and has a unique extension to an M -definable
type.

In either case we found p ∈ Sdef (X) with f∗(p) = r. Note that the proof works
when only X is contained in the definable closure of an o-minimal definable set,
for any pro-definable Y .

For the proof of (2) consider r ∈ Sdef (Y ). Let M be a metastability base,
with f , X, Y , and r defined over M . Let b |= r|M , and let c ∈ f−1(b).
Let b1 enumerate Γ(M(b)). Then tp(b/M(b1)) = r′|M(b1) with r′ stably domi-
nated, and tp(b1/M) = r1|M with r1 definable. Let c1 enumerate G(M(c)); then
tp(cb/M(c1)) = q′|M(c1) with q′ stably dominated. By (1) it is possible to extend
tp(c1b1/M) ∪ r1 to a definable type q1(x1, y1). Let M ≺ M ′ with q1 defined over
M ′, with c1b1 |= q1|M ′, and cb |= q′|M ′(c1b1). Then tp(bc/M ′) is definable, and
tp(b/M ′) = r|M ′. Let p be the M ′-definable type with p|M ′ = tp(bc/M ′). Then
f∗(p) = r.

The surjectivity on stably dominated types is similar; in this case there is no
b1, and q1 can be chosen so that c1 ∈ M ′. Indeed tp(c1/M) implies tp(c1/M(b))
so it suffices to take M ′ containing M(c1). �

Proposition 4.2.8. Let X and Y be definable sets and let f : X̂ → “Y be a
continuous and surjective morphism. Let W be a definably compact pro-definable
subset of X̂. Then f(W ) is definably compact.

Proof. Let q be a definable type on f(W ). By Lemma 4.2.6 there exists a definable
type r on W , with f∗(r) = q. Since W is definably compact, lim r exists and
belongs to W . But then lim q = f(lim r) belongs to f(W ) (since this holds
after composing with any continuous morphism to Γ∞). So f(W ) is definably
compact. �

Lemma 4.2.9. Let V be an algebraic variety over a valued field, and let W be
a definably compact pro-definable subset of ̂V × Γm∞. Then W is contained in X̂
for some bounded definable v+g closed subset X of V × Γm∞.

Proof. By using Proposition 4.2.8 for projections ̂V × Γm∞ → “V and ̂V × Γm∞ →
Γ∞, one may assume W is a pro-definable subset of Γ∞ or V . The first case
is clear. For the second one, one may assume V is affine contained in An with
coordinates (x1, · · · , xn). Consider the function min val(xi) on V , extended to “V ;
it’s a continuous function on “V . The image of W is a definably compact subset
of Γ∞, hence is bounded below, say by α. Let X = {(x1, . . . , xn) : val(xi) ≥ α}.
Then W ⊆ X̂. �

By countably-pro-definable set we mean a pro-definable set isomorphic to one
with a countable inverse limit system. Note that “V is countably pro-definable.

Lemma 4.2.10. Let X be a strict, countably pro-definable set over a model M ,
Y a relatively definable subset of X over M . If Y 6= ∅ then Y (M) 6= ∅.
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Proof. Write X = lim←−nXn with transition morphisms πm,n : Xm → Xn, and
Xn and πm,n definable. Let πn : X → Xn denote the projection. Since X is
strict pro-definable, the image of X in Xn is definable; replacing Xn with this
image, we may assume πn is surjective. Since Y is relatively definable, it has
the form π−1

n (Yn) for some nonempty Yn ⊆ Xn. We have Yn 6= ∅, so there exists
an ∈ Yn(M). Define inductively am ∈ Ym(M) for m > n, choosing am ∈ Ym(M)
with πm,m−1(am) = am−1. For m < n let am = πn,m(an). Then (am) is an element
of X(M). �

Let X be a pro-definable set with a definable topology (in some theory). Given
a modelM , and an element a ofX in some elementary extension ofM , we say that
tp(a/M) has a limit b if b ∈ X(M), and for any M -definable open neighborhood
U of b, we have a ∈ U .
Lemma 4.2.11. Let M be an elementary submodel of Γn∞, and p0 = tp(a/M).
Assume lim p0 exists. Then there exists a (unique) M-definable type p extending
p0.

Proof. In case n = 1, tp(a/M) is determined by a cut in Γ∞(M). If this cut is
irrational then by definition there can be no limit in M . So this case is clear.

We have to show that for any formula φ(x, y) over M , x = (x1, . . . , xn), y =
(y1, . . . , ym), {c ∈M : φ(a, c)} is definable. Any formula is a Boolean combination
of unary formulas and of formulas of the form: ∑

αixi +
∑
βjyj + γ � 0, where

i, j range over some subset of {1, . . . , n}, {1, . . . ,m} respectively, αi, βj ∈ Q, γ ∈
Γ(M), and � ∈ {=, <}. This case follows from the case n = 1 already noted,
applied to tp(

∑
αiai/M). �

Proposition 4.2.12. Let X be a pro-definable subset of “V × Γm∞ with V an
algebraic variety over a valued field. Let a belong to the closure of X. Then there
exists a definable type on “V concentrating on X, with limit point a.

Proof. We may assume V is affine; let V ′ = V × Γm∞, so “V × Γm∞ = ”V ′. Since X
is a pro-definable subset of ”V ′ we may write X = ∩i∈IXi, with Xi a relatively
definable subset of ”V ′. We may take the family (Xi) to be closed under finite
intersections.

LetM be a metastability base model, over which the Xi and a are defined. Let
U be be the family of M -definable open subsets U of ”V ′ with a ∈ U . Given any
U ∈ U and i ∈ I, choose bU,i ∈ (Xi ∩ U)(M); this is possible by Lemma 4.2.10.
Let pU,i = bU,i|M . Choose an ultrafilter µ on U× I such that for any U0 ∈ U and
i0 ∈ I,

{(U, i) ∈ U× I : U ⊆ U0, Xi ⊆ Xi0} ∈ µ
By compactness of the type space, there exists a limit point pM of the points pU,i
along µ, in the type space topology. In other words for any M -definable set W ,
if W ∈ pM then W ∈ pU,i for µ-almost all (U, i). In particular, pM(x) implies
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x ∈ Xi for each i, so pM(x) implies x ∈ X. On the other hand a is the limit of the
bU,i along µ in the space”V ′(M). View pM as the type of elements of V ′ overM , of
Γ-rank ρ say; let f = (f1, . . . , fρ) be an M -definable function V ′ → Γ witnessing
this rank. Since V is affine we can take fi to have the form val(Fi), with Fi a
polynomial, or coordinate functions on Γm∞. Since a is stably dominated, f∗(a)
concentrates on a single point α ∈ Γρ.

By definition of the topology on ”V ′, and since a is the µ-limit of the pU,i in”V ′, limµ f∗(bU,i) = α. In particular, for any M -definable open neighborhood W
of α in Γρ, f∗(bU,i) ∈ W for almost all (U, i). So f∗(pU,i) concentrates on W for
almost all (U, i), and hence so does f∗(pM). Thus f∗(pM) has α as a limit. By
Lemma 4.2.11, f∗(pM) is a definable type. By metastability, pM is a definable
type, the restriction to M of an M -definable type p. To show that the limit of p
is a, it suffices to consider M -definable neighborhoods U0 of a in”V ′; for any such
U0, we have bU,i ∈ U0 for all U with U ⊆ U0, so a ∈ U0. �

Corollary 4.2.13. Let X be a pro-definable subset of “V with V an algebraic
variety over a valued field. If X is definably compact, then X is closed in “V .
Moreover X is contained in a bounded subset of “V . If X is a definably compact
pro-definable subset of “V × Γn∞, then again X is closed.

Proof. We may embed V in a complete variety V̄ . The fact that X is closed in V̄
is immediate from Proposition 4.2.12 and the definition of definable compactness.
Let Z be the complement of V in V̄ . Then X is disjoint from “Z. Let γ be any
continuous function into Γ∞, taking values in Γ for arguments outside Z, and ∞
on Z. Then γ(X) is a definably compact subset of Γ, hence bounded above by
some α. So X is contained in {x : γ(x) ≤ α} which is bounded. �

Even for Th(Γ), definability of a type tp(ab/M) does not imply that tp(a/M(b))
is definable. For instance b can approach ∞, while a ∼ αb for some irrational
real α, i.e. qb < a < q′b if q, q′ ∈ Q, q < α < q′. However we do have:

Lemma 4.2.14. Let p be a definable type of Γ, over A. Then up to a definable
change of coordinates, p decomposes as the join of two orthogonal definable types
pf , pi, such that pf has a limit in Γm, and pi has limit point ∞`.

Proof. Let α1, . . . , αk be a maximal set of linearly independent vectors in Qn

such that the image of p under (x1, . . . , xn) 7→ ∑
αixi has a limit point in

G. Let β1, . . . , β` be a maximal set of vectors in Qn such that for x |= p|M ,
α1x, . . . , αkx, β1x, · · · , β`x are linearly independent over M . If a |= p|M , let a′ =
(α1a, . . . , αka), a′′ = (β1a, . . . , βka). For α ∈ Q(α1, . . . , αk) we have αa is bounded
between elements of M . On the other hand each βa, with β ∈ Q(β1, . . . , βk), sat-
isfies βa > M or βa < M . For if m ≤ βa′′ ≤ m′ for some m ∈ M , since
tp(βa′′/M) is definable it must have a finite limit, contradicting the maximality
of k. It follows that tp(αa/M)∪ tp(βa/M) extends to a complete 2-type, namely
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tp((αa, βa)/M); in particular tp(αa+βa/M) is determined; from this, by quanti-
fier elimination, tp(a′/M)∪ tp(a′′/M) extends to a unique type in k+ ` variables.
So tp(a′/M) and tp(a′′/M) are orthogonal. After some sign changes in a′′, so
that each coordinate is > M , the lemma follows. �

Remark 4.2.15. It follows from Lemma 4.2.14 that to check for definable com-
pactness of X, it suffices to check definable maps from definable types on Γk that
either have limit 0, or limit ∞. From this an alternative proof of the g- and
v-criteria of §9 for closure in “V can be deduced.

Lemma 4.2.16. Let S be a definably compact definable subset of an o-minimal
structure. If D is a uniformly definable family of nonempty closed definable sub-
sets of S, and D is directed (the intersection of any two elements of D contains
a third), then ∩D 6= ∅.
Proof. By Lemma 2.19 of [16] there exists a cofinal definable type q(y) on D;
concentrating, for each U ∈ D, on {V ∈ D : V ⊂ U}.

Using the lemma on extension of definable types Lemma 4.2.6, let r(w, y) be a
definable type extending q and implying w ∈ Uy ∩ S. Let p(w) be the projection
of r to the w-variable. By definable compactness lim p = a exists. Since a is a
limit of points in D, we have a ∈ D for any D ∈ D. So a ∈ ∩D. �

Lemma 4.2.16 gives another proof that a definably compact set is closed: let
D = {S r U}, where U ranges over basic open neighborhoods of a given point a
of the closure of S.

Proposition 4.2.17. Let V be an algebraic variety over a valued field, and let
W be a pro-definable subset of ̂V × Γm∞. Then W is definably compact if and only
if it is closed and bounded.

Proof. If W is definably compact it is closed and bounded by Lemma 4.2.13 and
4.2.9. If W is closed and bounded, its preimage W ′ in ̂V × Am under id × val
is also closed and bounded, hence definably compact by Lemma 4.2.4. It follows
from Proposition 4.2.8 that W is definably compact. �

Proposition 4.2.18. Let V be a variety over a valued field F , and let W be an
F -definable subset of V × Γm∞. Then W is v+g-closed (resp. v+g-open) if and
only if ”W is closed (resp. open) in “V .

Proof. A Zariski-locally v-open set is v-open, and similarly for g-open; hence for
v+g-open. So we may assume V = An and by pulling back to V × Am that
m = 0. It enough to prove the statement about closed subsets. Let Vα = (cO)n

be the closed polydisk of valuative radius α = val(c). Let Wα = W ∩ Vα, so‘Wα = ”W ∩”Vα. Then W is v-closed if and only if Wα is v-closed for each α; by
Lemma 8.1.2, the same holds for g-closed; also ”W is closed if and only if ‘Wα is
closed for each α. This reduces the question to the case of bounded W .
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By Lemma 3.6.4, if W is v+g-closed then ”W is closed.
In the reverse direction, if ”W is closed it is definably compact. It follows that

W is v-closed. For otherwise there exists an accumulation point w of W , with
w = (w1, . . . , wm) /∈ W . Let δ(v) = minmi=1 val(vi−wi). Then δ(v) ∈ Γ for v ∈ W ,
i.e. δ(v) <∞. Hence the induced function δ : ”W → Γ∞ also has image contained
in Γ; and δ(”W ) is definably compact. It follows that δ(”W ) has a maximal point
γ0 < ∞. But then the γ0-neighborhood around w contains no point of W , a
contradiction.

It remains to show that when ”W is definably compact, W must be g-closed.
This follows from Lemma 8.1.3. �

Corollary 4.2.19. Let V be an algebraic variety over a valued field, and let W
be a definable subset of V × Γm∞. Then W is bounded and v+g-closed if and only
if ”W is definably compact.

Proof. Since W is v+g-closed if and only if ”W is closed by Lemma 4.2.18, this is
a special case of Proposition 4.2.17. �

Lemma 4.2.20. Let V be an algebraic variety over a valued field and let Y be a
v+g-closed, bounded subset of V × Γm∞. Let W be a definable subset of V ′ × Γm∞,
with V ′ another variety, and f : “Y →”W be continuous. Then f is a closed map.

Proof. By Propositions 4.2.18 and 4.2.17 “Y is definably compact and any closed
subset of “Y is definably compact, so the result follows from Proposition 4.2.8 and
4.2.13. �

Lemma 4.2.21. Let X and Y be v+g-closed, bounded definable subsets of a
product of an algebraic variety over a valued field with some Γm∞. Then, the
projection X̂ × “Y → “Y is a closed map.

Proof. By Lemma 4.2.20 the mapping X̂ × Y → “Y is closed. Since this map
factorizes as X̂ × Y → X̂ × “Y → “Y , the mapping on the right, X̂ × “Y → “Y , is
also closed. �

Corollary 4.2.22. Let U and V be v+g-closed, bounded definable subsets of a
product of an algebraic variety over a valued field with some Γm∞. If f : “U → “V
is a pro-definable morphism with closed graph, then f is continuous.

Proof. By Lemma 4.2.21, the projection π1 from the graph of f to U is a homeo-
morphism onto the image. The projection π2 is continuous. Hence f = π2π

−1
1 is

continuous. �

Lemma 4.2.23. Let f : V → W be a proper morphism of algebraic varieties.
Then f̂ is a closed map. So is f̂ × Id : “V × Γm∞ →”W × Γm∞.
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Proof. ̂V × Γm∞ can be identified with a subset S of “V ×Am (projecting on generics
of balls around zero in the second coordinate); with this identification, f̂ × Id

identifies with the restriction of ̂f × IdAm to S. Thus the second statement, for
V × Γm∞, reduces to first for the case of the map f × Id : V × Am → W × Am.

To prove the statement on f : V → W , let V ′,W ′ be complete varieties con-
taining V,W , and let V̄ be the closure of the graph of f in V ′ × W ′. The
map Id × f : V ′ × V → V ′ ×W is closed by properness (universal closedness).
So the graph of f , a subset of V × W , is closed as a subset of V ′ × W . Let
π : V̄ → W ′ be the projection. Then π−1(W ) ⊆ V ′ ×W . Since f is closed in
V ′ × W , f = π|(π−1(W )). Now π̂ is a closed map by Lemma 4.2.20. So the
restriction f is a closed map too. (We could also obtain the result directly from
Lemma 4.2.12. �

Remark 4.2.24. The previous lemmas apply also to ∞-definable sets.

Lemma 4.2.25. Let X be a v+g-closed bounded definable subset of an algebraic
variety V over a valued field. Let f : X → Γ∞ be v+g-continuous. Then the
maximum of f is attained on X. Similarly if X is a closed bounded pro-definable
subset of “V .

Proof. By Lemma 3.7.2, f extends continuously to F : X̂ → Γ∞. By Lemma
4.2.18 and Proposition 4.2.17 X̂ is definably compact. It follows from Lemma
4.2.8 that F (X̂) is a definably compact subset of Γ∞ and hence has a maximal
point γ. Take p such that F (p) = γ, let c |= p, then f(c) = γ. �

For Γn, Proposition 4.2.17 is a special case of [23], Theorem 2.1.

5. A closer look at “V
5.1. ”An and spaces of semi-lattices. Let K be a valued field. Let H = KN be
a vector space of dimension N . By a lattice in H we mean a free O-submodule of
rank N . By a semi-lattice in H we mean an O-submodule u of H, such that for
some K-subspace U0 of H we have U0 ⊆ u and u/U0 is a lattice in H/U0. Note
that every semi-lattice is uniformly definable with parameters and that the set
L(H) of semi-lattices in H is definable. Also, a definable O-submodule u of H
is a semi-lattice if and only if there is no 0 6= v ∈ H such that Kv ∩ u = {0} or
Kv ∩ u = Mv where M is the maximal ideal.

We define a topology on L(H): the pre-basic open sets are those of the form:
{u : h /∈ u} and those of the form {u : h ∈ Mu}, where h is any element of H.
We call this family the linear pre-topology on L(H).

Any finitely generated O-submodule of KN is generated by ≤ N elements;
hence the intersection of any finite number of open sets of the second type is the
intersection of N such open sets. However this is not the case for the first kind,
so we do not have a definable topology in the sense of Ziegler.
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We say that a definable subset X of L(Hd) is closed for the linear topology if
for any definable type q on X, if q has a limit point a in L(Hd), then a ∈ X.
The complements of the pre-basic open sets of the linear pre-topology are clearly
closed.

Another description can be given in terms of linear semi-norms. By a linear
semi-norm on a vector space V overK we mean a definable map w : V → Γ∞ with
w(x1+x2) ≥ min(w(x1)+w(x2)) and w(cx) = val(c)+w(x). Any linear semi-norm
w determines a semi-lattice Λw, namely Λw = {x : w(x) ≥ 0}. Conversely, any
semi-lattice Λ ∈ LV has the form Λ = Λw for a unique w. We may thus identify
LV with the set of linear semi-norms on V . On the set of semi-norms there is a
natural topology, with basic open sets of the form {w : (w(f1), . . . , w(fk)) ∈ O},
with f1, . . . fk ∈ V and O an open subset of Γk∞. The linear pre-topology on LV
coincides with the semi-norm topology.

We say X is bounded if the pullback to End(Hd) is bounded.

Lemma 5.1.1. The space L(H) with the linear pre-topology is Hausdorff. More-
over, any definable type on a bounded subset of L(H) has a (unique) limit point
in L(H).

Proof. Let u′ 6= u′′ ∈ L(H). One, say u′, is not a subset of the other. Let
a ∈ u′, a /∈ u′′. Let I = {c ∈ K : ca ∈ u′′}. Then I = Oc0 for some c0 with
val(c0) > 0. Let c1 be such that 0 < val(c1) < val(c0) and let a′ = c1a. Then
a′ ∈ Mu′ but a′ /∈ u′′. This shows that u′ and u′′ are separated by the disjoint
open sets {u : a′ /∈ u} and {u : a′ ∈Mu}.

For the second statement, let Bα = B(0, α) = {x : val(x) ≥ α} be the closed
ball of valuative radius α. Then ‘Bm

α is a closed subset of ‘Am. Let Zα be the set
of semi-lattices u ∈ L(H) containing all the linear monomials cxi, i = 1, . . . ,m,
with val(c) ≥ −α. Then J−1

d (Zα) = Bα. Note that Zα is closed. Any bounded
subset of L(H) is contained in Zα for some α, so for the “moreover”, it suffices
to see that Zα is definably compact in the linear topology. Let p be a definable
type on Zα. Let

Λ = {h ∈ H : (dpx)(h ∈ x)}
the “generic intersection” of the semi-lattices on which p concentrates. Λ is a
submodule of H containing Zα, hence generating H as a vector space. If h ∈ Λ,
but Kh is not contained in Λ, then for any a ∈ H there exists a unique minimal
γ ∈ Γ with γ = val(c) for some c with ch ∈ a; write γ = γ(a). Then γ is
generically constant on p, i.e. γ(a) = γ0 for a |= p. If val(c) = γ0 then Λ ∩Kh =
Oh. So Λ is a semi-lattice, Λ ∈ L(H). It is easy to see that any pre-basic open
set containing Λ must also contain a generic point of p. �

Let Hm;d be the space of polynomials of degree ≤ d in m variables. For the
rest of this subsection m will be fixed; we will hence suppress the index and write
Hd.
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Lemma 5.1.2. For p in ‘Am, the set

Jd(p) = {h ∈ Hd : p∗(val(h)) ≥ 0}
belongs to L(Hd).

Proof. Note that Jd(p) is a definable O-submodule of Hd. For fixed nonzero
h0 ∈ Hd, it is clear that Jd(p) ∩ Kh0 = {α ∈ K : αp∗(val(h0)) ≥ 0} is either a
closed ball in K, or all of K, hence Jd(p) is a semi-lattice. �

Hence we have a mapping Jd = Jd,m : ‘Am → L(Hd) given by p 7→ Jd(p). It is
clearly a continuous map, when Hd is given the linear pre-topology: f /∈ Jd(p) if
and only if p∗(f) > 0, and f ∈MDd,m(p) if and only if p∗(f) < 0.

Lemma 5.1.3. The system (Jd)d=1,2,... induces a continuous morphism of pro-
definable sets

J : ‘Am −→ lim←−L(Hd).

The morphism J is injective and induces a homeomorphism between ‘Am and its
image.

Proof. Let f : Am × Hd → Γ∞ given by (x, h) 7→ val(h(x)). Since Jd factors
through YHd,f , J is a morphism of pro-definable sets.

For injectivity, recall that types on An correspond to equivalence classes of
K-algebra morphisms ϕ : K[x1, · · · , xn] → F with F a valued field, with ϕ and
ϕ′ equivalent if they are restrictions of a same ϕ′′. In particular, if ϕ1 and ϕ2

correspond to different types, one should have

{f ∈ K[x1, · · · , xm] : val(ϕ1(f)) ≥ 0} 6= {f ∈ K[x1, · · · , xm] : val(ϕ2(f)) ≥ 0},
whence the result.

We noted already continuity. To see that J is an open map onto the image,
since bijective maps commute with finite intersections and arbitrary unions, it
suffices to see that the image of a generating family of open sets S is open. For
this it suffices to see that Jd(S) is open for large enough d. The topology on ”An

is generated by sets of the form {p : p∗(f) > γ} or {p : p∗(f) < γ}, where f ∈ Hd

for some d. Replacing f by cf for appropriate p, it suffices to consider sets of
the form {p : p∗(f) > 0} or {p : p∗(f) < 0}. Now the image of these sets is
precisely the intersection with the image of J of the open sets Λ ∈ L(Hd) : f /∈ Λ
or {p : p∗(f) ∈MΛ}. �

The above lemma shows that the linear pre-topology is adequate when one
takes all “jets” into account, but does not describe the image of J , and gives no
information about the individual Jd.

Fix a standard (monomial) basis for Hd, and let Λ0 be the O-module generated
by this basis. Given M ∈ End(Hd), let Λ(M) = M−1(Λ0). We identify Aut(Λ0)
with the group of automorphisms T of Hd with T (H0) = H0.
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Lemma 5.1.4. The mapping M 7→ Λ(M) induces a bijection between
Aut(Λ0)\End(Hd) and L(Hd).

Proof. It is clear thatM 7→ Λ(M) is a surjective map from End(Hd) to L(Hd), and
also that Λ(N) = Λ(TN) if T ∈ Aut(Λ0). Conversely suppose Λ(M) = Λ(N).
Then M,N have the same kernel E = {a : Ka ⊆ M−1(Λ0)}. So NM−1 is a
well-defined homomorphism MHd → NHd. Moreover, MHd ∩ Λ0 is a free O-
submodule of Hd, and (NM−1)(MHd ∩ Λ0) = (NHd ∩ Λ0). Let C (resp. C ′)
be a free O-submodule of Λ0 complementary to MHd ∩ Λ0 (resp. NHd ∩ Λ0),
and let T2 : C → C ′ be an isomorphism. Let T = (NM−1)|(MHd ∩ Λ0) ⊕ T2.
Then T ∈ Aut(Λ0), and NM−1Λ0 = T−1Λ0, so (using kerM = kerN) we have
M−1Λ0 = N−1Λ0. �

Proposition 5.1.5. The morphism Jd : ‘Am → L(Hd) is closed and continuous
map if L(Hd) is endowed with the linear topology.

Proof. Write J = Jd and H = Hd. Let X ⊆ L(H) be a closed definable set. Let
p be a definable type on J−1(X), with limit point a ∈‘Am. Since J is continuous
towards the linear pre-topology, J(a) is a limit point of J∗p. By definition of a
closed set it follows that J(a) ∈ X; so a ∈ J−1(X). It follows that the intersection
of J−1(X) with any bounded subset of ‘Am is itself definably compact, and since‘Am is the union of a family of bounded open sets it follows that J−1(X) is closed.
Thus J is continuous.

To show that J is closed, let Y be a closed subset of‘Am. Let q be a definable
type on J(Y ), and let b be a limit point of q for the linear pre-topology. The
case d = 0 is easy as J0 is a constant map, so assume d ≥ 1. We have in
Hd the monomials xi. For some nonzero c′i ∈ K we have c′ixi ∈ b, since b
generates Hd as a vector space. Choose a nonzero ci such that cixi ∈ Mb. Let
U = {b′ : cixi ∈Mb′, i = 1, . . . ,m}. Then U is a pre-basic open neighborhood of
b; as b is a limit point of q, it follows that q concentrates on U . Note that J−1(U)

is contained in “B where B is the polydisc val(xi) ≥ −val(ci), i = 1, . . . ,m. Thus
J−1(U) is bounded. Lift q to a definable type p on Y ∩ “B (Lemma 4.2.6). Then
as Y ∩ “B is closed and bounded, q has a limit point a. By continuity we have
J(a) = b, hence b ∈ J(Y ). �

5.2. A representation of ”Pn. Let us define the tropical projective space
TropPn, for n ≥ 0, as the quotient Γn+1

∞ r {∞}n+1/Γ where Γ acts diagonally by
translation. This space may be embedded in Γn+1

∞ since it can be identified with

{(a0, . . . , an) ∈ Γn+1
∞ : min ai = 0}.

Over a valued field L, we have a canonical definable map τ : Pn → TropPn,
sending [x0 : · · · : xn] to [v(x0) : · · · : v(xn)] = ((v(x0) −mini v(xi), · · · , v(xn) −
mini v(xi)).
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Let us denote by Hn+1;d,0 the set of homogeneous polynomials in n+1 variables
of degree d with coefficients in the valued field sort. Again we view n as fixed
and omit it from the notation, letting Hd,0 = Hn+1;d,0. Denote by by Hd,m the
definable subset of Hm+1

d,0 consisting of m+ 1-uplets of homogeneous polynomials
with no common zeroes other than the trivial zero. Hence, one can consider the
image PHd,m of Hd,m in the projectivization P (Hm+1

d,0 ). We have a morphism
c : Pn×Hd,m → Pm, given by c([x0 : · · · : xn], (h0, · · · , hm)) = [h0(x) : . . . : hm(x].
Since c(x, h) depends only on the image of h in PHd,m, we obtain a morphism
c : Pn × PHd,m → Pm. Composing c with the map τ : Pm → TropPm, we obtain
τ : Pn × PHd,m → TropPm. For h in PHd,m (or in Hd,m), we denote by τh the
map x 7→ τ(x, h). Thus τh extends to a map τ̂h : ”Pn → TropPm.

Let Td,m denote the set of functions PHd,m → TropPn of the form h 7→ τ̂h(x)

for some x ∈ ”Pn. Note that Td,m is definable.

Proposition 5.2.1. The space ”Pn may be identified via the canonical mappings”Pn → Tm,d with the projective limit of the spaces Tm,d. If one endows Td,m with
the topology induced from the Tychonoff topology, this identification is a homeo-
morphism. �

Remark 5.2.2. By composing with the embedding TropPm → Γm+1
∞ , one gets a

definable map ”Pn → Γm+1
∞ . The topology on ”Pn can be defined directly using the

above maps into Γ∞, without an affine chart.

5.3. Paths and homotopies. By an interval we mean a subinterval of Γ∞. Note
that intervals of different length are in general not definably homeomorphic and
that the gluing of two intervals may not result in an interval. We get around the
latter issue by formally introducing a more general notion, that of a generalized
interval. First we consider the compactification {−∞}∪Γ∞ of Γ∞. (This is used
for convenience; in practice all functions defined on {−∞}∪ Γ∞ will be constant
on some semi-infinite interval [−∞, a], a ∈ Γ.) If I is an interval [a, b], we may
consider it either with the natural order of with the opposite order. The choice
of one of these orders will be an orientation of I. By a generalized interval I we
mean a finite union of oriented copies I1, . . . , In of {−∞}∪Γ∞ glued end-to-end
in a way respecting the orientation, or a sub-interval of such an ordered set.

If I is closed, we denote by iI the smallest element of I and by eI its largest
element. If I = [a, b] is a sub-interval of Γ∞ and ϕ is a function I × V → W , one
may extend ϕ to a function ϕ̃ : {−∞}∪Γ∞×V → W by setting ϕ̃(t, x) = ϕ(a, x)
for x < a and ϕ̃(t, x) = ϕ(b, x) for x > b. We shall say ϕ̃ is definable, resp.
continuous, resp. v+g-continuous, if ϕ is. Similarly if I is obtained by gluing
I1, . . . , In, we shall say a function I × V → W is definable, resp. continuous,
resp. v+g-continuous, if it is obtained by gluing definable, resp. continuous, resp.
v+g-continuous, functions ϕ̃i : Ii × V → W .
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Let V be a definable set. By a path on “V we mean a continuous definable map
I → “V with I some generalized interval.

Example 5.3.1. Generalized intervals may in fact be needed to connect points of“V . For instance let V be a cycle of n copies of P1, with consecutive pairs meeting
in a point. We will see that a single homotopy with interval [0,∞) reduces V to
a cycle made of n copies of [0,∞] ⊂ Γ∞. However it is impossible to connect two
points at extreme ends of this topological circle without glueing together some
n/2 intervals.

Definition 5.3.2. Let X be a pro-definable subset of “V × Γn∞. A homotopy is a
continuous pro-definable map h : I×X → X with I a closed generalized interval.

If W is a definable subset of V × Γn∞, we will also refer to a v+g-continuous
pro-definable map h0 : I ×W →”W as a homotopy; by Lemma 3.7.2, h0 extends
uniquely to a homotopy h : ”W →”W .

A homotopy h : I × V → “V or h : I × “V → “V is called a deformation
retraction to A ⊆ “V if h(iI , x) = x for all x, h(t, a) = a for all t in I and a in
A and furthermore h(eI , x) ∈ A for each x. (In the literature, this is sometimes
referred to as a strong deformation retraction.) If h : I×V → “V is a deformation
retraction, and %(x) = h(eI , x), we say that %(V ) is the image of h, and that
(%, %(X)) is a deformation retract. Sometimes, we shall also call % or %(X) a
deformation retract, the other member of the pair being understood implicitly.

A homotopy h is said to satisfy condition (∗) if h(eI , h(t, x)) = h(eI , x) for
every t and x.

Let h1 : I1 × “V → “V and h2 : I2 × “V → “V two homotopies. Denote by I1 + I2

the (generalized) interval obtained by gluing I1 and I2 at eI1 and iI2 . Assume
h2(iI2 , h1(eI1 , x)) = h1(eI1 , x) for every x in “V . Then one denotes by h2 ◦ h1 the
homotopy I2 + I1 × “V → “V given by h1(t, x) for t ∈ I1 and by h2(t,H1(eI1 , x))
for t in I2.

Lemma 5.3.3. Let X,X1 pro-definable subsets, f : X1 → X a closed, surjective
pro-definable map. Let h1 : I × X1 → X1 be a homotopy, and assume h1 leaves
invariant f−1(e) for any e ∈ X. Then h1 descends to a homotopy of X.

