
Can divergene of Gibbs measures attemperature zero be observed on �nitemarginals?Mihael HohmanAugust 11, 2009Let ϕ : {0, 1}N → R be a Hölder ontinuous funtion and M the spae ofshift-invariant probability measures. For eah β, let µβ ∈ M be the Gibbsmeasure assoiated to βϕ, i.e. the unique measure ν ∈ M maximizing thequantity
h(ν) +

�
βϕ dνLet Gϕ denote the set of aumulation points of µβ as β → ∞, and let M denotethe set of ϕ-maximizing measures, i.e.

Mϕ = {ν ∈ M : ∀ν′ ∈ M

�
ϕdν′ ≤

�
ϕdν}Note that M is ompat and onvex in the weak-* topology.It is known that Gϕ ⊆ Mϕ; in fat, if ν ∈ Gϕ then h(ν) maximizes h(·) on

Mϕ. Thus if Mϕ is a singleton then µβ onverges as β → ∞. However, Mϕan ontain multiple points maximizing the entropy, indiating that it may bepossible for µβ to diverge weak-*. Jean-René Chazottes and I reently showedthat suh divergene is possible.One an try to observe divergene at the level of �nite marginals. For n ∈ Nlet
Mϕ,n = {ν|{0,1}n : ν ∈ Mϕ}denote the set of measures on {0.1}n obtained by restriting Mϕ to oordinates

1, 2, . . . , n. This is a losed onvex set of probability measures on {0, 1}n andsine the entropy funtion H(·) is stritly onave, there is a unique measure1



µn ∈ Mϕ,n maximizing it. It is lear that any �limit point� of µn in Mϕ is anentropy-maximizing measure inMϕ. In my example with Chazottes, divergeneof µβ is shown by �rst showing that µn diverges, and that µβ ∼ µn when β isrelated to n in a ertain way. This raises the followingProblem: Does the set of aumulation points of µn, as n → ∞, oinidewith Gϕ?
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