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Abstract

We study self-similar sets and measures on R?. Assuming that the
defining iterated function system ® does not preserve a proper affine sub-
space, we show that one of the following holds: (1) the dimension is equal
to the trivial bound (the minimum of d and the similarity dimension s);
(2) for all large n there are n-fold compositions of maps from ® which are
super-exponentially close in n; (3) there is a non-trivial linear subspace of
R? that is preserved by the linearization of ® and whose translates typi-
cally meet the set or measure in full dimension. In particular, when the
linearization of ® acts irreducibly on RY, either the dimension is equal to
min{s,d} or there are super-exponentially close n-fold compositions. We
give a number of applications to algebraic systems, parametrized systems,
and to some classical examples.

The main ingredient in the proof is an inverse theorem for the entropy
growth of convolutions of measures on R¢, and the growth of entropy for
the convolution of a measure on the orthogonal group with a measure on
R?. More generally, this part of the paper applies to smooth actions of
Lie groups on manifolds.
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1 Introduction

Self similar sets and measures are among the simplest fractal objects: their
defining property is that the whole is made up of finitely many objects similar
to it, i.e. identical to the whole except for scaling, rotation and translation.
When these smaller copies are sufficiently separated from each other the small-
scale structure is relatively easy to understand and in particular the Hausdorff
dimension can be computed precisely in terms of the defining similitudes. With-
out separation, however, things are significantly more complicated, and it is an
open problem to compute the dimension. Many special cases of this problem
have received attention, including the Erdds problem on Bernoulli convolutions,
Furstenberg’s projection problem for the 1-dimensional Sierpinski gasket (now
settled), the Keane-Smorodinsky the 0, 1, 3-problem, and “fat” Sierpinski gaskets
(for more on these, see below).



For self-similar sets and measures in R there is a longstanding conjecture
predicting that the dimension will be “as large as possible”, subject to the com-
binatorial constraints, unless there are exact overlaps, i.e. unless some of the
(iterated) small-scale copies of the original coincide. In recent work [12] we
introduced methods from additive combinatorics to this problem and obtained
a partial result towards the conjecture, showing that if the dimension is “too
small” then there are super-exponentially close pairs of small-scale copies. In
particular, for some important classes of self-similar sets, e.g. those defined by
similarities with algebraic coefficients, this resolves the conjecture.

In the present paper we treat the general case of self-similar sets and mea-
sures in R?. Easy examples show that in the higher-dimensional setting the
conjecture above is false as stated (Example 1.2). The main new feature of the
problem is that the linear parts of the defining similarities may act reducibly on
R?, and “excess dimension” may accumulate on non-trivial invariant subspaces
and produce dimension loss. To correct this we propose here a modified version
of the conjecture that takes this possibility into account (Conjecture 1.3), and
prove a weak version of it (Theorem 1.5), analogous to the main result of [12].
We give various applications, in particular we show that the modified conjecture
holds when the linear action is irreducible and the coefficients of the similarities
are algebraic.

As in the 1-dimensional case, a central ingredient in the proof is an inverse
theorem about the structure of probability measures on R? whose convolutions
have essentially the same entropy as the original (Theorem 2.8). In fact, what
we really need is a result of this type for the convolution of a measure on R?
with a measure on the similarity group, or one on the isometry group (Theorem
2.12). These results are of independent interest, and provide a versatile tool
for analyzing smooth images of product measures. We take the opportunity to
develop these methods here, in particular stating results for convolutions in Lie
groups and their actions (Theorems 2.12, 2.14 and the subsequent corollaries).

1.1 Setup: Self-similar sets and measures

Let G denote the group of similarities of R%, namely maps = — rUz + a for
r € (0,00), a € R and U a d x d orthogonal matrix; we denote the map simply
by ¢ = rU + a. In this paper an iterated function system means a finite family
® = {p;}iear C G consisting of contractions, so p; = 7;U; + a; with 0 < r; < 1.
A self similar set is the attractor of such a system, defined as the unique compact
set ) # X C R satisfying

X=Jepx. (1)

€A

The self-similar measure determined by ® and a positive probability vector
(pi)iea is the unique Borel probability measure y on R? satisfying

k

p= _pi i

=1

Here and throughout, ¢ = 1o o~ ! denotes the push-forward of u by ¢.
It is a classical problem to understand the small-scale structure of self-similar
sets and measures, and especially their dimension. We shall write dim A for the



Hausdorff dimension of A and define the dimension of a finite Borel measure 6
by!
dimf = inf{dim FE : §(FE) > 0}.

The textbook case of self-similar sets and measures occurs when the images
;X are disjoint, or satisfy some weaker separation assumption (e.g. the open
set condition). Then the dimension can be computed exactly: dim X is equal
to the similarity dimension? s-dim X, i.e. the unique s > 0 solving the equation
> |ril* =1, and dim p is equal to the similarity dimension of p, defined by

> pilogp;
> pilogr;
It is when the images ¢; X have more substantial overlap that the problem

becomes very challenging. The similarity dimension, and the dimension d of the
ambient space R?, still constitute upper bounds. Thus one always has

s-dim p =

dimX < min{d,s-dim X} (2)
dimpy < min{d,s-dim p}. (3)

In general little more is known. In fact, we usually cannot even determine
whether or not equality holds in (2) and (3). There is one exception to this,
which arises from combinatorial coincidences of cylinder sets. For i =4y ...1, €
A™ write
gﬁi:@il O...OQDIL'TL.

One says that exact overlaps occur if there is an n and distinct 4,7 € A™ such
that ¢; = ¢; (in particular the images ¢; X and ¢;X coincide).? If this occurs
then the attractor (or self-similar measure) can be expressed using an IFS W
which is a proper subset of {¢;};can, and a strict inequality in (2) and (3) may
follow from the trivial bounds (2) and (3) applied to the IFS V.

1.2 Main results
Define the distance between similarities 1 = U + a and ¥’ = 'U’ + a’ by*

d(yh,¢') = [logr —logr'| + |U = U'|| + [la — o] . (4)

Here ||-|| denotes the Euclidean or operator norm as appropriate. Given an IFS
® = {pi}ien, let

An = mln{d(%ﬂoy) : Za] € Ana 1 7& .7} (5)

IThis is the lower Hausdorff dimension. Many other notions of dimension exist but since
self-similar measures are exact dimensional [8], for them all the major ones coincide.

2The similarity dimension depends on the IFS ® rather than the attractor, but we prefer
the shorter notation s-dim X in which ® is implicit. The meaning should always be clear from
the context. A similar comment holds for the similarity dimension of measures.

315 € AF, j € A™ and ¢; = ¢j, then i cannot be a proper prefix of j and vice versa,
because the maps are all contractions. Thus 47, ji € A¥t™ are distinct, and wij = @ji- This
shows that our definition is equivalent to one asking for coincidence of compositions of possibly
different lengths. Stated differently, exact overlaps means that the semigroup generated by
the ¢;, i € A, is not freely generated by them.

4In [12] we used the stronger metric in which the term |logr — log+’| is replaced by the
discrete distance §,.,,. One could do the same here but the metric above is better suited in
some of the generalizations presented in Section 2.12 and is good enough for our applications,
so we restrict ourselves to it.




Note that exact overlaps occur if and only if A,, = 0 for all large n, and it is
easy to see that A,, — 0 at least exponentially fast (this is an easy consequence
of contraction). Convergence may or may not be faster than this, but we note
that in some cases there is an exponential lower bound A,, > ¢ > 0.

The main result of [12] was a step towards the folklore conjecture that when
d = 1, the occurrence of exact overlaps is the only mechanism which can lead
to a strict inequality in (2) and (3). Specifically, we proved the following [12,
Corollary 1.2]:

Theorem 1.1. For a self-similar set X C R, if dim X < min{l,s-dim X} then
A, — 0 super-exponentially, i.e. —% log A,, — oo. The same conclusion holds
if dim g < min{1,s-dim p} for a self-similar measure p on X.

When d > 2, the analogous conjecture and analogous theorem are both
false. A trivial class of counterexamples arise when the maps in ® preserve a
non-trivial affine subspace V' < R?, which is equivalent to having X C V. In
this case, if s-dim X > dim V, then the trivial bound gives

dim X < min{dimV,s-dim X} = dim V' < min{d, s-dim X},

even though there may be no exact overlaps.

We say that ® is affinely irreducible if the only trivial affine subspaces are
simultaneously preserved by all ¢; € ®. The following example shows that affine
irreducibility is also not enough for an analog of Theorem 1.1 to hold.

Example 1.2. Begin with the IFS ® = {1} on R given by ¢ (z) = A"tz 41,
where A = 1.6956. .. is the real root of t3 —t> — 2 = 0. This example, due to
Garsia [11], has the property that A, > ¢-27", and the attractor is the interval
[—ﬁ, ﬁ] Let @ = {¢;}icq+}s denote the IFS consisting of all three-fold
compositions of the maps ¢, o_. Then ®3 has the same attractor and all the
maps in ®* contract by the same ratio A™® < 1/2. Now let ¥ = {3, 3},
where @3 = popop. Then VU is an IFS with the same contraction ratio A~ as
®3 but it satisfies the strong separation condition (its attractor Y is the disjoint
union of ¢3Y and ¢*Y), and hence dimY = log2/log A* < 1. Finally, take the
product IFS T' = ®3 x ¥, consisting of all maps of the form (z,y) — (¢, 1y) for
@ € ®3, 1) € U. The attractor Z of I is just the product Z = [—ﬁ, ﬁ] xY
of the attractors of ®* and W, and its dimension is 1 + log2/logA\. We can
compute the similarity dimension of Z using A\? > 2 and A3 — A2 — 2 = 0:

log|l'|  logl6  log16
logA3  log A3 log(2 + A2)

s-dim Z = <2

We therefore have (using A < 2):

log2 log16

dimZ = 1 <
m T iogh S loga?

= min{2,s-dim Z}.

On the other hand, since both ®3 and ¥ have exponential lower bounds on
the distance between cylinders, there is also an exponential lower bound for
I'. Thus, the example shows that a strict inequality in (1) with neither exact
overlaps or even super-exponential concentration of cylinders.



Two things stand out about this example. First, the foliation of R? by
horizontal lines is preserved by all maps in I'; and, second, the excess similarity
dimension is being “absorbed” in the intersection of the attractor of I' with these
lines. Indeed, in these intersections we are seeing essentially the 1-dimensional
IFS @, and we are not getting all of the potential dimension out of it, since
its similarity dimension is > 1 but attractor is “trapped” in a line. We do,
however, have the maximal possible dimension for the intersection of Z with
those horizontal lines that intersect it.

For an IFS @ = {;}iea on RY we say that a linear subspace V < R
is D®-invariant if it is invariant under the orthogonal parts (i.e. differentials)
U; = Dy; of p; € ®, and nontrivial if 0 < dimV < d. If every D®-invariant
subspace is trivial then ® is said to be linearly irreducible. The discussion above
suggests the following;:

Conjecture 1.3. Let X C R? be the attractor of an affinely irreducible IFS
® C G. Then one of the following must hold:

(i) dim X = min{d, s-dim X }.
(11) There are exact overlaps.

(iii) There is a non-trivial D®-invariant linear subspace V< R? and z € X
such that
dim(X N(V 4+ x)) =dimV.

One might even conjecture a stronger form of (iii), e.g. that the set of points
x in question is of full dimension in X, or is large in some other sense.

The main result of this paper, Theorem 6.15, confirms a weakened version
of Conjecture 1.3:

Theorem 1.4. Let X C R? be the attractor of an affinely irreducible IFS
® C G. Then one of the following must hold:

(i’) dim X = min{d, s-dim X }.
(ii’) A, — 0 super-exponentially.

(iii’) There exists a non-trivial D®-invariant linear subspace V< R? and x € X
such that
dim(X N(V +z)) =dimV.

The alternatives are not exclusive (all three may hold simultaneously).

The theorem follows, as in the one-dimensional case, from a more precise
statement about the entropy of the measure at small scales. We require some
notation. The level-n dyadic partition D,, of R is the partition into intervals
[k/2", (k +1)/2"), k € Z. The level-n dyadic partition of R? is given by

D ={I x...x1;: I; € D,}.

We omit the superscript d when it is clear from the context.

For a probability measure v and partitions £, F of the underlying probability
space we write H(v, &) = — > p o v(E)logv(E) and H(v,E|F) = H(v,EV F)—
H(v, F) for the entropy and conditional entropy of v with respect to £ (con-
ditioned on F, respectively). Here £ V F is the common refinement of the



partitions £, F. We also write H(v) for the entropy of an atomic measure v
with respect to the partition into points.

It is convenient to parametrize G as a subset of R x My(R) x R?, with (¢, U, a)
corresponding to 27U + a € G. Then the level-n dyadic partition DS of G is
defined as the partition induced from the corresponding level-n partition of
R x My(R) x R = R1*+4°+4_ We also introduce the partitions £ of G induced
by the dyadic partition according to the translation part of the similarities,
which in the parametrization G C R x My(R) x R? is

EY = {(R x My(R) x D)NG : D € D}.

Note that DS refines £5'.
Given a self-similar measure p = ) ;. pi - i and assuming all p; > 0, let

() = Z Di - O, -

€A™

This is a probability measure on G, but if we fix = in the attractor of ® then the
push-forward of v(™ via g — ¢ is the natural “n-th generation” approximation

of u, given by®
R SR
i€EA™
(this measure depends on the choice of T but this is of little consequence). Let

— Di
=11

denote the (geometric) average contraction and for n € N let

n’ = [n/log(1/r)],

so that 27" ~ 77,

Now, it is not hard to show |H(v»™,£%) — H(@™,D,,)| = O(1) (in fact if
we take T = 0 then two entropies are identical), and since it is easily seen that
LH (™, D,) — dim g, one concludes

1
lim —/H(V("),SS) = dim p.
n—o0o N
Observe that when there are no exact overlaps, (™ consists of |®|” atoms whose
masses are all the products p;, - ...-p;, , and hence H(v(™) =n- (=3 p; log p;).
Thus for fixed n,

— > pilogp;

log 7 = s-dim p as k — oo,

1
;H(y(”)ﬂ)k) —

and if there is a strict inequality in (3) we would have

—  sdimy — dim p as k — oo
> 0

5Tt is also common to approximated u “at scale p” by putting the appropriate mass on the
points ¢;, ...i,, (z), where i1 .. .4y, € A* are the sequences of minimal length such that ¢;,. .4,
contracts by at least p. We could use this approximation instead of v("), but this would lead
to messier notation and have little advantage.



Therefore it is possible to choose k = k(n) such that the “excess” 1 H (v(™), DY )|5G)
remains bounded away from 0 as n — oco. It is natural to ask at what rate tij
excess entropy emerges, that is, how fast k(n) must grow for this to hold. The
following theorem shows that it must grow at least super-linearly.

Theorem 1.5. Let 1 € P(R?) be a self-similar measure for an affinely irre-
ducible IF'S ®. Then one of the following must hold:

(i”) dim g = min{d, s-dim pu}.
(ii”) lim, o0 & H (v, DG "1€S) =0 for all ¢ > 1.

(i4i”) There is a non-trivial D®-invariant linear subspace V < R? such that for
p-a.e. x, the conditional measure py 1, on V + x satisfies dim py 4, =
dim V.

In fact, the second or third alternatives must hold irrespective of the validity
of (i”). The usefulness of the theorem, however, lies in the fact that if (i”) fails
and (ii”) holds then A,, — 0 super-exponentially.

Theorem 1.5 and Theorem 1.4 are usually applied by ruling out (iii’) or (iii”),
and then working out the implications for the dimension. One trivial way to
rule it out is to just assume it:

Corollary 1.6. If ® is a linearly irreducible IFS ®, then its attractor X satisfies
(i’) or (ii’), and every self-similar measure y for ® satisfies (i”) or (ii”).

As there are no non-trivial linear subspaces of R, every IFS acts linearly
irreducibly, and we have recovered the main results of [12] (Theorem 1.1 above).

We say that rU + a € G is algebraic if r and all the coordinates of U and
a are algebraic numbers over Q, and we say that an IFS ® C G is algebraic if
all of its elements are. If ® is an algebraic IFS without exact overlaps, and we
take £ = 0, then for each n, A, is a polynomial in the algebraic parameters
defining the maps on ® and has degree n and height at most exponential in n.
This implies an exponential lower bound A, > ¢"; this is a well known fact
but we include a proof in Section 6.7. Thus we have ruled out (ii’) ad (ii”), and
obtained the following:

Corollary 1.7. Let ® be an algebraic IFS acting linearly irreducibly on RY and
without exact overlaps. Then dim p = min{d, s-dim u} for every fully supported
self-similar measure p of ®, and dim X = min{d, s-dim X }.

Our arguments are purely Euclidean and do not utilize any non-elementary
properties of the orthogonal or similarity groups. However, the nature of these
groups depends crucially on the dimension d. For d < 2 the orthogonal group
of R? is abelian (and the similarity group is solvable). In particular, the set
U, = {U;}ican of the orthogonal parts of ¢;, @ e A", is of polynomial size
in n, and does not contribute to the entropy H (v |SG) (for the same
reason, the contraction ratios do not contribute asymptotlcally to the entropy).
For d > 3 the orthogonal group is a virtually simple Lie group with strong
expansion properties, and typically |U,| is exponential in n. Our methods do
not make use of any special properties of the orthogonal group, but concurrently
and independently with our work, Lindenstrauss and Varjua utilized the work of
Bourgain and Gamburd [3] and of de Saxce [6] on spectral gap of random walks
on the orthogonal group to prove the following result.



Theorem 1.8 (Lindenstrauss-Varju, [22]). Let Uy,..., U, € SO(d) and p =
(p1,---,pk) a probability vector. Suppose that the operator f Zlepif oU;
on L*(SO(d)) has a spectral gap. Then there is a number 7 < 1 such that for
every choice 7 < ri,...,1 < 1, and for any ay,...,a, € R?, the self similar
measure with weights p for the IFS {r;U; + a;}¥_, is absolutely continuous with
respect to Lebesque measure on R?.

The spectral gap hypothesis can currently be verified when the entries are
algebraic and U; generate a dense subgroup of O(d), but is conjectured to hold
much more generally.

Compare this theorem to Corollary 1.7: The former ensures absolute con-
tinuity (which is a stronger property than full dimension), but only when the
contraction of the IFS is uniformly close enough to 1, while the latter ensures
that the dimension is d as soon as there is no dimension obstruction (i.e. as
soon as s-dim p > d), but does not give absolute continuity. It is probable that
absolute continuity holds under the same assumptions but this remains open.

There are other cases in which possibility (iii’) of Theorem 1.4 or (iii”) of
Theorem 1.5, can be ruled out. A trivial case is when the attractor X of
® satisfies dim X < k, and all D®-invariant subspaces have dimension > k.
Another case is when ® consists of homotheties (i.e. the orthogonal parts U; of
the contractions are identities), and for every line £ in R? we have

Z r; <1

it s (X)NEAD

Then elementary covering considerations show that dim(X N¢) < 1 for every
line £ € R?, and consequently (iii’) (and hence (iii”)) fails for every subspace
V. Similarly, if ® consists of homotheties and u = Y p; - ¢;p is a self-similar
measure such that for every line /,

it pu(X)nt20 Pi 108 Di <1
Zi 1 (X)NEAD Di log T4

then one can deduce that dim peq, < 1 for p-a.e. z, which by Marstrand’s
slice theorem rules out (iii”). Another alternative is to show that the linear
images onto (d — 1)-planes have dimension greater than dim g — 1, in which case
Dimension conservation [10] implies that in every dimension, the conditional
measure on a.e. line has dimension < 1.

Unfortunately such arguments do not always apply, and we know of no
general method to exclude (iii’) and (iii”). See Theorem 1.16 and the discussion
surrounding it.

1.3 Parametric families

Suppose that I is a set of parameters and that for ¢ € I we are given an IFS
@, = {pi}, where @, (x) = r;(t)U;(t)x + a;(t) for functions r;, U;, a; defined
on I. For i,j € A™ let

Aii(t) = ¢i,t(0) — 95, (0).