Proof. Define h : I × X → X by h(t, f(x)) = f(h1(t, x)) for x ∈ X1; then h
is well-defined and pro-definable. We denote the map (t, x) 7→ (t, f(x)) by f2.
Clearly, f2 is a closed, surjective map. (The topology on I × X1, I × X being
the product topology.) To show that h is continuous, it suffices therefore to show
that h ◦ f2 is continuous. Since h ◦ f2 = f ◦ h1 this is clear. �

In particular, let f : V1 → V be a proper surjective morphism of algebraic
varieties over a valued field. Let h1 be a homotopy h1 : I × V̂1 → V̂1, and assume
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h1 leaves invariant f̂−1(e) for any e ∈ “V . Then f̂ is surjective by Lemma 4.2.6),
and closed by Lemma 4.2.23; so h1 descends to a homotopy of X.

6. Γ-internal spaces

6.1. Preliminary remarks. Our aim in this section is to show that a subspace
of “V , definably isomorphic to a subset of Γn (after base change), is homeomorphic
to a subset of Γn∞ (after base change).

A number of delicate issues arise here. We say X is Γ-parameterized if there
exists a (pro)-definable surjective map g : Y → X, with Y ⊆ Γn. We do not
know if a Γ-parameterized set is Γ-internal.

Note that X is Γ-internal if and only if it is Γ-parameterized, and in addition
one of the projections π : “V → H to a definable set H, is injective on X. Even
in this case however, if we give H the induced topology so that π is closed and
continuous, the restriction of π to X need not be a homeomorphism. If it can be
taken to be one, we say that X is definably separated. The Γ-internal sets we
will obtain in our theorems are Γ-separated, and the results of this section are
applicable to such sets. Note that definably compact sets X are automatically
definably separated, since the image of a closed subset ofX is a definably compact
and hence closed subset of Γn∞.

We first discuss briefly the role of parameters.
We fix a valued field F . The term “definable” refers to ACVFF . Varieties

are assumed defined over F . At the level of definable sets and maps, Γ has
elimination of imaginaries. Moreover, this is also true topologically, in the sense
that if X ⊆ Γn∞ and E is a closed, definable equivalence relation on X in an
o-minimal expansion of the theory ARCF of real closed fields, then there exists a
definable map f : X → Γn∞ inducing a homeomorphism between the topological
quotient X/E, and f(X) with the topology induced from Γn∞.

In another direction, the pair (k,Γ) also eliminates imaginaries (where k is the
residue field, with induced structure), and so does (RES,Γ), where RES denotes
the generalized residue structure of [17].

However, (k,Γ) or (RES,Γ) do not eliminate imaginaries topologically. One
reason for this, due to Eleftheriou [10] and valid already for Γ, is that the theory
DOAG of divisible ordered abelian groups is not sufficiently flexible to identify
simplices of different sizes. A more essential reason for us is the existence of
quotient spaces with nontrivial Galois action on cohomology. For instance take
±
√
−1× [0, 1] with ±

√
−1× {1} and ±

√
−1× {1}, ±

√
−1× {0} each collapsed

to a point. However for connected spaces embedded in RESm × Γn, the Galois
action on cohomology is trivial. Hence the above circle cannot be embedded in
Γn∞. The best we can hope for is that it be embedded in a twisted form Γw∞,
for some finite set w; after base change to w, this becomes isomorphic to Γn∞.



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 53

Theorem 6.3.6 will shows that such an embedding is in fact exists for separated
Γ-internal sets.

It would be interesting to study more generally the definable spaces occurring
as closed iso-definable subsets of “V parametrized by a subset of VFn × Γm. In
the case of VFn alone, a key example should be the set of generic points of
subvarieties of V lying in some constructible subset of the Hilbert scheme. This
includes the variety V embedded with the valuation topology via the simple points
functor (Lemma 3.5.1); possibly other components of the Hilbert scheme obtain
the valuation topology too, but the different components (of distinct dimensions)
are not topologically disjoint.

6.2. Guessing definable maps by regular algebraic maps.

Lemma 6.2.1. Let V be a normal, irreducible, complete variety, Y an irreducible
variety, g : Y → X ⊆ V a dominant constructible map with finite fibers, all
defined over a field F . Then there exists a pseudo-Galois covering f : ‹V → V
such that each component U of f−1(X) dominates Y rationally, i.e. there exists
a dominant rational map g : U → Y over X.

Proof. First an algebraic version. Let K be a field, R an integrally closed subring,
G : R→ k a ring homomorphism onto a field k. Let k′ be a finite field extension.
Then there exists a finite pseudo-Galois field extension K ′ and a homomorphism
G′ : R′ → k′′ onto a field, where R′ is the integral closure of R in K ′, such that
k′′ contains k′.

Indeed we may reach k′ as a finite tower of 1-generated field extensions, so we
may assume k′ = k(a) is generated by a single element. Lift the monic minimal
polynomial of a over k to a monic polynomial P over R. Then since R is integrally
closed, P is irreducible. LetK ′ be the splitting field of P . The kernel of G extends
to a maximal ideal M ′ of the integral closure R′ of R in K ′, and R′/M ′ is clearly
a field containing k′.

To apply the algebraic version let K = F (V ) be the function field of V . Let
R be the local ring of X, i.e. the ring of regular functions on some Zariski open
set not disjoint from X, and let G : R → k be the evaluation homomorphism
to the function field k = F (X) of X. Let k′ = F (Y ) the function field of Y ,
and K ′, R′, G′, M ′ and k′′ be as above. Let f : ‹V → V be the normalization of
V in K ′. Then k′′ is the function field of a component X ′ of f−1(X), mapping
dominantly to X. Since k′ is contained in k′′ as extensions of k there exists a
dominant rational map g : X ′ → Y over X. But Aut(K ′/K) acts transitively on
the components of f−1(X) mapping dominantly to X, proving the lemma. �

Lemma 6.2.2. Let V be an algebraic variety over a field F , Xi a finite number of
subvarieties, gi : Yi → Xi a surjective constructible map with finite fibers. Then
there exists a surjective finite morphism of varieties f : ‹V → V such that for any
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field extension F ′, any i, a ∈ Xi(F
′), b ∈ Yi(F ′), c ∈ ‹V (F ′) with gi(b) = a and

f(c) = a, we have b ∈ F ′(c).
Hence there exists a finite number of Zariski open subsets Uij of of ‹V , mor-

phisms gij : Uij → Yi such that for every a, b, and c as above we have c ∈ Uij and
b = gij(c) for some j.

If V is normal, we may take f : ‹V → V to be a pseudo-Galois covering.

Proof. If the lemma holds for each irreducible subvariety Vj of V , with Xj,i =

Xj∩Xi and Yj,i = g−1
i (Xj,i), then it holds for V withXi, Yi: assuming fj : ‹Vj → Vj

is as in the conclusion of the lemma, let f be the disjoint union of the fj. In this
way we may assume that V is irreducible. Clearly we may assume V is complete.
Finally, we may assume V is normal, by lifting the Xi to the normalization Vn of
V , and replacing Yi by Yi ×gi Vn. We thus assume V is irreducible, normal and
complete.

Let X1, . . . , X` be the varieties of maximal dimension d among the subvarieties
X1, . . . , Xn. We use induction on d. By Lemma 6.2.1 there exist finite pseudo-
Galois coverings fi : ‹Vi → V such that each component of f−1

i (Xi) of dimension d
dominates Yi rationally. Let V ∗ be an irreducible subvariety of the fiber product
ΠV
‹Vi with dominant (hence surjective) projection to each ‹Vi. (The function field

of V ∗ is an amalgam of the function fields of the ‹Vi, finite extensions of the
function field of V .) Let f = (f1, . . . , fn) restricted to V ∗. If a, b, F ′ and Xi

are as above, with a sufficiently generic in Xi, then there exists c ∈ V ∗((F ′)alg)
with fi(c) = a and b ∈ F ′(c). Since fi is a pseudo-Galois covering, for any
c′ ∈ V ∗((F ′)alg) with fi(c′) = a we have c′ ∈ F ′(c), so b ∈ F ′(c). So there exists
a dense open subset Wi ⊆ Xi such that for any a, b, F ′ and Xi as above, with
a ∈ Wi, fi(c) = a, gi(b) = a, we have b ∈ F ′(c).

It follows that there exists a finite number of rational functions gij defined on
Zariski open subsets of f−1

i (Wi), such that for any such a, b and F ′ for some j we
have b = gij(c). By shrinking Wi we may assume that Wi is contained in some
affine open subset of V , and that gij is regular above Wi. Now we may extend
gij to a regular function on a Zariski open subset Uij of V ∗.

Let Ci be the complement of Wi in Xi; so dim(Ci) < d. Let {Y ′ν} be the
pullbacks to V ∗ of Yj for j > `, as well as the pullbacks of Ci (i ≤ `). By
induction, there exists a finite morphism f ′ : ‹V ′ → V ∗ dominating the Y ′ν in the
sense of the lemma. Let ‹V be the normalization of ‹V ′ in the normal hull over
F (V ) of the function field F (V ∗). By the remark above Lemma 6.2.1, ‹V → V is
pseudo-Galois, and clearly satisfies the conditions of the lemma. �

Note that since finite morphisms are projective (cf. [12] 6.1.11), if V is projec-
tive then so is ‹V .
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Lemma 6.2.3. Let V be a normal projective variety and L an ample line bundle
on V . Let H be a finite dimensional vector space, and let h : V → H be a rational
map. Then for any sufficiently large integer m there exists sections s1, . . . , sk
of L = L⊗m such that there is no common zero of the si outside the domain of
definition of h, and such that for each i, si⊗h extends to a morphism V → L⊗H.

Proof. Say H = An. We have h = (h1, . . . , hn). Let Di be the polar divisor of
hi and D =

∑n
i=1Di. Let LD be the associated line bundle. Then h⊗1 extends

to a section of H⊗LD. Since L is ample, for some m, L⊗m⊗L−1
D is generated

by global sections σ1, . . . , σk. Since 1 is a global section of LD, si = 1⊗σi is a
section of LD⊗(L⊗m⊗L−1

D ) ∼= L⊗m. Since away from the support of the divisor
D, the common zeroes of the si are also common zeroes of the σi, they have
no common zeroes there. Now h⊗si = (h⊗1)⊗(1⊗si) extends to a section of
(H⊗LD)⊗(L−1

D ⊗L⊗m) ∼= H⊗L⊗m. �

A theory of fields is called an algebraically bounded theory, cf. [31] or [28], if
for any subfield F of a model M , F alg ∩M is model-theoretically algebraically
closed in M . By Proposition 2.6.1 (4), ACVF is algebraically bounded. The
following lemma is valid for any algebraically bounded theory. We work over a
base field F = dcl(F ).

Lemma 6.2.4. Let F be a valued field. Let V and H be F -varieties, with V
irreducible and normal. Let φ be an ACVF-definable subset of V × H whose
projection to V has finite fibers, all defined over F . Then there exists a finite
pseudo-Galois covering π : ‹V → V , a finite family of Zariski open subsets Ui ⊆
V , ‹Ui = π−1(Ui), and morphisms ψi : ‹Ui → H such that for any ṽ ∈ ‹V , if
(π(ṽ), h) ∈ φ then ṽ ∈ ‹Ui and h = ψi(ṽ) for some i.

Proof. For a in V write φ(a) = {b : (a, b) ∈ φ}; this is a finite subset of H.
Let p be an ACVF-type over F (located on V ) and a |= p. By the algebraic
boundedness of ACVF, φ(a) is contained in a finite normal field extension F (a′)
of F (a). Let q = tpACF (a′/F ), and let hp : q → V be a rational map with
hp(a

′) = a.
We can also write each element c of φ(a) as c = ψ(a′) for some rational function

ψ over F . This gives a finite family Ψ = Ψ(p) of rational functions ψ; enlarging
it, we may take it to be Galois invariant. For any c′ |= q with hp(c′) = a, we have
φ(a) ⊆ Ψ(c′) := {ψ(c′) : ψ ∈ Ψ}.

The type q can be viewed as a type of elements of an algebraic variety W ,
and after shrinking W we can take hp to be a quasi-finite morphism on W , and
assume each ψ ∈ Ψ : W → H is defined on W ; moreover we can find W such
that:

(∗) for any c′ ∈ W with h(c′) = a |= p, we have φ(a) ⊆ Ψ(c′).
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By compactness, there exist finitely many triples (Wj,Ψj, hj) such that for any
p, some triple has (∗) for p. By Lemma 6.2.2, we may replace the Wj by a single
pseudo-Galois ‹V . �

If H is a vector space, or a vector bundle over V , let Hn be the n-th direct
power of H, and let P (Hn) denote the projectivization of Hn. Let h 7→: h :
denote the natural map H r {0} → PH. Let rk : P (Hn) → PH be the natural
rational map, rk(h1 : . . . : hn) = (: hk :). For any vector bundle L over V , there
is a canonical isomorphism L⊗Hn ∼= (L⊗H)n. When L is a line bundle, we have
P (L⊗E) ∼= P (E) canonically for any vector bundle E. Composing, we obtain an
identification of P ((L⊗H)n) with P (Hn).

Lemma 6.2.5. Let F be a valued field. Let V be a normal irreducible F -variety,
H a vector space with a basis of F -definable points, and φ an ACVFF -definable
subset of V × (Hr (0)) whose projection to V has finite fibers. Then there exist a
finite Galois covering π : ‹V → V , a regular morphism θ : ‹V → P (Hm) for some
m, such that for any ṽ ∈ ‹V , if (π(ṽ), h) ∈ φ then for some k, rk(θ(ṽ)) is defined
and equals : h :.

Proof. Replacing V by the normalization of the closure of V in some projec-
tive embedding, we may assume V is projective and normal. Let ψi be as in
Lemma 6.2.4. Let L, sij be as in Lemma 6.2.3, applied to ‹V , ψi; choose m that
works for all ψi. Let θij be the extension to ‹V of sij⊗ψi. Define θ = (· · · : θij : · · · ),
using the identification above the lemma. �

6.3. Γ-internal subsets of “V .
Lemma 6.3.1. Let V be a quasi-projective variety over an infinite valued field
F , and let f : Γn → “V be definable. There exists an affine open V ′ ⊆ V with f :
Γ→ “V ′. If V = Pn, there exists a linear hyperplane H such that f(Γn) ∩ Ĥ = ∅.

Proof. Since V embeds into Pn, we can view f as a map into ”Pn; so we may
assume V = Pn. For γ ∈ Γn, let V (γ) be the linear Zariski closure of f(γ);
i.e.the intersection of all hyperplanes H such that f(γ) concentrates on H. The
intersection of V (γ) with any An is the zero set of all linear polynomials g on
on An such that f(γ)∗(h ◦ g) = 0. So V (γ) is definable uniformly in γ. Now
V (γ) is an ACFF -definable set, with canonical parameter e(γ); by elimination
of imaginaries in ACFF , we can take e(γ) to be a tuple of field elements. But
functions Γn → VF have finitely many values (every infinite definable subset of
VF contains an open subset, and admits a definable map onto k). So there are
finitely many sets V (γ). Let H be any hyperplane containing none of these. Then
no f(γ) can concentrate on H. �
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We shall now make use of the spaces L(H) of semi-lattices of §5.1. Given a
basis v1, . . . , vn of H, we say that a semi-lattice is diagonal if it is a direct sum∑n
i=1 Iivi, with Ii an ideal of K or Ii = K.

Lemma 6.3.2. Let Y be a Γ-internal subset of L(H). Then there exists a finite
number of bases b1, . . . , b` of H such that each y ∈ Y is diagonal for some bi. If
Y is defined over a valued field F , these bases can be found over F alg.

Proof. For y ∈ Y , let Uy = {h ∈ H : Kh ⊆ y}. Then Uy is a subspace of H,
definable from Y . The Grassmanian of subspaces of H is an algebraic variety, and
has no infinite Γ-internal definable subsets. Hence there are only finitely many
values of Uy. Partitioning Y into finitely many sets we may assume Uy = U for
all y ∈ Y . Replacing H by H/U , and Y by {y/H : y ∈ Y }, we may assume
U = (0). Thus Y is a set of lattices.

Now the lemma follows from Theorem 2.4.13 (iii) of [13], except that in this
theorem one considers f defined on Γ (or a finite cover of Γ) whereas Y is the
image of Γn under some definable function f . In fact the proof of 2.4.13 works for
functions from Γn; however we will indicate how to deduce the n-dimensional case
from the statement there, beginning with 2.4.11. We first formulate a relative
version of 2.4.11. Let U = Gi be one of the unipotent groups considered in 2.4.11
(we only need the case of U = Un, the full strictly upper triangular group). Let
X be a definable set, and let g be a definable map on X × Γ, with g(x, γ) a
subgroup of U , for any (x, γ) in the domain of g. Let f be another definable
map on X × Γ, with f(x, γ) ∈ U/g(γ). Then there exist finitely many definable
functions pj : X → Γ, with pj ≤ pj+1, definable functions b on X, such that
letting g∗j (x) = ∩pj(x)<γ<pj+1(x)g(x, γ) we have bj(x) ∈ U/g∗j (x), and

(∗) f(x, γ) = bj(x)gj(x, γ)

whenever pj(x) < γ < pj+1(x) This relative version follows immediately from
2.4.11 using compactness, and noting that (*) determines bj(x) uniquely as an
element of U/g∗j (x).

Now by induction, we obtain the multidimensional version of 2.4.11:
Let g be a definable map on a definable subset I of Γn, with g(γ) a subgroup

of U for each γ ∈ I. Suppose f is also a definable map on I, with f(γ) ∈ U/g(γ).
Then there is a partition of I into finitely many definable subsets I ′ such that for
each I ′ there is b ∈ U with f(γ) = bg(γ) for all γ ∈ I ′.

To prove this for Γn+1 = Γn × Γ, apply the case Γn to the functions bj, gj as
well as f, g(x, pj(x)) (at the endpoints of the open intervals).

Now the lemma follows as in 2.4.13 for the multidimensional case follows as
in [13] 2.4.13. Namely, each lattice Λ has a triangular O-basis; viewed as a
matrix, it is an element of the triangular group Bn. So there exists an element
A ∈ Un such that Λ is diagonal for A, i..e Λ has a basis DA with D ∈ Tn
a diagonal matrix. If D′A′ is another basis for Λ of the same form, we have
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DA = ED′A′ for some E ′ ∈ Bn(O). Factoring out the unipotent part, we find
that D−1D′ ∈ Tn(O). So D/Tn(O) is well-defined, the group D−1Bn(O)D is
well-defined, we have D−1ED′ ∈ D−1Bn(O)D ∩ Un, and the matrix A is well-
defined up to translation by an element of g(Λ) = D−1Bn(O)D ∩ Un. By the
multidimensional 2.4.11, since Y is Γ-internal, it admits a finite partition into
definable subsets Yi, such that for each i, there exists a basis A diagonalizing
each y ∈ Yi.

Moreover, A is uniquely defined up to ∩y∈Yig(y). The rationality statement
now follows from Lemma 6.3.3. �

Lemma 6.3.3. Let F be a valued field, let h be an F -definable subgroup of the
unipotent group Un, and let c be an F -definable coset of h. Then c has a point in
F alg. If F has residue characteristic 0, or if F is trivially valued and perfect, c
has a point in F .

Proof. In the non-trivially valued case the statement is clear for F alg, since F alg is
a model. As in [13], 2.4.11, the lemma can be proved for all unipotent algebraic
groups by induction on dimension, so we are reduced to the case of the one-
dimensional unipotent group Ga. In this case, in equal characteristic 0 we know
that any definable ball has a definable point (by averaging a finite set of points).
If F is trivially valued, the subgroup must be Ga, (0),O or M. The group O has
no other F -definable cosets. As for M the definable cosets correspond to elements
of the residue field; but each element of the residue field of F is the residue of a
(unique) point of F . �

Remark 6.3.4. Is the rationality statement in Lemma 6.3.3 valid in positive
characteristic, for the groups encountered in Lemma 6.3.2, i.e. interesections of
conjugates of Bn(O) with Un? This is not important for our purposes since the
partition of Y may require going to the algebraic closure at all events.

Corollary 6.3.5. Let X ⊆ ‘AN be iso-definable and Γ-internal over an alge-
braically closed valued field F . Then for some d, and finitely many polynomials
hi of degree ≤ d, the map p 7→ (p∗(val(hi)))i is injective on X.

Proof. By Lemma 5.1.3, the maps

p 7→ Jd(p) = {h ∈ Hd : p∗(val(h)) ≥ 0}

separate points on ‘AN and hence on X. So for each x 6= x′ ∈ X, for some d,
Jd(x) 6= Jd(x

′). Since X is iso-definable, for some fixed d, Jd is injective on X. Let
F be a finite set of bases as in Lemma 6.3.2, and let {hi} be the set of elements of
these basis. Pick x and x′ in X; if x∗(hi) = x′∗(hi) for all i, we have to show that
x = x′, or equivalently that Jd(x) = Jd(x

′); by symmetry it suffices to show that
Jd(x) ⊆ Jd(x

′). Choose a basis, say b = (b1, . . . , bm), such that Jd(x) is diagonal
with respect to b; the bi are among the hi, so x∗(bi) = x′∗(b

i) for each i. It follows
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that Jd(x)∩Kbi = Jd(x
′)∩Kbi. But since Jd(x) is diagonal for b, it is generated

by ∪i(Jd(x) ∩Kbi); so Jd(x) ⊆ Jd(x
′) as required. �

Proposition 6.3.6. Let V be a quasi-projective variety over a valued field F .
Let X ⊆ “V be Γ-internal as an iso-definable set. Then there exist m, d and
h ∈ Hd,m(F alg) such that, with the notations of §5.2, τ̂h is injective on X. If V
is projective and X is closed, τ̂h is a homeomorphism onto its image.

Proof. We may take V = P̂N . Note that if τ̂h is injective, and g ∈ Aut(Pn) =
PGL(N + 1), it is clear that ‘τh◦g is injective too. By Lemma 6.3.1, there exists a
linear hyperplaneH with Ĥ disjoint fromX. We may assumeH is the hyperplane
x0 = 0. Let X1 = {(x1, . . . , xN) : [1 : x1 : . . . : xN ] ∈ X}. By Corollary 6.3.5,
there exist finitely many polynomials h1, . . . , hr such that p 7→ (p∗(hi))i is injective
on X1. Say hi has degree ≤ d. Let Hi(x0, . . . , xd) = xd0hi(x1/x0, . . . , xd/x0), and
let h = (xd0, . . . , x

d
N , H1, . . . , Hr), m = N + r. Then h ∈ Hd,m, and it is clear that

τ̂h is injective on X. �

Corollary 6.3.7. Let V be a quasi-projective variety over a valued field F . Let
X ⊆ “V be Γ-internal as an iso-definable set. Then there exists an F -definable
continuous injective map α : X → [0,∞]w, for some finite set w definable over
F .

Proof. By Proposition 6.3.6, such map α′a exists over a finite Galois extension
F (a) over F , but possibly with values in Γn∞. Replacing each coordinate α′i by
two maps, namely max(α′i, 0) and −min(α′i, 0), we may assume α′i takes values in
[0,∞]. Let w be the set of Galois conjugates of a over F . Define α(x) ∈ [0,∞]w

by α(x)(a) = αa(x). Then the statement is clear. �

Proposition 6.3.8. Let A be a base structure consisting of a field F , and a set
S of elements of Γ. Let V be a projective variety over F , X a Γ-internal, A-
definable subset of “V . Then there exists a A-definable continuous injective map
φ : X → [0,∞]w for some finite set A-definable set w. If X is closed, then φ is a
topological embedding.

Proof. We have acl(A) = dcl(A ∪ F alg) = F alg(S) (Lemma 2.7.2). It suffices to
show that a continuous, injective φ : X → [0,∞]n is definable over acl(A), for then
the descent to A can be done as in Corollary 6.3.7. So we may assume F = F alg,
hence A = acl(A). We may also assume S is finite, since the data is defined over
a finite subset. Say S = {γ1, . . . , γn}. Let q be the generic type of field elements
(x1, . . . , xn) with val(xi) = γi. Then q is stably dominated. If c |= q, then by
Lemma 6.3.6 there exists an A(b)-definable topological embedding fb : X → Γn

for some n and some b ∈ F (c)alg. Since q is stably dominated, and A = acl(A),
tp(b/A) extends to a stably dominated A-definable type p. If (a, b) |= p2|A then
faf

−1
b : X → X; but tp(ab/A) is orthogonal to Γ while X is Γ-internal, so the

canonical parameter of faf−1
b is defined over A∪Γ and also over A(a, b), hence over
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A. Thus faf−1
b = g. If (a, b, c) |= p3 we have fbf−1

c = faf
−1
c = g so g2 = g and

hence g = IdX . So fa = fb, and fa is A-definable, as required. The last statement
is clear since maps from definably compact spaces to Γn∞ are closed. �

We proceed towards a relative version of Proposition 6.3.6.
Let f : V → U be a morphism of algebraic varieties over a valued field F . We

denote by ’V/U the subset of “V consisting of types p ∈ “V such that f̂(p) is a
simple point of “U .
Proposition 6.3.9. Let V → U be a projective morphism of algebraic varieties,
with U normal, over a valued field F . Let X ⊆’V/U be iso-definable, and relatively
Γ-internal, i.e. such that each fiber Xu of X over u ∈ U is Γ-internal. Then there
exists a finite pseudo-Galois covering U ′ → U , such that letting X ′ = U ′×UXand
V ′ = U ′×U V , there exists a definable morphism g : V ′ → U ′×ΓN∞ over U ′, such
that the induced map g : ”V ′ → Û ′ × ΓN∞ is continuous, and g|X ′ is injective. In
fact Zariski locally each coordinate of g is obtained as a composition of regular
maps and the valuation map.
Proof. By Proposition 6.3.6, for each u ∈ U , there exists h ∈ Hd,m(F (u)alg) such
that τh is injective on the fiber Xu above u. By compactness, a finite number of
pairs (m, d) will work for all u; by taking a large enough (m, d), we may take it
to be fixed. Again by compactness, there exists a definable φ ⊆ U ×Hd,m whose
projection to U has finite fibers, such that if (u, h) ∈ φ then τh is injective on
Xu. By Lemma 6.2.5, there is a finite pseudo-Galois covering π : U ′ → U , and
a regular morphism θ : U ′ → P (H ′Md,m) for some M , with H ′d,m the vector space
generated by Hd,m, such that for any u′ ∈ U ′, if (π(u′), h) ∈ φ then, for some k,
rk(θ(u

′)) is defined and equals : h :. Note that since h ∈ Hd,m, it follows that
θ(u′) ∈ PHMm,d. Let g(u′, v) = (u′, τθ(u′))(v). Then it is clear that g is continuous
and that its restriction to X ′ is injective. �

Remark 6.3.10. The normality hypothesis in Proposition 6.3.9 and Lemma 6.2.2
is unnecessary. If V is any quasi-projective variety, it suffices to replace V in
Lemma 6.2.2 with the larger, normal variety Pn and pull back the data, and
similarly for U in 6.3.9.

Note that the proposition has content even when the fibers of X/U are finite.
Under certain conditions, the continuous injection of Proposition 6.3.9 can be

seen to be a homeomorphism. This is clear when X is definably compact, but we
will need it in somewhat greater generality.
Definition 6.3.11. If ρ : X → Γ∞ is a v+g-continuous function, say X is
compact at ρ = ∞ if any definable type q on X with ρ∗q unbounded has a limit
point in X.

Compactness at ρ = ∞ implies that ρ−1(∞) is definably compact. If X is a
subspace of a definably compact space Y , ρ extends to a v+g-continuous definable
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function ρY on Y , and ρ−1
Y (∞) ⊂ X, then X is compact at ρ = ∞. In the

applications, this will be the case, with Y = “V .
We say a pro-definable subset X of “V , for V an algebraic variety, is σ-compact

with respect to a v+g-continuous definable function ξ : X → Γ, if for any γ ∈ Γ,
{x ∈ X : ξ(x) ≤ γ} is definably compact.

More generally, let ρ, ξ : X → Γ∞ be v+g-continuous functions. We say that
X is σ-compact via (ρ, ξ) if ξ−1(∞) ⊆ ρ−1(∞), X is compact at ρ = ∞, and
X r ξ−1(∞) is σ-compact via ξ.

If X is given over U by means of a function π : X → U and ξ : U → Γ, we
say X is σ-compact over U via ξ if it is so with respect to ξ ◦ π (and similarly for
(ρ, ξ)).

Lemma 6.3.12. In Proposition 6.3.9, assume X is σ-compact over U via (ρ, σ),
where ρ : X → Γ∞ and σ : U → Γ are v+g-continuous. Then one can find g as
in the Proposition inducing a homeomorphism of ”X ′ with its image in Û ′ × ΓN∞.

Proof. We add ρ to the list of functions ξ′ in the construction of Proposition 6.3.9;
the result is that ρ = ρ′◦g for some continuous ρ′ on ΓN∞. We have g injective and
continuous, and must show that g−1 is continuous too; equivalently that g−1 ◦ φ
is continuous for any continuous φ : ”X ′ → Γ∞. It suffices thus to show that if W
is a closed relatively definable subset of ”X ′, then g(W ) is closed.

By Lemma 4.2.12, it suffices to show this: if p is a definable type on W , and
g(w) is a limit of g∗p in Û ′ × ΓN∞, we have to show that w is a limit of p in ”X ′.
As g is injective and continuous, it suffices to show that p has a limit in ”X ′.

If ρ∗p is unbounded, then the limit point exists by compactness at ρ =∞.
Otherwise, ρ′ is bounded on g∗p, hence as ρ′ is continuous, ρ′(g(w)) < ∞. So

ρ(w) ∈ Γ. Hence σ(π(w)) is defined, and in Γ. By definition of a limit (say),
π(w′) ∈ Γ and remains bounded for all w′ in some neighborhood of w, contained
in p. Thus by σ-compactness via σ, p contains a definably compact definable set,
containing w; so p has a limit in this set, hence in ”X ′. �

The following lemma shows that o-minimal covers may be replaced by finite
covers carrying the same information, at least as far as homotopy lifting goes.

Given a morphism g : U ′ → U and homotopies h : I×U → “U and h′ : I×U ′ →
Û ′, we say h and h′ are compatible or that h′ lifts h if ĝ(h′(t, u′)) = h(t, g(u′)) for
all t ∈ I and u′ ∈ U ′. Here, I refers to any closed generalized interval, with final
point eI . Let H be the canonical homotopy I × “U → “U lifting h, cf. Lemma
3.7.3. Note that if h(e, U) is iso-definable and Γ-internal, then h(e, U) = H(e, “U).

Assume now that X ⊆’V/U is iso-definable and relatively Γ-internal. We use
Lemma 3.4.1 (2) to identify X̂ with a subset of “V ; namely the set

∫
U X of p ∈ “V

such that if p is based on A and c |= p|A, then tp(c/A(π(c))) = q|A(π(c)) for
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some q ∈ X. It is really this set that we have in mind when speaking of X̂ below.
In particular, it inherits a topology from “V .

Lemma 6.3.13. Let φ : V → U be a morphism of algebraic varieties with U

normal, over a valued field F . Let X ⊆’V/U be iso-definable over F and relatively
Γ-internal over U (uniformly in u ∈ U).

Let ρ : X → Γ∞, X0 = ρ−1(Γ), σ : U → Γ be v+g-continuous. Assume X is
σ-compact over U via (ρ, σ).

Then there exists a pseudo-Galois covering U ′ of U , and a definable function
j : X×U U ′ → U ′×Γm∞ over U ′, inducing a homeomorphism of X̂ ×U U ′ with the
image in Û ′ × Γm∞. Moreover:

(1) There exist a finite number of F -definable functions ξ′′i : U → Γ∞, such
that, for any compatible pair of definable homotopies h : I × U → “U and
h′ : I × U ′ → Û ′, if h respects the functions ξ′′i , then h lifts to a definable
homotopy HX : I × X̂ → X̂. If the image of h is Γ-internal, the same is
true of the image of HX .

(2) Given a finite number of F -definable functions ξ : X → Γ∞ on X, and a
finite group action on X over U , one can choose the functions ξ′i : U ′ →
Γ∞ such that the lift I × X̂ → X̂ respects the given functions ξ and the
group action.

(3) If h′ satisfies condition (∗) of 5.3, one may also impose that HX satisfies
(∗).

Proof. We take U ′ and j as given by Proposition 6.3.9 and Lemma 6.3.12 (that is,
j is the restriction of g). First consider the case when X ⊆ U ×ΓN∞. There exists
a finite number of F -definable functions ξ′i on U such that the set of values ξ′i(u)
determine the fiber Xu = {x : (u, x) ∈ X}, as well as the functions ξ|Xu (with ξ
as in (2)), and the group action on Xu. In other words if ξ′i(u) = ξ′i(u

′) for simple
points u, u′ then Xu = Xu′ , ξ(u, x) = ξ(u′, x) for x ∈ Xu and ξ from (2), and
g(u, x) = (u, x′) iff g(u′, x) = (u′, x′) for g a group element from the group acting
in (2). Clearly any homotopy h : I × U → “U respecting the functions ξ′i lifts
to a homotopy HX : I × X̂ → X̂ = “U × ΓN∞ given by (t, (u, γ)) 7→ (H(t, u), γ),
where H is the canonical homotopy I × “U → “U lifting h provided by Lemma
3.7.3. Moreover HX respects the functions of (2) and the group action.

This applies to X ′ = X ×U U ′, via the homeomorphism induced by j; so for
any pair (h, h′) as in (1), if h′ respects the functions ξ′i, then h′ lifts to a definable
homotopy H ′ : I × ”X ′ → ”X ′, respecting the data of (2). Note that

∫
U ′ X

′ is
the pullback of

∫
U X under the natural map ”V ′ → “V , where V ′ = V ×U U ′.

Since V ′ → V is a proper morphism of algebraic varieties, ”V ′ → “V is closed by
Lemma 4.2.23, so ”X ′ =

∫
U ′ X

′ →
∫
U X = X̂ is closed, and it is surjective since

X ′ → X is surjective (Lemma 4.2.6). Moreover H ′ respects the fibers of X ′ → X
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in the sense of of Lemma 5.3.3 Hence by this lemma, H ′ descends to a homotopy
HX : I × X̂ → X̂.

By Lemma 8.6.5, the condition that h′ respects the ξ′ can be replaced with the
condition that h respects certain other definable functions ξ′′ into Γ.

Since X is iso-definable uniformly over U , Lemma 2.7.4 applies to the image of
H ′; so this image is iso-definable and Γ-internal. The image of H is obtained by
factoring out the action of the Galois group of U ′/U ; by Lemma 2.2.5, the image
of H is also iso-definable, and hence Γ-internal.

The statement regarding condition (∗) is verified by construction, using density
of simple points and continuity. �

Example 6.3.14. In dimension > 1 there exist definable topologies on definable
subsets of Γn, induced from function space topologies, for which Proposition 6.3.6
fails. For instance let X = {(s, t) : 0 ≤ s ≤ t}. For (s, t) ∈ X consider the
continuous function fs,t on [0, 1] supported on [s, t], with slope 1 on (s, s + s+t

2
),

and slope −1 on (s + s+t
2
, t). The topology induced on X from the Tychonoff

topology on the space of functions [0, 1]→ Γ is a definable topology, and definably
compact. Any neighborhood of the function 0 (even if defined with nonstandard
parameters) is a finite union of bounded subsets of Γ2, but contains a “line” of
functions fs,s+ε whose length is at least 1/n for some standard n, so this topology
is not induced from any definable embedding of X in Γm∞. By Proposition 6.3.6,
such topologies do not occur within “V for an algebraic variety V .

7. Curves

7.1. Definability of “C for a curve C. Recall that a pro-definable set is called
iso-definable if it is isomorphic, as a pro-definable set, to a definable set.

Proposition 7.1.1. Let C be an algebraic curve defined over a valued field F .
Then “C is an iso-definable set. The topology on “C is definably generated, that is,
generated by a definable family of (iso)-definable subsets.

Proof. Let L be the function field of C with genus g. Let Y be the set of elements
f ∈ L with at most g + 2 poles.
Claim. Any element of L× is a product of finitely many elements of Y .

Proof of the Claim. We use induction on the number of poles of f ∈ L×. If this
number is ≤ g + 2, then f ∈ Y . Otherwise, let a1, . . . , aH be poles of f , not
necessarily distinct, and let b be a zero of f . Using Riemann-Roch, one finds f1

with poles at most at a1, . . . , ag+2, and a zero at b. Then f1 ∈ Y , and f/f1 has
fewer poles than f (say f has m poles; they are all among the poles of f ; and f1

has at most m− 1 zeroes other than b). The statement follows by induction. �

Choose an embedding of the smooth projective model of C in some projective
space. Let W be the set of pairs of homogeneous polynomials of degree N . We
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consider the morphism f : C ×W → Γ∞ mapping (x, ϕ, ψ) to v(ϕ(x))− v(ψ(x))
or to 0 if x is a zero of both ϕ, ψ.

With notations from the proof of Theorem 3.1.1, f induces a mapping “C →
YW,f with YW,f definable. Now, let us remark that any type p on C induces a
valuation on L in the following way: let c |= p send g in L to v(g(c)) (or say to
the symbol −∞ if c is a pole of g), and that different types give rise to different
valuations. It follows that the map “C → YW,f is injective, since if two valuations
agree on Y they agree on L×. This shows that “C is iso-∞-definable set. Since “C is
strict pro-definable by Theorem 3.1.1 it follows it is iso-definable. The statement
on the topology is clear. �

Example 7.1.2. : P̂1 may be decribed as the set of generic types of closed
balls B(x, α) := {y : val(y − x) ≥ α}, for x and α running over F and Γ∞(F ),
repectively, together with the type corresponding to the point ∞. Note that by
definition, as sets, P̂1 consists of the point just mentioned and of ”A1. For the
latter see [13], 2.3.6, 2.3.8, 2.5.5.

Let f : C → V be a relative curve over an algebraic variety V , that is, f is
flat with fibers of dimension 1. Let Ĉ/V be the set of p ∈ “C such that f̂(p) is
a simple point of “V . Then we have the following relative version of Proposition
7.1.1:

Lemma 7.1.3. Let f : C → V be a relative curve over an algebraic variety V .
Then Ĉ/V is iso-definable.

Proof. The proof is the obvious relativization of the proof of Proposition 7.1.1. We
embed C in PmV . Note that the genus of the curves Ca = f−1(a) is bounded, and
there exists a number N such that for any a ∈ V , any function on Ca with ≤ g+2
poles is the quotient of two homogeneous polynomials of degree N . Denoting by
W the set of functions of the form val(f) − val(g) (with f, g two homogeneous
polynomials of degree N) as well as the characteristic functions of points of V , we
see that the map “C → YW,f is injective, and proceed as in Proposition 7.1.1. �

7.2. A question on finite covers. To explain the use of Riemann-Roch in the
previous subsection proof was roundabout, we pose a question that we can answer
positively in characteristic zero. When the answer is positive, the definablity of“C follows from that of C = P1 which is clear by Example 7.1.2. This subsection
will not be used in the sequel.

Question 7.2.1. If f : U → V is a finite morphism of algebraic varieties, is the
inverse image of an iso-definable subset of “V iso-definable?

Proposition 7.2.2. Assume the residue characteristic is 0. Let f : U → V be
a definable map with finite fibers. Let Y be an iso-definable subset of “V . Let
Y ′ = f−1(Y ) ⊆ “U . Then Y ′ is iso-definable.



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 65

Proof. Since we assume residue characteristic 0, by [17], we may assume U is a
cover of the form V ×g(V ) W , with g : V → V ′ a definable morphism, V ′ and W
both defined over RV, and W a finite cover of g(V ).

It follows from Lemma 2.9.2 that”V ′ is a countable increasing union of definable
sets Ui. Since Y is the union of the relatively definable subsets Y ∩ ĝ−1(Ui), it
follows by compactness that Y ⊆ ĝ−1(Ui) for some i. Hence ĝ(Y ) is an ∞-
definable subset of Ui. Since by Lemma 2.2.3, g∗(Y ) is strict pro-definable, it is
definable.

Thus we may assume f : U → V is defined over RV. Using the terminology
above Lemma 2.9.2, an element of Y is the generic type of an irreducible subva-
riety of some Vγ̄, of some bounded degree d. Over the residue field, if V is an
algebraic variety, “V corresponds to the set of irreducible subvarieties; stratifiying
and taking projective embeddings, and using a form of Bézout, it is clear that a
degree bound on an algebraic variety U gives a degree bound on any irreducible
component of f−1(U). This immediately extends to the stable part of RV, as in
Lemma 2.9.2. �

Remark 7.2.3. The proof of Proposition 7.2.2 also shows that if f : U → V
is a morphism of algebraic varieties, tamely ramified above each each irreducible
subvariety, i.e. above each valuation on the function field of an irreducible sub-
variety compatible with the valuation on the base field, then the inverse image of
an iso-definable subset of “V is iso-definable.

7.3. Definable types on curves. Let V be an algebraic variety. Two pro-
definable functions f, g : [a, b) → “V are said to have the same germ if f |[a′, b) =
g|[a′, b) for some a′.

Remark 7.3.1. The germ of a pro-definable function into “V is always the germ
of a path. Indeed if f : [a, b)→ “V is pro-definable, there exists a unique smallest
a′ > a such that f |(a, b) is continuous. This is a consequence of the fact that we
will see later, that the image of f , being a Γ-internal subset of “V , is homeomorphic
to a subset of Γn∞. It follows from o-minimal automatic continuity that f is
piecewise continuous. Moreover, the topology of “V restricted to f([a, b)) is a
definable topology in the sense of Ziegler; so the set of a′ with (a′, b) continuous
is definable, and so a least element exists.

Proposition 7.3.2. Let C be a curve, defined over A. There is a canonical
bijection between:

(1) A-definable types on C.
(2) A-definable germs at b of (continuous) paths [a, b) → “C, up to

reparametrization.
Under this bijection, the stably dominated types on C correspond to the germs of
constant paths on “C.
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Proof. A constant path, up to reparametrization, is just a point of “C. In this
way the stably dominated types correspond to germs of constant paths into “C.
Let p be a definable type on C, which is not stably dominated. Then, by Lemma
2.10.2, for some definable δ : C → Γ, δ∗(p) is a non-constant definable type on Γ.
Changing sign if necessary, either δ∗(p) is the type of very large elements of Γ, or
else for some b, δ∗(p) concentrates on elements in some interval [a, b]; in the latter
case there is a smallest b such that p concentrates on [a, b), so that it is the type
of elements just < b, or else dually. Thus we may assume δ∗(p) is the generic at
b of an interval [a, b) (where possibly b =∞).

By Proposition 2.10.5 there exists a δ∗(p)-germ f of definable function to “C
whose integral is p. It is the germ of a definable function f = fp,δ : [a0, b) → “C;
since “C is definable and the topology is definably generated by Proposition 7.1.1,
for some (not necessarily definable) a, the restriction f = fp,δ : [a, b) → “C is
continuous. The germ of this function f is well-defined.

Conversely, given f : [a, b) → “C, we obtain a definable type pf on C; namely
pf |E = tp(e/E) if t is generic over E in [a, b), and e |= f(t)|E(t). It is clear that
pf depends only on the germ of f , that p = pfp,δ and δ ◦ f = Id. Hence if the
germ of f is A-definable, then each φ-definition dpfφ is A-definable, and so pf is
A-definable. A change in the choice of δ corresponds to reparametrization. �

Remarks 7.3.3. (1) The same proof gives a correspondence between invari-
ant types on C, and germs at b of paths to “C, up to reparametrization,
where now b is a Dedekind cut in Γ.

(2) Assume C is M -definable, and p a definable type over C. If M is a
maximally complete model, or in the definable case if M = dcl(F ) for a
field F , the germ in (2) is represented by an M -definable path.

(3) Without the assumptions on M in (2), the germ may not have an M -
definable representative. For instance assume M is the canonical code for
an open ball of size b. The path in question takes t ∈ (b,∞) to the generic
type of a closed sub-ball of M , of size t, containing a given point p0. The
germ at b does not depend on p0, but there is no definable representative
over M .

7.4. Lifting paths. Let us start by an easy consequence of Hensel’s lemma, valid
in all dimensions; it will not be used, but may help indicate where the difficulties
lie (by showing where they do not.)
Lemma 7.4.1. Let f : X → Y be a finite morphism between smooth varieties,
and let x ∈ X be a closed point. Assume f is unramified at x ∈ X. Then there
exists neighborhoods Nx of x in X̂ and Ny of y in “Y such that f̂ : X̂ → “Y induces
a homeomorphism Nx → Ny.
Proof. By Hensel’s lemma, there exist valuative neighborhoods Vx of x and Vy of
y such that f restricts to a bijection Vx → Vy. We take Vx and Vy to be defined by



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 67

weak inequalities; let Ux and Uy be defined by the corresponding strict inequali-
ties. Then f induces a continuous bijection V̂x → V̂y which is a homeomorphism
by definable compactness. In particular, f induces a homeomorphism Nx → Ny,
where Nx = ”Ux and Ny = ”Uy. �

In fact this gives a notion of a small closed ball on a curve, in the following
sense:

Lemma 7.4.2. Let F be a valued field, C be a smooth curve over F , and let
a ∈ C(F ) be a point. Then there exists an ACVFF -definable decreasing family
b(γ) of g-closed, v-clopen definable subsets of C, with intersection {a}. Any two
such families agree eventually up to reparametrization, in the sense that if b′ is
another such family then for some γ0, γ1 ∈ Γ and α ∈ Q>0, for all γ ≥ γ1 we
have b(γ) = b′(αγ + γ0).

Proof. Choose f : C → P1, étale at a. Then f is injective on some v-neighborhood
U of a. We may assume f(a) = 0. Let bγ be the closed ball of radius γ on A1

centered at 0. For some γ1, for γ ≥ γ1 we have bγ ⊆ f(U) since f(U) is v-open.
Let b(γ) = f−1(bγ) ∩ U . Note that A = {(x, y) ∈ C × bγ : f(x) = y} is a
v+g-closed and bounded subset of C × P1. It follows from Proposition 4.2.18,
Proposition 4.2.17 and Lemma 4.2.20 that b(γ) is g-closed. Since f is a local
v-homeomorphism it is v-clopen.

Now suppose b′(γ) is another such family. Let b′γ = f(b′(γ)). Then by the same
reasoning b′γ is a v-clopen, g-closed definable subset of A1, with ∩γ≥γ2b

′
γ = {0}.

Each b′γ (for large γ) is a finite union ∪mi=1ci(γ)rdi(γ), where ci(γ) is a closed ball
and di(γ) is a finite union of open sub-balls of ci(γ), cf. Holly Theorem, Theorem
2.1.2 of [13]. From [13] it is known that there exists an F -definable finite set S,
meeting each ci(γ) (for large γ) in one point ai. The valuative radius of ci(γ)
must approach ∞, otherwise it has some fixed radius γi for large γ, forcing the
balls in di(γ) to have eventually fixed radius and contradicting ∩γb′γ = {0}. So,
for every i and large γ, ci(γ) are disjoint closed balls centered at ai. It follows
that ci(γ′) r di(γ

′) ⊆ ci(γ) r di(γ) for γ � γ′. We have ai /∈ di(γ), or else for
large γ′ we would have ci(γ′) ⊆ di(γ). Hence ai ∈ ∩γci(γ) r di(γ) and ai = 0.

Now the balls of d1(γ) must also be centered in a point of S ′ for some finite set
S ′, and for large γ we have c1(γ) disjoint from these balls; so b(γ) = c1(γ) is a
closed ball around 0. For large γ it must have valuative radius αγ + γ0, for some
α ∈ Q>0, γ0 ∈ Γ. �

Definition 7.4.3. A continuous map f : X → Y between topological spaces
with finite fibers is topologically étale if there exists a closed subset Z of X ×Y X
such that ∆X ∪ Z = X ×Y X, and Z ∩∆X = ∅.

Remark 7.4.4. Let f : U → V be a continuous definable map with finite fibers.
Let p be an unramified point, i.e. suppose p has a neighborhood above which f is
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topologically étale. Then, viewing p as a simple point of “V , it has a neighborhood
W such that f−1(W ) = ∪mi=1Wi, with f |Wi injective. For general “V -points this
may not be true, for instance for the generic point of ball.

Lemma 7.4.5. Let f : X → Y be a finite morphism between varieties over a
valued field. Let c : I → “Y be a path, and x0 ∈ X̂. If f̂ : X̂ → “Y is topologically
étale above c(I), then c has at most one lift to a path c′ : I → X̂, with c′(iI) = x0.

Proof. Let c′ and c′′ be two such lifts. So {t : c′(t) = c′′(t)} is definable. It
contains the initial point, and is closed by continuity. So it suffices to show that
if c′(a) = c′′(a) then c′(a+ t) = c′′(a+ t), for sufficiently small t < 0. This is clear
since (c′, c′′) maps into the (closed) complement of the diagonal. �

Examples 7.4.6. (1) In characteristic p > 0, let f : A1 → A1, f(x) =
xp − x. Let a ∈ A1 be a closed point, and consider the standard path
ca : (−∞,∞] → ”A1, with ca(t) the generic of the closed ball of valuative
radius t around a. Then f̂−1(ca(t)) consists of p distinct points for t > 0,
but of a single point for t ≤ 0. In this sense ca(t) is backwards-branching.
The set of backwards-branching points is the set of balls of valuative radius
0 which is not a Γ-internal set. The complement of the diagonal within”A1 ×f ”A1 is the union over 0 6= α ∈ Fp of the sets Uα = {(ca(t), cb(t)) :
a − b = α, t > 0}. The closure (at t = 0) intersects the diagonal in the
backwards branching points.

(2) In characteristic 0 the set of branching points is Γ-internal; namely the
balls containing a ramification point.

(3) The generic of O is a forward branch point of the affine curve C : y2 =
x(x− 1), with respect to x : C → A1.

Because of Example 7.4.6 (1), we will rely on the classical notion of étale only
near initial simple points.

Lemma 7.4.7. Let C be a curve over F and let a be a closed point of c.
(1) Then there exists a path c : [0,∞] → “C with c(∞) = a, but c(t) 6= a for

t <∞.
(2) If a is a smooth point, and c and c′ are two such paths then they eventually

agree, up to definable reparametrization.
(3) If a is in the valuative closure of an F -definable W , then for large t one

has c(t) ∈”W .

Proof. One first reduces to the case where C is smooth. Let n : C̃ → C be the
normalization, and let ã ∈ C̃ be a point such that, if a W is given as above,
then ã is a limit point of n−1(W ). Then the lemma for C̃ and ã implies the
same for C and a. For P1 the lemma is clear by inspection. In general, find a
morphism p : C → P1, with p(c) = 0 which is unramified above 0. By Lemma
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7.4.1 and its proof, there exists a definable homeomorphism for the valuation
topology between a definable neighborhood Y of c and a definable neighborhood
W ′ of 0 in P1 which extends to a homeomorphism between “Y and Ŵ ′. If c and
c′ are two paths to a then eventually they fall into Ŵ ′. This reduces to the case
of P1. For (3) it is enough to notice that one assumes p(W ) ∪ {0} = W ′. �

Remark 7.4.8. More generally let p ∈ “C, where C is a curve. If c |= p, let
res(F )(c̄) be the set of points of StF definable over F (c). This is the function
field of a curve C̄ in StF . One has a definable family of paths in “C with initial
point p, parameterized by C̄. And any such path eventually agrees with some
member of the family, up to definable reparametrization.

7.5. Branching points. Let C be a (non complete curve) over F together with
a finite morphism of algebraic varieties f : C → A1 defined over F . Given a
closed ball b ⊆ A1, let pb ∈ ”A1 be the generic type of b.

By an outward path on A1 we mean a path c : I → ”A1 with I a interval in Γ∞
such that c(t) = pb(t), with b(t) a ball around some point c0 of valuative radius t.

Let X be a definable subset of C. By an outward path on (X, f) we mean a
germ of path c : [a, b)→ X̂ with f∗ ◦ c an outward path on A1. We first consider
the case X = C.

In the next lemma, we do not worry about the field of definition of the path;
this will be considered later.

Lemma 7.5.1. Let p ∈ “C. Then p is the initial point of at least one outward
path on (C, f).

Proof. The case of simple p was covered in Lemma 7.4.7, so assume p is not
simple. The point f̂(p) is a non-simple element of ”A1, i.e. the generic of a closed
ball bp, of size α 6= ∞. Fix a model F of ACVF over which C, p and f are
defined, p(F ) 6= ∅, and α = val(a0) for some a0 ∈ F . We will show the existence
of an F -definable outward path with initial point p. For this purpose we may
renormalize, and assume b is the unit ball O.

Let c |= p|F . Then f(c) is generic in O. Since C is a curve, k(F (c)) is a
function field over k(F ) of transcendence degree 1. Let z : k(F (c)) → k(F )
be a place, mapping the image of f(c) in k(F (c)) to ∞. We also have a place
Z : F (c) → k(F (c)) corresponding to the structural valuation on F (c). The
composition z ◦ Z gives a place F (c) → k(F ), yielding a valuation v′ on F (c).
Since z ◦ Z agrees with Z on F , we can take v′ to agree with val on F . We have
an exact sequence:

0→ Zv′(f(c))→ v′(F (c)×)→ val(F×)→ 0

with 0 < −v′(f(c)) < val(y) for any y ∈ F with val(y) > 0.
Let q = tp(c/F ; (F (c), v′)) be the quantifier-free type of c over F in the valued

field (F (c), v′). In other words, find an embedding of valued fields ι : (F (c), v′)→
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U over F , and let q = tp(ι(c)/F ). Similarly, set p = tp(f(c)/F ; (F (c), v′)) :=
tp(ι(f(c))/F ). Since p is definable, by Lemma 2.3.2 it follows that q is a definable
type over F , so we can extend it to a global F -definable type. Note that q
comes equipped with a definable map δ → Γ with δ∗(q) non-constant, namely
val(f(x)). According to Proposition 7.3.2, q corresponds to a germ at 0 of a path
c : (−∞, 0)→ C. Since for any rational function g ∈ F (C) regular on p, we have
v′(g(c)) = val(g(c)) mod Zv′(f(c)), one may extend c by continuity to (−∞, 0]
by c(0) = p. It is easy to check that c is an outward path, since f∗◦c is a standard
outward path on A1. �

We note immediately that the number of germs at a of paths as given in the
lemma is finite. Fix an outward path c0 : [∞, a] → ”A1, with c0(a) = f∗(p). Let
OP (p) be the set of paths c : [−∞, a]→ “C with c(a) = p and f∗ ◦c = c0 (on (b, a)
for some b < a). If c1, . . . , cN ∈ OP (p) have distinct germs at a, then for a′ < a
and sufficiently close to a the points ci(a′) are distinct; in particular N ≤ deg(f).

Definition 7.5.2. A point p ∈ “C is called forward-branching for f if there exists
more than one germ of outward paths c : (b, a]→ “C with c(a) = p, above a given
outward path on A1. We will also say in this case that f∗(p) is forward-branching
for f , and even that b is forward-branching for f where f∗(p) is the generic type
of b.

Let b be a closed ball in A1, pb the generic type of b. Let M |= ACVF, with
F ≤M and b defined over M , and let a |= pb|M . Define n(f, b) to be the number
of types

{tp(c/M(a)) : f(c) = a}.
This is also the number of types: {tp(c/ acl(F (b))(a)) : f(c) = a} (whereM is not
mentioned), using the stationarity lemma Proposition 3.4.13 of [13]. Equivalently
it is the number of types q(y, x) overM extending pb(x)|M . In other words n(f, b)

is the cardinal of the fiber of f̂−1(pb), where f̂ : “C → ”A1. In particular, the
function b 7→ n(f, b) is definable.

If b is a closed ball of valuative radius α, and λ > α, both defined over F ,
we define a generic closed sub-ball of b of size λ (over F ) to be a ball of size λ
around c, where c is generic in b over F . Equivalently, c is contained in no proper
acl(F )-definable sub-ball of b.

Lemma 7.5.3. Assume b and λ are in dcl(F ), and let b′ be a generic closed
sub-ball of b of size λ, over F . Then n(f, b′) ≥ n(f, b).

Proof. Let F (b) ≤ M |= ACVF, and M(b′) ≤ M ′ |= ACVF. Take a generic
in b′ over M ′. Then a is also a generic point of b over F . Now n(f, b) is the
number of types {tp(c/M(a) : f(c) = a}, while n(f, b′) is the number of types
{tp(c/M ′(a)) : f(c) = a}. The restriction map sending of type over M ′(a) to its
restriction to M(a) being surjective, we get n(f, b) ≤ n(f, b′). �
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Lemma 7.5.4. The set FB′ of closed balls b such that, for some closed b′ % b,
for all closed b′′ with b $ b′′ $ b′, we have n(f, b) < n(f, b′′), is a finite definable
set, uniformly with respect to the parameters.

Proof. The statements about definability of FB′ are clear since b 7→ n(f, b) is
definable. Let us prove that for α ∈ Γ, the set FB′α of balls in FB′ of size α is
finite. Otherwise, by the Swiss cheese description of 1-torsors in Lemma 2.3.3 of
[13], FB′ would contain a closed ball b∗ of size α′ < α such that every sub-ball
of b∗ of size α is in FB′. For each such sub-ball b′, for some λ = λ(b′) with
α′ < λ < α, we have n(f, b′) < n(f, b′′) where b′′ is the ball of size λ(b′) around b′.
Recall that the generic type of b∗ is generated by b∗ and the complements of all
proper sub-balls, and that this is a stably dominated type. Now λ is a definable
function into Γ, so it is constant generically on b∗. Replacing b∗ with a slightly
smaller ball, we may assume λ is constant; so we find b of size λ such that for
any sub-ball b′ of b of size α, we have n(f, b′) < n(f, b). But this contradicts
Lemma 7.5.3.

Hence FB′ has only finitely many balls of each size, so it can be viewed as
a function from a finite cover of Γ into the set of closed balls. Suppose FB′ is
infinite. Then it must contain all closed balls of size γ containing a certain point
c0 ∈ C, for γ in some proper interval α < γ < α′ (again by Lemma 2.3.3 of [13]).
But then by definition of FB′ we find b1 ⊂ b2 ⊂ . . . with n(f, b1) < n(f, b2) < . . .,
a contradiction. �

Proposition 7.5.5. The set of forward-branching points for f is finite.

Proof. By Lemma 7.5.4 it is enough to prove that if pb is forward-branching, then
b ∈ FB′. Let n = n(f, b) = |f̂−1(pb)|. Let c be an outward path on ”A1 beginning
at pb. For each q ∈ f̂−1(pb) there exists at least one path starting at q and lifting
c by Lemma 7.5.1, and for some such q, there exist more than one germ of such
path. So in all there are > n distinct germs of paths ci lifting c. For b′′ along c
sufficiently close to b, the ci(b′′) are distinct; so n(f, b′′) > n. �

Proposition 7.5.6. Let f : C → A1 be a finite morphism of curves over a valued
field F . Let x0 ∈ C be a closed point where f is unramified, y0 = f(x0), and let c
be an outward path on ”A1, with c(∞) = y0. Let t0 be maximal such that c(t0) is a
forward-ramification point of f , or t0 = −∞ if there is no such point. Then there
exists a unique F -definable path c′ : [t0,∞)→ “C with f̂ ◦ c′ = c, and c′(∞) = x0.

Proof. Let us first prove uniqueness . Suppose c′ and c′′ are two such paths. By
Lemma 7.4.1 and Lemma 7.4.5, c′(t) = c′′(t) for sufficiently large t. By continuity,
{t : c′(t) = c′′(t)} is closed. Let t1 be the smallest t such that c′(t) = c′′(t). Then
we have two germs of paths lifting c beginning with c′(t), namely the continuations
of c′, c′′. So c′(t) is a forward-branching point, and hence t ≤ t0. This proves
uniqueness on [t0,∞).
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Now let us prove existence. Since we are aiming to show existence of a unique
and definable object, we may increase the base field; so we may assume the base
field F |= ACVF.
Claim 1. Let P ⊆ (t0,∞] be a complete type over F , with n(f, a) = n

for a ∈ c(P ). Then there exist continuous definable c1, . . . , cn : P → “C with
f∗ ◦ ci = c, such that ci(α) 6= cj(α) for α ∈ P and i 6= j ≤ n.

Proof of the Claim. The proof is like that of Proposition 7.3.2, but we repeat it.
Let α ∈ P , and let b1, . . . , bn be the distinct points of “C with f(bi) = c(α). Then
since dim(C) = 1, rkQΓ(F (bi))/Γ(F ) ≤ 1, so α generates Γ(F (bi))/Γ(F ). Hence
by Theorem 2.8.2, tp(bi/ acl(F (α)) is stably dominated. By [13], Corollary 3.4.3
and Theorem 3.4.4, acl(F (α)) = dcl(F (α)). Thus tp(bi/F (α)) ∈ “C is α-definable
over F , and we can write tp(bi/F (α)) = ci(α). �

Claim 2. For each complete type P ⊆ (t0,∞], over F , there exists a neigh-
borhood (αP , βP ) of P , and for each y ∈ f̂−1(c(βP )) a (unique) F (y)-definable
(continuous) path c′ : (αP , βP )→ “C with f̂ ◦ c′ = c and c′(βP ) = y.

Proof of the Claim. For P = {∞} this again follows from Lemma 7.4.1 and
Lemma 7.4.4. For P a point, but not ∞, it follows from Lemma 7.5.1. There
remains the case that P does not reduce to a point. Say n(f, a) = n for a ∈ c(P ).
By Claim 1 there exist disjoint c1, . . . , cn on P with f̂ ◦ ci = c. By definability
of the space “C, and compactness, they may be extended to an interval (αP , βP ]
around P , such that moreover n(c(βP )) = n, and the ci(βP ) are distinct. So
{ci(βP ) : i = 1, . . . , n} = f̂−1(c(βP )); and the claim follows. �

Now by compactness of the space of types, (t0,∞] is covered by a finite union of
intervals (α, β) where the conclusion of Claim 2 holds. It is now easy to produce
c′, beginning at ∞ and glueing along these intervals. �

Remark 7.5.7. Here we continue the path till the first time t such that some
point of C above c(t) is forward ramified. It is possible to continue the path c′ a
little further, to the first point such that c′(t) itself is forward-ramified. However
in practice, with the continuity with respect to nearby starting points in mind,
we will stop short even of t0, reaching only the first t such that c(t) contains a
forward-ramified ball.

7.6. Construction of a deformation retraction. Let P1 have the standard
metric of Lemma 3.8.1, dependent on a choice of open embedding A1 → P1.
Define ψ : [0,∞] × P1 → P̂1 by letting ψ(t, a) be the generic of the closed ball
around a of valuative radius t, for this metric. By definition of the metric, the
homotopy preserves “O (in either of the standard copies of A1). We will refer to
ψ as the standard homotopy of P1.
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Given a Zariski closed subset D ⊂ P1, let ρ(a,D) = max{ρ(a, d) : d ∈ D}.
Define ψD : [0,∞]×P1 → P̂1 by ψD(t, a) = ψ(max(t, ρ(a,D)), a). In case D = P1

this is the identity homotopy, ψD(t, a) = a; but we will be interested in the case
of finite D. In this case ψD has Γ-internal image.

Let C be a projective curve over F together with a finite morphism f : C → P1

defined over F . Working in the two standard affine charts A1 and A2 of P1, one
may extend the definition of forward-branching points of f to the present setting.
The set of forward-branching points of f is contained in a finite definable set,
uniformly with respect to the parameters.

Proposition 7.6.1. Fix a finite F -definable subset G0 of “C, including all
forward-branching points of f , all singular points of C and all ramifications
points of f . Set G = f̂(G0) and fix a divisor D in P1 having a non empty
intersection with all balls in G (i.e. all balls of either affine line in P1, whose
generic point lies in G). Then ψD : [0,∞]× P1 → P̂1 lifts to a v + g-continuous
F -definable function [0,∞] × C → “C extending to a deformation retraction
H : [0,∞]× “C → “C onto a Γ-internal subset of “C.
Proof. Fix y ∈ P1. The function c′y : [0,∞] → P̂1 sending t to ψD(t, y) is v+g-
continuous. By Proposition 7.5.6, for every x in C there exists a unique (contin-
uous) path cx : [0,∞] → “C lifting c′f(x). This path remains within the preimage
of either copy of A1. By Lemma 9.1.1 with X = P1, it follows that the function
h : [0,∞] × C → “C defined by (t, x) 7→ cx(t) is v+g-continuous. By Lemma
3.7.3, h extends to a deformation retraction H : [0,∞] × “C → “C. To show that
H(0, C) is Γ-internal, it is enough to check that f̂(H(0, C)) is Γ-internal, which
is clear. �

8. Specializations and ACV 2F

8.1. g-topology and specialization. Let F be a valued field, and consider
pairs (K,∆), with (K, vK) a valued field extension of F , and ∆ a proper convex
subgroup of Γ(K), with ∆∩Γ(F ) = (0). Let π : Γ(K)→ Γ(K)/∆ be the quotient
homomorphism. We extend π to Γ∞(K) by π(∞) = ∞. Let K be the field K
with valuation π ◦ vK . We will refer to this situation as a g-pair over F .