Then ||A; ;(t)] is the third term in the definition (4) of d(y;, ¢;.), and hence,
writing A, (t) for the quantity defined as in (5) for the system ®;, we have

min{[|A; ;(t)]| : 4,7 € A" distinct} < A, (2).



This gives the following formal consequence of Theorem 1.5:

Theorem 1.9. Let {®;}icr be a parametric family of IFSs on R, Let E C I
be the set

E=1|\U N | U aj=] ]
e>0 \N=1 n>N \i,jeA™
and let I C I be the set of parameters t for which ®; is linearly reducible.
Then fort € I\ (EUF), every self-similar measure p for ®; satisfies dim p =
min{d, s-dim p} and similarly for the attractor of ®;.

The main case of interest is when I C R™. Then, under rather mild assump-
tions, the set E of (potential) exceptions can be shown to be quite small. For
i,5 € AN let

Qi) = lm Agy iy gy (8-
Theorem 1.10. Let I C R™ be connected and compact and let {®:}ier be a
parametrized family of IFSs for which the associated functions r;(-), U;(-) and
a;(+) are real-analytic on a neighborhood of I. Suppose that

Vi,je AN (i#j = A;; #Z0).

Then the set E of the previous theorem has Hausdorff and packing dimension
< m — 1. In particular if ®; is linearly irreducible for all t € I, then outside
a set of parameters t of dimension < m — 1 (and in particular for Lebesgue-
a.e. parameter), the attractor and self-similar measures of ®; have the expected
dimension (i.e. equality holds in equations (2) and (3)).

The condition A;; # 0 rules out trivial cases. For instance the theorem
cannot be expected to apply when ®; = ® does not depend on ¢ and the system
& has exact overlaps, in which case there are indeed distinct i, € AN with
Ai,j =0.

If I C R™ and the IFS is in R?, and m > d, then we expect that for each
i,j € AN there typically will be a sub-manifold I; ; C I of dimension m — d on
which A; ; =0 for ¢ € I; ;. Thus, the dimension bound on E that one expects is
m—d rather than the bound m—1 appearing in the theorem above. However, the
hypothesis A; ; # 0 in itself is certainly not enough to guarantee this bound. To
see this, begin with any a 1-parameter family {®, },¢[o,1] of linearly irreducible
IFSs in R?, and define a two-parameter family by @, 1) = ®(5_)2, (s,t) € [0,1]2.
One might expect, by the logic above, that dim £ = m — d = 0. But, evidently,
on the 1-dimensional subspace V = {s = t} we have &, = ®¢, and if the
attractor of ®y happens to satisfy (2) with a strict inequality, then dim E' > 1 #
0=m—d.

It is natural to suggest that, assuming linear irreducibility of the IFS, the
“correct” bound for E is

dimEgm—sup{dimA;’}(O) vi,je AN i # ). (6)

For m = d = 1, the bound proved in [12] coincides with this one. The difficulty
in higher dimension is that the zero sets of real-analytic functions, and the
behavior of the functions near them, are not so well understood (for real-analytic
functions on the line things are simple: the zero set consists of isolated points,

10



away from which the function grows polynomially in a well-understood manner).
It seems likely that having effective bounds on the constants in Y.ojasiewicz’s
inequality [23] might advance the matter but this seems to a difficult question
in itself. What we prove here is that the bound (6) holds if one makes an
assumption analogous to the classical transversality assumption.

Theorem 1.11. Let I C R™ be compact and let {®,}ic; be a parametrized
family of IFSs for which the associated functions r;(-), U;(-) and a;(-) are real-
analytic on a neighborhood of I. Suppose that there exists an r € N such that
for every distinct pairi,j € A" andt €1,

Ai’j(t) =0 — rank (DALJ(t)) >r.
Then the set E of Theorem 1.9 has Hausdorff and packing dimension < m —r.

As noted above, it is likely that there is room for improvement in these
results.

1.4 Applications

We demonstrate the use of Theorems 1.10 and 1.11 for families of self-similar
measures in which one varies the translations, contractions, or the IFS. Proofs
are given in Section 6.7.

Let X¢ C R? denote the attractor of an IFS ®.

Theorem 1.12. For a finite set A and d € N let IFSy C G(d)* denote the
set |A|-tuples of contracting similarities , which we identify with the set of IFSs
indexed by A. Then

dlm{q) S IFSA : dimX@ < min{d, S—dimq> X@}} < dlmIFSA — 1.
In particular, dim X¢ = dim{1,s-dim X¢} for a.e. IFS ® € [FSy.

If one fixes the linear parts of the similarity maps and varies the translation
part, one obtains a version of results by Simon and Solomyak [29]:

Theorem 1.13. Let {U;};ca be orthogonal maps acting irreducibly on R% and
fir 0 <r; <1,i €A, satisfying the condition

275] — ’I“i+7“j<1.

Then there is a subset A C (RY)A with dim(R%)M\ A < d|A|—d, and such that for
a € A the attractor of ® = {r;U; + a;}ica satisfies dim X¢ = dim{1, s-dim X¢}.
In particular this is true for a.e. a € (R?)A.

The condition on the contraction ratios plays a similar role in [29, Theorem
2.1(c)] and the forthcoming book [30], where it is used in conjunction with the
transversality method. It is needed to control the rank of DA, ;, which in our
setting is required in order to apply Theorem 1.11. It is not clear to what extent
the restriction on the contractions in necessary, but without the irreducibility
condition it certainly is, as follows from [29, Proposition 3.3].

Another variant of these results concerns projections of self-similar measures
defined by homotheties. This is a variant of Marstrand’s theorem and Fursten-
berg’s projection problem [20, 12]:
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Theorem 1.14. Let X € P(R?) be a self-similar set defined by an IFS con-
sisting of homotheties and satisfying strong separation. Let k < d and let I1g
denote the set of orthogonal projections from R¢ to k-dimensional subspaces.
Then

dim{r € Iy : dim7X = min{k,dim X}} < dimIl; — k.

A particularly interesting family are the Bernoulli convolutions with nonuni-
form contraction. Namely, for 0 < 8,7 < 1 let Ag - denote the self-similar mea-
sure of maximal dimension for the IFS {z — Bz,z + yz+1}. Let S C (0,1)? be
the set of (3,v) for which s-dim Ag, > 1; it is expected that g is absolutely
continuous for a.e. (8,7v) € S, but this has been established only in certain
restricted parameter ranges, e.g. [27].

Theorem 1.15. dimAg, = min{l,s-dim Ag,} outside a set of parameters
(8,7) € (0,1) of Hausdorff (and packing) dimension 1. In particular this holds
for Lebesgue-a.e. pair (B,7) € (0,1)2.

Finally, our results can be applied to a higher-dimensional analogs of the
Bernoulli convolutions problem, namely the “fat Sierpinski gasket”, first studied
by Simon and Solomyak [29]. For A € (0, 1) consider the system of contractions
{pi}izap,c where a,b,c are the vertices of an equilateral triangle in R? and
vu(z) = Ax + u. The classical Sierpinski gasket arises from the choice A\ =
1/2, and in general when 0 < A < 1/2 the open set condition is satisfied and
the dimension of the attractor Sy is equal to the similarity dimension. When
A > 2/3 the attractor has non-empty interior, and this remains true for A > A,
where )\, ~ 0.6478 is the real root of 23 —2%+x = 1/2; see Broomhead-Montaldi-
Sidorov [5]. For 1/2 < A < A, however, the the dimension is known only for
certain special algebraic parameters and for Lebesgue-typical A\ in a certain
sub-range, and similarly for absolute continuity of the appropriate self-similar
measures. See Jordan [15] and Jordan-Pollicott [16].

Theorem 1.16. dim S), = min{2,s-dim Sy} for A € (0,1) outside a set of
Hausdorff (and packing) dimension 0.

The last result is an immediate consequence of Theorem 1.10 using the fact
that S can be written also as the attractor of a linearly irreducible IFS (the
one given above is reducible). The possibility of such a presentation of S
comes from its rotational symmetries. Interestingly, our method do not give
comparable results even for very slight variants of Sy, e.g. the fat Sierpinski
gaskets studied in [16].

1.5 Organization and notation

A key ingredient in our argument is played by on the growth of entropy of mea-
sures under convolution. This subject is developed in the next three sections:
Section 2 introduces the statements and basic definitions, Section 3 contains pre-
liminaries on entropy, saturation, concentration and convolutions, and Section
4 proves the main results on convolutions. In Section 5 we extend the results
to convolutions of a measure on R? with a measure on the isometry group. Fi-
nally, in Section 6 we state and prove our main theorem on self-similar sets and
measures and their applications.
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Some notation: N = {1,2,3,...}. All logarithms are to base 2. P(X) is
the space of probability measures on X, endowed with the weak-* topology if
appropriate. We follow standard “big O” notation: O, (f(n)) is an unspecified
function bounded in absolute value by C'- f(n) for some constant C = C(«a) de-
pending on «. Similarly o(1) is a quantity tending to 0 as the relevant parameter
— 0o0. We implicitly suppress all dependence of constants on the dimension d of
R9. Thus O(1) sometimes means Og(1). We sometimes write —O(-) instead of
+0(+) to indicate that the error may be negative but formally the two notations
are equivalent.

The statement “for all s and ¢ > t(s),...” should be understood as saying
“there exists a function ¢(-) such that for all s and ¢ > #(s),...”. The function ¢(-)
will change between contexts, when we want a persistent name we will designate
the function as t1(-), t2(), t«(+), etc.

For the reader’s convenience we summarize our main notation in the table

below.
d Dimension of the ambient Euclidean space.
B, (x) The open Euclidean ball of radius r around x
llz|l | Al Euclidean norm of = € R?, operator norm of A € M4(R)
dim Hausdorff dimension of sets and measures
D ={p;}ien Iterated Function system, Section 1.1
X Attractor of ®. Usually assume 0 € X C [0,1), Section 1.1
I Self-similar measure (usually), Section 1.1
Pitr..ins Dir...in Piy ©Piy O v P4y, and Piy Piy -+ Piy
v() > ican Pi - 04,(0), the n-th approximation of p
Dk n-th level dyadic partition of R* (k = d by default); Section 1.2
D¢ Dyadic partition of G C Rt x My(R) x R?, Section 1.2
EC Dyadic partition of G by translation part, Section 1.2
P(X) Space of probability measures on X.
Py 15T Component measures (raw and re-scaled), Section 2.3
S Scaling map: S;(z) = 2'x
T, Translation map: 75(z) =z + s
Picr, Eicr Distribution and expectation over components, Section 2.3
H(u,B) Shannon entropy, Section 3.1
H(u,B|C) Conditional entropy, Section 3.1
H, (1) L H(p,Dyy,), Section 3.1
G, Gy The groups of similarities and isometries, respectively.
Ty Orthogonal projection to V
148, e-neighborhood of V'
d(U, V) Distance between linear subspaces of U,V < R?, Section 3.6
C Subset relation restricted to unit ball, Section 3.6
Z(U, V) (Modified) angle between linear subspaces, Section 3.6
ey Convolution of probability measure on R,
VT, Vol Action/convolution of v € P(G) on = € R4, u € P(RY).
m(p), L) Mean and covariance matrix of measure p € P(R9), Section 4.2
Ai(p), A (2) Eigenvalues of measure or covariance matrix, Section 4.2

eigen; (%) Span of top r eigenvectors of ¥ (for measure, ¥ = X(u)), Section 4.2
sat(n,e,n,m)  Set of (V,e, m)-saturated subspaces at level n, Section 6.2
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2 An inverse theorem for the entropy of convo-
lutions

2.1 Entropy and additive combinatorics

A subject of independent interest and central to our work is an analysis of the
growth of the entropy of measures under convolution, either with other measures
or with measures on the group of isometries (or similarities). This topic will
occupy us for a large part of the paper.

We begin with a discussion of convolutions on Euclidean space, leaving gen-
eralizations to later. It is convenient to introduce the normalized scale-n entropy

Ho) =~ H(, D).

This normalization makes H, (1) a finite-scale surrogate for the dimension of p.
In particular, for pu € P([0,1)?) we have

0< H,(p) <d,

with equality holding for all n if and only if ;1 is Lebesgue measure on [0,1)9,
and in general for measures p of bounded support,

1
0< Hy(u) <d+0(),

where the constant depends logarithmically on the diameter of the support.
Our aim is to obtain structural information about measures p, v for which
w* v is small in the sense that

Hy(p*v) < Hy(p) + 6, (7)

where § > 0 is small but fixed, and n is large. This problem is a relative of
classical ones in additive combinatorics concerning the structure of sets A, B
whose sumset A+ B = {a+b : a € A, b € B} is appropriately small. The
general principle is that when the sum is small, the sets should have some
algebraic structure. Results to this effect are known as inverse theorems. For
example the Freiman-Rusza theorem asserts that if |A + B| < C|A| then A, B
are close, in a manner depending on C, to generalized arithmetic progressions®
(the converse is immediate). See e.g [32].

6A generalized arithmetic progression is an injective affine image of a box in a higher-
dimensional lattice.
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The entropy of a discrete measure corresponds to the logarithm of the car-
dinality of a set, and convolution is the analog for measures of the sumset
operation. Thus the analog of the condition |4 + A| < C|4] is

Ho(pe ) < o) + O, (8)
An entropy version of Freiman’s theorem was recently proved by Tao [31], who
showed that if  satisfies (8) then it is close, in an appropriate sense, to a uniform
measures on a (generalized) arithmetic progression.

The condition (7), however, is significantly weaker than (8) even when v = p,
and it is harder to draw conclusions from it about the global structure of pu.
Consider the following example. Start with an arithmetic progression of length
n1 and gap €1, and put the uniform measure on it. Now split each atom z into
an arithmetic progression of length ns and gap €3 < £1/n2, starting at = (so the
entire gap fits in the space between = and the next atom). Repeat this procedure
N times with parameters n;,¢;, and call the resulting measure p. Let & be such
that ey is of order 27, Tt is not hard to verify that we can have Hy(u) = 1/2
but |Hy(u) — Hy(p + p)| arbitrarily small. This example is actually the uniform
measure on a (generalized) arithmetic progression, as predicted by Freiman-type
theorems, but as we allow the rank N to grow, the entropy growth can be made
arbitrarily small. Furthermore, if one conditions p on an exponentially small
subset of its support one gets another example with the similar properties that
is quite far from a generalized arithmetic progression.

Our main contribution to this matter is Theorem 2.8 below, which shows
that constructions like the one above are, in a certain statistical sense, the only
way that (7) can occur. We note that there is a substantial existing literature
on the growth condition |A 4+ B| < |A|**9, which is the sumset analog of (7).
Such a condition appears in the sum-product theorems of Bourgain-Katz-Tao [4]
and in the work of Katz-Tao [19], and in the Euclidean setting more explicitly
in Bourgain’s work on the Erdds-Volkmann conjecture [1] and Marstrand-like
projection theorems [2]. However we have not found a result in the literature
that meets our needs and, in any event, we believe that the formulation given
here will find further applications.

2.2 Concentration and saturation on subspaces

We begin by discussing global properties of measures that lead to the inequality
in (7), and formulate discrete analogs of them.

For a linear subspace V' < R we say that a measure y is absolutely continu-
ous on a translate V' of V' if it is absolutely continuous with respect to the dim V-
dimensional volume (Hausdorff measure) Ay on V’. Suppose that p € P(R?)
is compactly supported on a translate V7 of V, and is absolutely continuous
there. Then the Lebesgue differentiation theorem implies that p(B,(x)) =
g - (rfmV 4 o(1)) as r — 0, and it follows that

H,(p) =dimV —o(1) as n — oo. (9)

If v € P(R?) is compactly supported on another translate V5 of V, then v * 1 is
supported on V3 = V1 + V5, which is a translate of V', and is absolutely continuous
there. Thus it also satisfies (9), and consequently H, (u *v) = Hy(u) + o(1):
i.e., at small scales there is negligible entropy growth, and (7) is satisfied.
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More generally, let W = V< be the orthogonal complement of V and write
7w for the orthogonal projection to W. Suppose u € P(R?) is compactly
supported and its conditional measures on the translates of V' are absolutely
continuous, that is, p = [ pu,,df(w) where 6 = my p and pu,, is 6-a.s. supported
and absolutely continuous on 7y, (w) = V + w. Then instead of (9), one can
show that

H,(p) = Hp(mw (p)) + dim V — o(1) as n — 0o, (10)

and, if v is compactly supported on a translate of V, then p * v again has
absolutely continuous conditional measures on translates of V', and it projects to
a translate of 0, so it satisfies the same relation (10). Again, we have H,, (v*u) =
H, (1) +o(1), and (7) is satisfied.

This discussion motivates the following finite-scale analogs. For A C R¢ and
€ > 0 denote the e-neighborhood of A by

A® ={zeR?: d(z,A) < e}

Definition 2.1. Let V < R? be a linear subspace and € > 0. A measure p €
P(R?) is (V,e)-concentrated if there is a translate W of V such that u(W ) >
1—e.

Note that (V, €)-concentration does not imply that the measure is supported
near V itself, only near a translate of it. Next, discretizing (9) we have

Definition 2.2. Let V < R? be a linear subspace, ¢ > 0 and m € N. A
measure p € P(R?) is (V,e)-uniform at scale m, or (V,e, m)-uniform, if it is
(V,27™)-concentrated and H,, () > dimV —e.

Finally, discretizing (10), we have:

Definition 2.3. Let VV < R? be a linear subspace, W = V' its orthogonal
complement, and € > 0. A probability measure u € P(R?) is (V, ¢)-saturated
at scale m, or (V,e, m)-saturated, if

Hp, (1) > Hp(mwp) +dimV —e.

There are obvious relations between the notions above: being nearly uniform
implies saturation, and saturation implies being essentially a convex combina-
tion of nearly uniform measures. Furthermore, as one would expect from the
discussion above, if we convolve a measure which is highly concentrated on a
subspace with another measure which is uniform or saturated on that subspace
at some scale, there will be little entropy growth at that scale. For precise
statements see Sections 3.3 and 3.7.

2.3 Component measures

Let D,(x) € D, denote the unique level-n dyadic cell containing the point
x € R% For D € D, let Tp : R — R? be the unique homothety mapping D to
[0,1)?. Recall that if 4 € P(R) then Tpu is the push-forward of u through Tp .

Definition 2.4. For u € P(R?) and a dyadic cell D with u(D) > 0, the (raw)

D-component of y is
1
pp = ——fi|D,
n(D)
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and the (rescaled) D-component is

p? = ﬁTD(N\D)-

For z € RY with u(D,(z)) > 0 we write

Hxn = HUD, (z)
’uz,n

These measures, as « ranges over all possible values for which (D, (z)) > 0,
are called the level-n components of u.

Our results on the multi-scale structure of ; € R? are stated in terms of the
behavior of random components of p, defined as follows.”

Definition 2.5. Let p € P(R9).

1. A random level-n component, raw or rescaled, is the random measure pp
or u, respectively, obtained by choosing D € D,, with probability u(D);
equivalently, this is the random measure pu, , or u™", respectively, with z
chosen according to p.

2. For a finite set I C N, a random level-I component, raw or rescaled, is
chosen by first choosing n € I uniformly, and then (conditionally indepen-
dently on the choice of n) choosing a raw or rescaled level-n component.

Notation 2.6. When the symbols ;™" and 1, ; appear inside an expression P (.. .)
or E(...), they will always denote random variables drawn according to the
component distributions defined above. The range of i will be specified as
needed. When dealing with components of several measures u, v, we assume all
choices of components are independent unless otherwise stated.

The definition is best understood with some examples. For A, B C P([0,1]%),
and writing 14 for the indicator function of A, we have

Pin (7 € 4) = [ 1a(u™) du(o)

1

Pocicn (1™ € A) = ] Z/lA(u”)du(x)
=0

Pi (7 € At € B) = [ [ 14 150" dute) ().