Lemma 8.1.1. Let F be a valued field, V an F -variety, and let U ⊆ V be
ACVFF -definable. Then U is g-open if and only if for any g-pair K,K over F ,
we have U(K) ⊆ U(K). The field K may be taken to have the form F (a), with
a ∈ U .
Proof. One verifies immediately that each of the conditions is true if and only if
it holds on every F -definable open affine. So we may assume U is affine.

Assume U is g-open, and let K,K be a g-pair over F . If a ∈ V (K) and
a ∈ U(K), we have to show that a ∈ U(K). If F is trivially valued, let t be such
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that val(t) > val(K); then K(t),K(t) form a g-pair over F (t); so we may assume
F is not trivially valued. Further, KF alg,KF alg form a g-pair over F alg, so we
may assume F |= ACV F . As U is g-open, it is defined by a positive Boolean
combination of strict inequalities val(f) < val(g), and algebraic equalities and
inequalities over F . Since π is order-preserving on Γ∞, if π ◦ vK(f) < π ◦ vK(g)
then vK(f) < vK(g). The algebraic equalities and inequalities are preserved since
the fields are the same. Hence U(K) ⊆ U(K).

In the reverse direction, let W = V r U . Assume W ⊆ VFn is ACVFF -
definable, and for any g-pair K,K over F , W (K) ⊆ W (K). We must show that
W is g-closed, that is, defined by a finite disjunction of finite conjunctions of weak
valuation inequalities v(f) ≤ v(g), equalities f = g and inequalities f 6= g.

It suffices to show that any complete type q over F extending W implies a
finite conjunction of this form, which in turn implies W . Let q′ be the set of all
equalities, inequalities and weak valuation inequalities in q; by compactness, it
suffices to show that q′ implies W . Let a |= q′, and let K be the valued field
F (a). (We are done if a ∈ W , so we may take a ∈ U .) Let b |= q, and let
K = F (b). Since q′ is complete inasfar as ACF formulas go, F (a), F (b) are F -
isomorphic, and we may assume a = b and K,K coincide as fields. Any element
c of K can be written as f(a)/g(a) for some polynomials f, g. Let c, c′ ∈ K;
say c = f(a)/g(a), c′ = f ′(a)/g′(a). If vK(c) ≥ vK(c′) then vK(f(a)g′(a)) ≥
vK(f ′(a)g(a)); the weak valuation inequality vK(f(x)g′(x)) ≥ vK(f ′(x)g(x)) is
thus in q, hence in q′, so vK(f(a)g′(a)) ≥ vK(f ′(a)g(a)), and hence vK(c) ≥ vK(c′).
It follows that the map vK(c) 7→ vK(c) is well-defined, and weak order-preserving;
it is clearly a group homomorphism Γ(K)→ Γ(K), and is the identity on Γ(F ).
By the hypothesis, W (K) ⊆ W (K). Since b ∈ W (K), we have a ∈ W (K). But
a was an arbitrary realization of q′, so q′ implies W . �

Lemma 8.1.2. Let F0 be a valued field, V an F0-variety, and let W ⊆ V be
ACVFF0-definable. Then W is g-closed if and only if for any F ≥ F0 with F
maximally complete and algebraically closed, and any g-pair K,K over F such
that Γ(K) = Γ(F ) + ∆ with ∆ convex and ∆ ∩ Γ(F ) = (0), we have W (K) ⊆
W (K).

When V is an affine variety, W is g-closed iff W ∩ E is g-closed for every
bounded, g-closed, F0-definable subset of V .

Proof. The “only if” direction follows from Lemma 8.1.1. In the “if” direction,
suppose W is not g-closed. By Lemma 8.1.1 there exists a g-pair K,K over
F0 with W (K) 6⊆ W (K); further, K is finitely generated over F0, so Γ(K)⊗Q
is finitely generated over Γ(F0)⊗Q as a Q-space. Let c1, . . . , ck ∈ K be such
that val(c1), . . . , val(ck) form a Q-basis for Γ(K0)⊗Q/(∆ + Γ(F0))⊗Q. Let F =
F0(c1, . . . , ck). Then K,K is a g-pair over F , Γ(K) = Γ(F ) + ∆, and W (K) 6⊆
W (K). We continue to modify F,K,K. As above we may replace F by F alg.
Next, let K ′ be a maximally complete immediate extension of K, F ′ a maximally
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complete immediate extension of F , and embed F ′ in K ′ over F . Let K′ be the
same field as K ′, with valuation obtained by composing val : K ′ → valK ′ = valK
with the quotient map valK → valK/∆. Then K embeds in K′ as a valued field.
We have now the same situation but with F maximally complete. This proves
the criterion.

For the statement regarding bounded sets, suppose again that W is not g-
closed; let K,K be a g-pair as above, a ∈ W (K), a /∈ W (K). Then a ∈ V ⊂ An;
say a = (a1, . . . , an) and let γ = maxi≤n−val(ai). Then γ ∈ ∆ + Γ(F ) so γ ≤ γ′

for some γ′ ∈ Γ(F ). Let E = {(x1, . . . , xn) ∈ V : val(xi) ≥ −γ′}. Then E is
F -definable, bounded, g-closed, and W ∩ E is not g-closed, by the criterion. �

Corollary 8.1.3. Let W be a definable subset of a variety V . Assume whenever
a definable type p on W , viewed as a set of simple points on ”W , has a limit point
p′ ∈ “V , then p′ ∈”W . Then W is g-closed.

Proof. We will verify the criterion of Lemma 8.1.2. Let (K,∆),K be a g-pair,
over F with K finitely generated over F , and Γ(K) = ∆ + Γ(F ), F maximally
complete. Let a ∈ W (K). Let a′ be the same point a, but viewed as a point of
V (K). We have to show that a′ ∈ W (K). Let d = (d1, . . . , dn) be a basis for ∆.
Note tp(d/F ) has 0 = (0, . . . , 0) as a limit point, in the sense of Lemma 4.2.11.
Hence tp(d/F ) extends to an F -definable type q. Now tp(a/F (d)) is definable
by metastability; hence p = tp(a/F ) is definable. Since F is maximally complete
and Γ(K) = Γ(F ), p′ = tp(a′/F (d′)) is stably dominated by Theorem 2.8.2,
where d′ is d viewed in Γ(K). Furthermore, p′ is a limit of p. To check this, since
M is an elementary submodel and p, p′ are M -definable, it suffices to consider
M -definable open subsets of “V , of the form val(g) <∞, val(g) < 0 or val(g) > 0
with g a regular function on a Zariski open subset of V . If p′ belongs to such
an open set, the strict inequality holds of g(a′), and hence clearly of g(a); so p
belongs to it too. By assumption, p′ ∈”W , so a′ ∈ W . �

Lemma 8.1.4. Let F be a valued field, V an F -variety, and let U ⊆ V × Γ` be
ACVFF -definable. Then U is g-closed if and only if for any g-pair K,K over F ,
π(U(K)) ⊆ U(K).

Proof. If U is g-closed then the condition on g-pairs is also clear, since π is order-
preserving. In the other direction, let ‹U be the pullback of U to V ×VF`. Then
U is g-closed if and only if ‹U is g-closed. The condition π(U(K)) ⊆ U(K) implies‹U(K) ⊆ ‹U(K). By Lemma 8.1.1, since this holds for any g-pair (K,K), ‹U is
indeed g-closed. �

8.2. v-topology and specialization. Let F be a valued field, and consider
pairs (K,∆), with (K, vK) a valued field extension of F , and ∆ a proper convex
subgroup of Γ(K), with Γ(F ) ⊆ ∆. Let R = {a ∈ K : vK(a) > 0 or vK(a) ∈ ∆}.
Then M = {a ∈ R : vK(a) /∈ ∆} is a maximal ideal of R and we may consider
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the field K̃ = R/M , with valuation v
K̃

(r) = vK(a) for nonzero r = a + M ∈ K̃.
We will refer to (K, K̃) and the related data as a v-pair over F . For an affine F -
variety V ⊆ An, let V (R) = V (K)∩Rn. If h : V → V ′ is an isomorphism between
F -varieties, defined over F , then since F ⊆ R we have h(V (R)) = V ′(R). Hence
V (R) can be defined independently of the embedding in An, and the notion can
be extended to an arbitrary F -variety. We have a residue map π : V (R)→ V (K̃).
We will write π(x′) = x to mean: x′ ∈ V (R) and π(x′) = x, and say: x′ specializes
to x. Note that Γ(K̃) = ∆. If γ = vK(x) with x ∈ R, we also write π(γ) = γ if
vK(x) ∈ ∆, and π(γ) =∞ if γ > ∆.

Lemma 8.2.1. Let V be an F -variety, W an ACVFF -definable subset of V .
Then W is v-closed if for any (or even one nontrivial) v-pair (K, K̃) over F with
K̃ = F , π(W (R)) ⊆ W (K̃). The converse is also true, at least if F is nontrivially
valued.

Proof. Since ACVFF is complete and eliminates quantifiers, we may assumeW is
defined without quantifiers. By the discussion above, we may take V to be affine;
hence we may assume V = An.

Assume the criterion holds. Let b ∈ V (K̃)rW (K̃). If a ∈ V (R), b = π(a), then
a /∈ W . Thus there exists a Kalg-definable open ball containing a and disjoint
from W . Since F = K̃, we may view K̃ as embedded in R, hence take a = b. It
follows that the complement of W is open, so W is closed.

Conversely, assume W is v-closed, and let a ∈ W (R), b = π(a). Then b ∈
V (K̃). If b /∈ W , there exists γ ∈ Γ(F ) such that, in ACVFF , the γ-polydiskDγ(b)
is disjoint from W . However we have a ∈ Dγ(b), and a ∈ W , a contradiction. �

Lemma 8.2.2. Let U be a variety over a valued field F , let f : U → Γ∞ be
an F -definable function, and let e ∈ U(F ). Then f is v-continuous at e if and
only if for any v-pair K, K̃ over F and any e′ ∈ U(R), with π(e′) = e, we have
f(e) = π(f(e′)).

If F is nontrivially valued, one can take K̃ = F .
If f(e) ∈ Γ then in fact f is v-continuous at e if and only if it is constant on

some v-neighborhood of e.

Proof. Embed U in affine space; then we have a basis of v-neighborhoods N(e, δ)
of e in U parameterized by elements of Γ, with δ →∞.

First suppose γ = f(e) ∈ Γ. Assume for some nontrivial v-pair K,F and for
every e′ ∈ U(R) with π(e′) = e, we have f(e) = π(f(e′)). To show that f−1(γ)
contains an open neighborhood of e, it suffices, since f−1(γ) is a definable set, to
show that it contains an open neighborhood defined over some set of parameters.
Now if we take δ > Γ(F ), δ ∈ Γ(K), then any element e′ of N(e, δ) specializes to
e, i.e. π(e′) = e, hence f(e) = f(′e) and f−1(g) contains an open neighborhood.
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Conversely if f−1(γ) contains an open neighborhood of e, this neighborhood
can be taken to be N(e, δ) for some δ ∈ Q⊗Γ(F ). It follows that the criterion
holds, i.e. π(e′) = e implies e′ ∈ N(e, δ) so f(e′) = f(e), for any v-pair K, K̃.

Now suppose γ = ∞. Assume for some nontrivial v-pair K,F and for every
e′ ∈ U(R) with π(e′) = e, we have f(e) = π(f(e′)). We have to show that
for any γ′, f−1((γ′,∞)) contains an open neighborhood of e. It suffices to take
γ′ ∈ Γ(F ). Indeed as above, any element e′ of N(e, δ) must satisfy f(e′) > γ′,
since πf(e′) = ∞. Conversely, if continuity holds, then some definable function
h : Γ→ Γ, if e′ ∈ N(e, h(γ′)) then f(e′) > γ′; so if π(e′) = e, i.e. e′ ∈ N(e, δ) for
all δ > Γ(F ), then f(e′) > Γ(F ) so π(f(e′)) =∞. �

Remark 8.2.3. Let f : U → Γ be as in Lemma 8.2.2, but suppose it is merely (v-
to-g-)-continuous at e, i.e. the inverse image of any interval around γ = f(e) ∈ Γ
contains a v-open neighborhood of e. Then f is v-continuous at e.

Proof. It is easy to verify that under the conditions of the lemma, the criterion
holds: π(f(e′)) will be arbitrarily close to f(e), hence they must be equal. But
here is a direct proof. We have to show that f−1(γ) contains an open neighbor-
hood of e. If not then there are points ui approaching e with f(ui) 6= γ. By curve
selection we may take the ui along a curve; so we may replace U by a curve. By
pulling back to the resolution, it is easy to see that we may take U to be smooth.
By taking an étale map to A1 we find an isomorphism of a v-neighborhood of e
with a neighborhood of 0 in A1; so we may assume e = 0 ∈ U ⊆ A1. For some
neighborhood U0 of 0 in U , and some rational function F , we have f(0) = val(F )
for u ∈ U0 r 0. By (v-to-g-)-continuity we have f(0) =∞ or f(0) = val(F ) 6=∞
also. But by assumption γ 6= ∞. Now f = val(F ) is v-continuous, a contradic-
tion. �

Lemma 8.2.4. Let V be an F -variety, W ⊆ W ′ two ACVFF -definable subsets
of V . Then W ′ is v-dense in W if and only if for any a ∈ W (F ), for some v-pair
(K,F ) and a′ ∈ W ′(K), π(a′) = a.

Proof. Straightforward, but this and Lemma 8.2.5 will not be used and are left
as remarks. �

Lemma 8.2.5. Let Ube an algebraic variety over a valued field F , and let Z
be an F -definable family of definable functions U → Γ. Then the following are
equivalent:

(1) There exists an ACVFF -definable, v-dense subset U ′ of U such that each
f ∈ Z is continuous.

(2) For any K, K̃ such that (K̃, F ) and (K, K̃) are both v-pairs over F , for
any e ∈ U(F ), for some e′ ∈ U(K̃) specializing to e, for any f ∈ Z(K̃) and any
e′′ ∈ U(K) specializing to e′, we have f(e′′) = f(e′).
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Proof. Let U ′ be the set of points where each f ∈ Z is continuous. Then U ′ is
ACVFF -definable, and by Lemma 8.2.2, for K̃ |= ACVFF we have:
e′ ∈ U ′(K̃) if and only if for any f ∈ Z(K̃), any v-pair (K, K̃) and any e′′ ∈ U(K)
specializing to e′, f(e′′) = f(e′).

Thus (2) says that for any v-pair (K̃, F ), and any e ∈ U(F ), some e′ ∈ U ′(K̃)
specializes to e. By Lemma 8.2.4 this is equivalent to U ′ being dense. �

Lemma 8.2.6. Let U be an F -definable v-open subset of a smooth quasi-projective
variety V over a valued field F , let W be an F -definable open subset of Γm, let
Z be an algebraic variety over F , and let f : U ×W → “Z or f : U ×W → Γk∞
be an F -definable function. We consider Γm and Γk∞ with the order topology.
We say f is (v,o)-continuous at (a, b) ∈ U × W if the preimage of every open
set containing f(a, b) contains the product of a v-open containing a and an open
containing b. Then f is (v, o)-continuous if and only if it is continuous separately
in each variable. More precisely f is (v, o)-continuous at (a, b) ∈ U×W provided
that f(x, b) is v-continuous at a, and f(a′, y) is continuous at b for any a′ ∈ U ,
or dually that f(a, y) is continuous at b, and f(x, b′) is v-continuous at a for any
b′ ∈ W .

Proof. Since a base change will not affect continuity, we may assume F |= ACVF.
The case of maps into “Z reduces to the case of maps into Γ∞, by composing with
continuous definable maps into Γ∞, which determine the topology on “Z. For
maps into Γk∞, since the topology on Γk∞ is the product topology, it suffices also
to check for maps into Γ∞. So assume f : U×W → Γ∞ and f(a, b) = γ0. Suppose
f is not continuous at (a, b). So for some neighborhood N0 of γ0 (defined over F )
there exist (a′, b′) arbitrarily close to (a, b) with f(a′, b′) /∈ N0. Fix a metric on
V near a, and write ν(u) for the valuative distance of u from a. Also write ν ′(v)
for min |vi − bi|, where v = (v1, . . . , vm), b = (b1, . . . , bm). For any F ′ ⊇ F , let
r+

0 |F ′ be the type of elements u with val(a) < val(u) for every non zero a in F ′,
and let r−1 |F ′ be the type of elements v with 0 < val(v) < val(b) for every b in F ′
with val(b) > 0. Then r+

0 , r
−
1 are definable types, and they are orthogonal to each

other, that is, r+
0 (x)∪r−1 (y) is a complete definable type. Consider u, v ∈ A1 with

u |= r+
0 |F, v |= r−1 |F . Since F (u, v)alg |= ACVF, there exist a′ ∈ U(F (u, v)alg) and

b′ ∈ W (F (u, v)alg) such that ν(a′) ≥ val(u), ν ′(b′) ≤ val(v), and f(a′, b′) /∈ N0.
Note that any nonzero coordinate of a′ − a realizes r+

0 ; since r
+
0 is orthogonal

to r−1 and v |= r−1 |F (u), we have a′ − a ∈ F (u)alg, so a′ ∈ F (u)alg. Similarly
b′ ∈ Γ(F (v)alg). Say two points of Γ∞ are very close over F if the interval
between them contains no point of Γ(F ). By the continuity assumption (say the
first version), f(a′, b′) is very close to f(a′, b) (even over F (u)) and f(a′, b) is very
close to f(a, b) over F . So f(a′, b′) is very close to f(a, b) over F . But then
f(a′, b′) ∈ N0, a contradiction. �
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Corollary 8.2.7. More generally, let f : U × Γ`∞ × Γm → “Z be F -definable, and
let a ∈ U × {∞}`, b ∈ Γm. Then f is (v, o)-continuous at (a, b) if f(a, y) is
continuous at b, and f(x, b′) is (v, o)-continuous at a for any b′ ∈ W .

Proof. Pre-compose with IdU × val× IdW . �

Remark 8.2.8. It can be shown that a definable function f : Γn → Γ, continuous
in each variable, is continuous. But this is not the case for Γ∞. For instance,
|x− y| is continuous in each variable, if it is given the value ∞ whenever x =∞
or y =∞. But it is not continuous at (∞,∞), since on the line y = x+β it takes
the value β. By pre-composing with val× Id we see that Lemma 8.2.6 cannot be
extended to W ⊆ Γm∞.

8.3. ACV2F. We consider the theory ACV 2F of triples (K2, K1, K0) of fields
with surjective, non-injective places rij : Ki → Kj for i > j, r20 = r10 ◦ r21, such
that K2 is algebraically closed. We will work in ACV 2FF2 , i.e. over constants for
some subfield of K2, but will suppress F2 from the notation. The lemmas below
should be valid over imaginary constants too, at least from Γ.

We let Γij denote the value group corresponding to rij. Then we have a natural
exact sequence

0→ Γ10 → Γ20 → Γ21 → 0.

The inclusion Γ10 → Γ20 is given as follows: for a ∈ O21, val10(r21(a)) 7→ val20(a).
Note that if val10(r21(a)) = 0 then a ∈ O∗20 so val20(a) = 0. The surjection on the
right is val20(a) 7→ val21(a).

Note that (K2, K1, K0) is obtained from (K2, K0) by expanding the value group
Γ20 by a predicate for Γ10. On the other hand it is obtained from (K2, K1) by
expanding the residue field K1.

Lemma 8.3.1. The induced structure on (K1, K0) is just the valued field struc-
ture; moreover (K1, K0) is stably embedded. Hence the set of stably dominated
types “V is unambiguous for V over K1, whether interpreted in (K1, K0) or in
(K2, K1, K0).

Proof. Follows from quantifier elimination, cf. [13] Proposition 2.1.3. �

Lemma 8.3.2. let W be a definable set in (K2, K1) (possibly in an imaginary
sort).

(1) Let f : W → Γ2,∞ be a definable function in (K2, K1, K0). Then there
exist (K2, K1)-definable functions f1, . . . , fk such that on any a ∈ dom(f)
we have fi(a) = f(a) for some i.

(2) Let f : Γ21 → W be a (K2, K1, K0)-definable function. Then f is (K2, K1)-
definable (with parameters; see remark below on parameters).

In fact this is true for any expansion of (K2, K1) by relations R ⊆ Km
1 .
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Proof. We may assume (K2, K1, K0) is saturated.
(1) It suffices to show that for any a ∈ W we have f(a) ∈ dcl21(a), where

dcl21 refers to the structure M21 = (K2, K1). We have at all events that f(a)
is fixed by Aut(M21/K1, a). By stable embeddedness of K1 in M21, we have
f(a) ∈ dcl21(e, a) for some e ∈ K1. But by orthogonality of Γ21 and K1 in M21

we have f(a) ∈ dcl21(a).
(2) Let A be a base structure, and consider a type p over A of elements of

Γ21. Note that the induced structure on Γ21 is the same in (K2, K1, K0) as in
(K2, K1), and that Γ21 is orthogonal to K1 in both senses. For a |= p, b = f(a),
let g(b) be an enumeration of the (K2, K1)-definable closure of b within K1 (over
A). By orthogonality, g ◦ f must be constant on p; say it takes value e on p. Now
tp21(ab/e) |= tp21(ab/K1) by stable embeddedness of K1 within (K2, K1). By
considering automorphisms it follows that tp21(ab/e) |= tp210(ab/e), so tp21(ab/e)
is the graph of a function on p; this function must be f |p. By compactness, f is
(K2, K1)-definable. �

Remark 8.3.3. Let D be definable in (K2, K1, K0) over an algebraically
closed substructure (F2, F1, F0) of constants. If D is (K2, K1) definable
with additional parameters, then D is (K2, K1)-definable over (F2, F1). This
can be seen by considering that the canonical parameter must be fixed by
Aut(K2, K1, K0/F2, F1, F0).

Lemma 8.3.4. Let W be a (K2, K1)-definable set and let I be a definable subset
of Γ21 and let f : I×W → Γ21,∞ be a (K2, K1, K0)-definable function such that for
fixed t ∈ I, ft(w) = f(t, w) is (K2, K1)-definable. Then f is (K2, K1)-definable.

Proof. Applying compactness to the hypothesis, we see that there exist finitely
many functions gk, hk such that gk is (K2, K1)-definable, hk is definable, and that
for any t ∈ I for some k we have f(t, w) = gk(hk(t), w)). Now by Lemma 8.3.2 (2),
hk is actually (K2, K1)-definable too. So we may simplify to f(t, w) = Gk(t, w)
withGk a (K2, K1)-definable function. But every definable subset of I is (K2, K1)-
definable, in particular {t : (∀w)(f(t, w) = Gk(t, w))}. From this it follows that
f(t, w) is (K2, K1)-definable. �

Lemma 8.3.5. Let T be any theory, T0 the restriction to a sublanguage L0, and
let U |= T be a saturated model, U0 = U|L0. Let V be a definable set of T0. Let “V ,“V0 denote the spaces of generically stable types in V of T, T0 respectively. Then
there exists a map r0 : “V → “V0 such that r0(p)|U0 = (p|U)|L0. If A = dcl(A) (in
the sense of T ) and p is A-definable, then r0(p) is A-definable.

Proof. In general, a definable type p of T over U need not restrict to a defin-
able type of T0. However, when p is generically stable, for any formula φ(x, y)
of L0 the p-definition (dpx)φ(x, y) is equivalent to a Boolean combination of for-
mulas φ(x, b). Hence (dpx)φ(x, y) is U0-definable. The statement on the base of
definition is clear by Galois theory. �
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Returning to ACV 2F , we have:

Lemma 8.3.6. Let V be an algebraic variety over K1. Then the restriction map
of Lemma 8.3.5 from the stably dominated types of V in the sense of (K2, K1, K0)
to those in the sense of (K1, K0) is a bijection.

Proof. This is clear since (K1, K0) is embedded and stably embedded in
(K2, K1, K0). �

We can thus write unambiguously “V10 for V an algebraic variety over K1.
Now let V be an algebraic variety over K2. Note that K1 may be interpreted

in (K2, K0,Γ20,Γ10) (the enrichment of (K2, K0,Γ20) by a predicate for Γ10).

Lemma 8.3.7. Any stably dominated type of (K2, K0) in V over U generates
a complete type of (K2, K1, K0). More generally, assume T is obtained from T0

by expanding a linearly ordered sort Γ of L0, and that p0 is a stably dominated
type of T0. Then p0 generates a complete definable type of T ; over any base set
A = dcl(A) ≤M |= T , p0|A generates a complete T -type over A.

Proof. We may assume T has quantifier elimination. Then tp(c/A) is determined
by the isomorphism type of A(c) over A. Now since Γ(A(c)) = Γ(A), any L0-
isomorphism A(c)→ A(c′) is automatically an L-isomorphism. �

Lemma 8.3.8. Assume T is obtained from T0 by expanding a linearly ordered sort
Γ of L0, and that in T0, a type is stably dominated if and only if it is orthogonal
to Γ. Then the following properties of a type on V over U are equivalent:

(1) p is stably dominated.
(2) p is generically stable.
(3) p is orthogonal to Γ.
(4) The restriction p0 of p to L0 is stably dominated.

Proof. The implication (1) to (2) is true in any theory, and so is (2) to (3) given
that Γ is linearly ordered. Also in any theory (3) implies that p0 is orthogonal to
Γ, so by the assumption on T0, p is stably dominated, hence (4). Finally, given
that p0 is stably dominated and generates a type p of L (Lemma 8.3.7), it is clear
that this type is also stably dominated. Using the terminology from [14] p. 37,
say p is dominated via some definable ∗-functions f : V → D, with D a stable
ind-definable set of T0.

Since T is obtained by expanding Γ, which is orthogonal to D, the set D
remains stable in T . Now for any base A of T we have that p|A is implied by
p0|A, hence by (f∗(p0)|A)(f(x)), hence by (f∗(p)|A)(f(x)). So (4) implies (1). �

Lemma 8.3.9. For ACV 2F , the following properties of a type on V over U are
equivalent:

(1) p is stably dominated.
(2) p is generically stable.
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(3) p is orthogonal to Γ20.
(4) The restriction p20 of p to the language of (K2, K0) is stably dominated.

Proof. Follows from Lemma 8.3.8 upon letting T0 be the theory of (K2, K0). �

8.4. The map r21 : “V20 → “V21. Let V be an algebraic variety over K2. We have
on the face of it three spaces: “V2j the space of stably dominated types for (K2, Kj)

for j = 0 and 1, and “V210 the space of stably dominated types with respect to the
theory (K2, K1, K0). But in fact “V20 can be identified with “V210, as Lemmas 8.3.7
and 8.3.8 show. We thus identify “V210 with “V20.

By Lemma 8.3.5, we have a restriction map r21 : “V20 = “V210 → “V21. Note that
r21 is the identity on simple points. Note also that r21 is continuous.

We move towards the (K2, K1)-definability of the image of (K2, K1, K0)-
definable paths in “V .

Lemma 8.4.1. Let f : Γ20 → “V20 be (K2, K1, K0)-(pro-) definable. Assume
r21 ◦ f = f̄ ◦ π for some f̄ : Γ21 → “V21 with π : Γ→ Γ21 be the natural projection.
Then f̄ is (K2, K1)-(pro-) definable.

Proof. Let U be a (K2, K1)-definable set, and let g : V × U → Γ21 be definable.
We have to prove the (K2, K1)-definability of the map: (γ, u) 7→ g(f̄(α), u),
where g(q, u) denotes here the q-generic value of g(v, u). For fixed γ, this is just
u 7→ g(q, u) for a specific q = r21(p), which is certainly (K2, K1)-definable. By
Lemma 8.3.4, the map : (γ, u) 7→ g(f̄(α), u) is (K2, K1)-definable. �

Lemma 8.4.2. Let f : Γ20 → “V20 be a path. Then there exists a path f̄ : Γ21 →“V21 such that r21 ◦ f = f̄ ◦ π.
Proof. Let us first prove the existence of f̄ as in Lemma 8.4.1. Fixing a point
of Γ21, with a preimage a in Γ, it suffices to show that r21 ◦ f is constant on
{γ+a : γ ∈ Γ10}. Hence, for any φ(x, y) we need to show that γ 7→ π(f(γ+a)∗φ)
is constant in γ; or again that for any b, the map γ 7→ π(f(γ+a)∗φ(b)) is constant
in γ. This is clear since any definable map Γ10 → Γ21 has finite image, and by
continuity. By Lemma 8.4.1 f̄ is definable, it remains to show it is continuous.
This amounts, as the topology on “V is determined by continuous functions into
Γ, to checking that if g : Γ → Γ is continuous and (K2, K1, K0)-definable, then
the induced map Γ21 → Γ21 is continuous, which is easy. �

Example 8.4.3. Let a ∈ A1 and let fa : [0,∞]→ ”A1 be the map with fa(t) = the
generic of the closed ball around a of valuative radius t. Then r21◦fa(t) = fa(π(t)),
where on the right fa is interpreted in (K2, K1) and on the left in (K2, K0). Also,
if fγa (t) is defined by fγa (t) = fa(max(t, γ)) for then r21 ◦ fγa (t̄) = fπ(γ)

a (t̄).
Let P1 have the standard metric of Lemma 3.8.1. Given a Zariski closed set

D ⊂ P1 of points, recall the standard homotopy ψD : [0,∞]×P1 → P̂1 defined in
7.6.
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Lemma 8.4.4. For every (t, a) we have r21 ◦ ψD(t, a) = ψD(π(t), a), where on
the right ψ is interpreted in (K2, K1) and on the left in (K2, K0).

Proof. Clear, since πρ(a,D) = ρ21(a,D). �

Lemma 8.4.5. Let f : V → V ′ be an ACF-definable map of varieties over
K2. Then f induces f20 : “V20 → ”V ′20 and also f21 : “V21 → ”V ′21. We have
r21 ◦ f20 = f21 ◦ r21.

Proof. Clear from the definition of r21. �

8.5. Relative versions. Let V be an algebraic variety over U , with U an alge-
braic variety over K2, that is, a morphism of algebraic varieties f : V → U over
K2. We have already defined the relative space ’V/U . It is the subset of “V con-
sisting of types p ∈ “V such that f̂(p) is a simple point of “U . A map h : W →’V/U
will be called pro-definable (or definable) if the composite W → “V is. We en-
dow ’V/U with the topology induced by the topology of “V . In particular one can
speak of continuous, v-, g-, or v+g-continuous maps with values in ’V/U . Exactly
as above we obtain r21 : ’V/U20 →’V/U21, so that the restriction to a definable
element v0 ∈ V is the r21 previously defined on ”U0, with U0 the fiber over v0.

The relative version of all the above lemmas holds without difficulty:

Lemma 8.5.1. Let f : Γ20 →’V/U20 be (K2, K1, K0)-definable. Assume r21 ◦f =

f̄ ◦ π for some f̄ : Γ21 →’V/U21. Then f̄ is (K2, K1)-definable.

Proof. Same proof as Lemma 8.4.1, or by restriction. �

Lemma 8.5.2. For (continuous) paths f : Γ20 → ’V/U20 the assumption that
r21 ◦ f factors through Γ21 is automatically verified.

Proof. This follows from Lemma 8.4.2 since a function on U×Γ20 factors through
U × Γ21 if and only if this is true for the section at a fixed u, for each u. �

Example 8.4.3 goes through for the relative version ̂A1 × U/U , where now a
may be taken to be a section a : U → A1.

The standard homotopy on P1 defined in 7.6 may be extended fiberwise to a
homotopy ψ : [0,∞]×P1×U → ̂P1 × U/U , which we still call standard. Consider
now an ACF-definable (constructible) set D ⊂ P1×U whose projection to U has
finite fibers. One may consider as above the standard homotopy with stopping
time defined by D at each fiber ψD : [0,∞]× P1 × U → ̂P1 × U/U .

In this framework Lemma 8.4.4 still holds, namely:

Lemma 8.5.3. For every (t, a) we have r21 ◦ ψD(t, a) = ψD(π(t), a), where on
the right ψ is interpreted in (K2, K1) and on the left in (K2, K0).
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Finally Lemma 8.4.5 also goes through in the relative setting:
Lemma 8.5.4. Let f : V → V ′ be an ACF-definable map of varieties over U (and
over K2). Then f induces f20 : ’V/U20 → V̂ ′/U20 and also f21 : ’V/U21 → V̂ ′/U21.
We have r21 ◦ f20 = f21 ◦ r21. �

8.6. g-continuity criterion. Let F ≤ K2. Assume v20(F ) ∩ Γ10 = (0); so
(F, v20|F ) ∼= (F, v21|F ). In this case any ACVFF -definable object φ can be in-
terpreted with respect to (K2, K1)F or to (K2, K0)F . We refer to φ20, φ21. In
particular if V is an algebraic variety over F , then V20 = V21 = V ; “V is ACVFF -
pro-definable, and “V20, “V21 have the meaning considered above. If f : W → “V is
a definable function with W a g-open ACVFF -definable subset fo V , we obtain
f2j : W → “V2j, j = 0, 1. Let W21,W20 be the interpretations of W in (K2, K1),
(K2, K0). By Lemma 8.1.1 we have W21 ⊆ W20.
Lemma 8.6.1. Let V be an algebraic variety over F and W be a g-open ACVFF -
definable subset of V . Assume v20(F ) ∩ Γ10 = (0).

(1) An ACVFF -definable map g : W → Γ∞ is g-continuous if and only if
g21 = π ◦ g20 on W21.

(2) An ACVFF -definable map g : W × Γ∞ → Γ∞ is g-continuous if and only
if g21 ◦ π2 = π ◦ g20 on W21 × (Γ20)∞, where π2(u, t) = (u, π(t)), π being
the projection Γ20 → Γ21.

(3) An ACVFF -definable map f : W → “V is g-continuous if and only if
f21 = r21 ◦ f20 on W21.

(4) An ACVFF -definable map f : W × Γ∞ → “V is g-continuous if and only
if f21 ◦ π2 = r21 ◦ f20 W21 × (Γ20)∞.

Proof. (1) The function g is g-continuous with respect to ACVFF if and only if
for any open interval I of Γ21, U = g−1(I) is g-open. Let us start with an interval
of the form I = {x : x > val21(a)}, with a ∈ K2.

By increasing F we may assume a ∈ F . (We may assume F = F alg. There is
no problem replacing F by F (a) unless v20(F (a)) ∩ Γ10 6= (0). In this case it is
easy to see that v21(a) = v21(a′) for some a′ ∈ F , so we may replace a by a′.)

We view U as defined by g(u) > val(a) in ACVFF . By Lemma 8.1.1, U is g-
open if and only if U21 ⊆ U20, that is, g21(u) > val21(a) implies g20(u) > val20(a),
or, equivalently, g21(u) ≤ π(g20(u)). By considering intervals of the form I = {x :
x < val21(a)} one gets the similar statement for the reverse equality.

(2) Let G(u, a) = g(u, val(a)). Then g is g-continuous if and only if G is g-
continuous. The statement follows from (1) applied to G together with Lemma
8.4.1 and Lemma 8.4.2.

For (3) and (4), we pass to affine V , and consider a regular function H on V .
Let g(u) = f(u)∗(valH). Then f21 = r21 ◦ f20 if and only if for each such H we
have g21 = π ◦ g20; and f is g-continuous if and only if, for each such H, g is
g-continuous. Thus (3) follows from (1), and similarly (4) from (2). �
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Remark 8.6.2. A similar criterion is available when W is g-closed rather than
g-open; in this case we have W20 ⊆ W21, and the equalities must be valid on W21.
In practice we will apply the criterion only with g-clopen W .

As an example of using the continuity criteria, assume h : V → W is a finite
morphism of degree n between algebraic varieties of pure dimension d, with W
normal. For w ∈ W , one may endow h−1(w) with the structure of a multi-set
(i.e. a finite set with multiplicities assigned to points) of constant cardinality
n as follows. One consider a pseudo-Galois covering h′ : V ′ → W of degree n′
with Galois group G factoring as h′ = h ◦ p with p : V ′ → V finite of degree
m. If y′ ∈ V ′, one sets m(y′) = |G|/|Stab(y′)| and for y ∈ V , one sets m(y) =
1/m

∑
p(y′)=ym(y′). The function m on V is independent from the choice of the

pseudo-Galois covering h′ (if h′′ is another pseudo-Galois covering, consider a
pseudo-Galois covering dominating both h′ and h′′). Also, the function m on
V is ACF-definable. Let R be a regular function on V and set r = val ◦ R.
More generally, R may be a tuple of regular functions (R1, . . . , Rm), and r =
(val ◦R1, . . . , val ◦Rm). The push-forward r(h−1(w)) is also a multi-set of size n,
and a subset of Γm∞. Given a multi-set Y of size n in a linear ordering, we can
uniquely write Y = {y1, . . . , yn} with y1 ≤ . . . ≤ yn and with repetitions equal
to the multiplicities in Y . Thus, using the lexicographic ordering on Γn∞, we can
write r(h−1(w)) = {r1(w), . . . , rn(w)}; in this way we obtain definable functions
ri : W → Γ∞, i = 1, . . . , n. In this setting we have:

Lemma 8.6.3. The functions ri are v+g-continuous.

Proof. Note that if g : A→ B is a weakly order preserving map of linearly ordered
set, X is a multi-subset of A of size n and Y = g(X), then g(xi) = yi for i ≤ n.
It follows that both the v-criterion Lemma 8.2.2 and the g-criterion Lemma 8.6.1
(a) hold in this situation. �

Corollary 8.6.4. Let h : V → W be a finite morphism between algebraic varieties
of pure dimension d over a valued field, with W normal. Then ĥ : “V →”W is an
open map.

Proof. We may assume that W and hence V are affine. A basic open subset of “V
may be written as G = {p : (r(p)) ∈ U} for some r = (val ◦R1, . . . , val ◦Rm), Ri

regular functions on V , and some v+g-open definable subset U of Γn∞. Consider
the functions ri as in Lemma 8.6.3. By Lemma 8.6.3 they are v+g-continuous. By
Lemma 3.7.1, they extend to continuous functions “ri : ”W → Γ∞. Since w ∈ ĥ(G)

if and only if for for some i we have “ri(w) ∈ U , it follows that ĥ(G) is open. �

Note the necessity of the assumption of normality. If h is a a pinching of P1,
identifying two points a 6= b, the image of a small valuative neighborhood of a is
not open.
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Corollary 8.6.5. Let h : V → W be a finite morphism of algebraic varieties
of pure dimension d over a valued field, with W normal. Let ξ : V → Γn∞ be a
definable function. Then there exists a definable function ξ′ : W → Γm∞ such that
for any path p : I → “V , still denoting by ξ and ξ′ their canonical extensions to “V
and ”W , if ξ′ ◦ h ◦ p is constant on I, then so is ξ ◦ p.

Proof. Any definable function ξ : V → Γn∞ can be written ξ = d ◦ ξ∗, with ξ∗ :
V → ΓN∞ a v+g continuous function. (On Pn, the valuation of a rational function
f/g factors through val(f)−min(val(f), val(g), val(g)−min(val(f), val(g)).) So
we may assume ξ is continuous. Also, we can treat the coordinate functions
separately, so we may as well take ξ : V → Γ∞. Let d = deg(h), and define
ξ1, . . . , ξd on W as above, so that the canonical extension of ξi (still denoted by
ξi) is continuous on ”W and ξ(v) ∈ {ξ1(h(v)), . . . , ξd(h(v))}. Let ξ′ = (ξ1, . . . , ξd).
Now if ξ′ ◦ h ◦ p is constant on I, then ξ ◦ p takes only finitely many values, so by
definable connectedness of I it must be constant too. �

8.7. The map r10. Let V be an algebraic variety defined over a field F2 ⊆ O21.
This means that v21(a) ≥ 0 for a ∈ F2, so v21(a) = 0 for a ∈ F2, equivalently
v20(F×2 ) ⊆ Γ10. This is the condition of the v-criterion, cf. Lemma 8.2.1 and
the definitions above it, and Lemma 8.2.2. Let F1 = r21(F2), hence r21 induces
a field isomorphism res : F2 → F1. Let V1 be the conjugate of V under the field
isomorphism res, so (F2, V ) ∼= (F1, V1). We can also view V1 as the special fiber
of the O21-scheme V2⊗F2O21. As noted earlier, “V1 is unambiguous for varieties
over F1.

Recall “V20 = “V210. Now “V210 has a subset “VO = V̂ (O21) consisting of types
concentrating on V (O21). We have a definable map res : V (O21)→ V (K1). This
induces a map

r10 = res∗ : “VO → “V1.

Let Γ+
20 = {x ∈ Γ20∞ : x ≥ 0 ∨ x ∈ Γ10}. Define a retraction r10 : Γ+

20 → Γ10∞
by letting r10(x) = ∞ for x ∈ Γ+

20 r Γ10. Note that r10 is the same as the map
π of Lemma 8.2.2, and the “only if” direction of that lemma implies that r10 is
functorial with respect to maps of the form val ◦ g : V → Γ∞.

Lemma 8.7.1. Let W be an ACVFF2-definable subset of Pn × Γm∞. Let V be an
algebraic variety over F2, let X be an ACVFF2-definable subset of V and consider
an ACVFF2-definable map f : V →”W . Assume r10 ◦f20 = f10 ◦r10 at x whenever
x ∈ V (O21) and r10(x) ∈ X. Then f is v-continuous at each point of X. Hence
if f is also g-continuous, then the canonical extension F : “V →”W is continuous
at each point of X̂.

Proof. As in the proof of Lemma 3.7.1, to show that f is v-continuous at each
point of X it is enough to prove that for any continuous definable function c :”W → Γn∞, c ◦ f is v-continuous at each point of X. Since, by the functoriality
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noted above, the equation holds for c ◦ f , we may assume f : V → Γ∞. In this
case the statement follows from Lemma 8.2.2. The last statement follows directly
from Lemma 3.7.1. �

Remark 8.7.2. Let F (X) ∈ O21[X] be a polynomial in one variable, and let
f(X) be the specialization to K1[X]. Assume f 6= 0. Then the map r21 takes the
roots of F onto the roots of f . Indeed, consider a root of f ; we may take it to
be 0. Then the Newton polygon of f has a vertical edge. So the Newton polygon
of F has a very steep edge compared to Γ10. Hence it has a root of that slope,
specializing to 0.

The following lemma states that a continuous map on X remains continuous
relative to a set U that it does not depend on; i.e. viewed as a map on X × U
with dummy variable U , it is still continuous. This sounds trivial, and the proof
is indeed straightforward if one uses the continuity criteria; it seems curiously
nontrivial to prove directly.

For U a definable set and b ∈ U , let sb denote the corresponding simple point
of “U , i.e. the definable type x = b. For q ∈ “V , q⊗sb is the unique definable type
q(v, u) extending q(v) and sb(u).

Lemma 8.7.3. Let U and V be varieties, X a v+g-open definable subset of a
variety V ′, or of V ′ × Γ∞. Let f : X → “V be v+g-continuous, and let f̄(x, u) =

f(x)⊗su. Then f̄ : X × U → V̂ × U is v+g-continuous.

Proof. For g-continuity, we use Lemma 8.6.1 (3) and (4). We have f21 = r21 ◦
f20 on X21. Also for x ∈ X21, u ∈ U21, we have f̄21(x, u) = f21(x)⊗su, and
f̄20(x, u) = f20(x)⊗su. Moreover we noted that r21 is the identity on simple
points, so r21(p⊗sb) = r21(p)⊗sb in the natural sense. The criterion follows.

For v-continuity, Lemma 8.7.1 applies. Assume r10(x) ∈ X, so x ∈ X. Let
u ∈ U(O21). We have r10 ◦ f20(x) = f10 ◦ r10(x). Now r10(q⊗su) = r10(q)⊗sū,
where ū = r10(u), and r10(x, u) = (r10(x), ū), so the criterion follows. �

Recall that the map ⊗ : “U × “V → Û × V is well-defined but not continuous.
If f : I × “V → “V is a homotopy, let φ : I × V → “V be the restriction to simple
points, and let (φ⊗Id)(t, v, u) = φ(t, v)⊗u. By Lemma 8.7.3, (φ⊗Id) is v+g-
continuous. By Lemma 3.7.2, it extends to a homotopy ̂I × V × U → V̂ × U ,
which we denote f̂ × Id. We easily compute: f̂ × Id(t, p⊗q) = f(t, p)⊗q.

Let X and Y be definable subsets of U and V .

Corollary 8.7.4. Let f : I × X̂ → X̂, g : I ′ × “Y → “Y be two homotopies from
IdX , IdY to f0, g0, respectively, whose images S, T are Γ-internal. Then there
exists a homotopy h : (I + I ′)× X̂ × Y → X̂ × Y whose image equals S⊗T .

The canonical map π : X̂ × Y → X̂ × “Y is a homotopy equivalence.
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Proof. Recall I + I ′ is obtained from the disjoint union of I, I ′ by identifying
the endpoint 0I of I with the initial point of I ′. Let h be the concatenation
composition of f̂ × Id with Îd× g:

h(t, z) = f̂ × Id for t ∈ I, h(t, z) = Îd× g(t, f̂ × Id(0I , z)) for t ∈ I ′

So h(t, p⊗q) = f(t, p)⊗q for t ∈ I, and = f(0I , p)⊗g(t, q) for t ∈ I ′. In
particular, h(0I′ , p⊗q) = f(0I , p)⊗g(0I′ , q).

Since any simple point of X̂ × Y has the form a⊗b, we see that h(0I′ , X×Y ) ⊆
S⊗T . Hence for any r ∈ X̂ × Y , h(0I′ , r) is an integral over r of a function into
S⊗T . But as S⊗T is Γ-internal, and r is stably dominated, this function is
generically constant on r, and the integral is an element of S⊗T . Thus the final
image of h is contained in S⊗T .

Using again the expression for h(t, p⊗q) we see that if f(t, s) = s for s ∈ S
and g(t, y) = y for y ∈ T , then h(t, z) = z for all t and all z ∈ S⊗T . So the final
image is exactly equal to S⊗T .

For the final statement, we have a homotopy equivalence h0′ : X̂ × Y → S×T .
Moreover π ◦ h0′ = (f0 × g0′) ◦ π. Since (f0 × g0′) is a homotopy equivalence
and π|(S × T ) is a homeomorphism, π is the composition of three homotopy
equivalences (or their inverses), and so is a homotopy equivalence. �

Remark 8.7.5. When X, Y are v+g-closed and bounded, so that X̂ × Y is de-
finably compact, we conclude that the image S⊗T is definably compact. Since
the map X̂ × Y → X̂ × “Y is continuous, and the restriction to S⊗T is bijective,
it follows that S⊗T → S×T is a homeomorphism, in other words the restriction
of ⊗ to S × T is continuous. Now according to Theorem 10.1.1, homotopies can
be found so that S, T contain any given Γ-internal subset of X, Y . Hence the
restriction of ⊗ to S ′× T ′ is continuous whenever S ′, T ′ are Γ-internal subsets of
X̂, “Y . This can also be shown more directly using the semi-latttice representation
of Γ-internal sets.

9. Continuity of homotopies

9.1. Preliminaries. The following lemma will be used both for the relative curve
homotopy, and for the inflation homotopy. In the former case, X will be V r
Dver ∪ D0. Points of Dver ∩ D0 are fixed by the homotopy; over these points
unique lifting is clear, since a path with finite image must be constant.

Lemma 9.1.1. Let f : W → U be a morphism of varieties over some valued
field F . Let h : [0,∞] × U → “U be F -definable. Let H : [0,∞] ×W → ”W be
an F -definable lifting of h. Let Hw(t) = H(t, w) and hu(t) = h(t, u). Assume
for all w ∈ W , Hw and hf(w) are (continuous) paths and that Hw is unique path
lifting hf(w) with Hw(∞) = w. Let X be a g-open definable subset of U . Assume
h is g-continuous, and v-continuous on (respectively, at each point of) [0,∞]×X.
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Then H is g-continuous, and is v-continuous on (respectively at each point of)
[0,∞]× f−1(X) (we say a function is v-continuous on a subset, if its restriction
to that subset is v-continuous).

Proof. We first use the criterion of Lemma 8.6.1 (4) to prove g-continuity. We may
assume the data are defined over a subfield F of K2, such that v20(F )∩Γ10 = (0);
so (F, v20) ∼= (F, v21).

To show that H21 ◦ π2 = r21 ◦ H20, we fix w ∈ W . By Lemma 8.4.2, r21 ◦
H20(w, t) = H ′w ◦ π for some path H ′w. To show that H21(w, t) = H ′w(t), it is
enough to show that f ◦H ′w = hf(w). It is clear that H ′w(∞) = H20(∞) = w since
r21 preserves simple points. To see that f ◦H ′w = hf(w) it suffices to check that
f ◦H ′w ◦ π = hf(w) ◦ π, i.e. f ◦ r21 ◦H20(w, t) = r21 ◦ hf(w). Now f ◦ r21 ◦H20 =
r21 ◦ h20 = h21 ◦ π2. It follows that the g-continuity criterion for H is satisfied.

Let now use the v-continuity criterion in Lemma 8.7.1 above X,
(r10 ◦H20)(t, v) = (H10 ◦ r10)(t, v) whenever (f ◦ r10)(v) ∈ X. Fixing w = r10(v),
H10(t, w), for t ∈ Γ10, is the unique path lifting hf(w) and starting at w,
hence to conclude it is enough to prove that r10 ◦ H20(t, v) also has these
properties. But continuity follows from Lemma 9.1.2 and the lifting property
from Lemma 9.1.3. �

In the next two lemmas we shall use the notations and assumptions in 8.7. In
particular we will assume that v20(F×2 ) ⊆ Γ10,∞.

Lemma 9.1.2. Let V be a quasi-projective variety over F2. Let f : [0,∞] ⊂
Γ20∞ → “V20 be a (K2, K0)-definable path defined over F2, with f(∞) a simple
point p0 of “VO. Then:

(1) For all t, f(t) ∈ “VO.
(2) We have r10(f(t)) = r10(p0) for positive t ∈ Γ20 r Γ10.
(3) The restriction of r10 ◦ f to [0,∞] ⊂ Γ10∞ is a continuous (K1, K0)-

definable path [0,∞] ⊂ Γ10∞ → Γ10∞ → “V1.

Proof. Using base change if necessary and Lemma 6.3.1 we may assume V ⊆ An

is affine. So f : [0,∞] ⊂ Γ20∞ → ”An
20 and we may assume V = An.

To prove (1) and (2), by using the projections to the coordinates, one reduces
to the case V = A1. Let ρ(t) = v(f(t) − p0). Then ρ is a continuous function
[0,∞] → Γ∞, which is F -definable (in (K2, K0)), and sends ∞ to ∞. If ρ is
constant, there is nothing to prove, since f is constant, so suppose not. As Γ
is stably embedded, it follows that there is α ∈ Γ20(F ) ⊂ Γ10 such that for
allt ∈ [0,+∞], α ≤ ρ(t). Hence, if t ∈ [0,+∞]20, then v20(f(t) − p0) ≥ α, which
implies that f(t) ∈ ‘O21 as desired, and gives (1). Again, by F -definability and
since f is not constant, for some µ > 0 and β ∈ Γ20(F ), if t > β, then ρ(t) > µt.
Thus, when t > Γ10, then π(ρ(t)) = 0, i.e., r10(f(t)) = r10(p0).
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(3) Definability of the restriction of r10 ◦ f to [0,∞] ⊂ Γ10∞ follows directly
from Lemma 8.3.1. For continuity, note that if h is a polynomial on V = An, over
K1 and if H is a polynomial over O21 lifting h, then v20(H(a)) = v10(h(res(a)).
It follows that for t 6=∞ in [0,∞] ⊂ Γ10∞ continuity of f at t implies continuity
of r10 ◦ f .

In fact since (r10 ◦ f(t))∗h factors through π10(t) as we have shown in (2), the
argument in (3) shows continuity at ∞ too. To see this directly, one may again
consider a polynomial h on V = An over K1 and a lift H over O21, and also lift
an open set containing r10(p0) to one defined over a subfield F ′2 contained in O21.
The inverse image contains an interval (γ,∞), and since γ is definable over F ′2
we necessarily have γ ∈ Γ10. The pushforward by π10 of (γ,∞) contains an open
neighborhood of ∞. �

Lemma 9.1.3. Let f : V → V ′ be a morphism of varieties defined over F2. Then
f induces f20 : “V20 → “V ′20 and also f10 : “V1 → “V ′1 . We have r10 ◦ f20 = f10 ◦ r10.

Proof. In fact f20, f10 are just induced from restriction of the morphism f⊗F2O21 :
V ×F2 SpecO21 → V ′ ×F2 SpecO21, to the general and special fiber respectively,
and the statement is clear. �

Lemma 9.1.4. Let U be a projective variety over a valued field, D a divisor. Let
m be a metric on U , cf. Lemma 3.8.1. Then ρ(u,D) = sup{m(u, d) : d ∈ D} is
v+g-continuous.

Proof. Let ρ(u) = ρ(u,D). It is clearly v-continuous. Indeed, if ρ(u,D) = α ∈ Γ,
then ρ(u′, D) = α for any u′ with m(u, u′) > α. If ρ(u,D) =∞ then ρ(u′, D) > α
for any u′ with m(u, u′) > α. Let us show g-continuity by using the criterion in
Lemma 8.6.1. Let (K2, K1, K0), F be as in that criterion. Let u ∈ U(K2). We
have to show that ρ21(u) = (π ◦ ρ20)(u). Say ρ20(u) = m(u, d) with d ∈ D(K2).
Then m21(u, d) = π(m(u, d)) by g-continuity of m. Let α = π(m(u, d)) and
suppose for contradiction that ρ21(u) 6= α. Then m21(u, d′) > α for some d′. We
have again m21(u, d′) = π(m20(u, d′)) so m20(u, d′) > m20(u, d), a contradiction.

�

Remark 9.1.5. In the proof of Lemma 9.1.4, semi-continuity can be seen directly
as follows. Indeed, ρ−1(∞) = D which is g-clopen. It remains to show {u :
ρ(u,D) ≥ α} and {u : ρ(u,D) ≤ α} are g-closed. Now ρ(u,D) ≥ α if and only if
(∃y ∈ D)(ρ(u, y) ≥ α) ; this is the projection of a v+g-closed subset of U , hence
v+g-closed. The remaining inequality seems less obvious without the criterion,
which serves in effect as a topological refinement of quantifier elimination.

Lemma 9.1.6. Let h : “U × I → “U be a homotopy. Let γ : “U → I be a
definable continuous function. Let h[γ] be the cut-off, defined by h[γ](u, t) =
h(u,max(t, γ(u))). Then h[γ] is a homotopy.

Proof. Clear. �
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Lemma 9.1.7. Let U be an affine variety over some valued field F , f : U → Γ be
an F -definable function. Assume f is locally bounded on U , i.e. any u ∈ U has
a neighborhood in the valuation topology where f is bounded. Then there exists a
v+g-continuous F -definable function F : An → Γ∞ such that f(x) ≤ F (x) ∈ Γ
for x ∈ U .
Proof. Replacing f(u) by the infimum over all neighborhoods w of u of the supre-
mum of f on w, we may assume f is semi-continuous, i.e. {u : f(u) < α} is open.
Let (g1, . . . , gl) be generators of the coordinate ring of U , g(u) = min−(val(gi(u)))
Note that g(u) ∈ Γ for u ∈ U . Now

Uα = {x : g(x) ≤ α}
is v+g-closed and bounded, hence ”Uα is definably compact by Lemma 4.2.4. By
Lemma 4.2.16, since Uα is covered by the union over all γ ∈ Γ of the open
sets {x : f(x) < γ}, f is bounded on Uα; let f1(α) be the least upper bound.
Piecewise in Γ, f1 is an affine function. It is easy to find m ∈ N and c0 ∈ Γ such
that f1(α) ≤ mα + c0 for all α ≥ 0. Let F (x) = mg(x) + c0. �

9.2. Continuity on relative P1. To define the relative P1 homotopy over the
variety U , we require the following data: a line bundle L over U ; a trivialization
t0 of L over an open subset U0 of U ; E = P(L⊕ 1); so E is a P1-bundle over U ,
and the pullback E0 to U0 is trivial, E0 = U0×P1. We are further given a divisor
D0 on E, finite over U , that we take to contain the divisor at ∞ at each fiber,
ErL; and another divisor D on E, containing D0. Let Dver be the vertical part
of D, i.e. a divisor on U whose pullback to E is contained in D. We assume Dver

contains U rU0. Moreover we make use of a distinguished 0 and∞ in P1 so that
the notion of a ball and the standard homotopy are well-defined, cf. Lemma 3.8.1,
Lemma 7.6.1.

In practice we will have U = Pn−1, E will be the blowup of Pn at one point,
and D0 will be a divisor away from which inflation is possible.

Again consider the metric of Lemma 3.8.1 on P1 ⊃ A1. Let ψD : [0,∞]×E0 →
Ê0/U0 be the standard homotopy with stopping time defined by D at each fiber,
as defined above Lemma 8.5.3. We extend ψD to [0,∞]× E by ψD(t, x) = x for
x ∈ ErE0. Of course ψD is not continuous at a general point of ErE0, but we
wish to show that it is g-continuous, and v-continuous at X = E0 ∪D0.

Let Lu be the fiber of L at u. Note that the restriction of ψD to P1 = P(Lu⊕1)
fixes the point at ∞, and so leaves invariant the affine line Lu. Furthermore, if
hu(x) is a polynomial whose roots areD0∩Lu, then val(hu(x)) = val(hu(ψD(t, x)))
for all t (that is, ψD does not increase schematic distance from D0 on Lu). Indeed,
it suffices to show this for all t up to the stopping time of the homotopy ψu. Up
to this time, either ψu(t, x) = x or else ψu(t, x) is the generic of a certain ball b
around x, not containing any point of D and in particular of D0. Hence val(hu)
is constant on b.
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Lemma 9.2.1. The pro-definable map ψD : [0,∞] × E → “E is g-continuous on
[0,∞]× E and v-continuous at each point of [0,∞]×X for X = E0 ∪D0.

Proof. Since Dver is g-clopen g-continuity may be shown separately on Dver and
away from Dver. On Dver it is trivial since ψD is constant there. Away from Dver

it follows from Lemma 8.5.3 and Lemma 8.5.4, applying the g-criterion Lemma
8.6.1.

Let us note that v-continuity for the basic homotopy on P1, applied fiberwise
on P1×U0, is clear and that, by Lemma 9.1.6, ψD is also v-continuous over U0, i.e.
on E0. There remains to show v-continuity on D0. Let F2, r10, res be as in the
v-continuity criterion Lemma 8.7.1. Let a ∈ E(F2) with res(a) ∈ D0. If a /∈ E0

then ψD fixes a, so assume a ∈ E0(F2). As noted above, schematic distance from
D0 does not grow as ψD(t, ) is applied. Hence r10 maps this distance to ∞, so
r10 ◦ ψD(t, a) remains on D0 for all t. But by assumption D0 is finite on every
fiber; hence a (continuous) path on the fiber at res(a) remaining on D0, must be
constant. So r10 ◦ ψD(t, a) = res(a) = ψD(t, res(a)). �

Lemma 9.2.2. (1) Let f : W → U be a generically finite morphism of va-
rieties over a valued field F , with U a normal variety, and ξ : W → Γ∞
an F -definable map. Then there exists a divisor Dξ on U and F -definable
maps ξ1, . . . , ξn : U → Γ∞ such that any homotopy of W lifting a ho-
motopy of U fixing Dξ and the levels of the functions ξi also preserves
ξ.

(2) Let ξ : P1×U → Γ∞ be a definable map, with U an algebraic variety over
a valued field. Then there exists a divisor Dξ on U such that if Dξ ⊆ D
then the standard homotopy with stopping time defined by D preserves ξ.

Proof. (1) There exists a divisor D0 of U such that f is finite above the com-
plement of D0, and such that U r D0 is affine. By making D0 a component of
Dξ, we reduce to the case that U is affine, and f is finite. So W is also affine,
and ξ factorizes through functions of the form val(g), with g regular; hence ξ
can be assumed v+g-continuous, so that it induces a continuous function on “U .
Let ξi(u), i = 1, . . . , n, list the values of ξ on f−1(u). Let h be a homotopy of
W lifting a homotopy of U fixing Dξ and the levels of the ξi. Then for fixed
w ∈ W , ξ(h(t, w)) can only take finitely many values as t varies. On the other
hand t 7→ ξ(h(t, w)) is continuous, so it must be constant.

(2) As in (1) we may assume U is affine, and that ξ|A1 × U has the form
ξ(u) = valg, g regular on A1 × U . Here we take P1 = A1 ∪ {∞}; by adding
{∞} × U to Dξ we can ensure that ξ is preserved there, and so it suffices to
preserve ξ|A1 × U . Write g = g(x, u), so for fixed u ∈ U we have a polynomial
g(x, u); let Dξ include the divisor of zeroes of g. Now it suffices to see for each
fiber P1×{u} separately, that the standard homotopy fixing a divisor containing
the roots of g must preserve valg. This is clear since this standard homotopy fixes
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any ball containing a root of g; while on a ball containing no root of g, valg is
constant. �

9.3. The inflation homotopy.

Lemma 9.3.1. Let V be a quasiprojective variety over a valued field F , W be
closed and bounded F -pro-definable subset of “V . Let D and D′ be closed subva-
rieties of V , and suppose W ∩”D′ ⊆ D̂. Then there exists a v+g-closed, bounded
F -definable subset Z of V with Z ∩D′ ⊆ D, and W ⊆ “Z.
Proof. We assume V is affine. (We may take V = Pn; then find finitely many
affine open Vi ⊂ V and closed bounded Bi ⊂ Vi such that V = ∪iVi; given Zi
solving the problem for Vi, let Z = ∪i(Bi ∩ Zi).)

Choose a finite generating family (fi) of the ideal of regular functions vanishing
on D and set d(x,D) inf val(fi(x)) for x in V . Similarly, fixing a finite generating
family of the ideal of regular functions vanishing on D′, one defines a distance
function d(x,D′) to D′. Note that the functions d(x,D) and d(x,D′) may be
extended to x ∈ “V .

For α ∈ Γ, let Vα be the set of points x of V with d(x,D) ≤ α. LetWα = W∩”Vα.
Then Wα ∩D′ = ∅. So d(x,D′) ∈ Γ for x ∈ Wα. By Lemma 4.2.25 there exists
δ(α) ∈ Γ such that d(x,D′) ≤ δ(α) for x ∈ Wα. By Lemma 9.1.7 we may take δ
to be a continuous function. (In all uses of Lemma 9.1.7 within this proof, local
boundedness is easily verified.) Since any continuous definable function Γ → Γ
extends to a continuous function Γ∞ → Γ∞, we may extend δ to a continuous
function δ : Γ∞ → Γ∞. Also, since any such function is bounded by a continuous
function with value ∞ at ∞ we may assume δ(∞) =∞. Let

Z1 = {x ∈ V : d(x,D′) ≤ δ(d(x,D))}.
Let c be a realization of p ∈ W . We have c ∈ Z1 and Z1 ∩ D′ ⊆ D. Since,
by Lemma 4.2.9, W is contained in ”Z2 with Z2 a bounded v+g-closed definable
subset of V , we may set Z = Z1 ∩ Z2. �

Lemma 9.3.2. Let D be a closed subvariety of a projective variety V over a
valued field F , and assume there exists an étale map e : V rD → U , U an open
subset of An. Then there exists a F -definable homotopy H : [0,∞] × “V → “V
fixing D̂ (that is, such that H(t, d) = d for t ∈ [0,∞] and d ∈ D̂), with image
Z = H(0, “V ), such that for any subvariety D′ of V of dimension < dim(V ) we
have Z ∩”D′ ⊆ D̂. Moreover given a finite number of F -definable v-continuous
functions ξi : V r D → Γ, one can choose the homotopy such that the levels of
the ξi are preserved. If a finite group G acts on V over U , inducing a continuous
action on “V and leaving D and the fibers of e invariant, then H is G-equivariant.

Proof. Let I = [0,∞] and let h0 : I×An → ”An be the standard homotopy sending
(t, x) to the generic type of the closed polydisc of polyradius (t, · · · , t) around x.
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Denote by H0 : I × ”An → ”An its canonical extension (cf. Lemma 3.7.2). Note
the following fundamental inflation property of H0: if W is closed subvariety of
An of dimension < n, then, for any (t, x) in I ×”An, if t 6=∞, then H0(t, x) /∈”W .

By Lemma 7.4.1, Lemma 7.4.5 or Lemma 7.4.4, for each u ∈ U there exists
γ0(u) ∈ Γ such that h0(t, u) lifts uniquely to V rD beginning with any v ∈ e−1(u),
up to γ0(u). By Lemma 9.1.7 we can take γ0 to be v+g-continuous. For t ≥ γ0(u),
let h1(t, v) be the unique continuous lift.