This notation implicitly defines x,¢ as random variables. Thus if Ag, A;,... C
P([0,1]%) and D C [0, 1] we could write

n

Z,u(x C ot e A; and z € D).

=0

1
n+1

Po<i<n (/[“ € A; and x € D) -

"Definition 2.5 is motivated by Furstenberg’s notion of a CP-distribution [9, 10, 13], which
arise as limits as N — oo of the distribution of components of level 1, ..., N. These limits have
a useful dynamical interpretation but in our finitary setting we do not require this technology.
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Similarly, for f: P([0,1)¢) - R and I C N,

Eies (f(u™)) = ﬁz / Fu) dplz).

iel
We use similar expectation notation to average a sequence ay, ..., a,+r € R:

1 n+k
En<i<nik (@) = Pl Z a;.

We note in particular one trivial identity that will be used repeatedly later on:

p=Ei=p (,Uw,i) : (11)

Component distributions have the convenient property that they are almost
invariant under repeated sampling, i.e. choosing components of components.
More precisely, for 4 € P(R?) and m,n € N, let P# denote the distribution
of components ™%, 0 < i < n, as defined above; and let Q) ,, denote the
distribution on components obtained by first choosing a random component
u® 0 <1 < n, as above, and then, conditionally on # = p®*, choosing a
component #¥+7, i < j < i+m with the usual distribution (note that §¥J = y¥-J
is indeed a component of u).

Lemma 2.7. Given p € P(R?) and m,n € N, the total variation distance
between P! and QF . satisfies

n,m

m

PL_QF |l = O
1B - @l = 02
In particular if A,B C P([0,1)%) and &,5 > 0 are such that

]Pogign(,ux’y S .A) > 1—c¢
]P’iSjSHm(@y’i eB) > 1-9¢ for every 6 € A (12)

Then 4 m
Pogign(,u,x’l € B) >1—e—6— O(;)
Proof. Observe that both P/, and Q}, ,,, produce a component p ; by choosing
z according to u, and independently choosing a level £ € N. The difference
is that P4 chooses k uniformly in the range 0,...,n, whereas for Q% ,,, an
elementary calculation shows that with probability 1 —O(m/n) is choses k uni-
formly in the range m,m +1,...,n, and with probability O(m/n) it is chooses
ke{0,1,,...,m—1}U{n+1,...,n+m} (one can easily determine the distri-
bution in this case but it is not relevant here). This gives the first statement.
For the second statement, what we want to show is that P#(B) > 1—e—4§—
O(m/n). This will follow from the first statement if we show that Qi ,(B) >
1—ec—4. Let § = u®" and 6Y7 be as in the previous paragraph, so ¥
is distributed according to Qf ,, . By the law of total probability and our
hypotheses,

hm(B) = PV €B)
> P(6Y7 € Blp™' € A)-P(u™" € A)
> (1-0)(1—-¢)
and the claim follows. O
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Similar statements hold for raw components and components of measures on
the similarity group. We omit the proofs, which are the same.

2.4 An inverse theorem for convolutions on R¢

Our main result on entropy growth is that the global obstructions described at
the beginning of Section 2.2 are the only local obstructions.

Theorem 2.8. For every R,e > 0 and m € N there is a § = §(e, R,m) > 0
such that for every n > n(e, R, 6, m), the following holds: if u,v € P([~R, R]?)
and

H,(p*v) < Hp(p) + 0,

then there exists a sequence Vy, ..., V, < R? of subspaces such that
p®tis (V;, e, m)-saturated and 7
Focizn ( v¥t is (V;, €)-concentrated > 1-= (13)

The proof of the theorem is given in Section 4.6.

Remark 2.9. 1. The dependence of § on ¢, m is effective, but the bounds we
obtain are certainly far from optimal, and we do not pursue this topic.
Also note that the theorem is not a characterization (this is already the
case in dimension 1, see discussion after [12, Theorem 2.7]).

2. We have assumed that p,v € P([—R, R]¢]) but the theorem can be ex-
tended to measures with unbounded support having finite entropy by an
approximation argument, see also [12, Section 5.5].

3. An application of Markov’s inequality shows that (up to replacing e by
V€) equation (13) is equivalent to

Py, (1*"is (Vi,e,m)-saturated and) > 1—¢ (14)
Pocicn (V¥ is (V;,e)-concentrated) > 1—e. (15)

4. There is no assumption in the theorem on the entropy of v, but if H, (v) is
sufficiently close to 0 the conclusion will automatically hold with V; = {0}
(indeed, a small value of H,, () implies that with high probability ¥ will
be highly concentrated on {0}, so (14) holds, and (15) is automatic, every
measure is ({0}, e, m})-saturated).

5. The version of Theorem 2.8 given in [12] for the case d = 1 had a somewhat
different, but equivalent, appearance. The statement there was that for
small enough § > 0, if H,(u*v) < H,(u) + 9, then there exist disjoint
sets I,J C {0,...,n} with [T U J| > (1 — &)n such that (14) holds for
V; = R when the expectation is conditioned on ¢ € I, and (15) holds
for V; = {0} when the expectation is conditioned on ¢ € J. Indeed,
if such I,J C {0,...,n} are given, observe that by setting V; = R for
i € I and V; = {0} for i € J, and defining V; arbitrarily on the at most
en remaining 4, equations (14) and (15) will hold for slightly larger ¢ also
without conditioning on I, J, because every measure is (R, €)-concentrated
and ({0},e,m)-saturated. Thus the version in [12] implies the d = 1
case of Theorem 2.8. Conversely, assuming subspaces V; as in Theorem
2.8, we recover the version from [12] by setting I = {i : V; = R} and
J={j : V; ={0}} and adjusting e.
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Specializing to self-convolutions and using some of the basic relations be-
tween saturation, concentration and uniformity, one deduces a multi-scale Freiman-
type result:

Theorem 2.10. For every e > 0 and m € N, there is a § = §(e,m) > 0 such
that for every n > n(e,5,m) and every p € P([0,1)9), if

Hp(p* ) < Hy(p) + 6,
then there exists a sequence Vo, ..., V, < R such that

(,u'm is (V;,e,m)-uniform) > 1—e¢.

0<i<n

2.5 An inverse theorem for isometries acting on R

Recall that G = G(d) denotes the group of similarities of R?. For g = rU + a
we write r, = r,U, = U and a, = a. The dyadic partitions DG and S of
G were defined in Section 1.2 using the identification of G with a subset of
R x My(R) x R%. For v € P(G) and for ¢ € G, n € N, we define the raw
component v, ,, in terms of the partition fo ,

Vgn = C- V‘Df(g)v

where c is a normalizing constant. We adopt the same notation and conventions
for these components as laid out in Section 2.3.

It is not natural in this context to define “rescaled” components. When we
need to rescale we shall do so explicitly using the maps S; € G,

Stl' = 2t.'13.

For v € P(G) and p € P(R?) we write v. for the push-forward of v x p via
(¢, ) = (), and similarly for z € R? write v.z for the push-forward of v by
g — gzx. Our aim is to understand when the entropy of v.p is large relative to
the entropy of p, for v € P(G) and p € P(RY).

While our methods are able to treat this setting, it is more transparent if we
assume that v is supported on the isometry group Gy < G, and we shall mostly
restrict our attention to this case.

The statement we would like to make is that, if v € P(Gy) and u € P(R?),
and if v is of large entropy, then p.r will have substantially more entropy than
1, at small enough scales, unless certain specific obstructions occur. In the
present setting the obvious global obstruction is that g may be close to uniform
on an orbit of a subgroup H < Gy, and v supported on H or a left coset of
H. However, locally, this situation is not very different from the one we have
already seen, and it is more natural to study the concentration of y on affine
subspaces, as in the Euclidean case. This is because the orbit of a point z € R¢
under a closed subgroup H < Gy is a finite union of smooth manifolds, and
at small scales these look like affine subspaces of R? (essentially, the tangent
hyperplanes of the manifolds). Thus we continue to state our results in terms of
the concentration on subspaces of (the components of) p and (the components
of) the image of v under the action.

Even so, there are several complications related to the phenomenon above.
The first is demonstrated by the following example. Let d = 2, let u be the
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uniform measure on the circle {x € R? : ||z||, = 1}, and let v be the uniform
measure on the group of rotations about the origin. Then v.u = u, so there
is no entropy growth. In this case, as predicted in the previous paragraph,
the components p™™ become saturated on lines when n is large, but the line
varies according to the point x (the distribution of directions for x ~ u is of
course uniform). In contrast, recall from Theorem 2.8 that, for convolutions of
measures on R?, at each scale there was a single subspace on which, with high
probability, all components of p at a given level became saturated, irrespective
of their spatial positions.

Another complication is the possibility that at small scales p indeed becomes
saturated, and v concentrated, on subspaces, but that these subspaces are triv-
ial. In the Euclidean setting such an occurrence was possible only if v had
nearly vanishing entropy, since if H,(v) is substantial then the components of v
cannot with high probability be highly concentrated on points. In the current
setting, however, this cannot be ruled out. To see this let up = Jy and let v
be normalized Haar measure on the orthogonal group O(d) = stabg,(0). Then
V. = p, so there is no entropy growth, and v has large entropy at all scales,
but the components of y are not saturated on any non-trivial subspace. Thus
the theorem above applies, but V; = {0}. This type of situation can be avoided,
however, if no part of the measure u is close to a proper affine subspace. To
make this quantitative we introduce the following definition:

Definition 2.11. u € P(RY) is (¢, o)-non-affine if ;4(V(?)) < ¢ for every proper
affine subspace V < R4,

We can now state the inverse theorem. Informally, it says that if v.u does
not have substantially more entropy than u, then, to most components of u
and v at a moderately small scale, we can associate a subspace (depending on
the components in question) such that the sub-components of the components
typically become concentrated or saturated on this subspace. Furthermore,
these subspaces will frequently be non-trivial if p is not too close to being
supported on a proper affine subspace of R?. Here is the precise formulation:

Theorem 2.12. For every ¢ > 0, R > 0 and m € N, there exists 6 =
d(e,R,m) > 0 such that for every k > k(e, R,m) and every n > n(e, R,m, k),
the following holds. For every v € P(Go) and u € P([—R, R]¢) that are sup-
ported on balls of radius R, either

H,(v.u) > Hy(u) + 6,

or else, to every pair of level-k components v of v and i of u we can assign a
sequence of subspaces V; = V;(U,11) < R%, 0 < i < n, such that with probability
at least 1 — € over the choice of 11, V,

P u®t s (Vi, e, m)-saturated and Sl—e
Osisn S;U;  (Ug,i-x) is (Vi, )-concentrated

If in addition y is ((/5d)%4TY) | o)-non-affine for some o > 0, and the relation

among parameters takes o into account, then for those v, in the set of good

components above, then for those v, i in the set of good components above,

1
n+1

- 1
;dlmm > mHn(V) — &,
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and

Ei—

1 n .
) ZdlmVj(Vg,i,uz,z) >———H()—¢ (16)
7=0

Remark 2.13. 1. Given ¢, the assumption that yu is ((¢/5d)?(4*1) o)-non-
affine is global, and imposes no restriction on the structure of u below at
scales smaller than O(2(4t1)). Indeed, if i € P(R%) does not give mass
to any affine subspace, then for any 7 it is (7, o )-non-concentrated for some
o > 0. Thus, if we fix p in advance, then for every e, m the conclusion

of the theorem holds automatically for suitable parameters 6, k, n, and all
v € P(G).

2. The average in (16) is over all pairs of components vy i, f%, not only those
for which the first part of the conclusion holds. But the total mass of the
exceptional components is at most ¢, and dim V; < d, so the exceptional
components contribute O(e) to the average, which is of the same order as
the error term. Thus we get an equivalent statement if in (16) we average
only over only the “good” components from the first part of the theorem.

The proof of the theorem is based on a linearization argument which allows
us to apply Theorem 2.8 from the Euclidean setting. See Section 5.5.

2.6 Generalizations

It is possible to apply our methods also to convolutions in Lie groups, actions of
Lie groups on manifolds, and more general settings. Let I C R% and J C R%
be closed balls and f : I x J — R% a C! map. For z = (z,y) € I x J we can
write the differential Df(z) : R4+ — RY in matrix form, as

Df(z) = [A,,B,] : Rh+d2 5 RY
where A, € Myxq, and B, € Mgxa,.

Theorem 2.14. Let f : I x J — R? be as above. For every e > 0 and m € N
there exists § = 6(f,e,m) > 0 such that for every k > k(f,e,m) and every
n > n(f,e,m,k), the following holds. Let v € P(I) and u € P(J). Then either

Ho(f( % 1)) > / Ho(f (1 % 8,)) dv(y) + 8 (17)

or else, for independently chosen level-k components i, v of u,v, respectively,
with probability at least 1 — ¢ there are subspaces Vy, ..., V, < R? such that

Po. Ay ™ is (Vi e, m)-saturated and L.
Osi=n B, ,0¥" is (V;,€)-concentrated

and

g i > e [ (76 % 0) di)

Note that since I x J is compact the norms of A, , and B, , are bounded
over (x,y) € IxJ, and since € may be small and m large relative to these norms,
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we have not bothered to re-scale the measures A, 1%, B, ,U¥"" to compensate
for their contraction/expansion (the distortion caused by these matrices is also
one reason for the dependence of the parameters on f, the other being the speed
of linear approximation). The proof is given in Section 5.6.

We note two important special cases.

Corollary 2.15. Let G < GL4(R) C R% be a matriz group acting by left
multiplication on RY. Let v € P(G) and p € P(R?) be measures of bounded
support. Then for every e > 0 and m € N there is a 6 = d(v, u,e,m) > 0, such
that for k > k(v, u,e,m,d) and n > n(v,u,e,m,8,k), either

Hy(vop) > Hy(p) + 6,

or else, for independently chosen level-k components [, v of u,v, respectively,
with probability at least 1 — ¢ there are subspaces Vy, ..., V, < R? such that

Po. y. >t is (V;,e,m)-saturated and 11—
0sisn v¥i.x) is (Vi,€)-concentrated

(The dependence of §,k,v on the measures depends only on their support and is
uniform on compact sets).

If in addition  is ((¢/3d)**!, o)-non-affine for some o > 0, then for 6, k,n
which also depend on o, we also have

1 .
n+1;d1mVi>c'Hn(1/)—5.

for a constant ¢ depending only on d,o and the support of v.

Corollary 2.16. Let G < GL4(R) C R% be a matriz group and p,v € P(G)
measures of bounded support. Then for every e >0 and m € N there is a § > 0
such that for every large enough k and all suitably large enough n, either

Hy(p*v) > Hy(p) + 6,

or else, for an independently chosen pair of raw level-k components i,V of p, v,
respectively, with probability > 1 — ¢, there are subspaces Vo, ..., V, <R® such
that )
P y* p=* is (V;,e,m)-saturated and 1

Osisn ¥« x is (V;, €)-concentrated o c

and

1 n
nH;dimw >c-Hy(v) —e.

for a suitable constant c.

Both corollaries follow from the the previous theorem by taking f(x,y) = yx
to be the appropriate action map; for the first corollary an additional argument
is needed to produce the constant c¢. The dependence of the paramerets on the
measures is only through their supports: If we fix a large ball in advance and
assume the measures are supported on it, then the parameters depend only on
the ball, not the measures.
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Remark 2.17.

1. It is important to note the order of quantifiers in the theorem and corol-
laries: In the theorem all parameters depend on the function f, and in the
corollaries the function f is the action map restricted to the (compact)
product of the supports of v and u, which are fixed before the other pa-
rameters. The reason this works is that once the functions is fixed and the
measures are fixed, and compactly supported, the speed with which the
function f approaches its linearzation is uniform, hence, at small enough
scales, we are essentially dealing with linear convolutions rather than a
non-linear image.

2. In some applications the order of quantifiers above is not sufficient and it
is necessary to obtain statements that are uniform over many functions
or independent of the support of the measures. Then a more quantitative
analysis is needed. Such an example can be found in [14].

3. One can formulate the corollaries in abstract Lie groups using partitions
introduced from local coordinates, or using general theorem on the exis-
tence of similar partitions in doubling metric spaces, see e.g. [17].

4. When dealing with more general group actions one would also like to relax
the condition that the measures be compactly supported. But in doing
so one must take into account how various properties of the action affect
the dependence between parameters in the theorem. For example they
are sensitive to the speed at which the action approaches its linearization
(which may differ from point to point), how well the an element of the
group is determined by its action on k-tuples, and how sensitive the latter
procedure is to changes in the k-tuple. It turns out that the cleanest
approach is to choose a left-invariant Riemmanian metric on the group
and dyadic partition adapted to it. For a detailed development of this
approach in one example we refer the reader to [14].

3 Entropy, concentration, uniformity and satura-
tion

This section presents without proof some standard results about entropy, fol-
lowed by a more detailed analysis of concentration, saturation and uniformity.

3.1 Preliminaries on entropy

The Shannon entropy of a probability measure p with respect to a countable
partition £ is given by
Ee€

where the logarithm is in base 2 and 0log0 = 0. The conditional entropy with
respect to a countable partition F is

H(p, €|F) = > w(F) - H(pr, ),
FeF
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where up = ﬁ 1| is the conditional measure on F'. For a discrete probability

measure p we write H(u) for the entropy with respect to the partition into
points, and for a probability vector o = (a, ..., a)) we write

H(a) = 72041 log a;.
and for 0 < € < 1 we abbreviate
H(e) = H((e,1—¢))

Note that if 0 < ¢ < 1/2 then H(e) = O(elog(1/e)).
We collect here some standard properties of entropy.

Lemma 3.1. Let p,v be probability measures on a common space, £, F parti-
tions of the underlying space and « € [0, 1].

1. H(u, &) > 0, with equality if and only if u is supported on a single atom
of €.

2. If u is supported on k atoms of € then H(u,&) < logk, with equality if
and only if each of these atoms has mass 1/k.

3. If F refines € (i.ee. VF € FAE € Est. F C E) then H(u, F) > H(w, E).
4. IfEVF={ENF : Ec&, FeF} denotes the join of £ and F, then

in particular
H(p, €V F) < H(p, €) + H(p, F).

5. H(-,&) and H(-,E|F) are concave.

6. H(-,E) obeys the “convezity” bound

H(Z a;pi, &) < Z o H(pi, ) + H(a).
and similarly after conditioning on F.

In particular, we note that for u € P([0,1)%) we have the bounds H (i1, D,,) <
md and H (g, Dyym|Dr) < md.

Although the function (u, m) — H(u, D,,) is not continuous in the weak-*
topology on measures, the following estimates provide usable substitutes.

Lemma 3.2. Let pu,v € P(R?), let £, F be partitions of R%, and m, m’ € N.

1. Given a compact K C R? and u € P(K), there is a neighborhood U C
P(K) of u such that |H (v, Dy,) — H(u, Dp)| = O4(1) for v e U.

2. If each E € & intersects at most k elements of F and vice versa, then
[H(p, &) — H(p, F)| = O(log k).

8. If f,g : R = RF and || f(x) — g(x)|| < C2™™ forx € R then |H(fp, Dp)—
H(gp, Dm)| < Oci(1).

25



4. Ifv(-) = p(- + o) then |H(p, Dm) — H(v, D )| = Oa(1).
5. If |/m' —m| < C, then |H(u,Du,) — H(pt, Diy)| < Oca(1).
We will use some easy corollaries of Lemma 3.1 (5) and (6).

Lemma 3.3. Let p,v € P([—r,7]?), let 6 >0, and let = (1 — )+ 6v. Then
for partitions A, B of R% we have

[H(0,A) — H(p, A)l - < H(0) + 6|H(n, A) — H(v, A),
|H(0, A|B) — H(u, A|B)| < H(6) + 0|H (u, A|B) — H(v, A|B)|.