Since ξi is v-continuous outside D, ξ−1
i ξi(v) contains a v-neighborhood of v. So

for some γ1(u) ≥ γ0(u), for all t ≥ γ1(u) we have ξi(h1(t, v)) = ξi(v). Again we
may use Lemma 9.1.7 to replace γ1 by a v+g-continuous function.

At this point we can cut off to h0[γ1]; this is continuous by Lemma 9.1.6, and
by Lemma 9.1.1, h1[γ1 ◦ e] is continuous on V rD. However we would like to fix
D and have continuity on D.

Let m be a metric on V , as provided by Lemma 3.8.1. Given v ∈ V let
ρ(v) = sup{m(d, v) : d ∈ D}. By Lemma 4.2.25 we have ρ : V r D → Γ. Let
γ2 : An → Γ, γ2 > γ1, such that for t ≥ γ2(u) we have d(h1(t, v)), v) > ρ(v) for
each v with e(v) = u. (So ρ(h1(t, v)) = ρ(v).) By Lemma 9.1.7 we can take γ2 to
be v+g-continuous.

Let H the canonical extension of h1[γ2 ◦ e] to V̂ rD × I provided by Lemma
3.7.2. We extend H to “V × I by setting H(t, x) = x for x ∈ D̂. We want to show
that H is continuous on “V . Since we already know it is continuous at each point
of the open set ̂(V rD)× I, it is enough to prove H is continuous at each point
of D̂ × I.

Let d ∈ D̂, t ∈ I. Then H(t, d) = d. Let G be an open neighborhood of d. G
may be taken to have the form: {x ∈ G0 : valr(x) ∈ J}, with J open in Γ∞, and
r a regular function on a Zariski open neighborhood G0 of d. So G = “G where
G is a v+g-open subset of V .

We have to find an open neighborhood W of (t, d) such that H(W ) ⊆ G. We
may take W ⊆ G× Γ∞, so we have H(W ∩ D̂) ⊆ G. Since the simple points of
W r D̂ are dense in W r D̂, it suffices to show that for some neighborhood W ,
the simple points are mapped to “G.

View d as a type (defined over M0); if z |= d|M0, then for some ε ∈ Γ,
H(B(z;m, ε)) ⊆ G. Fix ε, independently of z. Let W0 = {v ∈ V : B(v;m, ε) ⊆
G. Then W0 is v+g-open. Indeed the complement is {v ∈ V : (∃y)m(x, y) ≤
ε ∧ y ∈ (V r G)}. Now the projection of a (bounded) v+g-closed set is also
v+g-closed.

If there is no neighborhood W as desired, there exist simple points vi ∈ V rD,
vi → d, ti → t with H(ti, vi) /∈ G. Now ρ(vi) → ρ(d) = m(d,D) = ∞, so
H(ti, vi) = h1(γ2(e(vi))), and by the above m(H(ti, vi), vi) → ∞. So for large
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i we have H(ti, vi) ∈ ̂B(vi;m, ε), and also vi ∈ W0. So B(vi,m, ε) ⊆ G, hence
H(ti, vi) ∈ “G = G, a contradiction. This shows that H is continuous.

It remains to prove that if Z = H(0, “V ), then, for any subvariety D′ of V
of dimension < dim(V ), we have Z ∩”D′ ⊆ D̂. This follows from the inflation
property of H0 stated at the beginning, applied to e(D′ ∩ (V rD)).

The statement on the group action follows from the uniqueness of the contin-
uous lift. �

Remark 9.3.3. Lemma 9.3.2 remains true if one supposes only that D contains
the singular points of V . Indeed, one can find divisors Di with D = ∩iDi, and
étale morphisms hi : Di → An, and iterate the lemma to obtain successively
Z ∩D′ ⊆ D1 ∩ . . . ∩Di. In particular, when V is smooth, Lemma 9.3.2 is valid
for D = ∅.

9.4. Connectedness, and the Zariski topology. Let V be an algebraic vari-
ety over some valued field. We say a strict pro-definable subset Z of “V is definably
connected if it contains no clopen strict pro-definable subsets other than ∅ and
Z. We say that Z is definably path connected if for any two points a and b of
Z there exists a definable path in Z connecting a and b. Clearly definable path
connectedness implies definable connectedness. When V is quasi-projective and
Z = X̂ with X a definable subset of V , the reverse implication will eventually
follow from Theorem 10.1.1.

If X a definable subset of V , X̂ is definably connected if and only if X contains
no v+g-clopen definable subsets, other than X and ∅. Indeed, if U is a clopen
strict pro-definable subset of X̂, the set U ∩ X of simple points of U is a v+g-
clopen definable subset ofX, and U is the closure of U∩X. WhenX is a definable
subset of V , we shall say X̂ has a finite number of connected components if X
may be written as a finite disjoint union of v+g-clopen definable subsets Ui with
each Ûi definably connected. The Ûi are called connected components of X̂.

Lemma 9.4.1. Let V be a smooth algebraic variety over a valued field and let
Z be a nowhere dense Zariski closed subset of V . Then “V has a finite number
of connected components if and only if V̂ r Z has a finite number of connected
components. Furthermore, if “V is a finite disjoint union of connected components
Ûi then the Ûi r “Z are the connected components of V̂ r Z.

Proof. By Remark 9.3.3, there exists a homotopy H : I × “V → “V such that
its final image Σ is contained in V̂ r Z. Also, by construction of H, the simple
points of V rZ move within V̂ r Z, and so H leaves V̂ r Z invariant. Thus, we
have a continuous morphism of strict pro-definable spaces % : “V → Σ. If V is
a finite disjoint union of v+g-clopen definable subsets Ui with each Ûi definably
connected, note that each Ûi is invariant by the homotopyH. Thus, %(Ûi) = Σ∩Ûi
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is definably connected. Since Σ ∩ Ûi = Σ ∩ (Ûi r “Z) and any simple point
of Ui r Z is connected via H within Ûi r Z to Σ ∩ Ûi it follows that Ûi r “Z is
definably connected. For the reverse implication, assume V rZ is a finite disjoint
union of v+g-clopen definable subsets Vi with each V̂i definably connected. Then
%(V̂i) = Σ ∩ V̂i is definably connected. Let Ui denote the set of simple points in
%−1(Σ ∩ V̂i). Then Ûi is definably connected. �

Proposition 9.4.2. Let V be a quasi-projective variety over a valued field which
is connected for the Zariski topology. Then “V is definably connected.

Proof. We may assume V is irreducible. It follows from Bertini’s Theorem, cf.
[22] p. 56, that any two points of V are contained in a irreducible curve C on
X. So the lemma reduces to the case of irreducible curves, and by normalization,
to the case of smooth irreducible curves C. The case of genus 0 is clear using
the standard homotopies of P1. So assume C has genus g > 0. By Proposition
7.6.1 there is a retraction % : “C → Υ with Υ a Γ-internal subset. It follows from
Proposition 6.3.8 that Υ is a finite disjoint union of connected Γ-internal subsets
Υi. Denote by Ci the set of simple points in C mapping to Υi. Each Ci is a v+g-
clopen definable subset of C and Ĉi is definably connected, thus “C has a finite
number of connected components. Assume this number is > 1. Then ”Cg/Sym(g)

has also a finite number > 1 of connected components, since ”Cg may be written
has a disjoint union of the definably connected sets ̂Ci1 × · · · × Cig .

Let J be the Jacobian variety of C. There exist proper subvarieties W of Cg

and V of J , with W invariant under Sym(g), and a biregular isomorphism of
varieties (Cg rW )/Sym(g)→ J r V . By Lemma 9.4.1 ̂(Cg rW )/Sym(g) has a
finite number > 1 of connected components, hence also Ĵ r V . By Lemma 9.4.1
again, Ĵ would have a finite number > 1 of connected components. The group
of simple points of J acts by translation on Ĵ , homeomorphically, and so acts
also on the set of connected components. Since it is a divisible group, the action
must be trivial. On the other hand, it is transitive on simple points, which are
dense, hence on connected components. This leads to a contradiction, hence “C
is connected, which finishes the proof. �

It will be convenient to use the following terminology. Let Y ⊆ Γw∞ be a
definable set. By a z-closed subset of Y we mean one of the form Y ∩ [xi = ∞],
an intersection of such sets, or a finite union of such intersections. By a z-
irreducible set we mean a z-closed subset which cannot be written as the union
of two proper z-closed subsets. Any z-closed set can be written as a union of
z-closed z-irreducible sets; these will be called components. A z-open set is the
complement of a z-closed set Z. A z-open set is dense if its complement does not
contain any component of Y .
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Lemma 9.4.3. Let V be an algebraic variety over a valued field F and let f :
V → Γ∞ be a v+g-continuous F -definable function. Then f−1(∞) is a subvariety
of V .

Proof. Since f−1(∞) is v-closed, it suffices to show that it is constructible. By
Noetherian induction we may assume f−1(∞) ∩ W is a subvariety of W , for
any proper subvariety W of V . so it suffices to show that f−1(∞) ∩ V ′ is an
algebraic variety, for some Zariski open V ′ ⊂ V . In particular we may assume
V is affine, smooth and irreducible. Since any definable set is v-open away from
some proper subvariety, we may also assume that f−1(∞) is v-open. On the other
hand f−1(∞) is v-closed. The point ∞ is an isolated point in the g-topology, so
f−1(∞) is g-closed and g-open. By Lemma 3.6.4 it follows that ̂f−1(∞) is a
clopen subset of “V . Since “V is definably connected by Proposition 9.4.2, one
deduces that f−1(∞) = V or f−1(∞) = ∅, proving the lemma. �

Let Y be a definable subset of Γn∞. Define a Zariski closed subset of Y to be
a clopen subset of a z-closed subset of Y . By o-minimality, there are finitely
many such clopen subsets, the unions of the definably connected components.
A definable set X thus has only finitely many Zariski closed subsets; if X is
connected and z-irreducible, there is a maximal proper one.

2

Lemma 9.4.3 can be strengthened as follows:

Lemma 9.4.4. Let V be an algebraic variety over a valued field F and let f :
V → Y ⊂ Γn∞ be a v+g-continuous F -definable function. Then f−1(U) is Zariski
open (closed) in V , whenever U is Zariski open (closed) in Y .

Proof. It suffices to prove this with "closed". So U is a clopen subset of U ′, with U ′
z-closed. By Lemma 9.4.3, f−1(U ′) is Zariski closed; write f−1(U ′) = V1∪ . . .∪Vm
with Vi Zariski irreducbile. It suffices to prove the lemma for f |Vi, for each i; so
we may assume Vi = V is Zariski irreducible. By Lemma 9.4.2, f−1(U) = V . �

Here is a converse:

Lemma 9.4.5. Let X ⊂ Γn∞ and let β : X → “V be a continuous, pro-definable
map. Let W be a Zariski closed subset of “V . Then β−1(W ) is Zariski closed in
X.

Proof. Let F1, . . . , Fl be the nonempty, proper Zariski closed subsets of X. Re-
moving from X any Fi with Fi ⊆ β−1(W ), we may assume no such Fi exist.
By working separately in each component, we may assume X is connected, and
in fact z-irreducible. Moreover by induction on z-dimension, we can assume the

2This has nothing to do with the topology on Γn generated by translates of subspaces defined
by Q-linear equations, for which the name Zariski would also be natural. We will use this latter
topology little, and will refer to it as the linear Zariski topology on Γn, when required.
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lemma holds for proper z-closed subsets of X. Claim . β−1(W ) ∩ Fi = ∅ for
each i.
Otherwise, let P be a minimal Fi with nonempty intersection with β−1(W ). 3

Then, by induction, β−1(W ) ∩ P is Zariski closed in P . Any proper z-closed
subset of P meets β−1(W ) trivially; it follows that β−1(W ) ∩ P is a component
of P itself; as P is connected, β−1(W ) = ∅ or , β−1(W ) = P ; in the latter
case, P is contained in β−1(W ) and should have been removed from X. Thus
β−1(W ) ∩ Fi = ∅.

Say β−1(W ) ⊆ Γm∞ × {∞}` with m + l = n and m maximal, even allowing for
rearrangements of the coordinates. Then β−1(W )∩(xi =∞) = ∅ for i = 1, . . . ,m,
i.e. β−1(W ) ⊆ Γm × {∞l}. Projecting homeomorphically to Γm, we may assume
m = n and X ⊆ Γn. However, W is g-clopen, so β−1(W ) is g-clopen, i.e. clopen.
This implies that it is after all Zariski closed in X. �

Corollary 9.4.6. Let Υ be an iso-definable subset of “V , X a definable subset of
Γn∞, and let α : Υ → X be a pro-definable homeomorphism. Then α takes the
Zariski topology on Υ to the Zariski topology on X.

Proof. Follows from Lemma 9.4.4 and Lemma 9.4.5. �

10. The main theorem

10.1. Statement.

Theorem 10.1.1. Let V be a quasi-projective variety, X a definable subset of
V × Γ`∞ over some base set A ⊂ VF ∪ Γ. Then there exists an A-definable
deformation retraction h : I × X̂ → X̂ to a pro-definable subset Υ definably
homeomorphic to a definable subset of Γw∞, for some finite A-definable set w.
One can furthermore require the following additional properties for h:

(1) Given finitely many A-definable functions ξi : V → Γ∞, one can choose
h to respect the ξi, i.e. ξi(h(t, x)) = ξi(x) for all t. In particular, finitely
many subvarieties or more generally definable subsets U of X can be pre-
served, in the sense that the homotopy restricts to one of “U .

(2) Assume given, in addition, a finite algebraic group action on V preserving
X. Then the homotopy retraction can be chosen to be equivariant.

(3) When X = V and ` = 0, one may require that Υ is Zariski dense in V̂i in
the sense of 3.9, for every irreducible component of maximal dimension
Vi of V .

(4) The homotopy h satisfies condition (∗) of 5.3, i.e.: h(eI , h(t, x)) = h(eI , x)
for every t and x.

3More precisely, let Q be the z-closure of P ; then Q 6= X. As Zariski-closed in Q implies
Zariski-closed in X, Q ∩ β−1(W ) = ∅. Thanks to Zoé Chatzidakis for this comment.
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(5) Any element of Υ, viewed as a stably dominated type, has equal transcen-
dence degree and residual transcendence degree.

Remarks 10.1.2. (1) Without parameters, one cannot expect Z to be defin-
ably homeomorphic to a subset of Γn∞, since the Galois group may have
a nontrivial action on the cohomology of V , even on the Berkovich part.
(See the earlier observation regarding quotients.)

(2) Let π : V ′ → V be a finite morphism, and ξ′ : V ′ → Γm∞. Then, when
X = V one can find h as in the Theorem lifting to h′ : I ×”V ′ → ”V ′
respecting ξ′. To see this, let V ′′ → V ′ be such that V ′′ → V admits a
finite group action H, and V ′ is the quotient variety of some subgroup.
Find an equivariant homotopy of V̂ ′′, then induce homotopies on ”V ′ and
on “V . See Lemma 5.3.3 for the continuity of the induced homotopies, and
Lemma 2.2.5 for the isodefinability of their image.

(3) By Lemma 6.3.13 (and Remark 6.3.10), in (3) we can also take a proper
Γ-internal covering in place of a finite one.

(4) It is also possible to preserve an A-definable map ξ : V → Γw∞. There
exist definable sets Ui such that ξ|Ui is continuous, and such that ξ(u) is
a function from w onto some mi-element set. Moreover there exists a map
ξ′ : V → Γm∞ (where m = |w|) such that for v ∈ Ui, ξ′(v) is an mi-tuple in
non-decreasing order, enumerating the underlying set of the w-tuple ξ(v).
We can ask that H preserve the Ui and ξ′. Then along each path of H, ξ
is preserved up to a permutation of w, hence by continuity it is preserved.

(5) Item (5) means the following: let M be a valued field containing A∩VF,
with A ∩ Γ ⊂ val(M). Let p ∈ Υ(M) and view p as a stably dominated
type. Let c |= p|M and let M ′ = M(c). Let m be the residue field of M ,
and m′ of M ′. Then tr.degm(m′) = tr.deg.M(M ′) ≤ dim(V ). We cannot
ensure that the transcendence degrees equal dim(V ) because of possible
singularities of V ; see Theorem 11.1.1 (4).

10.2. Proof of Theorem 10.1.1: Preparation. The theorem reduces easily to
the case ` = 0 (for instance, take the projection of X to V , and add ξi describing
the fibers, as in the first paragraph of Lemma 6.3.13). We assume ` = 0 from
now on.

We may assume V is a projective variety4. By adding the valuation of the
characteristic function of X to the functions ξi, we can assume that any homo-
topy respecting the functions ξi must leave X invariant. After replacing V by
an equidimensional projective variety of the same dimension containing V and

4This uses in particular the existence of an equivariant projective completion for a finite
group action on an algebraic variety. In fact if a finite group H acts on an algebraic variety V
with projective completion V̄ , one can embed V diagonally in H × V where H acts on the left
coordinate, and take the Zariski closure of the image in H × V̄ .
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adding the valuation of the characteristic function of the lower dimensional com-
ponents of V to the functions ξ, one may also assume V is equidimensional.

Hence, we may assumeX = V is projective and equidimensional and we need to
find a deformation retraction preserving certain functions ξi, and a finite algebraic
group action H.

At this point we note that we can take the base A to be a field. Let F = VF(A)
be the field part. Then V and H are defined over F . Write ξ = ξγ with γ from
Γ. Let ξ′(x) be the function: γ 7→ ξγ(x). Clearly if the fibers of ξ′ is preserved
then so is each ξγ. By stable embeddedness of Γ, ξ′ can be coded by a function
into Γk for some k. And this function is F -definable. Thus all the data can be
taken to be defined over F , and the theorem over F will imply the general case.

We may assume F is perfect (and Henselian), since this does not change the
notion of definability over F .

We use induction on n = dim(V ). For n = 0, take the identity deformation
h(t, x) = x, w = V , and map a ∈ w to (0, . . . , 0,∞, 0, . . . , 0) with ∞ in the a’th
place.

We start with a hypersurface D0 of V containing the singular locus Vsing, and
such that there exists an étale morphism V rD0 → An, factoring through V/H5.

Note that the ξi factor through v+g-continuous functions into Γn∞. (If f, g
are homogeneous polynomials of the same degree, then val(f/g) is a function of
max(0, val(f) − val(g)) and max(0, val(g) − val(f)). The characteristic function
of a set defined by valfi ≥ valfj is the composition of the characteristic function
of xi ≥ xj on Γm∞, with the function (valf1, . . . , valfm).) Hence we may take
the ξi to be continuous. By enlarging D0, we may assume D0 contains ξ−1

i (∞)
(Lemma 9.4.3). Moreover, we can demand that D0 is H-invariant, and that the
set {ξi : i ∈ I} is H-invariant, by increasing both if necessary. Note that there
exists a continuous function m = (m1, . . . ,mn) : ΓI∞ → Γn∞ whose fibers are the
orbits of the symmetric group acting on I, namely m((xi)i∈I) = (y1, . . . , yn) if
(y1, . . . , yn) is a non-decreasing enumeration of (xi : i ∈ I), with appropriate
multiplicites. Then (m ◦ ξi : i ∈ I) is H-invariant. It is clear that a homotopy
preserving m ◦ ξ also preserves each ξi. Thus we may assume that each ξi is
H-invariant.

Let E be the blowing-up of Pn at one point. Then E admits a morphism
π : E → Pn−1, whose fibers are P1. We now show one may assume V admits a
finite morphism to E, with composed morphism to Pn−1 finite on D0.

Lemma 10.2.1. Let V be a projective variety of dimension n. Then V admits
a finite morphism π to Pn and there is a finite closed subset Z of V such that if
v : V1 → V denote the blow-up at Z, there exists a finite morphism m : V1 → E

5Such a D0 exists using generic smoothness, after choosing a separating transcendence basis
at the generic point of V/H.
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making the diagram
V1

m

��

v // V

π

��
E // Pn

commutative. Moreover, if a divisor D0 on V is given in advance, we may arrange
that π ◦ v is finite on v−1(D0). If a finite group H acts on V , we may take all
these to be H-invariant.

Proof. Let m be minimal such that V admits a finite morphism to Pm. If m > n,
choose a Pm−1 inside Pm, and a point neither on the Pm−1 nor on the image of
V ; and project the image of V to the Pm−1 through this point. Hence m = n, i.e.
there exists a finite morphism V → Pn.

Given a divisor D0 on V , choose a point z of Pn not on the image of this divisor.
The projection through this point to a Pn−1 contained in Pn, and not containing
z determines a morphism E → Pn−1. If V1 is the blow-up of V at the pre-image
Z of z, we find a morphism V1 → E; composing with E → Pn−1 we obtain the
required morphism. To arrange for H-invariance, apply the lemma to V/H. �

Hence we may find an H-equivariant birational morphism v : V1 → V , whose
exceptional locus lies above a finite subset of V , such that V1 admits a finite
morphism to E, and moreover the composed morphism to Pn−1 is finite over the
full pullback of D0.

Since only finitely many points of V are blown up, their pre-images are finitely
many subvarieties of V1. Thus, by Lemma 5.3.3, any deformation retraction of V1

leaving these invariant descends to a deformation retraction on V . Pulling back
the data of Theorem 10.1.1 to V1, and adding the above invariance requirement,
we see that it suffices to prove the theorem for V1. Hence we may assume that
V = V1, i.e. V admits a finite morphism to E, with composed morphism to Pn−1

finite on D0.

10.3. Construction of a relative homotopy Hcurves. We fix a non empty
open affine U0 subset of U = Pn−1 over which the restriction E0 of E may be
identified with U0 × P1. We also fix three points 0, 1,∞ in P1. We are now in
the setting of §9.2 with U = Pn−1. Recall that Dver denotes the vertical part of
a divisor D. For any divisor D on E such that Dver contains U rU0 we consider
ψD : [0,∞]× E → Ê/U as in §9.2.

Lemma 10.3.1. Let F be an A-iso-definable subset of Ê0/U0 such that F → U0

has finite fibers. There exists a divisor D′ on E0, generically finite over U0, such
that for every u in U0, for every x in F over u, the intersection of D′ with the
ball in P1

u corresponding to x is non empty.
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Proof. Recall we are working over a field-base A. By splitting F into two parts
(then taking the union of the divisors D′ corresponding to each part), we may
assume F ⊆ “O× U0 where O is the unit ball. Let a be a point in U0; so Fa ⊆ “O.

We claim that there exists a finite A(a)-definable subset D′a of O such that for
every x in Fa, the intersection of D′a with the ball in O corresponding to x is non
empty. If Fa contains some simple points, let D′a be the union of these simple
points. If it does not, and A(a) is trivially valued, any A-definable closed sub-ball
of O must have valuative radius 0, i.e. must equal O. In this case one may set
D′a = {0}. Otherwise, A is a nontrivially valued field, and so acl(A(a)) is a model
of ACVF. Hence, if we denote by F̃a the finite set of closed balls corresponding
to the points in Fa, for every b in F̃a, b ∩ acl(A(a)) 6= ∅, thus there exists a finite
A(a)-definable set such that D′a ∩ b 6= ∅ for every b in F̃a.

By compactness we get a constructible set D′′ finite over U0 with the required
property. Taking the Zariski closure of D′′ we get a Zariski closed set D′ generi-
cally finite over U0 with the required property. �

Lemma 10.3.2. There exists a divisor D′ such that, for any divisor D containing
D′ and such that Dver contains U r U0, ψD lifts to an A-definable map h :

[0,∞]× V →’V/U .
Proof. We proceed as in the proof of Proposition 7.6.1. Note that V → U is a
relative curve so that ’V/U is iso-definable over A by Lemma 7.1.3. For every u in
U write fu : Vu → P1

u for the restriction of V → E over u. There is an iso-definable
over A subset F0 of V̂0/U0 containing, for every point u in U0, all singular points
of Cu, all ramification points of fu and all forward-branching points of fu, and
such that the fibers F0 → U0 are all finite. Such an F0 exists by Lemma 7.5.4
(uniform finiteness of the set of forward-branching points). Let F be the image
of F0 in E0. Then D′ provided by Lemma 10.3.1 does the job. �

Let D be a divisor on E as in Lemma 10.3.2, and such that D contains the
image ofD0 in E. Then ψD lifts to an A-definable map hcurves : [0,∞]×V →’V/U .
By Lemma 9.2.2, after enlarging D, one can arrange that hcurves preserves the
functions ξi. Note that H-invariance follows from uniqueness of the lift. Denote
byDvert the preimage ofDver in V . By Lemma 9.1.1 and Lemma 9.2.1, hcurves is g-
continuous on [0,∞]×V and v-continuous at each point of [0,∞]×(VrDvert)∪D0.
By Lemma 3.7.3 the restriction of hcurves to [0,∞]× (V rDvert)∪D0 extends to
a deformation retraction Hcurves : [0,∞]× ̂(V rDvert) ∪D0 → ̂(V rDvert) ∪D0.
Since D0 is finite over U , the image Υcurves = hcurves(0, (V r Dvert) ∪ D0) is
iso-definable over A in ’V/U and relatively Γ-internal. Furthermore, the image
Hcurves(0, ( ̂V rDvert) ∪D0) is contained in Υ̂curves (we identify here Υ̂curves with
its image in “V , as above Lemma 6.3.13). By construction Hcurves(∞, x) = x for
every x and Hcurves satisfies (∗).
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Let xv : U → Γ∞ be a v+g-continuous A-definable function measuring the
valuative schematic distance to Dver in U , so that x−1

v (∞) = Dver; let xh :
V → Γ∞ be a similar distance function to D0. Note that xv is Γ-valued on
Υcurves r x−1

h (∞), and that {a ∈ Υcurves : xh(a) ∈ Γ, xv(a) ≤ α} is definably
compact for any α ∈ Γ, being the continuous image of a definably compact. Thus
Υcurves is σ-compact with respect to (xh, xv).

10.4. The base homotopy. By Lemma 6.3.13 there exists a finite pseudo-Galois
covering U ′ of U and a finite number of A-definable functions ξ′i : U ′ → Γ∞
such that, for I a generalized interval, any A-definable deformation retraction
h : I × U → “U lifting to a deformation retraction h′ : I × U ′ → Û ′ respecting
the functions ξ′i, also lifts to an A-definable deformation retraction I × Υ̂curves →
Υ̂curves respecting the restrictions of the functions ξi on Υcurves and the H-action.

Now by the induction hypothesis applied to U ′ and Gal(U ′/U), such a pair
(h, h′) does exist; we can also take it to preserve xv, the distance from Dvert. Set
hbase = h. Hence, hbase lifts to a deformation retraction

H
b̃ase

: I × Υ̂curves → Υ̂curves,

respecting the restrictions of the functions ξi and H, using the “moreover” in
Lemma 6.3.13. Recall the notion of Zariski density in “U , 3.9. By induction hbase
has a Γ-internal A-iso-definable final image Υbase and we may assume Υbase is
Zariski dense in “U . By Lemma 6.3.13 H

b̃ase
has a Γ-internal A-iso-definable final

image, and by induction we may assume H
b̃ase

satisfies (∗).
By composing the homotopies Hcurves and Hb̃ase

one gets an A-definable defor-
mation retraction

Hbc = H
b̃ase
◦Hcurves : I ′ × ̂(V rDvert) ∪D0 −→ “V ,

where I ′ denotes the generalized interval obtained by gluing I and [0,∞]. The
image is contained in the image of H

b̃ase
, but contains H

b̃ase
(I × ̂Υcurves/U), the

image over the simple points of U . As these sets are equal, the image is equal
to both, and is iso-definable and Γ-internal; we denote it Υbc. In general Υbc is
not definably compact, but it is σ-compact via (xh, xv), since Hb̃ase

fixes xv and
Υcurves is σ-compact with respect to the same functions.

Lemma 10.4.1. The subset Υbc is Zariski dense in “V .

Proof. Let Vi denote the irreducible components of V , π : ’V/U → U and π̂ : “V →“U denote the projections. By construction Hcurves respects the V̂i and there exists
an open dense subset U1 ⊆ U such that, for every x ∈ U1, π−1(x) ∩ Υcurves ∩ V̂i
is Zariski dense for every i. Thus, by the construction in the proof of Lemma
6.3.13, for every x ∈ ”U1, π̂−1(x) ∩ Υ̂curves ∩ V̂i is Zariski dense for every i. Pick
x ∈ Υbase which is Zariski dense in “U , then π̂−1(x)∩Υbc is Zariski dense in “V . �
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10.5. The homotopy in Γw∞. By Corollary 6.3.7, there exists an A-definable,
continuous, injective map α : Υbc → Γw∞, with image W ⊆ [0,∞]w, where w
is a finite A-definable set. We also have continuous A-definable maps v and
h : W → Γ∞, such that v ◦ α measures distance to Dver, and h ◦ α measures
distance to D0 (these functions, defined on V and hence on Υbc, may be taken to
factor through Γw∞).

For a ∈ Γw∞, and i ∈ w, we write xi(a) for the i’th coordinate ai. By adding two
points h, v to w (fixed by the group actions), we can assume that v = xv, h = xh
for some h, v ∈ w. We write [xi = xj] for {a ∈ [0,∞]w : xi(a) = xj(a)}, and
similarly [xi = 0], etc.

Since Υbc is σ-compact via (xh, xv), W is σ-compact with respect to (h, v). In
particular, W r [v =∞] is σ-compact via v, and hence closed in Γw∞ r [v =∞];
so W ∩ Γw is closed in Γw.

We let H act on W , so that α : Υbc → Γw∞ is equivariant. By re-embedding W
in Γw×H∞ , via w 7→ (σ(w) : σ ∈ H), we may assume H acts on the coordinate set
w, and the induced action of H on Γw∞ extends the action of H on W .

Entirely within Γw∞, we show the existence of deformations from a σ-compact
such as (W r [v = ∞]) ∪ [h = ∞] to a definably compact set. We begin with
W ∩ Γw.

Lemma 10.5.1. Let
W ′ = (W ∩ Γw) ∪ [h =∞].

There exists an A-definable deformation retraction HΓ : [0,∞]×W ′ → W ′ whose
image is a definably compact subset W0 of W ′ and such that HΓ leaves the ξi
invariant, fixes [h =∞], and is H-equivariant.

In this lemma, we take 0 to be the initial point, ∞ the final point. On Γ∞, we
view ∞ as the unique simple point. In this sense the flow will is still “away from
the simple points”, as for the other homotopies. Moreover, starting at any given
point, the flow will terminate at a finite time. The homotopy we obtain will in
fact be a semigroup action, i.e. HΓ(s,HΓ(t, x)) = HΓ(s + t, x), in particular it
will satisfy (∗) (in the form: HΓ(∞, HΓ(t, x)) = HΓ(∞, x)).

Proof. Find an A-definable cellular decomposition D of Γw, compatible withW ∩
Γw and with [xa = 0] and [xa = xb] where a, b ∈ w, and such that each ξi is linear
on each cell of D. We also assume D is invariant under both the Galois action
and the H-action on w. This can be achieved as follows. Begin with a finite set
of pairs (αj, cj) ∈ Qw × Γw, such that each of the subsets of Γw referred to above
is defined by inequalities of the form αjv−cj�j 0, where �j is < or > or =. Take
the closure of this set under the Galois action and the H-action. A cell of D is
any nonempty set defined by conditions αjv − cj �j 0, where �j is any function
from the set of indices to {<,>,=}. Such a cell is an open convex subset of the
affine hyperplane that it spans.
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Any bijection b : w → {1, . . . , |w|} yields a bijection b∗ : Γw → Γ|w|; the
image of cj under these various bijections depends on the choice of b only up
to reordering. Thus b∗(cj) gives a well-defined subset of Γ, which belongs to
Γ(A). Let A be the convex subgroup of Γ = Γ(U) generated by Γ(A), and let
B = Γ(U)/A. For each cell C of D, let βC be the image of C in Bw. Note that
βC may have smaller dimension than C; notably, βC = (0) iff C is bounded. At
all events βC is a cell defined by homogeneous linear equalities and inequalities.
When Γ(A) 6= (0), βC is always a closed cell, i.e. defined by weak inequalities.