Recall that the total variation distance between p,v € P(RY) is

| —v|| = sup lu(A) —v(A)l,

where the supremum is over Borel sets A. This is a complete metric on P(R%).
It follows from standard measure theory that given u,v there are probability
measures 7, 1, " such that p = (1 —6)7 +dép' and v = (1 — 6)7 + 6v/, where
§ = 1 |lu —v||. Combining this with Lemma 3.1 (5) and (6), we have

Lemma 3.4. If A, B are partitions of R, and if p,v € P(R?) are supported
on at most k atoms of each partition and ||p — v|| < ¢, then

\H(p, A) — Hr, A)| < 2ke+ 2H(%5).
\H(p, A|B) — H(v, AIB)| < 2ke + 2H(%e).
In particular, if p,v € P([0,1)%), then

2H (1e)

‘Hm(,u) - Hm(V)‘ < 2de +

3.2 Global entropy from local entropy

Recall from Section 2.3 the definition of the raw and re-scaled components fiz ,,
w®™, and note that

H(p"™", D) = H(pten, Dntm)-

Also,

Ei:n (Hm (Mm7i))

/ L H (", D) dp(a)

1
- H x n;Dn m
[ Hlpa Do) (o)

1

—H (i, Dpym | Dr)-

m (:U/7 + | )

The following basic lemmas enable us to get bounds on the scale-n entropy of a

measure, or a convolution of measures, in terms of the average scale-m entropy
of their components or convolution of their components, when m < n.
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Lemma 3.5. Forr > 1, u € P([-r,7]?) and integers m < n,

m + logr

Hy (1) = BEogicn (Hm(p™)) + O )-

Lemma 3.6. Forr >0, u,v € P([—r,7|%) and integers m < n,

m + logr

1
H,(pxv) > Eo<i<n <mH(Mz,i * Vy,i7Di+m|Di)> +O( )

m + logr

Y

, , 1
Eocicn (Hn(u™ 1)) + O(— + )

For proofs see [12, Section 3.2], or the proof of the following variant, which
is essentially the same as the Euclidean case.

n

Lemma 3.7. Let v € P(Gg) and p € P(RY) be supported on sets of diameter
r. Then for m < n,
1  m+4logr
Hy(v-1) > Eocicn (Him(vgion) — O(— + 7-280),

m n

Proof. We can assume that n = ngm, since replacing n by the closest multiple
of m results in a change of O(m/n) to H,(v.u), which is absorbed in the error
term. Let us also introduce a parameter 0 < k < m. Then

1
) = LH@.D,)
1 k
= —HWw.u,Dyin —
L D) +0()
1 1 m
= 7H(V'/J’7Dk) + 7H(V'M7Dk+n|pk) + 0(7)
n n n

Since v is supported on a set of diameter O(1) and p on a set of diameter O(r),
also v.u is supported on a set of diameter O(r), so the trivial entropy bound
gives

logr +m

)

We next evaluate L H (v. 1, Diyn|Dy). Recalling our assumption n = ngm and
the definition of conditional entropy, we have

1
EH(V'NHDK‘) =O( -

’I’Lofl

1 1
—H(v-p, Dieyn| i) = > H@-pt, Dit(j41)ym|Drct jm)
)

For each j we have the identities v = E;—;(v,,) and p = E;—;(us,:), which
implies v.p = E;—;(vg,;.1). By concavity of entropy, we get

no no—1

1 1
- > H@.p, Ditjm|Diij-1ym) = - > H(Bickjm (Vg.i 1), Dit (i 1ym|Diim)
7=0

Jj=1

Y

1
- > Eickijm (H(vg.ietts Dit(j41)m | Ditjm))
=1
1 &
= - ZEi:k+jm (H(vg,i -t Dit(j+1)m) — H (Vg.i- 11, Dictjm))
=1
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Since vy ;. is supported on a set of diameter O(27%), for i = k + jm we have
H(vgipDitjm) = O(1). Thus the total sum of error terms in the sum above
is O(ng), which upon dividing by n is O(ng/n) = O(1/m). The discussion so
far shows that

1 1 1 m+logr
—Hv.u,D,) > -— Eicirim (HWqietts Dkt (it1ym)) — O(—
n (vep, D) 2 n; ketim (H (Vg,i- s Dig(j41)m) (m + - )
Averaging now over k =0,...,m gives
1 11 m
—-Hv.u,D,) = — —H s Diyn) — O(—
AH-wDa) = D03 SHO- D) O
m—1 no
1 1 1 m+logr
> - - ZEi:k-i-jm (H(vg,i+tts Dis(j+1ym)) — O(ﬁ + T)
k=0 j=1
11 1 m+logr
= - —Ei—; (H it Digm)) — O(= —
2 2 iy (0 Di) = O+ =250
1 1 n+logr+k
= E1<z§n <H(Vg,i-H7Di+m)> — O(f + L)
m n n
as claimed. O

We also need the following variant of Lemma 3.7:

Lemma 3.8. Let v € P(Gy) and pu € P(RY) be supported on balls of diameter
r. Then for every k,n € N,

1
Hn(y'ﬂf) > Ei:k(Hn(Vg,i-,u)) + OR,]@(E)
and in particular
1
Eick(Hp(vg,iep) — Hy(pz,i)) < Hy(vep) — Ho(p) + ORJC(E)
Proof. Since p,v are supported on balls of radius R, so is v.u, so the scale-k
entropies of all these measures is Og ;(1). It follows that

1 1
Hy,(v.p) = EH(I/.,U, Dy | D) + ORJ@(E)
By concavity of conditional entropy,

1 1
—H(v.p,DaDx) = —H(Eizk(vg,i-p), PulDr)
1
> ]Ei:k(gH(Vg,i'Mapﬂpk))
But v, ;.u is supported on a set of diameter O(27%), so (taking i = k),
Ly D) = LH(gon D)+ 0(2)
— Vgke n = - My Py —
n g,k + 1 k n g,k n
1
= Hp(vgr-p)+ O(;)
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Combining the last three equations gives the first claim. For the second claim,
note that we have

1 1
1 1
== 7Ei= H T iaDn -
- K (H (e, ))+OR,k(n)
1
= Eimp(Hn(pa,)) + OR,k(E)

(the first inequality again because p is supported on a set of diameter O(R)).
Subtracting this expression for H,,(x) from the previous one for H, (v.u) gives
the claim. O

3.3 First lemmas on concentration, uniformity, saturation

We consider here some basic connections between uniform, concentrated and
saturated measures. We make the statements as general as possible, but in
some cases, especially when dealing with uniform measures, it is necessary to
assume that the support of the measures is bounded, and the constants in the
error terms may depend on the diameter of the support. Since we are interested
in the asymptotics as m — oo we rarely make the dependence explicit, but it
can be read off from the proofs.
Given partitions £ and F of sets X,Y, respectively, write

ERQF={ExF:Ee€&, FeF}

for the product partition of X x Y. We will also often identify & with the
partition £ ® {Y'} of X x Y, and similarly F with the partition {X} ® F of
X xY.

For a linear subspace V < R? we write DY for the level-n dyadic partition
on V with respect to some fixed (but arbitrary) orthogonal coordinate system
in V, which we usually do not specify.

Let V < R? be a linear subspace and W = V-, and let D/, = DY @ DWW
denote the product partition of R? =2V x W. Each element of D,, intersects at
most O(1) elements of D), and vice versa, so by Lemma 3.2 (2),

|H(N’>Dm> - H(M?Dvlnﬂ = O(l)

The same is true for the induced partitions on W, so, writing my for the or-
thogonal projection to W,

|H(7TWNa Dm) - H(WW/-% D;n)| = O(l)

and also
|H(7TWIU'7 Dm) - H(T‘—Wuﬂ D’rvnv)| = O(l)

Recall that we identify DY, D} with the partitions my,' DY, m/ DY of R,

respectively. With this identification we have D], = DY v D}V and

From this discussion we have the following immediate consequence:
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Lemma 3.9. With the above notation, a measure i € P(R?) is (V,e+0(1/m), m)-
saturated if and only if

1 1 1
—H(p, DY DY) > dimV — O(—)).
—H(p, DYDY ) 2 dimV = (= + O(-))
From similar considerations we have

Lemma 3.10. If u € P(R?) is (V,e,m)-saturated and g = 2'U +a € G is a
similarity, then gu is (UV, e+ O(|t|/m), m)-saturated; and similarly for unifor-
mity.

One way to get saturated measures is from uniform measures:

Lemma 3.11. If u € P([-r,r]¢) is (V,e,m)-uniform then it is (V,0,(c +
1/m), m)-saturated.

Proof. By uniformity, we can write u = (1—¢)u'+ep” | where 1/ is supported on
the 27"-neighborhood of a translate of V. By concavity of conditional entropy,

H(u, DDV ) > (1-e)H(,Du|DY)
> H(y/\Dn|DY, ) — eH(i/, D).

Since p, and hence //, is supported on at most O(r?-2™) atoms of D,,, we have
H(y', D) = O(mlogr), and the inequality above becomes

H(1,Du|DY,) > H(i, D DY) — £0(mlogr).
Since p is supported on a 2~ ™-neighborhood of a translate of V, it is supported
on O(1) atoms of DY, so H(z/,DY.") = O(1), hence

H(W,Dp|DY) > H(W,Dy)— H(/', D))

Finally, by Lemma 3.3 applied to p = (1 — &)u + eu”, and using the bound
O(r?2™) on the number of D,,-atoms supporting ', " and uniformity of p,

H(y',Dp) > H(p)—e(m+O(logr)) — H(e)
> mdimV —e(m+logr) — H(e)
Putting it all together, using H(e) < 1 and dividing by m gives the claim. O

Another way to get saturated measures is to take convex combinations of
saturated measures:

Lemma 3.12. A convex combination of (V,e, m)-saturated measures on R is
(V,e +0O(1/m), m)-saturated.

Proof. Immediate from Lemma 3.9 and concavity of conditional entropy (Lemma

3.1 (5)). O
Combining the two lemmas above gives the following:

Corollary 3.13. A convex combination of (V, e, m)-uniform measures on [—r, r]?

is (V,0,(g + 1/m), m)-saturated.
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Saturation is also stable under small perturbations in the total variation
metric:

Lemma 3.14. Let y,v € P([—r,r|%). If u is (V,e,m)-saturated and || — v|| <
d then v is (V,&',m)-saturated for &' = e+ O(dlogr + 1/m).

Proof. Take A = DY, VDY and B = DY in Lemma 3.4, and use Lemma

3.9. O
Finally, we shall need an entropy bound for concentrated measures.

Lemma 3.15. If i € P([—7,7]%) is (V,27™)-concentrated then H,,(p) < dim V+
Or(logm)'

m

Proof. Write pu = (1 —27")uy + 2~ "y where pu; € P(W2 ™) for some trans-
late W of V and pp € P([-r,7]%). Since H,,(u;) = O,(1) for i = 1,2, by
Lemma 3.3 it suffices for us to show that H,, (1) < dimV + O,(1/m). This
again follows from the fact that W ™) 0 [—r, r]¢ intersects O(r?2™) atoms of
D,,, and the trivial entropy bound. O

3.4 Concentration and saturation of components

In this section all measures are supported on [0, 1)<

Lemma 3.16. If i € P([0,1)4) is (V,e,n)-saturated, then for every 1 < m < n,

Po<i<n (0" is (V,€',m)-saturated) > 1 — ',

where ¢ = \/de + O(2).

Proof. Without loss of generality, we may assume that D, = DY vV D!V where
W = V1 (Lemma 3.9). By the fact that u is (V, e, n)-saturated and by Lemma
3.5, we have
dimV + H,(mwp) —e <
<H, (1)
x,1 m
Eocizn (Hn (i) +O(™)

. 1 .
ZEogign (Hm (,umﬂy anq/)) + ]Eogz'gn <mH (lua:717 Dm|an@/)> + O( )

3|3 3|3

=Eo<i<n (Hm(mw (")) + Eo<i<n (mH (um’l,DmDJZU +0(—).

Since (mw p)y,; is the convex combination (using the natural weights) of 7wy (up
over those D € D; with D N7yt (y) # 0 (recall that we are assuming D,, =
DY v DIV, concavity of entropy implies

Hu(mwp) = Eocicn (Hm((mwp)?")) 4+ O(

> Eo<i<n (Hpm(mw (")) + O(
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Combining these we have
1 T, w . m
Eo<i<n EH (1™, Dm|Dyy) | = dimV — (e + O(ﬁ))

But we also have the trivial bound L H(u®?, D,,,|D}Y) < dim V' < d. Combining
this and the last inequality, the lemma follows by Markov’s inequality. O

The analogous statement for concentration is valid at individual scales (rather
than for typical scales between 0 and n, as above):

Lemma 3.17. If u € P([0,1)9) is (V,¢e)-concentrated and 1 < m < log(1/e),
then
P (,um is (V, VZmE)—concentmted> >1— V2 me,

Proof. Let W = V +uq be such that u(W)) > 1—¢. For a dyadic cube D write
Tp for the surjective homothety D — [0,1)? and let WP = Th(W). Clearly,
for any D € D,, we have Tp(W () = (WP)2"4), Take § = v/2me < 1 and let
&€ C D,, denote the family of cells D such that

pp(D\WE) = pP([0,1]4\ (WP)"9)) > 5.
It follows that

e > ([0, 1\ W) > 37 u(D\WE) > 5 u(UE),
De&

so u(UE) < e/6 = v2=™e. Hence u(U(D,,\E)) > 1—v27™¢, and the conclusion
follows. =

We often will want to change the scale at which measures are saturated.
Clearly if 6 < € and p is (V, §)-concentrated, then it is also (V] e)-concentrated.
However for § < ¢ and k > m it is in general not true that if u is (V, 4, k)-
saturated then p is also (V,e,m)-saturated (though of course it certainly is
(V, e, k)-saturated). The issue is that the first few scales do not greatly affect
the entropy at a fine scale. In order to allow such change of parameters we
will pass to components, using the lemmas above. We will also need a simple
covering argument for intervals of Z:

Lemma 3.18. Let I C {0,...,n} and m € N be given. Then there is a subset
I' C I such that I C I'4+[0,m] and [i,i+m]|N[j,j+m] = 0 for distinct i,j € I'.

Proof. Define I' inductively. Begin with I’ = () and, at each successive stage,
if I\ U;eplivi+m] # 0 then add its least element to I’. Stop when I C
Uier [isi+m]. O

Proposition 3.19. For every e > 0 and m € N, if k > k(e,m) and 0 < 0 <
d(e,m, k), then for all large enough n > n(e,m,k,d), the following holds. Let
v, i € P(RY) and let Vo, Vi, ..., V, <R? be linear subspaces such that

A u®tis (Vi, 0, k)-saturated and B
Posicn ( V¥t s (V;, 8)-concentrated >1-0 (18)
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Then there are linear subspaces Vg, ..., V! <R such that

_ u®tis (V! e, m)-saturated and _
Posizn ( vt is (V] €)-concentrated 1-e (19)

Furthermore if V; =V is independent of i then we can take V] =V.

Proof. Fix 0,k and suppose that (18) holds for some n. Let I C {0,...,n}
denote the set of indices u such that

. u®tis (V;, 0, k)-saturated and B
Piu ( v¥tis (V;, 6)-concentrated > 16

By Markov’s inequality,

111> (1= Vé)(n+1)
Let I’ C I be chosen as in the previous lemma with parameter k, so I C I'+[0, k]
and [i,3+ k] N[j,7+ k] = 0 for distinct 4,5 € I'. If j =i+ u for some i € I’ and
0 <u <k, define V] = V;. Define V] arbitrarily for other j. Note that when
V; = V is independent of ¢ then also Vj’ = V for j as above, in which case we
can set V/ =V for all ¢ and satisfy the last assertion in the statement.

To see that this choice works (assuming the parameters satisfy the proper
relations), note that for any pair of components § = u*¢ 1 = v¥% such that @ is
(Vi, 9, k)-saturated and 7 is (V;, §)-concentrated, we have by Lemmas 3.16 and
3.17 that

Picjcirn(07 is (V7, \/ds + 0(%), m)-saturated) > 1—/do+ 0(%)

Pigjgi-i—k(nz’j is (V;I, Vv 2k6)—concentrated) > 11— 2_k(5

SO

6w is (V!,\/dé + O(™), m)-saturated and
Pi<j<i+k( is (V; (%), m)-saturated an )>1—O( /54—%).

n*7 is (V],V2k6)-concentrated

Write U = (U, [i,7 + k]. The union is disjoint by assumption, so the bounds
above combine to give

Py ( 0" is (V/,\/dd + O(), m)-saturated and ) ~1-0( /5+ %)

n*i is (VJ’ , \/%)—concentrated

Let V. =U N[0,n]. Then we have the trivial inequalities

Picv(...) > Picp(...)— |U|(\]|V|

Since I C U C [0,n + k] to we have |U \ V| < k and |U| > (1 —V§)(n + 1), so
combining the identities above with the previous inequality we get

Pocicn ( 0" is (V],/dd + O(%), m)-saturated and ) = 1-0( /6+ %)—O(E)

07 is (V}, V2k§)-concentrated n

Thus if & is large enough relative to €, m; J is small enough relative to ¢, k; and
n is large enough relative to ¢, k, we obtain (19). O

33



We remark that the use of Lemma 3.18 and Markov’s inequality in the proof
is rather crude, and one might want to use Lemma 2.7 instead. This would have
shown that one can associate to most components a subspace on which it is
suitably concentrated and saturated, but the subspaces would generally depend
on the component, and not just on the level it belongs to. The argument above
gives the desired uniformity across each level.

3.5 The space of subspaces

Let B,(z) denote the open Euclidean ball of radius 7 around z € R?, and, as
before, for A C R% let A©®) = {x € R? : d(x, A) < }. Define a metric on the
space of linear subspaces V, W < R? by

d(V,W)=1inf{e >0 : VN B1(0) C W and W N By(0) CVE}  (20)

This is just the Hausdorff metric on the intersections of V, W with the closed unit

ball, so the induced topology on the space of linear subspaces of R is compact

(note that it decomposes into d+ 1 connected components, corresponding to the

dimensions of the subspaces). It is also the same as the distance ||my — mw ||,

where ||-|| denotes the operator norm and 7y, 7y the orthogonal projections.
It will be convenient to write

AC A if  ANB(0)C A

This a transitive, reflexive relation. In this notation, the distance between
subspaces V, W < R? defined above is

d(Vl, V2) = inf{(—: >0:WEC VQ(E) and V5 C Vl(g)}*

Define the “angle” between subspaces Vi, V2 by Z(V1, Vo) = 0if V3 C Vs or
Vo C Vi; otherwise set W = V; N V5 and

LV, Vo) =inf{Jloy —wa|| : vy €VAINWE, va € Vo NWE | vy || = |Jva| = 1}

This is not the usual notion of angle, but it agrees with the usual definition up
to a multiplicative constant, and is more convenient to work with.
The following properties are elementary and we omit their proof.

Lemma 3.20. Let VW < R< pe linear subspaces and € > 0.

1. d(V,W) < 1 with equality if and only if VAW # {0} or WNVL £ {0},
In particular if dim W > dim V' then W Z VY and d(V, W) = 1.

2.If0<e<1landV C WO then my : V. — W is injective, dimV <
dim W, and if dimV = dim W then W C V) and d(V,W) < e.

5. L(V.W) < V2 d(V,W).
4. If V.Z W) then there exists a vector v € V with /(Rv, W) > ¢.

We collect some elementary implications for concentration, uniformity and
saturation:

Lemma 3.21. Let p € P([0,1)%) and V,W < R
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1. If o is (V,e) concentrated and d(W,V) < &, then u is (W,e + /do)-
concentrated.

2. If pis (V,e,m+1)-uniform and d(W,V) < ﬁQ_(m‘H), then w is (W,e,m)-
uniform.

3. If wis (V,e,m)-saturated and d(W, V) < 27™ then p is (W,e+0(1/m), m)-
saturated.

4. If w is (V,e,m)-saturated and W < V is a subspace then p is (W,e +
O(1/m), m)-saturated.

5 If p € P([0,1)%) is both (Vi,e,m), and (Va, e, m)-saturated, and £ (Vy, Vo) >
6> 0, then p is (Vi + Va, €', m)-saturated, where &’ = 2e + O(= log(3)).