For any C ∈ D, let C∞ be the closure of C in Γw∞. Let D0 be the set of cells
C ∈ D such that C∞ r Γw ⊆ [h = ∞]. Equivalently, C ∈ D0 if and only if for
each i ∈ w, an inequality of the form xi ≤ mh + c holds on C, for some m ∈ N
and c ∈ Γ. Other equivalent conditions are that xi ≤ mh on βC for some i, or
that there exists no e ∈ C with h(e) = 0 but xi(e) 6= 0. Let

W0 = ∪C∈D0C ∪ [h =∞].

It is clear that W0 is a definably compact subset of Γw∞, contained in W ′ =
Γw ∪ [h =∞].

More generally, define a quasi-ordering ≤C on w by: i ≤C j if for some m ∈ N,
xi(c) ≤ mxj(c) for all c ∈ βC. Since the decomposition respects the hyperplanes
xi = xj, we have i ≤C j or j ≤C i or both. Thus ≤C is a linear quasi-order.
Let β′C = βC ∩ [h = 0]. We have β′C = 0 iff h is ≤C-maximal iff C ∈ D0. If
C ∈ D0, let eC = 0. Otherwise, β′C is a nonzero rational linear cone, in the
positive quadrant. Let eC be the barycenter of β′C ∩ [

∑
xi = 1]. The choice is

thus H and Galois invariant.
For t ∈ Γ, we have teC := eCt ∈ Γw. If eC 6= 0 then ΓeC is unbounded in Γw,

so for any x ∈ V there exists t ∈ Γ such that x− tec /∈ C. Let τ(x) be the unique
smallest such t.

We will now define HΓ on each cell C ∈ D separately. For cells C ∈ D0, let
HΓ(t, x) = x be the constant homotopy.

Define HΓ : [0,∞]× C → Γw (separately on each cell C ∈ D) by induction on
the dimension of C, as follows. If C ∈ D0, HΓ(t, x) = x. Assume C ∈ D rD0.
If x ∈ C and t ≤ τ(x), let HΓ(t, x) = x − teC . So HΓ(τ(x), x) lies in a lower-
dimensional cell C ′. For t ≥ τ(x) let HΓ(t, x) = HΓ(t−τ(x), τ(x)). So HΓ(t′, x) ∈
C ′ for t ≥ τ(x). For fixed a, HΓ(t, a) thus traverses finitely many cells as t→∞,
with strictly decreasing dimensions.

We claim that HΓ is continuous on [0,∞] × Γw. To see this fix a ∈ C ∈ D

and let (t′, a′) → (t, a). We need to show that HΓ(t′, a′) → HΓ(t, a). By curve
selection it suffices to consider (t′, a′) varying along some line λ approaching (t, a).
For some cell C ′ we have a′ ∈ C ′ eventually along this line.

If a′ ∈ W0 then a ∈ W0 since W0 is closed. In this case we have HΓ(a′, t′) =
a′, HΓ(a, t) = a, and a′ → a tautologically. Assume therefore that a′ /∈ W0, so
C ′ /∈ D0, e′ 6= 0 (where e′ = eC′), and τ(a′) 6=∞.
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Consider first the case: t′ ≤ τ(a′) (cofinally along λ). Then by definition we
have HΓ(t′, a′) = a′ − t′e′. Now C must be a boundary face of C ′, cut out from
the closure of C ′ by certain hyperplanes αjv − cj = 0 (j ∈ J(C,C ′)). We have
αjv = cj for v ∈ C, and (we may assume) αjv ≥ cj for v ∈ C ′.

If γj = αje
′ > 0 for some j, fix such a j. As t′ ≤ τ(a′), we have αj(a′ − t′e′) =

αja
′ − γjt

′ ≥ cj, so t′ ≤ γ−1
j (αja

′ − cj). Now a′ → a so αja′ − cj → 0. Thus
t′ → 0, i.e. t = 0. So HΓ(t, a) = a, and HΓ(t, a) − HΓ(t′, a′) = a − (a′ − t′e′) =
(a− a′) + t′e→ 0 (as (t′, a′)→ (t, a) along λ).

The remaining possibility is that αje′ = 0 for each j ∈ J(C,C ′). So αjv = 0 for
each v ∈ β′C ′. Hence β′C ′ ⊆ βC. Since β′C ⊆ β′C ′, it follows that β′C = β′C ′

and so eC = eC′ . Now (t, x) 7→ x− te′ is continuous on all of Γ×Γw so on C ∪C ′,
and hence again HΓ(t′, a′)→ HΓ(t, a).

This finishes the case t′ ≤ τ(a′) (including τ(a′) = ∞). In particular, letting
a′′ = HΓ(a′, τ(a′)), we find that a′′ → a; and τ(a′) → t∗ for some t∗. Now by
induction on the dimension of the cell C ′, we haveHΓ(t′−τ(a′), a′′)→ HΓ(t−t∗, a);
it follows that HΓ(t′, a′)→ HΓ(t, a). This shows continuity on [0,∞]× Γw.

Note that if C ∈ DrD0, then ξi depends only on coordinates xi with xi ≤C h.
This follows from the fact that ξi is bounded on any part of C where h is bounded;
so ξi ≤ mh for some m. Since xi(eC) = 0 for i ≤C h, it follows that ξi is left
unchanged by the homotopy on C. So along a path in the homotopy, ξi takes only
finitely many values (one on each cell); being continuous, it must be constant.
In other words the ξi are preserved. The closures of the cells are also preserved,
hence, as W ∩ Γw is closed, W ∩ Γw is preserved by the homotopy.

Extend HΓ to W ′ by letting HΓ(t, x) = x for x ∈ W ′ r Γw. We argue that HΓ

is continuous at (t, a) for a ∈ W ′ r Γw, i.e. h(a) =∞. We have to show that for
a′ close to a, for all t, HΓ(t, a′) is also close to a. If a′ /∈ Γw we have HΓ(t, a′) = a′.
Assume a′ ∈ Γw; so a′ ∈ C for some C ∈ D. If C ∈ D0, again we have
HΓ(t, a′) = a′. Otherwise, there will be a time t′ such that HΓ(t′, a′) = a′′ /∈ C.
So a′′ will fall into a another cell, with lower v. We will show that HΓ(t, a′)
remains close to a for t ≤ τ(a′). In particular, a′′ is close to a; so (inductively)
HΓ(t, a′′) = HΓ(t′+ t, a) is close to a. Thus it suffices to show for each coordinate
i ∈ w that xi(a′) remains close to xi(a). If i ≤C′ h then the homotopy does
not change xi(a′) so (as a is fixed) we have xi(HΓ(t, a′)) = xi(a

′) → xi(a) =
xi(HΓ(t, a)). So assume h <C i. Since h(a) = ∞ we have h(a′) → ∞ and hence
xi(a

′) → ∞. So xi(a) = ∞ = xi(HΓ(t, a)). For any c = HΓ(t, a′), t ≤ τ(a′), we
have xi(c) ≥ h(c)/m = h(a′)/m. Since a′ → a, h(a′) is large, so xi(c) is large, i.e.
close to xi(a). This proves the continuity of HΓ on W ′. This ends the proof of
Lemma 10.5.1. �

Lemma 10.5.2. There exists a z-dense open subset W o in W such that with

W ′ = (W o r [v =∞]) ∪ [h =∞],
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there exists an A-definable deformation retraction HΓ : [0,∞]×W ′ → W ′ whose
image is a definably compact set W0 of W ′ and such that HΓ leaves the ξi invari-
ant, fixes [h =∞], and is H-equivariant.

Proof. First assume W is z-irreducible and is not contained in [v = ∞]. Let w0

be the set of all i ∈ w such that the i’th projection πi : W → Γ∞ does not take
the constant value ∞ on W . Clearly πo = Πi∈woπi is a homeomorphism on W
onto the image. Note that πo(W ) ∩ Γw

o is z-open and z-dense in πo(W ), and
disjoint from [v =∞]. Applying Lemma 10.5.1 to πo(W ) ∩ Γw

o and pulling back
by πo we obtain the required homotopy HΓ = HΓ,W .

In general let W = ∪νWν be the decomposition of W into components. For
each ν, let Hν = HΓ,Wν be as above. Note that the intersection of two components
is a proper subset of each. Let W o

ν = Wν r ∪ν′ 6=νWν′ . Then W o
ν is z-open and

z-dense in W o
ν . Let HΓ,W be the union of all Hν |W o

ν , over all components Wν

that are not contained in [v =∞] (equivalently, W o
ν has empty intersection with

[ν =∞]). The process in Lemma 10.5.1 and in the first paragraph of the present
lemma is entirely canonical, the retraction HΓ,W obtained this way is A-definable
and H-invariant. �

Note that since W0 is definably compact and contained in Γw ∪ [h = ∞], for
each i ∈ w there exists some mi ∈ N and ci ∈ Γ(A) such that xi ≤ mixh + ci on
W0 ∩ Γw. We will use these mi, ci below.

Lemma 10.5.3. Let Υ be a Γ-internal iso-definable subset of “V which is the
image of “V under an A-definable strong homotopy retraction. Assume Υ is Zariski
dense in “V in the sense of 3.9. Then there exists a continuous A-pro-definable
map β : “V → Γw

′
∞, injective on Υ, such that if Z ⊂ β(Υ) is a z-open dense subset

of Γw
′
∞, then β−1(Z) is a Zariski open dense subset of “V .

Proof. Let α : “V → Γw∞ be the composition of a retraction to Υ with an appro-
priate A-definable injective continuous map Υ → Γw∞ as provided by Corollary
6.3.7. Let C1, . . .Cr, be the irreducible components of V . For each Cj, let xj be
a valuative schematic distance function to Cj and let β(x) = (α(x), x1, . . . , xr).
By Lemma 9.4.3, β−1(Z) is Zariski closed if Z is z-closed. Hence the same holds
for z-open. If Z ⊂ Y is z-closed in Y = β(Υ) and contains no z-component of
Y , suppose β−1(Z) contains some Ĉj0 . Then β−1(Z) ∪ ∪j 6=j0”Cj contains Υ, so
Z ∪ ∪j 6=j0 [xj = ∞] contains Y . It follows that ∪j 6=j0 [xj = ∞] contains Y al-
ready. But then as ”Cj = β−1([xj =∞]) we have Υ ⊆ ∪j 6=j0”Cj, contradicting the
hypothesis on Υ. �

10.6. The inflation homotopy. By Lemma 9.3.2 there exists an A-definable
homotopy Hinf : [0,∞] × “V → “V respecting the functions ξi and the group
action H with image contained in ̂(V rDvert) ∪D0. (In fact, by Lemma 9.3.1
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the image is contained in “Z with Z a v+g-closed bounded definable subset of V
with Z ∩Dvert ⊆ D0.) We also require that the functions φi = min(xi,mixh + ci)
be preserved, for each i ∈ w. This is possible by the same lemma, since these
functions into Γ are continuous off D0. Now the restriction of φi to W0 is just the
i’th coordinate function; so α−1(W0) is fixed pointwise by Hinf . By construction
Hinf satisfies (∗).

We will define H as the composition (or concatenation) of homotopies

H = Hα
Γ ◦ ((H

b̃ase
◦Hcurves) ◦Hinf ) : I ′′ × “V → “V

where Hα
Γ is to be constructed, and I ′′ denotes the generalized interval obtained

by gluing [∞, 0], I ′ and [0,∞]. Being the composition of homotopies satisfying
(∗), H satisfies (∗).

Since the image of Hinf is contained in the domain of Hbc, the first composition
makes sense.

By construction, we have a continuous A-pro-definable retraction βbc from
̂(V rDvert) → Υbc, sending b to the final value of t 7→ Hbc(t, v). Furthermore,

by Lemma 10.4.1, Υbc is Zariski dense in “V . Applying Lemma 10.5.3 to Υbc let
β : ̂V rDvert → Γw∞ be a continuous A-pro-definable map, injective on Υbc, such
that if Z ⊂ β(Υbc) is a z-open dense subset of Γw∞, then β−1(Z) is a Zariski open
dense subset of “V . Denote by α the restriction of β to Υbc. Let W o be as in
Lemma 10.5.2. Then β−1(W o) is Zariski open and dense. Now for any Zariski
dense open O, the image Iinf of Hinf is contained in Ô ∪D0. Thus βbc(Iinf ) is a
definably compact subset of β−1(W o)∩Υbc. Note that β restricts to a homeomor-
phism α1 between this set and a definably compact subset W1 of W . One sets
Hα

Γ (t, x) = α−1
1 HΓ(t, α1(x)): in short, Hα

Γ is HΓ conjugated by α, restricted to an
appropriate definably compact set. So H is well-defined by the above quadruple
composition.

Since Hinf fixes α−1(W0), and W0 is the image of HΓ, Hinf fixes the image of
H. One the other hand Hbc fixes Υbc and hence the subset α−1(W0) ⊆ Υbc. Thus
H fixes its own image Υ = α−1(W0).

Any limit point q of Υ in Dvert is necessarily in D0, as one sees by applying α.
Hence Υ is definably compact and α is a homeomorphism from Υ to the definably
compact subset W0 of Γw∞.

We now check that Υ is Zariski dense in “V . Otherwise there would exist
a definable continuous function η : W ′ → Γ∞ such that W0 ⊆ η−1(∞) and
W ′ 6⊆ η−1(∞). Pick a point x in W ′ with η(x) finite. By construction of HΓ,
for some finite t0, HΓ(t0, x) lies in W0. This is a contradiction, since the function
t 7→ η(HΓ(t, x)) can only take finite values for finite t.

This ends the proof of Theorem 10.1.1, except for the verification of (5). If
p, q are stably dominated types satisfying (5), where p is M -definable, c |= p|M ,
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q is M(c)-definable, a |= q|M(c), and r is the unique stably dominated type
over M with tp(ca/M) = q|M (given by Lemma 2.5.5), then it is clear from the
definitions that r has property (5) too. Now (5) is clear for the homotopy on
a curve. Inductively it holds for the skeleton of the base homotopy. Hence by
transitivity it holds for each element of f Υbc, away from Dver, or on D0. Since
any element of Υ is in fact such an element of Υbc, one deduces (5). �

10.7. Variation in families. When h : X → Y is a pro-definable map, forming a
commutative diagram with mapsX → T , Y → T , the family of maps ht : Xt → Yt
obtained by restriction to fibers above t ∈ T is referred to as uniformly pro-
definable. We will be interested in the case where T is a definable set.

Consider a situation where (V,X) = (Vt, Xt) are given uniformly in a parameter
t, varying in a definable set T . For each t, Theorem 10.1.1 guarantees the existence
of a strong homotopy retraction ht : I×”Xt → ”Xt, and a definable homeomorphism
jt : Wt → ht(eI ,”Xt), with Wt a definable subset of Γw(t)

∞ . Such statements are
often automatically uniform in the parameter t. However here the pro-definable
ht is given by an infinite collection of definable maps, so compactness does not
directly apply. Nevertheless the proof is uniform in the parameter t. We state
this as a separate proposition.
Proposition 10.7.1. Let Vt be a quasi-projective variety, Xt a definable subset
of Vt×Γ`∞, definable uniformly in t ∈ T over some base set A. Then there exists
a uniformly pro-definable family ht : I ×”Xt → ”Xt, a finite set w(t) a definable
set Wt ⊆ Γw(t)

∞ , and jt : Wt → ht(0,”Xt), pro-definable uniformly in t, such that
for each t ∈ T , ht is a deformation retraction, and jt : Wt → ht(0,”Xt) is a
pro-definable homeomorphism.

Moreover, (1), (2) and (3) of Theorem 10.1.1 can be gotten to hold, if the ξi
and the group action are given uniformly.
Proof. The homotopy in the conclusion of Theorem 10.1.1 is a composition of four
homotopies; these in turn are obtained by composing a number of constructions.
The lemmas in these constructions have the following general form:

(∗) Let E1, E2, . . . , Ek be pro-definable sets over A; assume property P holds
of E = (E1, . . . , Ek); then there exists a pro-definable Y such that Q holds of
(E, Y ).

We have to check, in each case, the following:
(∗u) If A = A0(a), and if E = Ea is given uniformly in a and P (Ea) holds for

all a in some A0-definable set D, then Y can be taken to be uniformly definable
in a, and Q(Ea, Ya) holds for all a ∈ D.

Here if the property P involves itself an existential quantifier over a pro-
definable object, e.g. a bijection between a subset of Γn and E, then this bijection
should be taken as part of the data; similarly for the conclusion.
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There are two cases in which (∗) (proved for all A) automatically implies (∗u).
We can view E as a sequence (En) of definable sets, and similarly Y as a sequence
(Yn). Assume the property Q(E, Y ) is a (usually infinite) collection of first-order
sentences, in a language enriched with predicates for En, Yn; and similarly P .

Case (i): When Y in (∗) is definable rather than prodefinable, the uniformity
(∗u) follows from compactness.

This is the case in the lemmas on relative curves, since ’V/U is definable. It is
also the case for the homotopy within Γ, since again it lives entirely on a definable
set; and also for Lemma 10.3.1 and Lemma 10.3.2.

Case (ii): Assume in (∗) that Y not only exists but is unique, in the strong
sense that for any model of the theory, and any E with P (E), there exists at
most one Y = (Yn)n with Q(E, Y ). Then Beth’s theorem implies that Y is pro-
definable (as we are already assuming); but furthermore, since Beth’s theorem
applies to the incomplete theory with a constant for t, it implies that if the data
is uniformly definable then so is Y .

Examples where (ii) applies are Lemma 5.3.3 and Lemma 3.7.3.

For some lemmas, however, we do not know an a posteriori proof of automatic
uniformity, and have no better way than repeating the proof, dragging along an
additional parameter t. Let us consider the case of Lemmas 6.3.9 and 6.3.13
which are good examples, leaving the verification of the remaining lemmas to the
reader. The hypothesis of Lemma 6.3.9 includes the hypothesis that each fiber Xu

is Γ-internal; in the uniform version, we assume that this internality is uniform
in t, i.e. that there are uniformly t-definable bijections gu : Zu → Xu with Zu a
definable subset of Γn. Hence the second sentence of the proof of Lemma 6.3.9
goes through, i.e. compactness yields (m, d) such that τh ◦ gu is injective for all
u, t, and hence τh is injective. The rest of the proofs of these lemmas goes through
even more routinely. �

11. The nonsingular case

11.1. For definable sets avoiding the singular locus it is possible to prove the
following variant of Theorem 10.1.1. The proof uses the same ingredients but is
considerably simpler in that only birational versions of most parts of the con-
struction are required.

Given an algebraic variety V one denotes by Vsing its singular locus.

Proposition 11.1.1. Let V be a quasi-projective variety over a valued field F
and let X be a v-open F -definable subset of V , with empty intersection with Vsing.
Then there exists an F -definable homotopy h : I × X̂ → X̂ between the identity
and a continuous map to a pro-F -definable subset definably homeomorphic to a
definable subset of w′ × Γw, for some finite F -definable sets w and w′.
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Moreover,
(1) Given finitely many continuous F -definable functions ξi : X → Γ, one can

choose h to respect the ξi, i.e. ξi(h(t, x)) = ξi(x) for all t.
(2) Assume given, in addition, a finite algebraic group action on V preserving

X. Then the homotopy retraction can be chosen to be equivariant.
(3) If X is definably compact, the interval I can be taken to be the standard

interval [∞, 0], and h can be taken to be a deformation retraction.
(4) If V has dimension d at each point x ∈ X, then each point of the image

of h, viewed as a stably dominated type, has transcendence degree d.
In particular this holds for X = V when V is nonsingular.

Note that the conclusion mentions Γ rather than Γ∞. The finite set w′ can be
dispensed with if Γ(F ) 6= (0), or if X̂ is connected, but not otherwise, as can be
seen by considering the case when X is finite.

The proof depends on two lemmas. The first recaps the proof of Theo-
rem 10.1.1, but on a Zariski dense open set only. The second is a stronger form
of inflation, using smoothness, moving into the Zariski open.

Lemma 11.1.2. Let V be a quasi-projective variety defined over F . Then there
exists a Zariski open dense subset V0 of V , and an F -definable deformation re-
traction h : I × V̂0 → V̂0 whose image is a pro-definable subset, definably homeo-
morphic to an F -definable subset of w′ × Γw, for some finite F -definable sets w′
and w.

Moreover:
(1) Given finitely many F -definable functions ξi : V → Γ, one can choose h

to respect the ξi, i.e. ξi(h(t, x)) = ξi(x) for all t.
(2) Assume given, in addition, a finite algebraic group action on V preserving

X. Then V0 and the homotopy retraction can be chosen to be equivariant.

Proof. Find a Zariski open V1 with dim(V r V1) < dim(V ), and a morphism
π : V1 → U , whose fibers are curves. Let Hcurves be the homotopy described in
§10.3. It is continuous outside some subvariety U ′ of U with dim(U ′) < dim(U);
replace V1 by V1 = π−1(U ′). So Hcurves is continuous on V1; the image S1 is
relatively Γ-internal over U . By a (greatly simplified version of) the results of
§6, over some étale neighborhood U ′ of U , S1 becomes isomorphic to a subset of
U ′ × Γn∞.

Claim. On a Zariski dense open subset of V1, S1 is isomorphic to a subset of
U ′ × {1, . . . , N} × Γn.

Proof of the Claim. By removing a proper subvariety, we may assume V1 is a
disjoint union of irreducible components, and work within each component W
separately. The part of S1 mapping to U ′ × Γn is Zariski open in S1; if it is
not empty, by irreducibility of V1 it must be dense, and so we can move to this
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dense open set and obtain the lemma with N = 1. Otherwise S1 is isomorphic
to a subset of U ′ × ∂Γn∞, where ∂Γn∞ = Γn∞ r Γn. In this case we can remove
a proper subvariety and decompose the rest into finitely many algebraic pieces,
each mapping into one hyperplane at ∞ of Γn∞. �

We may thus assume S1 is isomorphic to a subset of U ′ × {1, . . . , N} × Γn.
Inductively, the lemma holds for U ′, so there exists a homotopy Hbase defined
outside some proper subvariety U ′′. Let V0 = V1rπ−1(U ′′). As in Theorem 10.1.1,
lift to a homotopy H

b̃ase
defined on S1∩ V̂0. The homotopies can be taken to meet

conditions (1) and (2). Composing, we obtain a deformation retraction of V0 to
a subset S, and a homeomorphism α : S → Z ⊂ {1, . . . ,M} × Γm, defined over
acl(A). We may assumeM > 1. As in Lemma 6.3.7 we can obtain an A-definable
homeomorphism into ({1, . . . ,M} × Γm)w. �

Lemma 11.1.3. Let V be a subvariety of Pn, and let a ∈ V be a nonsingular
point. Then the standard metric on Pn restricts to a good metric on V on some
v-open neighborhood of a.

Proof. For sufficiently large α, the set of points of distance ≥ α from a may be
represented as the O-points of a scheme over O with good reduction, whose special
fiber is irreducible, in fact a linear variety. �

Proof of Proposition 11.1.1. Let Hc be a homotopy as in Lemma 11.1.2, defined
on V0. In particular we obtain a continuous map f(0) : V0 → S0, where S0 is the
skeleton. Now S0 admits an continuous, 1-1 map g into Γw for some w. For large
t, let Hinf (v, t) be the generic type of the ball of valuative radius t around v.
Since X is v-open, Hinf (v, t) stays within X. As in the proof of Theorem 10.1.1,
find a continuous cutoff. Note that the image of Hinf is contained in V0. Let H
be the composition of Hc and Hinf .

Now assume X is definably compact. Then the image Iinf of X under Hinf is
bounded away from Z0 = V r V0, say at distance ≥ α0. In particular g ◦ f ◦ h0 is
a continuous map into Γ (where h0 is the final map of Hinf ). Now modify Hinf

so as to stop as soon as distance ≥ α0 from Z0 is reached. Then the image of X
under Hinf is still bounded away from Z0 at distance α0, but now all points at
such distance are fixed by Hinf . It follows that Hinf is a deformation retraction.
To ensure that the composition is also a deformation retraction we proceed as in
Theorem 10.1.1, composing with an additional homotopy internal to Γ.

Given any chain of composed homotopies h1 ◦ · · · · hm, by precomposing with
Hinf we obtain h1 ◦ · · · ◦ hm ◦ h, such that each hi, restricted to the image of
hi+1 ◦ · · · ◦ h, is constant on some semi-infinite interval [a,∞]. Thus as in §11.2
the intervals can be glued to a single interval. The homotopy internal to Γ is only
needed on a compact, where v is bounded, and hence requires a finite interval
too. �
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Remark 11.1.4 (A birational invariant). It follows from the proof of Proposi-
tion 11.1.1 that the definable homotopy type of ̂V r Vsing (or more generally of
̂X r Vsing when X is a v-open definable subset of V ) is a birational invariant of

V (of the pair (V,X)). This rather curiously complements a theorem of Thuillier
[27].

11.2. On the number of intervals. Our proof of Theorem 10.1.1 uses the
induction hypothesis for the base U , lifted to a certain o-minimal cover (using the
same generalized interval.) This is composed with three additional homotopies:
inflation, and the relative curve homotopy, and the homotopy internal to Γ. Each
of these use the standard interval from∞ to 0. The number h(n) of basic intervals
needed for an n-dimensional variety thus satisfies h(1) = 1, h(n+ 1) ≤ h(n) + 3,
so h(n) ≤ 3n− 2.

Observe that if I is a glueing of n intervals [−∞,∞], and f : I → “V is a path
which is constant on some [−∞, a] in each copy of [−∞,∞], and constant on some
[b,∞] in all but the right-most interval, then one can collapse the generalized
interval to an ordinary interval, and the path f is equivalent to one defined on
an interval [0,∞] ⊂ Γ∞. Similar considerations apply to homotopies.

For a homotopy whose interval cannot be simplified in this way, consider P1×P1.
With the natural choice of fibering in curves, the proof of Theorem 10.1.1 will
lead to an iterated homotopy to a point: first collapse to {point} × P1, then to
{point} × {point}.

Nevertheless one may ask if Theorem 10.1.1 remains true with homotopies using
a single standard interval [0,∞] ⊂ Γ∞. This is not important for our purposes but
may become so in future work involving higher resolution. At least on a smooth
projective variety V , the answer is likely to be positive; see Proposition 11.1.1.

12. An equivalence of categories

12.1. A semi-algebraic subset of “V is by definition a subset of the form X̂, where
X is a definable subset of V .

Let CV F be the category of semi-algebraic subsets of “V , V an algebraic variety;
the morphisms are pro-definable continuous maps. We could also say that the
objects are definable subsets of V , but the morphisms U → U ′ are still pro-
definable continuous maps “U → Û ′.

Let CΓ be the category of definable subsets X of Γw∞ (for various definable finite
sets w), with definable continuous maps. Any such map is piecewise given by an
element of GLn(Q) composed with a translation, and with coordinate projections
and inclusions x 7→ (x,∞) and x 7→ (x, 0). (If X is a definable subset of Γn∞ with
no irreducible components of dimension < n, and Y ⊆ Γw∞, then any definable
continuous map is piecewise given by an element of GLn(Q) composed with a
translation.)
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Let Ci
Γ be the category of separated Γ-internal definable subsets X of “V (for

various varieties V ) with definable continuous maps.
These categories can be viewed as ind-pro definable: more precisely ObC is an

ind-definable set, and for X, Y ∈ ObC , Mor(X, Y ) is a pro-ind definable set. But
usually we will be interested only in the subcategory consisting of A-definable
objects and morphisms. It can be defined in the same way in the first place, only
replacing “definable” by “A-definable”.

The three categories admit natural functors to the category TOP of topological
spaces with continuous maps.

There is a natural functor ι : CΓ → Ci
Γ, commuting with the natural functors

to TOP; namely, given X ⊆ Γn∞, let ι(X) = {pγ : γ ∈ X}, where pγ is as defined
above Lemma 3.4.2. By this lemma and Lemma 3.4.3, the map γ 7→ pγ induces
a homeomorphism X → ι(X).

Lemma 12.1.1. The functor ι is an equivalence of categories.

Proof. It is clear that the functor is fully faithful. The essential surjectivity follows
from Corollary 6.3.8. �

We now consider the corresponding homotopy categories HCV F , HCΓ and
HCi

Γ. These categories have the same objects as the original ones, but the mor-
phisms are factored out by (strong) homotopy equivalence. Namely two mor-
phisms f and g from X to Y are identified if there exists a generalized interval
I = [0, 1] and a continuous pro-definable map h : X × I → Y with h0 = f and
h1 = g. One may verify that composition preserves equivalence; the image of IdX
is the identity morphism in the category.

The equivalence ι above induces an equivalence HCΓ → HCi
Γ.

Lemma 12.1.2. For a definable X ⊆ Γw∞, let C(X) = {x ∈ Aw : val(x) ∈ X}.
Then the inclusion ι(X) ⊆ Ĉ(X) is a homotopy equivalence.

Proof. For t ∈ [0,∞] one sets H0 = Gm(O), H∞ = {1}, and for t > 0, with
t = val(a), Ht denotes the subgroup 1+aO of Gm(O). For x in C(X) one denotes
by p(Htx) the the unique Ht-translation invariant stably dominated type on Htx.
In this way one defines a homotopy C(X) × [0,∞] → Ĉ(X) by sending (x, t)

to p(Htx), whose canonical extension Ĉ(X) × [0,∞] → Ĉ(X) is a deformation
retraction with image ι(X). �

Theorem 12.1.3. The categories HCΓ and HCV F are equivalent by an equiva-
lence respecting the subcategories of definably compact objects.

To prove Theorem 12.1.3, we introduce a third category C2 whose objects are
pairs (X, π), with π : X → X a retraction (strongly homotopy equivalent to iden-
tity) with Γ-internal image. A morphism f : (X, π) → (X ′, π′) is a continuous
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definable map f : X → X ′ such that f ◦π = π′ ◦ f . We define a homotopy equiv-
alence relation ∼2 on MorC2((X, π), (X ′, π′)): f ∼2 g if there exists a continuous
pro-definable h : X × I → X ′, h0 = f, h1 = g, such that ht ◦ π = π′ ◦ ht for all
t. Again one checks that this is a congruence and that one can define a quotient
category, HC2.

There is an obvious functor C2 → CV F forgetting π, and also a functor C2 →
Ci

Γ, mapping (X, π) to π(X). One checks that the natural maps on morphisms are
well-defined and that they induce functors HC2 → HCV F and HC2 → HCi

Γ. To
prove the theorem, it suffices therefore to prove, keeping in mind Lemma 12.1.1,
that each of these two functors is essentially surjective and fully faithful, and to
observe that they restrict to functors on the definably compact objects, essentially
surjective on definably compact objects.

(If the categories are viewed as ind-pro-definable, these functors are morphisms
of ind-pro-definable objects, but we do not claim that a direct definable equiva-
lence exists.)

Lemma 12.1.4. The functor HC2 → HCV F is surjective on objects, and fully
faithful.

Proof. Surjectivity on objects is given by Theorem 10.1.1. Let (X, π), (X ′, π′) ∈
ObHC2 = ObC2. Let f : X → X ′ be a morphism of CV F . Then the com-
position π′ ◦ f ◦ π is homotopy equivalent to f , since π ∼ IdX and π′ ∼ IdX′ ,
and is a morphism of C2. This proves surjectivity of MorHC2((X, π), (X ′, π′))→
MorHCV F (X,X ′). Injectivity of this map is clear. �

Lemma 12.1.5. The functor HC2 → HCi
Γ is essentially surjective and fully

faithful.

Proof. To prove essential surjectivity it suffices to consider objects of the form
ι(X), with X ∈ ObCΓ. For these, Lemma 12.1.2 does the job.

Let (X, π), (X ′, π′) ∈ ObHC2 = ObC2. Let g : π(X) → π′(X ′) be a mor-
phism of CΓ. Then π′ ◦ g ◦ π : X → X ′ is a morphism of C2. So even
MorC2((X, π), (X ′, π′))→ MorCΓ

(X,X ′) is surjective.
To prove injectivity, suppose g,g2 : X → X ′ are C2-morphisms, and h : π(X)×

I → π′(X ′) is a homotopy between g1|π(X) and g2|π′(X ′). We wish to show that
g1 and g2 are C2-homotopic. Now for i = 1, 2, gi and π′giπ have the same image
in Mor(πX, π′X ′), and there is a homotopy between π′g1π and π′g2π as remarked
before. So we may assume gi = π′giπ for i = 1, 2. Define H : X × I → X ′ by
H(x, t) = π′h(π(x), t). This is a C2-homotopy between g1 and g2 showing that g1

and g2 have the same class as morphisms in HC2. �

12.2. Questions on homotopies over imaginary base sets. Is
Theorem 10.1.1 true over an arbitrary base?

Assume (V,X) are given as in Theorem 10.1.1, but over a base A including
imaginary elements. A homotopy hc is definable over additional field parameters
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c, satisfying the conclusion of Theorem 10.1.1 over A(c). By the uniformity
results of §10.7, there exists a A-definable set Q such that any parameter c ∈
Q will do. One can find a definable type q, over a finite extension A′ of A
(i.e. A′ = A(a′), a′ ∈ acl(A)). We know that q =

∫
r f , with r an A-definable

type on Γn, and f an A-definable r-germ of a function into “Q. Define h(t, v) =
limu∈r

∫
c|=f(u) fc(t, v). Then h(t, v) is an A′-definable homotopy. It seems that

the final image of h is Γ-parameterized, and has property (5) of Theorem 10.1.1;
isotriviality is likely to follow, and separatedness follows since one can take V to
be complete.