Proof. If d(W, V) < § then VB, (0) € W)NB,(0), 50 VOB, 5(0) € WV
B /5(0). It follows that if (V +v)N[0,1)? # 0 then V +vN[0,1)? C (W +v)(V&9)
(we use the fact that the diameter of [0,1)¢ is V/d), so (V&) +v) n[0,1)¢ C
(W + v)(e+Vd9) | The first claim follows.

For (2), observe that if d(W,V) < 2=+ and p is (V,27m*Y/\/d)-
concentrated, then by the first claim, p is (W,27")-concentrated. Since by
assumption H,, (i, D) > dimV — ¢, and d(V, W) < 27+ implies dim W =
dim V| we have shown that u is (V, e, m)-uniform.

For (3), note that d(V,W) < 2™ implies that ||myr — mpo|| < 27™, so
|H (1, Dy |DY.") — H(11, Dp| DY )| = O(1), and the claim follows.

For (4), we may assume W # V. Let W’ < V denote the orthogonal
complement of W in V and write R? as the orthogonal direct sum W oW’ @V +.
Without loss of generality we may assume D,,, = DY vDW' vDV" (Lemma 3.9);
by doing so we implicitly increased e by O(1/m). Since p is (V, e, m)-saturated,

1
— H(p, DDV ) > dimV —e.
m
Since D,, refines DY = DW'®V" which in turn refines DY, , we have
H(p. DDy ) = H(u, D V Dy D))
= H(u.Dy D)) + H(p, DD} ),

Inserting this into the inequality above gives
1 W . W iyt
m

Since L H(u, DW'|DY") < dim W’ + O(1/m) = dim V — dim W + O(1/m), this
is precisely (W, e + O(1/m), m)-saturation of u.

We turn to (5). Let VJ = Vo N (V3 N Va)t, so that Vi < Vo, Vi N VY = {0},
Z(Vi,V3) = Z(V1, Vo) > § and Vi + V5 = Vi 4+ Vo, By (4) we can replace V3 by
V5 at the cost of increasing € by O(1/m). Thus, we may assume from the start
that Vi N Vs = {0}.

Write V = Vi @ V5 (this is an algebraic, not an orthogonal, sum) and W =
VL. We can assume without loss of generality that D,, = DY, vV DI¥. Also
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let £, = DY1 v DY2 v D} be the partition corresponding to the direct sum
Ri=VioV,dW.

By Lemma 3.9, we must show that
log(1/9)

Hp (1, Dy |Dyy) > dim V — 22 — O(
m

).

Because of the assumption Z(V4,Va) > §, the partitions of DY1 V D2 and D),
of V, and also the corresponding partitions of R?, have the property that each
atom of one intersects O(1/9) atoms of the other. Thus

| Hn (11, Dy V D2 D) — H(p, Dy | Dy )| = O(log(1/9)),

so it is sufficient for us to prove that

log(1
Ho (1, DY v DY DY) > dim v — 26 — (128179 (21)

m
Now,
1 1 1
—H(pp, Dyt V D2 D) = —H(p, Dyt D)) + — H (p, Dy [ Dyt V DY) (22)
m m m
€L
Since W C VIL, we can assume that the partition ’Dxll refines DYV, Using the

fact that u is (Vi,e,mq)-saturated, we get a bound for the first term on the
right hand side of the above identity:

1

1
—H(u, DR(DIY) = —H(u, DDy ) = dim Vi —e.

As for the second term, again using the fact that each atom of DY1 v DYz v DI
L
intersects O(1/4) atoms of DY VDy? and vice versa, and similarly for DYivDW
VJ_
and D,? , we have

1 1 log(1/8
Loy vy = Lpgpvepv - odoetd))
m m m

log(1/6)

m

> dimVy —e—O( ).

Combining the last two inequalities and (22) gives the desired inequality (21) O

3.6 Geometry of thickened subspaces

In this section we develop some methods for understanding unions and inter-
sections of thickened subspaces. We require some elementary linear algebra
estimates.

Lemma 3.22. Let vy,...,v; € R? with ||v;|| < 1, and suppose that
d(vi,span{vy,...,v;_1}) > 8 forall1 <i<k.

Then for any v =3 tv; we have ||(t1,...,t)|| < Vk-2F|v| /6*.
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Proof. We first claim for every 1 < i < k that
Lk
til < (1+ g)k o]

This we show by induction on k. For & = 1 it is trivial. In general set V; =
span{vy,...,v;} and W; = V. By hypothesis, ||7TWi_1(Ui)|| >dforalll1<i<
k. Thus

”UH > Hﬂ-Wk71<’U)H = |t7€| : HTerfl(Uk)H > 1,0
so |tx| < ||v]| /4, and the claim holds for i = k. Now,

k-1
E tiv;
i=1

= [|mviss () = temv,, (i)

< ol + It
1
< 1+l

Thus, by the induction hypothesis, for 1 <i <k —1,

k—1
E t;v;
i=1

|t

IN

1 .
1 - (k‘*l)*l%»l
1+

1 .
< (43 e

as claimed. It remains to note that
1
It < VEI[t. < VEQL+ 5)’“ [[v]]

The claim follows (note that 6 < 1). O
It will be convenient to introduce notation for the constant
pe =k -2

Corollary 3.23. Let V < R be a subspace and vy, ..., vp € V) with |lv;| < 1.
If d(v;,spanf{vy,...,v;—1}) > 0 for all 1 < i < k, then span{vy,...,vp} C
V(pre/t)

Proof. Write W = span{v;} and let w = > t;v; € W be a unit vector. Write
t = (t1,...,t;). Then by the last lemma, ||¢||, < 25v/k/6*. Thus

d(w,V) < > [t d(v;, V)
< et
< eVt
3
S pk(;ikv

where we used the hypothesis and the general inequality |[ul, < vk |ul,. O

Corollary 3.24. Suppose that E,V < R? are subspaces such that E C V(®),
and e € V) N B1(0) is such that d(e, E) > § > 0. Then E' = F @ Re satisfies
E C V(86/52)'

37



Proof Every vector in E’ belongs to a subspace of the form Re’ @ Re for some
¢’ € E, so0 it is enough to show Re’ & Re T V(8/3°). But the pair ¢’, e satisfies
the assumptions of the previous corollary with & = 2. Since ps = 8, the claim
follows. O

Corollary 3.25. Suppose that E,V,W < R? are subspaces such that E T
VENWE  and e € (VE NWE)) N By(0) is such that d(e,E) > 6 > 0. Let
E' = E®Re. Then E' T V®/5) e/,

Proof. Immediate from the lemma. O

Proposition 3.27 below takes a family W of subspaces and finds an essentially
minimal subspace that almost-contains all W € W. The basic step in the proof
is to do this for two subspaces, and this is given by the next corollary.

Corollary 3.26. Given e > 0 let ¢, = 413" Then for any V,W < R, there
is a 0 < k < d and a k-dimensional subspace E C V) N W) such that
Vi) nWwier) C plewt),

Proof. Let E be a subspace of maximal dimension satisfying £ T V(€aime) 0
W eaimE) (such subspaces exist, e.g. {0}). Let k = dim E. If V(&) nWEs) Z
E(€x+1) then by the previous corollary we can replace E by E' = E + Re for
some e € B (0) N (VED) nWER) \ BEr+1)) and B’ will satisfy

E'C V(gek/5i+1) n W(SEk/EiH) C v (Ert1) A 1)

where we have used

8ck 8- 4s1/3" 13541 1
22 A2g2/3FF € = §5k+1
k+1 €
But dim E' = dim FE + 1, which contradicts the maximality of E. O

Proposition 3.27. Let € > 0 and ¢, = 413" Then for any family W of
subspaces of R?, there is a subspace V < R? such that W T VD for all
W e W, and zf Visa subspace such that W C veE) for all W € W, then
VE V(sd)

Proof. We may assume that e; < 1 since otherwise the statement is trivial (any
subspace V' will do). Let V be a subspace of minimal dimension such that
W C V(a-amv) for all W € W (such subspaces exist, e.g. V = RY). Write
k =d—dimV. We can assume k < d since the case k = d corresponds to
V = {0}, and then the conclusion is trivial.

We claim that V is the desired subspace. First, e, < €4, so we have W C
V() £ VD for all W € W, which is the first property.

For the second property of V, suppose that there is a subspace V < R4
such that W C V(&) C V) for W € W, but such that V Z V), Let E
be a subspace of maximal dimension satisfying E C V(Ex+1) 0V (Er+1) | Clearly
dimE < dimV (since £ C V(er+1) and ept1 < €4 < 1), and we cannot have
dim E = dim V because then we would have V C EEx) C V(Etert) C Ve,
contrary to assumption. So dim E < dim V. Thus, by the definition of V', there
exists a W € W with W IZ E(x+1), Choose a vector e € (B (0) N W)\ EEr+1),
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so that d(e, F) > er4+1, and note that since W C V() N VER) we also have
e € VE) A Ver), Thus, by Corollary 3.25 (with ¢ and ei41 in the role of
£,0), the subspace E' = E @ Re satisfies B/ C V(ex+1) 0 V(1) But dim B/ >
dim F, which contradicts the definition of E. We conclude that V C ‘7(”), as
desired. n

We note that the proof actually shows V E W ea—aimv) for all W € W and
that any V with this property satisfies V T V (ed—aimv+1),

From the last proposition we can derive a dual version: for any family w
of subspaces and any ¢ > 0, there is a subspace V' such that V' C W) for all
W € W and any other subspace V with this property satisfies V CVED, To
see this, observe that Uy C UQ(E) if and only if U5~ C (UsH)(®), and apply the
previous proposition to Wt = {W+ : W € W}. However, in a later application
we will want to present the subspace V as an intersection of a small number
of (neighborhoods of) subspaces from W. This is provided for in the following
proposition.

Proposition 3.28. Let ¢ > 0 and § = 8d_151/3d2. Then for any family W of
subspaces of RY, there is a subspace V < R such that V. T W) for every W e
W, and subspaces Wy, ... Wi € W with k < d—dimV such that ﬂ W(E) C
VO, In particular, if V’ is any other subspace satisfying V' T W 75 for every
W eW, then V! C V),

Furthermore, if we are given an increasing sequence W1 C W? C ... with

each W' a family of subspaces of R?, then we can assign V' to W' as above in
such a way that Vi C (V)0

Proof. Fix ,6, W as in the statement. We shall recursively choose finite se-
quences of subspaces Wi, Wa,... € W and Vy, V1,... < R? and of real numbers
80,01,... > 0, such that (Y;_, W\ € v,*").

Begin with V) = R? and dy = €. Now for j > 1 suppose we have defined
Vi, Wi, ; for i < j. Let 67 = 8(3;-1)/3". If V;oy T W) for all W € W, we
terminate the construction. Otherwise, choose W; € W such that V;_; Wj(&j).
Apply Corollary 3.26 to the subspaces V;_1, W, with the parameter d;_;. WS
obtain a subspace V; < R% and real numbers §; 1 < o <05 < 4(6;_1)1/3
satisfying

v, v aw (23)
and (67) (63)

j i (65)

Vici nW; B,
(in the notation of the corollary, (5;- = ¢ and §; = €41, but if k = d we can
take ) = J; = eq). Since ¢ < §;—1 < 0} and, by the induction hypothesis,
ﬂj ! W(E) cC V(‘SJ ") the last equation implies that ﬂj_o W(E) C V( 7 and the
condltlons of the constructlon are satisfied.

We now claim that dimV; < dim V;_; as long as they are defined. Indeed,
suppose the construction completed the j-th step of the construction Wlthout
terminating, so V;_1 Z W( . In particular this means that J; <47 < 1. Now,

we know that V; C Vj& 1), which together with §; < 1 implies dim V; < dim V;_;.
Suppose that equality held. Then, again using §; < 1, we would have the reverse
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containment V;_; C Vj(éj). This, together with V; T Wj(éj) and 5;. < §;, implies
Vi1 C Wj(%j). Since 20; < d7, this contradicts the assumption V;_; £ Wj(é"),
so we must have dim V; < dim V;_;.

Since dim Vj is strictly decreasing, the procedure terminates after completing
some k < d iterations, which in our numbering means it completed step k£ — 1
and terminated at step k. This means that Vy_; T W) for all W € W and

Ny w Vk(&’“’l). Observe that
Seiy < 67 < 851 (8p) /D < 5

(since &y = €). Hence for V = Vj we have W C V) for all W € W and
U, W& £ v®, as desired.
The statement about V' is immediate from the first statement of the lemma.
Finally, for the last part, we note that in the construction we may first
exhaust the subspaces in W!, obtaining V!, then move on to those in W?

obtaining possibly a different V2, etc. The containment relation follows from
(23). O

3.7 Minimally concentrated and maximally saturated sub-
spaces

Our goal in this section is to identify, given a measure and associated parameters,
a subspace V' on which it is in a sense most concentrated, and one on which
it is most saturated, relative to the parameters. By this we mean that if V is
another subspace for which the measure is concentrated or saturated, relative
to comparable parameters, then V is, respectively, essentially contained in, or
essentially contains, V.

The existence of a “minimal” subspace on which a given measure concentrates
is proved by a variation on the argument in Proposition 3.27:

Proposition 3.29. Lete > 0 and e, = 451/3k, and assume thateq < 1/2. Then
for any n € P([0,1)%), there is a subspace V < R? such that n is (V,Vd - €4)-
concentrated, and if W is any subspace such that n is (W, e)-concentrated, then
V C W,

Proof. We can assume 4 < 1. Choose a subspace V' < R? of minimal dimension
such that 7 is (V, Vd - €d—dim v )-concentrated (the family of such subspaces is
non-empty, e.g. V = R%). Write k = d — dim V note that we can assume k < d
since otherwise V' = {0} and the claim is trivial.

We claim that V is the desired subspace. Suppose that 7 is (W, £)-concentrated
(and hence (W, ey)-concentrated) but that V' Z W), Let E C V) 0
W (k1) be a subspace of maximal dimension. Then dim E < dimV so by the
definition of V' the measure 7 is not (F,v/d - €, 1)-concentrated. Now, con-
sider translates of V(¢%) 4+ v and W) 4+ w which cover all but e, and e of the
mass of 7, respectively. Choose u € (V&) 4 v) N (W) 4 w) (the intersection
is non-empty because it has 7n-mass at least 1 — 2¢;, > 0), and observe that
V) 4y C V@) 4y and WER) 4 C W2ek) 4 . Hence

n ([0, 114N (V@) A e 4 u) >1— 2¢y.
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Now consider the translate [0,1]% N (E(V4) + ). It covers at most 1 — e
of the mass of 1, which, since since 2e; < ex11, is less than the mass of the
previous intersection. Thus, translating back to the origin and scaling by 1/ Vd
(so that [0,1]¢ + u is mapped into the unit ball), we find that there exists
a point e € (B1(0) N V@r/Vd) n y2ex/Vd))\ gEx) . By Corollary 3.25 the
subspace E' = E + Re satisfies E/ T V(&+1) 0 W (E+1) (we have used that
8- st/(\/&siﬂ) < €k+1)- But dim B’ > dim F, contradicting the choice of E.
We conclude therefore V C W(Ed), as desired. O

We turn to the analog of Proposition 3.29, which provides a “maximal” sub-
space on which a given measure is saturated to a certain degree. The argument
is again similar to the measureless case.

Proposition 3.30. Given m € N and 6 € P([0,1)%d), there is a subspace
V < R such that 6 is (V, O(l"%), m)-saturated, and if W is any subspace such
that 0 is (W, %, m)-saturated, then W C V(©O((logm)/m))

Proof. Write 0, = C2¥klog(m)/m where C > 1 is large enough to serve as
the implicit a constant in the big-O expressions we invoke below. Note that
O < Ogy1 and 6g = Od(b%). Let V be a subspace of maximal dimension such
that 6 is (V, ddim v, m)-saturated (such subspaces exist, e.g. V = {0}). Write
k = dim V and suppose 0 is (W, 1/m,m)-saturated for some W. If W £ V(%)
then certainly W Z V(%) so by Lemma 3.20(4), there is a subspace W’ C W
with Z(V,W’) > 4. By Lemma 3.21 (3) 6 is (W', (1 + C)/m,m)-saturated,
and since (1 + C)/m < 0y it is (W', dk, m)-saturated. By Lemma 3.21 (5), ¢
is (V+ W25+ & log(%k)m)—saturated. Since 26), + < log(i) < Op41 the
measure 6 is (V + W', 641, m)-saturated. Since V/ =V + W’ has dimension at
least 1+ k and 0 is (V’, dgim v, m)-saturated, this contradicts the definition of
V. O

3.8 Measures with uniformly concentrated components

When a measure has the property that at each level the components are with
high probability concentrated on a subspace, one may expect the subspace to
vary slowly between levels. This is the content of the following proposition,
which may be applied to the conclusion of Theorem 2.8, but is also needed in
the theorem’s proof.

2
Proposition 3.31. Let 0 < ¢ < 1 and set § = 3 - gi-1g1/(437) Lot n e
P([0,1)%) and n € N, and suppose that for every n < k < n+ %log(1/e) there
is given a linear subspace W, < R? satisfying
Pi—p(n®" is (Wy,¢e)-concentrated) > 1 — ¢. (24)
Then there are subspaces Vi, < Wy such that for n < k < %log(l/a),

P (7™ is (Vi,d)-concentrated) > 1 — 2d+/e, (25)

and V; E Vi(é) foralln <i<j<n+ ilog(l/e).
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Proof. Write N = [ log(1/¢)]. For each n < i <n+ N set W = {W; : n <
j < i} and apply Proposition 3.28 the with parameter e1/4 to obtain a subspace
V; satisfying V; C W(‘S/?’) and V; C V(5/3) for n < j <4, and r(i) < d subspaces

Wi, -, Wip) € W, such that (V) W ey,

Now, given i and 1 < j < r(7), there is by defimtlon an<k=k(7j) <i
such that W; ; = Wy, ;). For every component § = n™" in the event in (24),
we can apply Lemma 3.17 (using i — k(i, j) < % log(1/¢)) to get

Pu—; (0" is (Vi, e 1/4) concentrated) > 1 — /z.
Thus by (24),

Pyu—i(n™® is (Vi,e'/*)-concentrated) > 1 — 2/.
Hence,

Pu—i(n™" is (Vk(m-),51/4)—c0ncentrated forall 1 <j<wr(i)) > 1-2r(i)ve

> 1 —2dy/e.
g (i) <e (@) pre)
Finally, if 0 = is in the event above then, using (1,21 W, =2 Wi E

v 0/3)
K3

we have

T(l)
5/3

o) > w0

]:1

> 1—r()-e/h

Since r(i) < d and de'/* < §/3, this means that 6 is (V;,d/3)-concentrated.
Since this is true for components § = % with probability > 1 — 2d\/z, we have
established (25), in fact with §/3 instead of 4.

Finally, we show that we can assume Vi, < Wj. If € is so large that § > 1
there is nothing to prove since we can take V, = Wy, from the start, so assume
0 < 1. From this and the relation V; C W(5/3) it follows that 7y, is injective
onV; and satisfies d(V;, mw, V;) < /3. Thus V(‘S/S) C (mw, V;)?), so if a measure
0 is (V;,d/3)-concentrated, it is also (mw,V;, (5) concentrated. It follows that if
we replace V; by mw, V;, we still will have (25), as desired. Also, since V; T Vi(é/ %)
for n < i < j before the modification, and each subspace moves by at most /3,
after the change we have V; C Vi(é) for n <14 < j, as desired. O

Corollary 3.32. For every { € N and 0 < € < 1 the following holds with

2
§=3.8d"1l/43") Lety e P([0,1]%) and N > Jlog(1/e), and suppose that
for each 0 < ¢ < N there is given a subspace W, < R? such that

Py (" is (W,,e)-concentrated) > 1 — .
Then there are subspaces V, < W, such that
Py (" is (V,,8)-concentrated) > 1 — 2d+/e,

and
2+ 1)
N 1 log(1/e)

(Note that the conclusion is of interest only when £ is small compared to log(1/¢)).

v #{0<i <N - d(V;,Vig) <6} =1
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Proof. We may assume that § < 1, otherwise the statement is trivial.