Similar issues arise when one tries to find a homotopy fixing a prescribed 0-
definable element of “V .

Moreover it is not clear if h can be found over A instead of acl(A).

13. Applications to the topology of Berkovich spaces

13.1. Berkovich spaces. Set R∞ = R ∪ {∞}. Let F be a valued field with
val(F ) ⊆ R∞, and let F = (F,R) be viewed as a substructure of a model of
ACVF (in the VF and Γ-sorts). Here R = (R,+) is viewed as an ordered abelian
group.

Let V be an algebraic variety over F , and let X be an F -definable subset of the
variety V . We define the Berkovich space BF (X) to be the space of types over F
that are almost orthogonal to Γ. Thus for any F -definable function f with values
in the Γ-sort and a |= p, we have f(a) ∈ Γ∞(F) = R∞. So f(a) does not depend
on a, and we denote it by f(p). We endow BF (X) with a topology by defining a
pre-basic open set to have the form {p ∈ X ∩ U : val(f)(p) ∈ W}, where U is an
affine open subset of V , f is regular on U , and W is an open subset of R∞. A
basic open set is a finite intersection of pre-basic ones.

When we wish to consider q ∈ BF (X) as a type, rather than a point, we will
write it as q|F.

When V is an algebraic variety over F , BF (V ) can be identified with the
underlying topological space of the Berkovich analytification of V ; see [9]. When
X is a definable subset of V , BF (X) is a semi-algebraic subset of BF (V ) in the
sense of [8]; conversely any semi-algebraic subset has this form.

An element of BF (X) has the form tp(a/F), where F(a) is an extension whose
value group remains R. To see the relation to stably dominated types, note that
if there exists a F-definable stably dominated type p with p|F = tp(a/F), then
p is unique; in this case the Berkovich point can be directly identified with this
element of X̂. If there exists a stably dominated type p defined over a finite Galois
extension F ′ of F , F′ = (F ′,R), with p|F = tp(a/F), then the Galois orbit of p is
unique; in this case the relation between the Berkovich point and the point of X̂
is similar to the relation between closed points of Spec(V ) and points of V (F alg).
In general the Berkovich point of view relates to ours in rather the same way that
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Grothendieck’s schematic points relates to Weil’s points of the universal domain.
We proceed to make this more explicit.

Let K be a maximally complete algebraically closed field, containing F , with
value group R, and residue field equal to the algebraic closure of the residue field
of F . Such a K is unique up to isomorphism over F by Kaplansky’s theorem,
and it will be convenient to pick a copy of this field K and denote it Fmax.

We have a restriction map from types over K to types over F. On the other
hand we have an injective restriction map from stably dominated types defined
over K, to types defined over K. Composing, we obtain a continuous map from
the set of stably dominated types in X defined over K to the set of types over F
on X:

πX : X̂(K)→ BF (X).

We shall sometimes omit the subscript when there is no ambiguity.

Lemma 13.1.1. Let X be an F -definable subset of an algebraic variety over F .
The mapping π : X̂(K)→ BF (X) is surjective.

Proof. If q lies in the image of π, then q = tp(c/F) for some c with tp(c/K)
orthogonal to Γ; hence Γ(F(c)) ⊆ Γ(K(c)) = Γ(K) = Γ(F).

Conversely, suppose q = tp(c/F) is almost orthogonal to Γ. Let L = F (c)max.
Then Γ(F) = Γ(F(c)) = Γ(L). The field K = Fmax embeds into L over F; taking
it so embedded, let p = tp(c/K). Then p is almost orthogonal to Γ, and q = p|F.
Since K is maximally complete, p is orthogonal to Γ, cf. Theorem 2.8.2. �

The Berkovich points can thus be viewed as a certain quotient of the stably
dominated points: Berkovich points of V over F are types over F of elements of“V . Conversely, provided we restrict attention to fields F with Γ(F ) archimedean,
the stably dominated points can be described in terms of the Berkovich points:
let CF be the category of valued field extensions F ′ of F with value group R. A
point of “V is a (proper class) function choosing a point aF ′ ∈ BF ′(V ), for any
F ′ ∈ CF ; such that aF ′ is functorial in F ′, i.e. for any valued field embedding
j : F ′ → F ′′, with induced map j∗ : V (F ′)→ V (F ′′), we have j∗(aF ′) = aF ′′ . If F
is not maximally complete, not every point of BK(V ) extends to such a functor.

Recall § 3.2, and the remarks on definable topologies there.

Proposition 13.1.2. Let X be an F -definable subset of an algebraic variety V
over F . Let π : “V (K)→ BF (V ) be the natural map. Then π−1(BF (X)) = X̂(K),
and π : X̂(K)→ BF (X) is a closed map. Moreover, the following conditions are
equivalent:

(1) X̂ is definably compact
(2) X is bounded and v+g closed
(3) X̂(K) is compact
(4) BF (X) is compact
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(5) BF (X) is closed in BF (V ′), where V ′ is any complete F -variety containing
V .

The natural map BF ′(X) → BF (X) is also closed, if F ≤ F ′ and Γ(F ′) ≤ R.
In particular, BF (X) is closed in BF (V ) iff BF ′(X) is closed in BF ′(V ).

Proof. We first consider the five conditions. The equivalence of (1) and (2) is
already known by Proposition 4.2.17. Assume (2). The topology on X̂ is induced
from a family of maps into Γ∞. These maps are all bounded on X, so they embed
X̂ into a product of spaces [a,∞] ⊂ Γ∞, hence X̂(K) into [a,∞] ⊂ R∞. By
Tychonoff’s theorem, X̂(K) is compact, (3). In this case, π is a closed map, and
we saw it is surjective, so BF (X) is compact, (4). Now the inclusion BF (X) →
BF (V ′) is continuous, and BF (V ′) is Hausdorff, so (4) implies (5).

On the other hand if (1) fails, let V ′ be some complete variety containing V ,
and let K = Fmax. There exists a K-definable type on X̂ with limit point q in”V ′ r X̂. So π(q) is in BF (V ′) and in the closure of BF (X), but not in BF (X).
This proves the equivalence of (1-5).

The equality π−1(BF (X)) = X̂(K) is clear from the definitions. Now the
restriction of a closed map π to a set of the form π−1(W ) is always closed, as a
map onto W . So to prove the closedness property of π, we may take X = V , and
moreover by embedding V in a complete variety we may assume V is complete.
In this case X = V is v+g-closed and bounded, so X̂(K) is compact by condition
(3). As BF (X) is Hausdorff, π is closed. The proof that BF ′(X) → BF (X)
is also closed is identical, and taking X = V we obtain the statement on the
base invariance of the closedness of X. We could alternatively use the proof of
Lemma 3.4.4. �

Proposition 13.1.3. Assume X andW are F-definable subsets of some algebraic
variety over F .

(1) Let h0 : X →”W be an F -definable function. Then h0 induces functorially
a function h̃ : BF (X) → BF (W ) such that πW ◦ h = h̃ ◦ πX ◦ i, with
i : X → X̂ the canonical inclusion.

(2) Any continuous F -definable function h : X̂ → ”W induces a continuous
function h̃ : BF (X)→ BF (W ) such that πW ◦ h = h̃ ◦ πX .

(3) The same applies if either X or W is a definable subset of Γn∞ and we
read BF (X) = X(F), respectively BF (W ) = W (F).

Proof. Define h̃ : BF (X) → BF (W ) as in Lemma 3.7.1 (or in the canonical
extension just above it). Namely, let p ∈ BF (X). We view p as a type over F,
almost orthogonal to Γ. Say p|F = tp(c/F). Let d |= h(c)|F(c). Since h(c) is
stably dominated, tp(d/F(c)) is almost orthogonal to Γ, hence so is tp(cd/F),
and thus also tp(d/F). Let h̃(c) = tp(d/F) ∈ BF (W ). Then h̃(c) depends only
on tp(c/M), so we can let h̃(p) = F (c).
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For the second part, let h0 = h|X be the restriction of h to the simple points.
By Lemma 3.7.2, h is the unique continuous extension of h0. Define h̃ as in (1).
Let πX : X̂(K) → BF (X) and πW : ”W (K) → BW (X) be the restriction maps
as above. It is clear from the definition that h̃(πX(p)) = πW (h(p)). (In case K
is nontrivially valued, this is also clear from the density of simple points, since
h̃ ◦ πX and πW ◦ h agree on the simple points of X̂(K).)

It remains to prove continuity. By the discussion above, π is a surjective, closed
map. Hence since h̃−1(U) = πX(π−1

X (h̃−1(U))), the continuity of h̃ follows from
that of h̃ ◦ πX .

(3) The proof goes through in both cases. �

Lemma 13.1.4. Let X be a F-definable subset of V × Γn∞ with V a variety over
F .

(1) Let f : X → Y be an F-definable map, q ∈ BF (Y ), and assume U is an
F-definable subset of X, and Ûb is closed in ”Xb for any b |= q|F. Then
BF (U)q is closed in BF (X)q.

(2) Similarly if g : X → Γ∞ is an F-definable function, and ĝ|X̂b is continuous
for any b |= q|F, then BF (g) induces a continuous map on BF (X)q → Γ∞.

(3) More generally, if g : X → V ′ is an F-definable map into some variety
V ′, and ĝ|Xb is v+g-continuous for any b |= q|F, then BF (g), by which we
mean BF of the graph of g, induces a continuous map BF (X)q : BF (X)q →
BF (Z).

Proof. Indeed if r ∈ BF (X)qrBF (U)q, let c |= r|F, b = f(c). We have c ∈ XbrUb,
so there exists a definable function αb : Xb → Γ∞ and an open neighborhood Ec
of αb(c) such that α−1

b (Eb) ⊂ Xb r Ub. By Lemma 3.4.4, αb can be taken to be
F(b)-definable, and in fact to be a continuous function of the valuations of some
F -definable regular functions, and elements of Γ(F). There exists a F-definable
function α on X with αb = α|Xb. Now α separates r from BF (U)q on BF (X)q,
showing that U is closed in BF (X)q.

The statement on continuity (2) follows immediately: if Z is a closed subset of
Γ∞, then g−1(Z) ∩”Xb is closed in each ”Xb, hence g−1(Z) ∩BF (U)q is closed.

The more general statement (3) follows since to show that a map into BF (Z)
is continuous, it suffices to show that the composition with BF (s) is continuous
for any definable, continuous s : Z ′ → Γ∞, Z ′ Zariski open in Z. �

We have the induced map f̃ : BF (X) → BF (Y ). Let BF (X)q = f̃−1(q), a
subspace of BF (X). Here is a version of Proposition 13.1.3 relative to the base
Y .

Lemma 13.1.5. Let X, Y andW be F-definable subsets of some algebraic variety
over F . Let fX : X → Y and fW : W → Y be given v+g-continuous, F-definable
maps, and h : X → Ŵ/Y an F-definable map inducing H : X̂/Y → Ŵ/Y .
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Assume H|X̂b is continuous for every b ∈ Y . Then for any q ∈ BF (Y ), h induces
a continuous function h̃q : BF (X)q → BF (W )q.

Proof. The topology on BF (W )q is induced from BF (W ), and this in turn is the
coarsest topology such that BF (g) is continuous for any v+g-continuous definable
g : W → Γ∞. Composing with BF (g), we see that we may assume W = Y ×Γ∞.
We have h : X → Γ∞, inducing H : X̂/Y → Γ∞, and assume H|X̂b is continuous
for b ∈ Y . We have to show that a continuous h̃q : BF (X)q → Γ∞ is induced.

In case the map X̂ → Γ∞ induced from h is continuous, by Lemma 13.1.3 h̃ is
continuous, and hence the restriction to each fiber BF (X)q is continuous.

In general, let X ′ be the graph of h, viewed as an isodefinable subspace of
X×Γ∞. The projection X ′ → W is continuous, so a natural, continuous function
BF (X ′)q → Γ∞ is induced, by the above special case. It remains to prove that the
projection map BF (X ′)q → BF (X)q is a homeomorphism (with inverse induced
by (x 7→ (x, f(x))). When q = b ∈ Y is a simple point, this follows from the
continuity of H|X̂b. Hence by Lemma 13.1.4, it is true in general. �

In the Berkovich category, as in §5.3 and throughout the paper, by deformation
retraction we mean a strong deformation retraction.

Corollary 13.1.6. (1) Let X be an F-definable subset of some algebraic va-
riety over F . Let h : I×X̂ → X̂ be an F-definable deformation retraction,
with image h(eI , X̂) = Z. Let I = I(R∞) and Z = Z(F). Then h induces
a deformation retraction h̃ : I×BF (X)→ BF (X) with image Z.

(2) Let X → Y be an F-definable morphism between F-definable subsets of
some algebraic variety over F . Let h : I×X̂/Y → X̂/Y be an F-definable
deformation retraction satisfying (∗), with fibers hy having image Zy. Let
q ∈ BF (Y ). Then h induces a deformation retraction h̃q : I× BF (X)q →
BF (X)q, with image Zq.

(3) Assume in addition there exists a definable Υ ⊆ Γn∞ and definable home-
omorphisms αy : Zy → Υ, given uniformly in y. Then Zq ∼= Υ.

Proof. (1) follows from Lemma 13.1.3; the statement on the image is easy to
verify. (2) follows similarly from Lemma 13.1.5. For (3), define β : X → Υ by
β(x) = αy(h(0I , x)) for x ∈ Xy, 0I being the final point of I. Then αy ◦ β(x) =
h(0I , x), β(h(t, x)) = β(x), β(α−1

y (x)) = x. Applying BF and restricting to the
fiber over q we obtain continuous maps β, α−1

y by Lemma 13.1.4; the identities
survive, and give the result. �

For our purposes, a Q-tropical structure on a topological space X is a homeo-
morphism of X with a subspace S of [0,∞]n defined as a finite Boolean combi-
nation of equalities or inequalities between terms ∑

αixi + c with αi ∈ Q, αi ≥
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0, c ∈ R. Since S is definable in (R,+, ·), X is homeomorphic to a finite simplicial
complex.

From Theorem 10.1.1 and Corollary 13.1.6 we obtain:

Theorem 13.1.7. Let X be an F -definable subset of a quasi-projective algebraic
variety V over a valued field F with val(F ) ⊆ R∞. There exists a deformation
retraction H : I × BF (X) → BF (X), whose image Z has a Q-tropical structure;
in particular it is homeomorphic to a finite simplicial complex.

We next state some functorial properties of the deformation retraction above.
Like Theorem 13.1.7, these were proved by Berkovich assuming the base field F is
nontrivially valued, and that X and Y can be embedded in proper varieties which
admit a pluri-stable model over the ring of integers of F . We thank Vladimir
Berkovich for suggesting these statements to us.

Whenever we write BF (V ), we assume val(F ) ≤ R, allowing the case that
val(F ) = 0.

Theorem 13.1.8. Let X and Y be quasi-projective algebraic varieties over a
valued field F with value group contained in R.

(1) There exists a finite separable extension F ′ of F such that, for any non-
Archimedean field F ′′ over F ′, the canonical map BF ′′(X⊗F ′′)→ BF ′(X⊗
F ′) is a homotopy equivalence. In fact, there exists a deformation retrac-
tion of BF ′(X) to S ′ as in Theorem 13.1.7 that extends to a deformation
retraction of BF ′′(X) to S ′′, for which the canonical map S ′′ → S ′ is a
homeomorphism.

(2) There exists a finite separable extension F ′ of F such that,
for any non-Archimedean field F ′′ over F ′, the canonical map
BF ′′(X × Y )→ BF ′′(X)×BF ′′(Y ) is a homotopy equivalence.

(3) For smooth X and a dense open subset U in X, the canonical embedding
BF (U)→ BF (X) is a homotopy equivalence.

Proof. Let S be the skeleton given in Theorem 10.1.1. According to this theorem,
there exists an F -definable embedding S → Γw∞, where w is a finite set. Let F ′
be a finite Galois extension of F , such that Aut(F alg/F ′) fixes each point of w.
Then there exists an F ′-definable bijection S → Γn∞, n = |w|. It follows that
S(F′′) = S(F′) whenever F′′ ≥ F is a valued field extension with Γ(F′′) = R. The
image of S in BF (X) is thus homeomorphic to S(F ′)/G where G = Aut(F ′/F ).
The image SF ′′ of S in BF ′′(X) is homeomorphic to S = S(F′).

Moreover, there exists a finite separable extension F ′ of F , such that S(F ′) =
S(F alg). Both of these statements are immediate from the F -definable bijection
S → Γw∞, where w is a finite set; it suffices to choose F ′ such that Aut(F alg/F ′)

fixes w pointwise. Note that the canonical map “V (K) → BF ′(V ) restricts to an
injective map on S, since S(K) ⊂ S(F ′).
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(1) The homotopy of Theorem 10.1.1 is F -definable, and so functorial on F ′′-
points for any F ′′ ≥ F . In particular for any F ≤ F ′ ≤ F ′′, the homotopy
of BF ′′(X) is compatible with the homotopy of BF ′(X) via the natural map
BF ′′(X) → BF ′(X) (restriction of types). The final image of the homotopies is
respectively SF ′′ and SF ′ ; we noted that these are homeomorphic images of S and
hence homeomorphic via the natural map.

(2) Follows in the same way from Corollary 8.7.4 (which was proved precisely
with the present motivation). The deformation retraction X̂ × Y → (S⊗T )
induces, over any F ′′ ≥ F , a deformation retraction on BF ′(X × Y ) whose image
is (S⊗T )/Aut(F alg/F ′′). If F ′′ ≥ F ′, the Galois action is trivial, so the image is
canonically homeomorphic to S⊗T ∼= S×T . The canonical map BF ′′(X ×Y )→
BF ′′(X)×BF ′′(Y ) is thus part of a commuting triangle where the other two maps
are homotopy equivalences, as in the proof of Corollary 8.7.4, so it is itself a
homotopy equivalence.

(3) The third item follows from Remark 11.1.4. �

The following result was previously known whenX is a smooth projective curve
[2]:

Theorem 13.1.9. Let X be an F -definable subset of a quasi-projective algebraic
variety V over a valued field F with val(F ) ⊆ R∞ and assume BF (X) is compact.
Then there exists a family (Xi : i ∈ I) of finite simplicial complexes embedded in
BF (X), where I is a directed partially ordered set, such that Xi is a subcomplex
of Xj for i < j, with deformation retractions πi,j : Xj → Xi for i < j, and
deformation retractions πi : BF (X) → Xi for i ∈ I, satisfying πi,j ◦ πj = πi for
i < j, such that the canonical map from BF (X) to the projective limit of the
spaces Xi is a homeomorphism.

Proof. Let the index set J consist of all F -definable continuous maps j : X̂ → X̂,
such that for some F -definable deformation retraction H as in Theorem 10.1.1,
we have j(x) = H(eI , x). For j ∈ J , let Sj = j(X̂), and Xj = Sj(F). Say that
j1 ≤ j2 if Sj1 ⊆ Sj2 . In this case, j1|Sj2 is a deformation retract Sj2 → Sj1 ;
let πj1,j2 be the induced map Xj2 → Xj1 . It is a deformation retraction. This
system is directed, i.e. given j and j′ there exists j′′ with j, j′ ≤ j′′. To see
this, given j and j′, let αj : Sj → Γw∞ be a definable injective map, and let j′′
belong to a homotopy respecting α1, α2, cf. Remark 10.1.2 (4). We have a natural
surjective map πj : BF (X)→ Xj for each j, induced by the mapping j; it satisfies
πi,j ◦πj = πi for i < j and it is a deformation retraction. This yields a continuous
and surjective map from θ : BF (X) → lim←−Xj. We now show that θ is injective.
Let p 6= q ∈ BF (X); view them as types almost orthogonal to Γ. For any open
affine U and regular f on U , for some α, either x /∈ U is in p or val(f) = α is in p;
this is because p is almost orthogonal to Γ. Thus as p 6= q, for some open affine
U and some regular f on U , either p ∈ U and q /∈ U , or vice versa, or p, q ∈ U
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and for some regular f on U , f(x) = α ∈ p, f(x) = β ∈ q, with α 6= β. Let H
be as in Theorem 10.1.1 respecting U and val(f), and let j be a corresponding
retract. Then clearly πj(p) 6= πj(q). Thus, θ is a continuous bijection and by
compactness it is a homeomorphism. �

Remark 13.1.10. Let Σ be (image of) the direct limit of the Xi’s in BF (X).
Note that Σ contains all rigid points of BF (X) (that is, images of simple points
under the mapping π in Lemma 13.1.1): this follows from Theorem 10.1.1, by
finding a homotopy to a skeleton Sx fixing a given simple point x of X̂. We are
not certain whether Σ can be taken to be the whole of BF (X). But given a stably
dominated type p on X, letting Sp = Sx for x |= p and averaging the homotopies
with image Sx over x |= p, we obtain a definable homotopy whose final image is a
continuous, definable image of Sp. In this way we can express BF (X) as a direct
limit of a system of finite simplicial complexes, with continuous transition maps.

13.2. Finitely many homotopy types.

Theorem 13.2.1. Let X and Y be F-definable subsets of algebraic varieties de-
fined over a valued field F . Let f : X → Y be an F-definable morphism that may
be factored through a definable injection of X in Y × Pm for some m followed by
projection to Y .

(1) For b ∈ Y , let Xb = f−1(b). Then there are finitely many possibilities for
the homotopy type of BF (b)(Xb), as b runs through Y . More generally, let
U ⊂ X be F-definable. Then as b runs through Y there are finitely many
possibilities for the homotopy type of the pair (BF (b)(Xb), BF (b)(Xb ∩ U)).
Similarly for other data, such as definable functions into Γ.

(2) For any valued field extension F ≤ F ′ with Γ(F ′) ≤ R, let f̃ : BF ′(X)→
BF ′(Y ) be the induced map, and BF ′(X)q = f̃−1(q) for q ∈ BF ′(Y ). Then
there are only finitely many possibilities for the homotopy type of BF ′(X)q
as q runs over BF ′(Y ) and F ′ over extensions of F . More generally, let
U ⊂ X be F-definable. Then as q runs over BF ′(Y ) and F ′ over extensions
of F there are finitely many possibilities for the homotopy type of the pair
(BF ′(X)q, BF ′(X)q ∩BF ′(U)). Similarly for other data, such as definable
functions into Γ.

Proof. In the more general statement, we may take X to be a complete variety.
We thus assume X is complete.

According to the uniform version of Theorem 10.1.1, Proposition 10.7.1, there
exists an F-definable map W → Y with finite fibers W (b) over b ∈ Y , and
uniformly in b ∈ Y an F(b)-definable homotopy retraction hb on Xb preserving
the given data, with final image Zb, and an F(b)-definable homeomorphism φb :
Zb → Sb ⊆ ΓW (b)

∞ . We may find, definably uniformly in b, an F(b)-definable
subset Tb ⊆ Γn∞, an F(b)-definable set W!(b), and for w ∈ W!(b), a definable
homeomorphism ψw : Zb → Tb, such that Hb = {ψ−1

w′ ◦ ψw : w,w′ ∈ W!(b)}
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is a group of homeomorphisms of Zb, and H ′b = {ψw′ ◦ ψ−1
w : w,w′ ∈ W!(b)}

is a group of homeomorphisms of Tb. In fact for a fixed b, one can pick some
W (b)-definable homeomorphism ψb of Zb onto a definable subspace of Γn∞; let
Ξb = {ψw : w ∈ W!(b)} be the set of automorphic conjugates of ψb over F(b); and
verify that Hb is a finite group, Ξb is a principal torsor for Hb, and so H ′b is also a
finite group (isomorphic to Hb). Thus, for a fixed b, one can do the construction
as stated, obtaining the stated properties. To achieve uniform definability in b
we must renounce the fact that Ξb are automorphic conjugates, but the other
properties are uniformly definable in b, hence by compactness and “glueing" we
may findW!(b) and Ξb uniformly in b, with the required properties. In particular,
there exists an F-definable map W! → Y with fibers W!(b) over b ∈ Y .

By stable embeddedness of Γ, and elimination of imaginaries in Γ, we may write
Tb = Tρ(b) where ρ : Y → Γm is a definable function. Let Γ∗ be an expansion of Γ
to RCF. Then by Remark 13.2.2 (1), Tb runs through finitely many Γ∗-definable
homeomorphism types as b runs through Y . Similarly, the pair (Tb, H

′
b) runs

through finitely many Γ∗-definable equivariant homeomorphism types (e.g. we
may find an H ′b-invariant cellular decomposition of Tb and describe the action
combinatorially). In particular, for b ∈ Y , (Tb(R), H ′b) runs through finitely
many homeomorphism types (i.e. isomorphism types of pairs (U,H) with U a
topological space, H a finite group acting on U by auto-homeomorphisms).

By Corollary 13.1.6 we have, for b ∈ Y , a deformation retraction of BF (b)(Xb) to
BF (b)(Zb). Pick w ∈ W!(b), and letW ∗(b) be the set of realizations of tp(w/F(b)).
If w,w′ ∈ W ∗(b) then w′ = σ(w) for some automorphism σ fixing F(b); we may
take it to fix Γ too. It follows that ψ−1

w ◦ ψw′ = σ|Zb. Conversely, if σ is any
automorphism of W!(b), it may be extended by the identity on Γ, and it follows
that ψσ(w) = ψw ◦ σ; so W ∗(b) is a torsor of H∗(b) = {ψ−1

w ◦ψw′ : w,w′ ∈ W ∗(b)},
which is a group. Let H∗(b) = {ψw ◦ ψ−1

w′ : w,w′ ∈ W ∗(b)}. It follows that H∗(b)
is a group, and for any w ∈ W ∗(b), ψw induces a bijection Zb/H∗(b)→ Tb/H∗(b);
moreover it is the same bijection, i.e. it does not depend on the choice of w ∈
W ∗(b).

We are interested in the case: Γ(F(b)) = Γ(F) = R. In this case, since H∗(b)
acts by automorphisms over F(b), two H∗(b)-conjugate elements of Zb have the
same image in BF (b)(Xb). On the other hand two non-conjugate elements have
distinct images in Tb/H∗(b), and so cannot have the same image in BF (b)(Xb). It
follows that BF (b)(Zb), Zb(F(b))/H∗(b) and Tb(R)/H∗(b) are canonically isomor-
phic. By compactness and definable compactness considerations one deduces that
these isomorphisms between BF (b)(Zb), Zb(F(b))/H∗(b) and Tb(R)/H∗(b) are in
fact homeomorphisms. It is only for this reason that we made X to be complete
in the beginning of the proof.

The number of possibilities for H∗(b) is finite and bounded, since H ′(b) is a
group of finite size, bounded independently of b, and H∗(b) is a subgroup of
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H ′(b). Since the number of equivariant homeomorphism types of (Tb(R), H ′(b))
is bounded, we are done with the first statement in (1).

With the help of Corollary 13.1.6, this proof goes through for non-simple
Berkovich points too. Let q ∈ BF (Y ), and view it as a type over F. By Corol-
lary 13.1.6 (2), BF (X)q has the homotopy type of Zq. Let b |= q, pick w ∈ W!(b)
and let notation be as above. Let b′ = (b, w) and let q′ = tp(b, w/F). Let
X ′ = X ×Y W!. By Corollary 13.1.6 (2) applied to the pullback of the retraction
I× X̂/Y → X̂/Y to X̂ ′/W!, BF (X ′)q′ retracts to a space Zq′ which is homeomor-
phic to Tb(R). By the same reasoning as above, it follows that Zq is homeomorphic
to Zq′ modulo a certain subgroup H∗(b) of H(b), and also homeomorphic to Tb
modulo H∗(b) for a certain subgroup of H ′(b), so again the number of possibil-
ities is bounded. This holds uniformly when F is replaced by any valued field
extension, and the first statement in (2) follows.

The proof goes through directly to provide the generalization to pairs and
Γ-valued functions of (1) and (2). �

Remarks 13.2.2. (1) In the expansion of Γ to a real closed field, definable
subsets of Γn∞ are locally contractible and definably compact subsets of
Γn∞ admit a definable triangulation, compatible with any given definable
partition into finitely many subsets. By taking the closure in case the sets
are not compact, it follows that given a definable family of semi-algebraic
subsets of Rn

∞, there exist a finite number of rational polytopes (with
some faces missing), such that each member of the family is homeomor-
phic to at least one such polytope. In particular the number of definable
homotopy types is finite. In fact it is known that the number of definable
homeomorphism types is finite. See [7], [29].

(2) Eleftheriou has shown [10] that there exist abelian groups interpretable
in Th(Q,+, <) that cannot be definably, homeomorphically embedded in
affine space within DOAG. By Proposition 6.3.6, the skeleta of abelian
varieties can be so embedded. It would be good to bring out the additional
structure they have that ensures this embedding.

13.3. Tame topological properties for BF (X).

Theorem 13.3.1 (Local contractibility). Let X be an F -definable subset of an
algebraic variety V over a valued field F with val(F ) ⊆ R∞. The space BF (X) is
locally contractible.

Proof. We may assume V is affine. Since the topology of BF (X) is generated
by open subsets of the form BF (X ′) with X ′ definable in X, it is enough to
prove that every point x of BF (X) admits a contractible neighborhood. By
Theorem 10.1.1 and Corollary 13.1.6, there exists a strong homotopy retraction
H : I × BF (X) → BF (X) with image a subset Υ which is homeomorphic to a
semi-algebraic subset of some Rn. Denote by % the retraction BF (X) → Υ. By
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(4) in Theorem 10.1.1 one may assume that %(H(t, x)) = %(x) for every t and x.
Recall that any semi-algebraic subset Z of Rn is locally contractible: one may
assume Z is bounded, then its closure Z is compact and semi-algebraic and the
statement follows from the existence of triangulations of Z compatible with the
inclusion Z ↪→ Z and having any given point of Z as vertex. Is is thus possible to
pick a contractible neighborhood U of %(x) in Υ. Since the set %−1(U) is invariant
by the homotopy H, it retracts to U , hence is contractible. �

Remark 13.3.2. Berkovich proved in [4] and [5] local contractibility of smooth
non-archimedean analytic spaces. His proof uses de Jong’s results on alterations.

Let us give another application of our results, in the spirit of a result of Poineau,
[25] Théorème 2, cf. also Abbes and Saito [1] 5.1.

Theorem 13.3.3. Let X be an F -definable subset of a quasi-projective algebraic
variety over a valued field F with val(F ) ⊆ R∞ and let G : X → Γ∞ be a definable
map. Consider the corresponding map G : BF (X)→ R∞. Then there is a finite
partition of R∞ into intervals such that the fibers of G over each interval have
the same homotopy type. Also, if one sets BF (X)≥ε to be the preimage of [ε,∞],
there exists a finite partition of R∞ into intervals such that for each interval I the
inclusion BF (X)≥ε → BF (X)≥ε′, for ε > ε′ both in I, is a homotopy equivalence.

Proof. Consider a strong homotopy retraction of X̂ leaving the fibers of G invari-
ant, as provided by Theorem 10.1.1. By Corollary 13.1.6 it induces a retraction
% of BF (X) onto a subset Υ such that there exists a homeomorphism h : Υ→ S
with S a semi-algebraic subset of some Rn. By constructionG factors asG = g◦%
with g a function S → R∞. Furthermore, we may assume that g′ := h−1 ◦ g is
a semi-algebraic function S. Thus, it is enough to prove that there is a finite
partition of R∞ into intervals such that the fibers of g′ over each interval have
the same homotopy type and that if S≥ε is the locus of g′ ≥ ε, there exists a
finite partition of R∞ into intervals such that for each interval I the inclusion
S≥ε → S≥ε′ , for ε > ε′ both in I, is a homotopy equivalence. But such statements
are well-known in o-minimal geometry, cf., e.g., [7] Theorem 5.22. �
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