Let m = [ log(1/e)]. For each k < [N/m] write I, = {mk,mk+1,... , m(k+
1) — 1} and for k = [N/m] write Iy = {m[N/m], ..., N}. For each k < [N/m)],
apply the previous proposition with n = km to find subspaces V;, < Wy, q € I,
such that V; T V,*) for all i < j in I.. This defines V, for all 0 < ¢ < N.

Fix k. If i < j arein I, then V; C Vi(é) (since § < 1), hence dim V; < dim V,
and if dimV; = dimV; then d(V;,V;) < 6 (since V; T V\?). Let iy = mk
and let 7,41 € I denote the least index such that dimV;, , < dimV;, . There
are at most d such indices. It follows from the above that if j + ¢ € I, and
d(V;,Vj—¢) > 6 then i, < j < i, + £ for some u. There are at most (d+ 1)¢ such
indices j, so

#{i: i+ L€ Iyand d(V;,Vi—g) > 0} < (d+ 1)L
As the sets Io, ..., I|y/m are disjoint and cover {0,..., N +1}, the bound above
applies to each of them, so

#LOSi<N 2 d(ViViig) 26} < (4 1)(d+ 1)L

Dividing by N + 1 and using N > 1 log(1/¢) gives the desired bound. O

4 The inverse theorem in R?

Our goal in this section is to prove Theorem 2.8.

4.1 Elementary properties of convolutions

We begin with the obvious.
Lemma 4.1. For m € N and p,v € P(RY) |

1
Hu(pxv) 2 Hi(p) — O(—).
m
Also, if p is (V,e,m)-saturated then pux v is (V,e',m)-saturated, where & =
e+0(1/m).

Proof. Notice that %8, (A) = u(A—y), so that H(px 0y, Dy,) = H(i, D, +9),
where Dy, +y = {[a+y,b+y) : [a,b) € Dy, }. Thus by Lemma 3.2 (4), we have
Hp (o 6y) > Hy(p) — O(). Since pxv = [ pxd,dv(y), concavity of entropy
implies H,,(pu * v) > Hy,(p) — O(L). The second part follows using the same
relation and Lemma 3.12. O

Corollary 4.2. Let u,v € P(RY), m € N, and let V < R? be a linear subspace.
Suppose that p is not (V,2e,m)-saturated, and that v is (V,e, m)-saturated.
Then

Hy(pxv) > Hp () + €,

where ¢’ = ¢ — O(1/m).
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Proof. Write W = V+. By the previous lemma (with the roles of 1, v reversed),
Hpy(pxv) > Hp(mw(p*xv)) +dimV — (e + O(1/m)).

Since myy is linear, mw (u*v) = Ty px mw v, by the previous lemma H,, (myy (1 *
v)) > Hpy(mwp) — O(1/m). Inserting this in the last inequality and using
the assumption that H,, (1) < Hp(mwp) + dim V' — 2, and absorbing another
O(1/m) into the error term, we have

Hpy(mwp) +dimV — (e + O(1/m))

Hm(pxv) >
> Hp(p)+ (e —0(1/m)),

as claimed. O

Lemma 4.3. Let u € P(R?) be (V,¢)-concentrated, 0 < ¢ < 1. Then p** is
(V, (1 — ek))-concentrated for all k € N with ek < 1.

Proof. Let u = epy+(1—e)pe with pq,ue probability measures and iy supported
on a translate of V(). Then we can write p** = (1 —e)*u;* 4+ (1 - (1 — )"y
for some probability measure vy, so, writing 7 (x1 ... xE) = Zle x;, we have

pt = mpt = (1= ) 'mop + (1 - (1 - e)")mu

Since p; is supported on a translate of V(¢)| the measure piF = mu** is
supported on a translate of 3¢, V(&) = V(%) So the splitting of u** above
shows that (1 —€)* of the mass of p** is supported on an ek-neighborhood of a
translate of V. Since (1 —¢)* > 1 — ¢k, the claim follows. O

4.2 Mean, covariance and concentration

A rough but convenient way to describe the distribution of a measure is via its
mean and covariance matrix. In this section we develop some basic properties
of these objects and their relation to concentration.

By a covariance matrix we shall mean a d x d real symmetric matrix with
non-negative eigenvalues (we do not require them to be positive). We denote
the eigenvalues of such a matrix ¥ by

MD) 2 (D) 2. = Ma(D).

set Ay = 0 for k > d, preserving monotonicity. Define eigen; .(X) to be the
span in R? of the eigenvectors corresponding to eigenvalues > \,.(X). Note that
if (X)) = Ary1(X) then dim(eigen; (%)) > r.

It is advantageous to think of a covariance matrix as the positive semi-definite
bi-linear form which it determines. The correspondence between these objects
is not one-to-one: The matrix determines the form but the form determines the
matrix only given the standard basis. Nevertheless, given the inner product, the
form determines the eigenvalues and eigenspaces, and we are primarily interested
in these; since the inner product is always fixed in our discussion, we will not lose
much by thinking in terms of linear forms, and use the same notation for both.
One advantage of this approach is that a bi-linear form can be restricted to a
linear subspace, giving another bi-linear form, which is positive semi-definite if
the original one was.
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Lemma 4.4. Let ¥ be a positive semidefinite form on R? and U < R? as sub-
space. Suppose that uy, ..., uy is an orthonormal basis for U and that X (u;, u;) <
e fori=1,...,d. Then \i(Z|yxv) < de.

Proof. Let w = > a;u; € U be a unit vector, write a = (ay,...,04—r+1), SO
that ||a||, = 1. Using Cauchy-Schwartz inequality for the “semi-inner product”
(v,w) = vTXw (which may not be positive, but satisfies the requirements for
the weak inequality), and again to get 3" |a;| < V/d||al|,, we have

uTZHu = Z aiajuiTEuuj

0]

< ) aia \/(ufxuui)(ufxuuj)
2%}

< Z a;a; €
i

< e lahQ lasl)

2
< e-d-all;
= d-¢
This proves the claim. O

For p € P(R%), the mean of u is

m =m(p) = /mdu(w),

and the covariance matrix of u is

In this case we abbreviate
Ai(p) = Ai(B(w)),

and similarly eigen; ,.(u). We note that scaling a measure by r results in
multiplying its covariance matrix by r2, an operation which does not affect the
eigenvalues or eigenspaces.

Lemma 4.5. Let u € P(R?), write ¥ = X(u), and let U < R? be a linear
subspace. Then X|y = X(wyp) (the equality is of bi-linear forms on U).

Proof. Write m = m(p) and my = mym = m(myp) (the last equality is imme-
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diate). For vectors u,v € U, we now have
WIS = of ( / (2 — m) (@ — m)Td,u(x)> v
[ @ = m)e = ) vdta)
[t = m) (v ) dta)
[ tw e = m) (0,70 = m)) )

= /(u,ax—mU> (v,x — my) dry p(x)
= u'S(ryp)v.
This proves the claim. O

A measure p is supported on an r-dimensional affine subspace of R? if and
only if \;() = 0 for ¢ > r, in which case it is supported on a translate of
eigen; , p. We will use a quantitative version of this fact:

Lemma 4.6. Let u € P(R?) and write \; = \;j(p) and V, = eigen; ,.(1).
1. pis (VT,O(/\i/fl))-concentmted.

2. If p € P([0,1]) is (V,e)-concentrated for some r-dimensional subspace V
and & > 0, then \,y1 = O(¢) and p is (V;., O('/3))-concentrated.

3. Let i = pi, € P([0,1]%) be a random measure defined on some probability
space (Q, F,P). Set A = E(X(p)). If \rp1(A) < &, then, writing V =
eigenl,..A,r(A)a

P (,u is (V,0(51/6))-concentmted> >1-—0(/e).

Proof. Let ¢ be an R%valued random variable distributed according to p and
let m = m(u) and ¥ = X(p). Identifying column vectors with d x 1 matrices
and scalars with 1 x 1 matrices, for © € R? we have

E({u¢-m)?) = E((€-m)E—m) )
= T ((¢ - m)(¢ - m)")u

= u'Yu.

For a subspace W, let ny denote the rotation-invariant probability measure on
the unit sphere in W. Then there exists a constant ¢ = ¢(r) such that

d(é,m+V,)? =c- / (u, & —m)? dny 1 (u).

Therefore,
E(d(¢m+V,)?) = E (c . / (u, & —m)? dny+ (u)>
_ c./E (Gur& = m)?) diy: ():

< ¢ )\r+1~
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because u’Yu < A4 for every unit vector in V-, Now (1) follows from
Markov’s inequality.

For (2), fix V as in the statement. Since r + 1+ dim V+ > d, we must have
dim (eigen,; .., NV*) > 1. Fix a unit vector w € eigen; .., NV, Then

E(d(¢m+V)?) = E(sup <u,—2m>>

wevt |l
2
> sup E<<u’§ 2m> )
ueV+ ||u||
> E ((w7 - m>2>
= wI'S(pw
> Apy1 (26)

On the other hand, since p € P([0, 1]%) we have ||¢|| < V/d p-a.s., hence, writing
§ = e(1 4 2V4d),

E (d(&m+V)?)

IN

PP € (m+V)O)+d-P¢ e [0,1]%\ (m+ V)
62 +d-PEe[0,1]4\ (m+V)¥), (27)

IN

Finally, since p is (V,e)-concentrated, there is a translate U of V such that
w(UE) > 1 — . Hence

m = E(&)
pUOEEE € UD) + (1 — w(UD)E(EIE e R\ UE),

Since U(®) is convex, E(¢[€ € U®)) € UE). Also, since ||£]| < v/d, both expec-
tations on the right hand side of the last equation have magnitude at most v/d.
Thus

d(m,U®)) < Hm - E(§|U(5))H < 2:Vd.

Therefore UE) C m + VEH2eVA — iy + V) and consequently
P& €[0,1]\ (m+V)?) <E(¢ ¢ U®)) <e.

Combined with (26) and (27) this proves the first part of (2), the second part
now follows from (1).

We turn to (3). Let U = (eigen, , A)* < ecigen,,, _4A. Also for brevity
write 3, = 3(u). For any unit vector u € U, we have

e>ul Au = E(uX,u’)
Since uTX,u > 0, by Markov’s inequality,
P(u?'Y,u > VE) < e
Now fix an orthonormal basis u; ...us of U (so £ < d — (r + 1)). By the last

inequality,
P(u; Spu; < yeforalli=1,...,d)>1—dye
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By the Lemma 4.4, the condition in the event above implies that A1 (X, |uxv) <
dy/e, where ¥,|yxp is the restriction of the quadratic for ¥, to U x U, and
by Lemma 4.5, ¥,|uxv = E(myp) (as linear forms on U). Combined with the
previous probability estimate we get

P (M () < dVE) > 1 - dv/E (28)

By the first part of this lemma, for 4 in the event in (28), 7y u is ({0}, O('/9))-
concentrated, and this is the same as saying that p is (V, O(g'/%))-concentrated,
as claimed. O

Recall the definition of the distance between linear subspaces (20). We shall
use the following basic fact, which we state without proof.

Lemma 4.7. The maps X — \;(X) are continuous on the set of positive semi-
definite matrices. Furthermore, given 7 > 0 > 0 and 1 < r < d, the map
3 — eigen; , X is continuous on the compact space of positive semi-definite
matrices X satisfying A\.(X) > 7 and A\ 1(X) < 0.

4.3 Gaussian measures and the Berry-Esseen-Rotar esti-
mate

The standard d-dimensional Gaussian measure v = 74 is given by y(4) =
[ p(x)dz, where ¢ = g4 is p(z) = (2m)¥%exp(—2 |#||*). The mean and
covariance are 0 and I (the d x d identity matrix), respectively. Given a d x d
covariance matrix ¥ and m € R?, write ¥ = BBT. The Gaussian measure
with mean m € R? and covariance ¥ is the push-forward of v by the map
x +— Bz +m and is denoted N(m,X). When ¥ is non-singular its density with
respect to Lebesgue is

1 1 Tl
f(x) LT exp(—5(z —m)" I (z —m)).
When ¥ is singular and r is such that A.(X) > 0, A\,1(X) = 0, one obtains
a similar formula for the density on the affine space V = eigen; .(X)+ m
with respect to the r-dimensional Hausdorff measure on V. In particular, if
uw = N(m,X) and v is the push-forward of p through the map = — rx, then
v = N(rm,r%).

If 1, . .., py are measures then p = pq*. . .x g has mean m(p) = Zle m(;)
and covariance X(u) = Zle S(ui). I py = N(my,%;) then pg % ...ox pg =
N mi, 32 %)

The central limit theorem asserts that, for yq, 2, ... € P(R?) which are not
too concentrated on subspaces, the convolutions p; * ... * ug can be re-scaled
so that the resulting measure is close to a Gaussian measure. The Berry-Esseen
estimate and its variants quantify the rate of this convergence. The following
multi-dimensional variant is due to Rotar [28].

Theorem 4.8. Let ju1, ..., 1 be probability measures on RY with finite third
moments p; = [ lz||® dpi(x). Let p = py * ... % s, and let v be the Gaussian
measure with the same mean and covariance matriz as p. Then for any convex
Borel set D C R,

S pi
lu(D) —~y(D)| < Cy - W?
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where C; = C1(d). In particular, if p; < C and A\g(u;) > c for constants
c,C' > 0 then
(D) = 4(D)| = Oc.o(k™1?).

4.4 Multi-scale analysis of repeated self-convolutions

If 1 € P(R?) is supported on a subspace V' < R but not on a smaller subspace,
and if the support is bounded, then p** becomes increasingly smooth as a
measure on V, in the sense that, by the central limit theorem, it converges
(after suitable re-scaling) to a Gaussian on V. In this section we prove a localized
version of this statement which applies with high probability to the components
of the measure. Specifically, for u € P(R?) of bounded support, for every § > 0
and integer scale m, there are subspaces Vj, Vi,... such that typical level-i
components of p are (J, 27" )-concentrated on V;, and, when k is large, a typical
level-i component of p** is (V;, §, m)-saturated.

For a linear subspace V < R? let 7y, denote the orthogonal projection R? —
V. Recall our convention that A\; = 0 for i > d, and in what follows define
Ao(X) = d, so that when p € P([0,1)?) and X = (i) the sequence (\;(1))2,
is monotone.

Proposition 4.9. Let 0 > 0, § > 0, R > 0 and® m > m(5,R). Then there
exists an integer p = po(o,d, R,m) such that for all k > ko(o,d, R,m) and all
0<p<polo,d,R,m,k), the following holds:

Let pa,...,pe € P([=R,R)?), let = puy % ... % py, and V = eigen; . pu for
some 0 < r < d, and suppose that \.(1n) > ok and Ar11(n) < p. Then

P, llog VA (u™" is (V, 8, m)-uniform) > 1 — 4. (29)

Remark 4.10. Instead of A,41(p) < p we could require p to be (V, p)-concentrated.
This would give a formally equivalent statement (using Lemma 4.6 (2)).

Proof. 1t is a general fact that, for an absolutely continuous probability measure
v, for v-a.e. x, as p — oo the components v*? converge weak-* to Lebesgue
measure on [0, 1]¢, and in particular

]Ei:p(Hm(ww’i)) —d as p — oo (30)

(this is a consequence of the martingale convergence theorem). There is no
guaranteed rate of convergence, but if v has a continuous density function f,
then convergence holds at every = for which f(z) > 0, and the rate depends
only on f(z) and on the modulus of continuity of f at x. In particular, when
f € C! has a smooth density f, the convergence rate at z is controlled by f(x)
and the bounds on ||V f(z)|| near . Thus, for any compact family & C My(R)
of non-singular co-variance matrices and any compact K C R?, convergence in
(30) is uniform as 7 ranges over the Gaussians v with mean 0 and co-variance
matrix ¥ € &, and x ranges over K. Furthermore, given £ we can choose a

8Tn the one-dimensional case in [12] there wan no requirement that m be large. The reason
this is necessary in the multi-dimensional case is that, even when u € P([0,1]%) is Lebesgue
measure on V N [0,1]¢ for an affine subspace V, we do not generally have Hy,(u) = dimV,
but rather only Hy, () = dimV — o(1). One can change coordinates so that if Dy, is defined
in the new coordinates, Hp, (1) = dim V, but the coordinate change itself incurs an O(1/m)
loss for Hp (+).
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compact Ky C R? so that it has arbitrarily large mass uniformly for such ~.
Summarizing, given 0 < 0, < 1, there is a p = pg(o, §, m) such that, for any
Gaussian v with o < A\4(y) < 1/0,

Piep (Hin(v"") >d —0) > 1-06. (31)

In addition, by Lemma 3.2 (1), there is a weakly open neighborhood Us C P(R%)
of these Gaussians such that the inequality continues to be valid for all v € Us.

Next, let g = pg * ... % g be as in the statement of the proposition and first
assume r = d, so Ag(u) > ok. The third moments of the u; are bounded by
Og(1), because u; € P([—R, R]?). Thus by Theorem 4.8, if k is large enough in
a manner depending only on §, the scaling z/ of p given by u/(A) = p(20°8 V] -A)
will belong to Us. Thus we obtain (31) for u'. Scaling everything back by a
factor of 2098 VA we obtain (29).

Now consider the case that ¥(u) is singular, i.e. A\g(x) = 0. Fix 7, p and
V = eigen; , p as in the statement of the proposition, and let m = 7 denote
the orthogonal projection to V. Then the argument in the last paragraph applies
in V to the measure mpu = 7wpy * ... * mug and ensures that

Py tiog vi) (Hm(mu®™") > 1 =6/2 = 0(1/m)) > 1~ 6/2.

The O(1/m) term arises because we have transferred the entropy bound from
the dyadic partition DY on V to the dyadic partition D,, of R%. But, as we are
assuming that m is large relative to J, we can absorb this term in § and assume
that

Py ftog vi (Hm(mvu™') > 7 =6/2) > 1-4/2. (32)

Now, the hypothesis A, 1(1) < p means that p is (V, /p)-concentrated (Lemma
4.6) and so for p small enough in a manner depending on the other parameters,
a (1 — §/2)-fraction of the components ®?~1°8 VE] are (V,2-™)-concentrated
(Lemma (4.3)). In fact by taking p small we can ensure an arbitrarily high
degree of concentration. Furthermore, if enough of the mass of such a compo-
nent p®P—log VAl is concentrated on a small enough neighborhood of V, then
on this neighborhood 7 will be close enough to the identity map (in the supre-
mum norm on continuous self-maps of [0,1]%) that Lemma 3.2 (3) will imply
|H,, (u=»~os VEN _ H (ry p#p~ 108 VA | < §/2. Combined with (32), we obtain
(29). O

We now specialize to convolutions of a single measure.

Proposition 4.11. Let 0,6 > 0 and m > m(d). Then there exists p =
p1(o, 8, m) such that for sufficiently large k > k1(o,6,m) and sufficiently small
0 < p < pi(o,0,m,k), the following holds.

Let p € P(RY), fiz an integer ig > 0, and write

A =Eimiy (S(u™")).

If \r(A) > o and A\11(A) < p for some 1 < r < d, then, setting V =

eigen;, (A), v = p** and jo = ip — [log VK] + p, we have

Pj—j, (v is (V,8,m)-saturated) > 1 — 4.
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Proof. Fix o, §, m, k, p, p, A, V, ip as in the statement, we will see that
if the stated relationships hold and p is defined as in the statement, then the
conclusion holds.

Let 1 denote the k-fold self-product i = p x ... x g and 7 : (R4)* — R? the
map

k
ﬂ'(xl,...,xk) :Z.’L‘i.
i=1

Then v = mpu, and, since g = E,—;, (lig;), we also have by linearity v =
E;—i, (m(ftz,:)). Thus, by Corollary 3.13 and an application of Markov’s in-
equality, there is a 6; > 0, depending only on § and d, such that if m is large
enough as a function of d; then the proposition will follow if we show that with
probability > 1 — §; over the choice of the component i, ;, of 1, the measure
T = w(lig,,) satisfies

P;—j, (r¥7 is (V, 61, m)-uniform) > 1 — ;.

If we manage to define a random subspace W = W (ji, ;,) such that

Pi—j, <d(VV, V) < %2*("’“) and 797 is (W, 01, m + 1)—unif0rm) >1—06y,
then the previous inequality follows by applying Lemma 3.21 to each component
n¥" in the last event (we use here the assumption that m is large relative to &;).
We thus aim to define W such that (33) holds.

Set n = (™) and notice that, with 7 as before, the distribution of the
components 797 is the same as the distribution of the components of n*Jo .
Thus what we really aim to prove is that we

Pj—jo—io (d(VV, V)< %2*(’”“) and 7Y is (W, 61, m + 1)—uniform) >1—9;.

(33)
A random component %% is itself a product measure %% = pTuio x
. x p®t (here © = (x1,...,2k)), and the marginal measures p%3-% of this

product are distributed independently according to the distribution of the re-
scaled components of y at level i9. Recall that

k
B(r(u™ x o pt)) = N TS (ute) (34)

j=1

Fixing a parameter J> which will depend on o,d;, by the weak law of large
numbers, if & is large enough in a manner depending on ds, then with probability
> 1 — dy over the choice of fi, ;, we will have®

1 s
HkE(ﬂu“”) - AH < 0. (35)

9We use here the fact that we have a uniform bound for the rate of convergence in the weak
law of large numbers for i.i.d. random variables X1, X2,.... In fact, the rate can be bounded
in terms of the mean and variance of X,,. Here X,, are matrix-valued (they are distributed like
the covariance matrix of the level-ig components of ), and therefore the mean and variance
of the components of X, can be bounded independently of the measure u € P([0,1)9).
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Using Lemma 4.7 and the fact that u,(A) > o and A\41(A4) < p, and assuming
as we may that p < k/4, we can choose d2 in a manner depending on o, dq, in
such a way that (35) implies

A (mE) >

Arp1(TE®o) <

T el F

—~

and such that, if we write W, ;, = eigen, , X(7fzq,) = eigen; , B(mwa®),

then

1
AWy, V) < —=2~(m+1)
(Waio, V) 7

Thus, assuming that k is large enough, we have shown
Pi—; </\ (mp®t) > ko and d(W,4,V) < 12<m+1>> >1—6, (36)
=10 T 2 T,y \/Cj

Next, fix such a k. By hypothesis A\, 11(A4) = A1 (Eizi, (Z(p®4))) < p, so by
Lemma 4.6 (3),

Pi—i, (,u”’i is (V, O(p1/6))—concentrated) >1-0(/p)

Using again the fact that i®% is a product of k independent copies of level-ig
components of y, the last inequality implies

Pi—i, (all marginals of i”* are (V, O(pl/ﬁ)—concentrated) >1—0(ky/p) (37)

If 7% is in the event above, then all its marginals are (V, O(p'/%))-concentrated,
so by Lemma 4.3, w(i*%) is (V,O(kp/%))-concentrated. By Lemma 4.6 (2),
Ag1 (m(fE%0)) < Og(p'/%), and we conclude that

Piciy (A (n(@)) < O4(0'1%)) > 1= O(kv/p)

Combining this with (36) and assuming that p is sufficiently small relative to
02, we have
ko

/\r(ﬂ-ﬂ 1)> 7

Piiy | Arpa(m(@™") < Ok(p"/®) >1—20

. L —(m+1)
AWy, V) < \/&2
Let /1% belong to the event above. Let us recall the dependences of the pa-
rameters: J is given and determines ¢1, then m is large relative to §1, then §,
small depending on o, d, then k is correspondingly large, and p correspondingly
small. So we can assume that k is large enough, and p small enough, to apply
Proposition 4.9 with parameters §;,m + 1 and ¢/2, and conclude that there is
ap=p(d,m+1,k) = p(d,m, k) such that, writing n = ma=%,

Pjjo—io (0”7 is (Wy.iy, 61, m + 1)-uniform) > 1 — 4;.

This and the estimate above on the probability that d(Wy s, V) < ﬁ?’(mﬂ)

give (33), which is what we wanted. O

180
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Theorem 4.12. Let § > 0 and m € N. Then there exists'® a 0 < k < ko(5,m)
such that for all sufficiently large n > ns(6,m, k), the following holds: For any
u € P(RY) there is a sequence Vy, ..., V, of subspaces'' of R? such that, writing

*k

v=ut, |
Po<i<n (V“ is (V;, 6, m)—satumted) >1-46

and '
Po<i<n (/ﬁ”‘ s (\/Q,é)—concentmted) >1-4.

Proof. Tt is a formal consequence of Proposition 3.19 that we may assume that
m is large in a manner depending on 6. We also may assume that 6 < 1/2.
Also, since we are free to take R large relative to n, we can assume that pu is
supported on [0, 1),

Let k1(-), p1(+), p1(-) be as in Proposition 4.11. We assume, without loss of
generality, that these functions are monotone in each of their arguments.

Let ¢ > 1 denote a constant good for all previous big-O bounds.

The proof will depend on a function p : (0,d] — (0,d] such that p(o) is
small in a manner depending on o,d, m. Specifically, we require that p satisfy
the following inequalities, where exp,(y) = 2¥ (for concreteness, on could define
p(0) to be one-half the minimum of the right-hand sides):

plo) < o, (38)
plo) < pi(o,8/2,m, ki(0,8/2,m)), (39)
o) < éd) (40)
o) < C%eXPZ(_QZL(d +1) - ([log kl(a(;jézm)] —p1(0,8/2,m)) ).(41)
GO Y G R (42)

¢t (Vd+1)-3-8i-1
As before define A\g(3;) = d and Ag4+1(2;) = 0. Fix n and p, we shall later
see how large an n is desirable. For 0 < ¢ < n write

Bq = Big (3(u™)) -

Define a sequence og > 01 > ... by 09 = d and o; = p(o;—1) (the sequence is
decreasing because of (38)). For a covariance matrix ¥ and s € N, set

N(E)=#{1<j<d : \j(2) € (0s,05-1]}.

Claim 4.13. There is an s < [1 4 2d/¢] satisfying

)

Pogqgn(Ns(Eq) = 0) >1-— 5

10Tn [12] the corresponding statement holds for all large enough k. The reason the size of k

must be restricted is, roughly, that if 4 is concentrated extremely near a subspace V then it

will remain so for a reasonable number of convolutions, but too many convolutions will make

it drift away from V.

1 The corresponding theorem in [12] is stated differently, in terms of disjoint subsets I, J C

{1,...,n}. See remark after Theorem 2.8.
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Proof. Note that Y N,.(X,) =d, so

[142d/8] [14-2d/8]
37 EocgenVi(B) = Eocgen( . Ni(S,)) < d. (43)
s=1 s=1

Thus there must exist an s < [1 4 2d/§] such that

d

Eo<q<n(Ns(3q)) < m

<2
2
Since N;(+) is integer valued, we have
Po<qen(Ns(3q) 2 1) < Eo<q<n(Ns(Xq)),
so this is the desired s. O

Fix an s that satisfies the conclusion of the lemma, write

O = O0Os-1
p = Os
= plo),
and set 5
k= kl (Ua 57 m)

Note that k is bounded above by some expression ks(d,m) (also depending
implicitly on the choice of the function p), as in the statement, since its largest

possible value occurs for s = [1 + 2d/d], and once the function p is fixed, the
magnitude o, and hence k, is bounded.
Let

I={0<g<n:Ny(%,) =0}
By our choice of s,
1

11> (1= )+ 1),

For g € I let 1 < ry < d denote the smallest integer such that
Ay (Bg) >0 and Ar+1(2q) < p,

which exists by definition, and set

Wy = eigeny . (Zq).

We define W, = R? for ¢ ¢ I. Finally, write

£ = [log \/E] —p1(o, g,m).

Claim 4.14. For q € I,

. ) 5
Pi—q (UM—Z is (W; 2,m)—saturated) > 1— 3 (44)
Pi—q (M“ is (Wi,Cpl/G)—concentrated) > 1—cpt/s. (45)
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Proof. The first inequality follows from Proposition 4.11 and our choice of
parameters, specifically the definition of ¢ and assumption (39). The sec-
ond follows from Lemma 4.6 (3) applied to the random component u®*, since
W, = cigeny . Eieg (v, 1(7) < p. 0

This is almost what we want, except that in (44) the level of the component
is shifted by ¢ (that is, ™~ appears instead of v*?). To correct this we
apply Corollary 3.32 to (45) with parameter cp'/? (we can do this since we are
assuming that n is large relative to p). Then, writing

g =3 8d—161/(4-3d2)pl/(24~3d2)7
we conclude the there are subspaces Wl’ < W; such that for all 0 < g < n,
Pi—g (1" is (W[, p')-concentrated) > 1 —2dy/cp!/6

> 1-6 (46)
(the last inequality by (40)), and
1 2(d+1)¢

0<qg<n:dW, W </ > 11— —
a0 asn dWu W) <4} = log(1/ep'/%)

J

1— =

> 2

(the last inequality in by assumption (41)). Let
J={iel, d(Wz‘/7 i/—é) < pl}~

Since -7 |I| > 1 — 6/2, the previous equation implies that
1
—|J|>1-0. 47
L (n

Now, for any ¢ < ¢ < n, applying (46) to g — £ we have
Pi—q (1/”4 is (W/

K2

s, p')-concentrated) > 1 — 6.
Assuming also q € J, we also'have d(Wéfe,Wé) < p', so by Lemma 3.21 (1)
applied to each component »**~¢ in the event above,

Pi—, (u‘”’i_e is (W!,(Vd+ 1)p’)—concentrated> >1-96 for g € J.

Our assumption (42) implies that (v/d +1)p’ < d, and the last inequality yields

Piq (v™~" is (W], 6)-concentrated) > 1—4§  for g € J. (48)
On the other hand for ¢ € J we have ¢ € I and so (44) holds. Since W, < W,
by Lemma 3.21 (4), we have

S ol

Pi—y (;ﬁ’i_e is (W}, 3 + O( ),m)—saturated) >1—-6 forgeJ

m
Since we are assuming m large enough relative to ¢, this implies

Pi—q (,u“fz is (W, 8, m)-saturated) > 1 -0 for g € J. (49)
In conclusion, if we define V; = W/, and replace I by (J — £) N [0,n], then
equations (47), (48), and (49) give the desired conclusion, assuming that m,d

have the appropriate relationship to each other and to ¢, and that n and is large
enough. O
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4.5 The Kaimanovich-Vershik lemma

The second ingredient in our proof of Theorem 2.8 is the following entropy
analog of the Pliinnecke-Rusza inequality:

Lemma 4.15 (Kaimanovich-Vershik, [18]). Let T" be a countable abelian group
and let p,v € P(T') be probability measures with H () < oo, H(v) < co. Let

b = H(ux (" *+0)) = H(u x (%)),
Then dy, is non-increasing in k. In particular,
Hp (') < H(p) + k- (H( o v) — Hv)).

This lemma first appears in a study of random walks on groups by Kaimanovich
and Vershik [18]. It was more recently rediscovered and applied in additive
combinatorics by Madiman and co-authors [24, 25], and in a weaker form inde-
pendently by Tao [31]. For a proof using our notation see [12].

For non-discrete measures in R? we have the following analog:

Corollary 4.16. Let ju,v € P(R?) with H, (1), H,(v) < co. Then
k

Hy (o (v°%)) < Hi () + K - (Hi (5 v) = Ho (1) + O(-).

The error term arises in the same way as in Lemma 4.1. For the proof see
[12] (the passage from R to R? requires only notational changes).

4.6 Proof of the inverse theorem
We now prove Theorem 2.8, which we re-state for convenience.

Theorem 4.17. For every ¢ > 0, R > 0 and m € N, there exists § =
d(e,R,m) > 0 such that for all n > n(e, R,m,0d), the following holds: if
v,u € P([—R, R]%) and

Hy(p*v) < Hy(p) + 6,

then there exists a sequence Vy, ..., V, <R? of subspaces such that

. ( u®t is (Vi,e,m)-saturated and >
0<i<n

i 1—
v 4s (Vi €)-concentrated c

Proof. Fix ¢ > 0. It is a formal consequence of Proposition 3.19 that it suffices
for us to prove the theorem with the assumption that m is large in a manner
depending on €. We can also assume that € < 1/2, and that ¢ is small with
respect to d. Also, as we are free to choose n large relative to R, the distribution
on components depends negligibly on dyadic scales greater than 0, and the scale-
n entropy of p and p * v differs negligibly from the same entropy conditioned
on Dy. Thus, without loss of generality, we can assume that the measures are
supported on [0,1)¢, and we omit mention of R from now on.

Choose k = ka(g,m) as in Theorem 4.12. We shall show that the conclusion
holds if n is large relative to the previous parameters.

Let u,v € P([0,1)4). Denote



Assuming n is large enough, Theorem 4.12 provides us with subspaces Vg, ..., V,, C
R? such that

Po<i<n (1/” is (Vi,z-:)—concentrated) >1-—c¢, (50)
and _
Po<i<n (T“ is (%,s,m)—saturated) >1-—e.

If it holds that
Po<i<n (™" is (Vi, 2e,m)-saturated) > 1 — 2¢ (51)

then we are done, since (50) and (51) together are the second alternative of the
theorem we want to prove (with a multiple of € instead of &, but this is formally
equivalent).

Otherwise, by Lemma 4.2 and the above we have

. . ) 1
Posicn (™ 7) > Hy i) 42 - O())

> Po<i<n (/ﬂ’i is not (V;, 2e, m)-saturated and Y0 g (Vi,s,m)—saturated)
> Po<i<y (0™ is not (V;, 2, m)-saturated)

— (1= Po<i<n (%" is (Vi, e, m)-saturated))
> 2e—(1-(1-¢))

= E.

Let &' (u®?%, 79%) = H,,,(u®* % 7%%) — H,,,(u®*). By the previous calculation, with
probability at least e we have 6’ > ¢ — O(1/m), and by Lemma 4.1 we always
have ¢’ > —O(1/m). Thus
1, 0 _Y,t 2 1
Eocicn (&' (™", 7)) 2 ¥ = O(—)

Thus, by Lemmas 3.5 and 3.6,

) . m
Hn(:U/ * T) > E0§i<n (I{m(:u’x’Z * Ty’l)) - O(g)
. } . m
> Eocign (Ho(u™) + /(a4 7)) — 0(™)
) 1 m
> Eo<icn (Hm(u™")) +° — O(% + g)
_ 2_opl, o m
= H,(u)+e O(m+ n)

So, assuming that m is large and n larger still, all in a manner depending on

e,d, we have
2

9
Hy (1) > Hy(p) + 9

On the other hand, by Corollary 4.16 above,

Ho 7)< Holn) + k- (Hoe ) — Ho) +O(5).
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Assuming that n is large enough in a manner depending on d, € and k, this and
the previous inequality give

52

+ 3%
This completes the proof of Theorem 2.8 with ¢ = ¢%/3k. O

Hy(pxv) = Hy(p)

5 Inverse theorem for the action of the isometry
group on R?

In this section we prove the inverse theorems for convolutions v. u for u € P(R9)
and v € P(Gy), where Gy is the group of isometries of RY. Our strategy is to
linearize the action Gy x R¢ — R? and apply the Euclidean inverse theorem.

Recall that the elements of Gy are denoted g = U + a, with U an orthogonal
matrix, a € R?, and gz = Uz+a. Given g € G we denote the associated matrix
and vector by U, and a4. Also recall that S, is the scalar map S;(z) = 2'z, and
introduce the translation map

7s(x) =2+ 8.

5.1 Concentration and saturation on random subspaces

This section contains additional technical results on concentration and satura-
tion of components of a measures. Our first goal is to show that if two measures
n,0 € P(R?) are such that with high probability pairs of components %, %!
are highly concentrated and saturated, respectively, on a subspace V = V(&4
then we can assume that V(%) is essentially independent of z,y.

Proposition 5.1. For every ¢ > 0 and m € N, there are ¢’ = &'(e,m) — 0
and m' = m/(e,m) = oo as € = 0 and m — oo, such that the following holds.
Suppose that 0,n are independent P(R?)-valued random variables defined on
a probability space (Q, F,P) and that V = V(0,n7) < R is a linear subspace
determined by the random measures 0,m (hence V is random). If

P (0 is (V,&',m’)-saturated and n is (V,&')-concentrated) > 1 — &’ (52)
Then there is a deterministic subspace V, such that

Po<i<m (9“ is (Vi,e,m)-saturated and n?*" is (V*,e)—concentmted) >1—c.

(53)
(the probability in the last equation is over both the measures 6,n and i,x,y,
independently).

Proof. 1t is a formal consequence of Proposition 3.19 that it is enough to prove
the statement under the assumption that m is large relative to e.

Fix . Assume m,m’ large relative to e, and &’ small relative to the other
parameters. We shall show that (52) implies (53).

Apply Proposition 3.29 to n with parameter ¢’. We obtain a random sub-
space V. = V.(n) and a constant C. > 1 (which we will later assume is large
compared to another constant D) such that, for

(sc - Cc : (El)l/3d7
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the measure 7 is (V, d.)-concentrated and if 7 is (W, ’)-concentrated then V. C
W(fsc)_

Apply Proposition 3.30 to 6 with parameter m’. We obtain a random sub-
space Vi = V4(0) such that, for a constant Cs and

log(m”)

m

0s = Cs

the measure 6 is (V;, d5, m’)-saturated and if 6 is (W, 1/m’, m’)-saturated, then
W C V%), We shall assume that &’ < 1/m/. Thus, if 0 is (W, &', m’)-saturated
then W C V%),

The random subspace V satisfies (52), so we have

P (VC CV0) and V VS@)) >1-¢.

Thus, writing

0= 6(: + 537
we have
PV, CVO)>1-¢. (54)
Let W = {W1,...,Wnx} denote a minimal J.-dense sequence of subspaces
with respect to the metric (20). This metric is bi-Lipschitz equivalent to a

2
smooth metric on the compact manifold of subspaces, so N < D - 50_[d /2 for

some universal constant D > 1 (here [d?/2] is the dimension of the space of
subspaces). Let

de
Wo={WeW:PdlV.,W)<d.) > ﬁ}'
Apply Proposition 3.27 to W, with parameter 26 to obtain the parameter
§ = 4.91/3" . 51/3¢
and a non-trivial subspace V, such that

a. WV for all W e W,

b. If ‘N/* is another subspace such that W C ‘7*(25) for all W € W, then
v, c v,

We claim that V, is the desired subspace. Writing Wi = W\ W,

P(d(Ve, W) > 6 forall W e Wy) = P(Vo¢ |J Bs.(W))

WeWy

< P(V.e |J Bs.(W))
Wews

< ) P(V. € Bs, (W)

Wewr

de

< Wil- N

< e,
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where in the first inequality we used the fact that Uy ¢y, 0, Bs. (W) covers

all subspaces, and in the last line we used |W;| < [W| = N. Hence

c

P(d(V., W) < d. for some W € Wy) > 1 — ..

Consequently, by property (a) of V, and the fact that §. < ¢,
P(V. C V7)) > 1. (55)
Since V. is a function of n and V; is a function of 6, and since 7,60 are

independent, also each of the pairs V,, 0 and V_, V; is independent. Therefore,
for a.e. value 6y of 0,

de
P(d(Ve, W) < 6cl6 = 60) = P(d(Ve, W) <6.) > 2 for all W € Wo. (56)

Observe that

de o L sigaryy
N — D°
14+[d?/2
_ Ce [ /](5/)(1+[d2/2])/3d
o D
> (5/)1/27

where, to justify the last inequality, we increase the constant C. if necessary to

ensure Cl+[d2/2]/D > 1, and note that (1 + [d?/2])/3¢ < 1/2. Thus if a fixed
measure 6 satisfies
P(V, C VD0 =6y) >1— Ve (57)

then, by (56) and (57), for all W € W,

(d(Va, W) < 6. and V, C V9|0 = 6,)

(d(Ve T V10 = 6o) — (1 = P(d(Ve, W) < 8]0 = 60))
1—Ve)— (1= Ve)

)

PWCVENo=6) > P
> P

v
o~

Since V; is a function of 0, this says that for 6y satisfying (57) we have W C AR

for each W € Wy; consequently, by property (b) of the definition of V;, for such

0y we have that V, C Vs(%/).
By Markov’s inequality and (54), the relation (57) holds with probability
1 — v/ over the choice of 0p. Thus we conclude

B(V. CVE) > 1 Vel (58)
Combining (55) and (58) and using v/’ < d,, we find that
PV, C V) and V, C V) > 1 - 25,.

Finally, fix 7, 0 and associated to Vs, V. belonging to this event, we have that
n is (V¢, d.)-concentrated. Therefore by Lemma 3.17,

Po<i<m: (n“ is (V.,/ 2160)—concentrated) >1— /6.
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(here and below the randomness is over i, with 7,6 fixed). Since V., C V*(% ),
and assuming as we may that ¢, and hence ., is small enough relative to e, m’,
this implies

Po<i<m (1" is (Vi,e)-concentrated) > 1 — % (59)

Similarly, 6 is (Vs,ds, m’)-saturated, so arguing in the same manner and using
Lemma 3.16,

Po<i<m’ <9y’ is (Vs,4/dds + O(Z),m)—saturated) >1—0(y/0s + %)

Assuming ¢’ is small enough and m’ large enough relative to £, m, the constant
0’ can be assumed arbitrarily small compared to ¢, m. Since V, C Vs(%/) we have
d(Vi,my, Vi) < 26, so by Lemma 3.21 and (4), and assuming the parameters
satisfy the appropriate relationship, we have

Po<i<n (0¥ is (Vi, e, m)-saturated) > 1 — % (60)

Thus, combining (59) and (60) for 7,6 in the event in (58), we have

) ) 2
Po<i<m’ (6¥" is (Vi, e, m)-saturated and n*" is (Vi e)-concentrated) > 1 — 3¢

Using (58) and assuming as we may that /&' < £/3, we obtain (53). O

Corollary 5.2. Let ¢ > 0 and m € N. Then there exist €’ =&’ (e,m) — 0 and
m” =m'"(e,m) = oo as ¢ = 0 and m — oo, such that for all large enough n,
the following holds. Suppose that we are given subspaces V(%) for 0 < i <n

and z,y € [0,1]? and measures 0,1 € P([0,1]?) such that

Po. 0% is (VoY) & m/")-saturated and g
Osisn nYtis (Vo) ") _concentrated ’
then there are subspaces V' < R? such that

Pocicn < 6% is (Vi e, m)-saturated and ) 1_ e

n¥t is (V* e)-concentrated

Proof. Apply the previous proposition to obtain & = &’ (%5,m) and m' =
m/(3e,m), and set m” = m’ and &’ = min{(¢')%,1/m'}.

For 0 < k < n, let

_p. 67 is (V=) & m/")-saturated and
P = Fi=k n¥t is (V(B5Y) e)-concentrated ’
and assume as in the hypothesis that %-H Sh_ope >1—¢". Let I C{0,...,n}
denote the set of k such that p, > 1 — Ve’ = 1 — ¢, so by Markov, |I| >
(I1-¢&)(n+1).

For i € I, consider the random and independently chosen components 6%,
n¥" and the subspace V; = V»%¥. Without loss of generality we may assume
that V%®¥ depend only on 6% and n¥*, since the only stated property of V#®¥
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involves these measures. From the previous proposition and our choice of &', m/,
we conclude that there exists a subspace V* such that

< 6> is (V7, %g,m)-saturated and > €
Pi<j<itm

n¥* is (V', Le)-concentrated > 1= 2

The remainder of the argument involves choosing one of these subspaces V()
for every j € J, ¢ [u, u+m']. The details are identical to the proof of Proposition
3.19. O

We will actually need a more general version of the last corollary, but, as
the proof is identical to the one above, we only give the statement.

Corollary 5.3. Let € > 0 and m € N. Then there exist " =" (e,m) — 0 and
m” =m'(e,m) = oo as € — 0, such that for all large enough n, the following
holds. Suppose that 6 € P(Gy), n € P(R?), and that for 0 <i < n, x € suppn

and g € supp @ there are subspaces V»%9) such that

T,0 (t,x,y) I " _
Pocicn ( n*tis (V e m'")-saturated and ) o1

SiU;  (0g,5-) is (V@z9) ) _concentrated
Then there are subspaces Vi < R? such that

. n®% is (Vi e, m)-saturated and o1
0<i<n SiUg_l(Gy’i-w) is (V' ¢)-concentrated =

5.2 From concentration of Euclidean components to G-
components

We turn our attention to measures n € P(R?) of the form 1 = 0.z for some
6 € P(Gy) and o € R% Our goal is to show that the concentration proper-
ties of typical components 1Y’ translates to similar properties of the “compo-
nents” 0, ;.x. The issue which we must overcome is that 0, ;. is supported
on DiG (g9).z, and this set generally intersects more than one dyadic cell of Dzd.
Thus even if 7 is highly concentrated on a translate of a subspace W on each of
these cells, taken together all one can say is that 6, ;.x is concentrated on the
union of several translates of W.

For a linear subspace W < R? we say that a measure n € P(R?) is (W, )™-
concentrated if for some m’ < m there are m’ translates W1,..., W,,, of W
such that "7(UZi1 W) > 1 — 6. Thus (W,8)!-concentration is the same as
(W, d)-concentration.

Lemma 5.4. Let R >0, let 0 € P(Gy) and = € [-R, RY]. Suppose that § > 0,
m € N and that 0.z is (W,8)™-concentrated. Then for n = [%log(1/5)] and
0" = Or.m (“fogfizay) we have

Po<i<n (Si(84,i.2) is (W,8")-concentrated) > 1 — ¢’

Proof. Although the “rescaled component” #9:* is not defined, it will be conve-
nient to introduce the notation

09tz = S;(0,.7),
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and define the distribution on these “components” in the usual manner. Note

that there is a constant C' = C(R) > 1 such that 6, ;.2 is supported on a set of

diameter < C27%, and 69%.x is supported on a set of diameter < C.
Let Wq,...,W,, be affine subspaces parallel to W verifying that 6.z is
(W, d)™-concentrated. We may assume the W, are distinct. For u # v let

du,v = d(Wuy Wv) = min{d(x, y)

Notice that for any 1 < k < mn,

cxeW,,yeW,}

o If 27% < 5dy, for some u,v, then for any g the measure 6 . is sup-
ported on a set of diameter at most C2~% < %dw,, and on the other hand

Vo <27 <27k <14, hence 0, . gives positive mass to at most one

the sets W&ﬁ), WIE\/E).

o Let I, C {1,...,m} be the set of indices u such that (6, 5 .z)( > 0.
Given p > 0, if all distinct u,v € I, satisfy d,, < p27", then there is a

L(L(s) ﬂSpr(eg,k ..’I,') g W;f£7k+26)7
s0 09°% .z is (W, p + 2F+1§))-concentrated.

translate Wy 5, of W such that Uuelg .

Now, for 0 < k < n we have identity
0.z = Ei:k (eg,i-

Using the hypothesis that (6.2)(U.—, Wéé)) > 1 — ¢ and Markov’s inequality

we conclude that

m

P;— <(99’i.$)( U WIE(S)) >1— \/g

u=1

>>1—\/5.

Fix a small parameter p > 0, and suppose that k satisfies

1
For each 1 < u < v < m either 27k« — g

4C

v OF dyy < p27F,

(61)

or, equivalently, that k does not belong to any of the intervals J,, ,, = [log 72—,

Then, setting

o =o(p) = max{Vs, p + 2F*15}

the two observations above and (61) imply

Pi—x (957”€ .z is (W, o)-concentrated) > 1 — V.

Note that §2F < §2" < /6, so in fact o < p + 2V/0.
Next, since the length of J, , is log% and there are at most m(m — 1)

distinct values of 1 < u,v < m, the fraction of 0 < k < n which satisfy (62)
is at least 1 — m? log(%)/n. Averaging the last equation over k = 0,...,n, we

conclude that

Po<k<n (ﬁg’k.z is (W, p+ \/S)—concentrated)

Choosing p = m gives the desired result.
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Proposition 5.5. For every € > 0 and R > 0 there exists n = n(e, R) (with
n(e,R) — oo as e — 0) and an § = 6(¢,R) > 0 (with 6(¢,R) - 0 ase — 0)
such that the following holds. Let v € P(Gg) and o € [—R, R]¢, and write
n=v.zg. Let V < R? be a linear subspace and k € N such that

Py, (0™ is (V,0)-concentrated) > 1 — 6.

Then
Pr<j<iotn (Sj(vg,j-x) is (V,€)-concentrated) > 1 — e.

Proof. Fix €,n,d for the moment and assume that the hypothesis holds. Con-
sider the identities
Ejmk(nz,) =n=Ej=k(vg,;.2).

This means that the measures v, ;. are (v-almost-surely over choice of g) ab-
solutely continuous with respect to the weighted average of the components
e,k 10 fact, since each v, ;. is supported on a set that intersects m = Og(1)
level-k dyadic cells, each “component” v, .z is absolutely continuous with re-
spect to the average of these O(1) components 7, ;. Most of these components
are (V, d)-concentrated, so a Markov-inequality argument (similar to the one in
Lemma 6.5 below) shows that

P (vg,;-2 is (V, Q_ké’)m—concentrated) >1-7,
where §' — 0 as 6§ — 0. Equivalently,
Pj—k (Sj(vg;-2) is (V,8")™-concentrated) > 1 — §'.

Apply the previous lemma to each component 6 = v, in the event above with
parameter §'. Taking 6" = Og, (loglog(1/4")/log(1/6')) and n = [ log(1/4")],
the conclusion is

Pr<i<ktn (Si(vg,i.x) is (V,8")-concentrated) > 1 — §”,

and 6” can be made arbitrarily small by taking § small. This is what was
claimed. O

Proposition 5.6. For everyd >0, R>0andm €N, ifm’ >m/(§,m,R), 0 <
d" < &'(0,m, R), then for all large enough n (depending on previous parameters),
the following holds. Let u € P(RY), v € P(Gy) and zo € R?, and write n =
v.xg. Let Vo, Va,...,Vy, <R be linear subspaces, and suppose that

. IEET (V;,¢",m')-saturated and S1_g
0<j<n n¥d is (V;,d')-concentrated '
Then there are subspaces V3, V{,...,V, such that

n

B s (V'j”é, m)-saturated and 1—5
0=I=m \ S (vg,j.w0) is (V],8)-concentrated '

Proof. Let 6, R,m be given. Fix a small auxiliary parameter §; which we will
specify later and let m; be the number n(d1, R) from the previous proposition,
in particular it can be made arbitrarily large by making d; small. Let ¢ = £(d1)
as in the previous proposition, and let J = %52. Then for all small enough ¢’
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and all large enough m/, the hypothesis implies, by Proposition 3.19, that there
are subspaces V)" such that

- u® is (Vj,”,ég,ml)—saturated and S1-§
0<j<n nYJ is (V}“,(Sz)-concentrated >

By Markov’s inequality, the set I C {0,...,n} consisting of k such that

| p®7 is (V) 69, my)-saturated and B
Pj=r ( n¥7 is (V) 63)-concentrated > 1=V

has size |I| > (1 — v/32)(n + 1). Since d2 < €2, by our choice of m; and &, for
each k € I we have

Pr<j<ktm, (S;j(vg,j.w0) is (V}, 81)-concentrated) > 1 — 4.

Also, applying Lemma 3.16 to each (V}, §2, m1)-saturated component =k of p,
we find that
Prcj<him, (u” is (V. [dv/ds + O(m),m)—saturated) > 1—,[dv/6s + O(-2).

mi my

Now, by choosing §; small enough we can ensure that € and ds is small, and m;
is large, relative to 4, m. With suitable choices, one now argues as in the proof
of Proposition 3.19 to combine the last two equations over all k € I and define
V/ with the desired properties. O

5.3 Entropy and the Gy-action on R?
For g=U+4aand ¢ =U'+d in Gy and z,2’ € RY,
g’ —gr=U -U)x+ U (2 — )+ (a/ —a). (63)
In particular
lgz — g'2'|| < |U = U l=ll + V|| [|lx — 2| + l|la — o],

so if g, ¢’ are in a common level-k dyadic cell and x,2' € [~R, R]? are in a
common level-k dyadic cell, then ||gz — ¢'z’|| = Or(27*). In particular if v €
P(Go) and pu € P([—R, R]?) are both supported on level-k dyadic cells, then
v.u is supported on a set of diameter Og(27%).

For a probability measure 6 on R? or Gy it will be convenient in this section
to write .

H; ., (0) = EH(97Di+n)~

(This differs from H;,,(6) because we normalize by 1/n instead of 1/(i + n)).
In particular H,,(0) = Hy,(0). By the previous paragraph, if § € P(RY) and
v € P(Gy) are supported on level-i dyadic cells then v.6 is supported on O(1)
level-i dyadic cells, so

Hl-,n(z/.H) = %H(V-G;Dernu)z) + O(%)

Also observe that for 6 as above, H; ,,(0) = H,(S;0)+ O(1/n) (Lemma 3.1 (5)).

We now address the issue, described in Section 2.5, of pairs v € P(Gy) and
x € R? such that v has substantial entropy but v.z does not (e.g. because v is
supported close to stabg, ().
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Definition 5.7. For o > 0 we say that z1,...,24.1 € R? are o-independent if
each x; is at distance at least o from the affine subspace spanned by the others.

The action of an element g € G is determined by its action on any (d + 1)-
tuple of affinely independent vectors in RY, in particular of any o-independent
(d+ 1)-tuple.

Proposition 5.8. For every e,0,R > 0, and k € Z and m € N, the following
holds. For every o-independent sequence x1,...,1441 € [—R, R]? and every
v € P(Gy) that is supported on a level-k dyadic cell, if

Him(v.z;) <e foralli=1,...,d+1,

then
1

Hkym(l/) < (d+ 1)6 =+ OUVR(E)‘

Proof. Since v is supported on a level-k dyadic cell, each v.x; is supported on
O(1) level-k dyadic cells, and therefore

H(v.x;, D) = O(1)

Thus the hypothesis is L~ H(v.2;, Dip) < € for i = 1,...,d+ 1, and it is
enough to prove that L H(v, DY, ) < (d+ 1)e + Oy r(1/m).

Define the map f : Go — (R by g — (gz1,...,92441). Then f is a
diffeomorphism and one may easily verify that f is uniformly bi-Lipschitz with
its image,'? with Lipschitz constants of f and f~! depending only on ¢ and R.

Thus (e.g. by Lemma 3.2 (2) applied to f_lDantl) and DY, ),

1 d(d+1) 1 a 1
~H(fu.D — —Hw,D = Oy r(—).
|m (fy, ) m (Vv k+7n)| 7R(m)

k+m
Let m; : (R%)4*1 — R? denote the projection to the i-th copy of R%. Then
v.z; = m(fv). Therefore, if %H(u.xi,’D;ﬁm) <eforalli =1,...,d+1,
then %H(mfu, Di+m) <eforalli=1,...,d+ 1, and so %H(fy, Dz(f;;l)) <

(d+1)e (because ngij;l) = \/7;'D{,,,, and using Lemma 3.1 (4)). The claim

follows. O
Recall the definition of (e, )-non-affine measures, Definition 2.11.

Lemma 5.9. If i € P(R?) is (g,0)-non-affine and A C R? is a Borel set with
w(A) > ((d+1)e) @D | then there exists a o-independent sequence x, . .., Tq41 €
A.

Proof. Let X1,..., X441 be independent R%-valued random variables, each dis-
tributed according to p. Let V; be the (random) affine subspace spanned by
the d vectors {X},x;. For each ¢ the vector X; is independent of V;, and X is
distributed according to u, so, since p is (e, o)-non-affine,

P(X, ¢ Vi) = p(RIN\ V) > 1 —e.

12This fact depends of course on the metric with which we endowed Go. In general when
applying this type of argument to a non-compact group this is one point where the choice of
metric must be carefully considered.
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This implies
P(X; ¢ V7 foralli=1,...,d+1)>1—(d+1)e.

Therefore, if 1(A) > ((d + 1)e)'/(d+D)]

P(X; ¢ V) and X; € Aforalli=1,...,d+1)
>P(X; € Aforall i) — (d+1)e
> Ay (d 1)
> 0.

Any realization Xy, ..., X411 from the event above is o-independent. O

Corollary 5.10. Let k € Z and let v € P(Go) be supported on a level-
k dyadic cell. Then for every e,0,R > 0, every (e,0)-non-affine measure
w € P([—R, R]?), and for every m € N,

m (x eERY: Hypm(v.z) > %HHk,m(z/) - OU,R(;)> >1—((d+1)e)/d+D,
Proof. Let ¢ = ¢(o, R) denote the constant in the error term of Proposition 5.8.
Let A = {r € R : Hy,,(v.2) < ﬁHk’m(V) — £}, we claim that p(A) <
((d + 1)e)/(4+D) " Otherwise, by the previous lemma, there is an (e, o)-non-
affine tuple z1,...,2441 € A. By the Proposition 5.8 applied to x1,...,Zg4+1
and using the definition of A we have

L

Hi (V) < (d+ 1)

C C
Hk’m(l/) — %) + E < Hk’m(V),

which is a contradiction. O

5.4 Linearization of the Gy-action

Next we utilize the differentiability of the action of Gy x R? — R¢, which implies
that at small scales, a convolution v.yu of v € P(G) and p € P(R?) can be well
approximated by a Euclidean convolution. Since it is easy to give an elementary
argument, we do so.

Let go = Uy + ap and g = U + a be elements of Gy and zg, z € R¢. Then we
have the identity

g.I:g.IE(]‘FUo(l‘*Io)#*(U*U())(l’*l’o) (64)

Assuming further that g,gg belong to a common level-k dyadic cell in Gq
and z,x¢ belong to a common level-k dyadic cell in R?, we have ||U — Uy|| =
llz = 2ol = O(27F), s0

g.x = g.xo+ Up(z — o) + O(272F). (65)

Recall that 7,(y) = y + z is the translation map. It follows from the above that
if v € P(Gy) and p € P(R?) are supported on the level-k dyadic cells containing
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go, To respectively, then for f € Lip(R?) we have

[rawa = [ [ g2 avtg) duta)

/ / F(g-0 + Un( — 20)) di(g) dpu(x) + 022 - || {1 ;)
- / F () d((v-0) * (Uom_ag)) () + O - | flli10)-

Let ¢/, i/ and 6 be the measures obtained from v.z, UyTy,p and v.u, respec-
tively, by scaling them by a factor of 2¢ and translating them so that they are
supported on a closed ball B of radius O(1) at the origin. Define a metric on
P(B) by

dia.p)= swp | [ fda~ [ fds].

I llLip=1

It is well known that d(-,-) is compatible with the weak-* topology on P(B
(see e.g. |26, Chapter 14]), and the calculation above implies that d(v’ *y 0) =
O(27%). Thus when k is large, by Lemma 3.2 (1), |H,,(v' * i/) — H,, ()| =
O(1/m). Restating this in terms of the original measure, we have shown:

Lemma 5.11. For everym € N and k > k(m) the following holds. If u € P(R?)
and v € P(Gy) are supported on level-k dyadic cubes, and xo € suppu and
go € suppv, then

Him(vop) = Hk,m((y°$0)*U0,u)+O(%)

= Him (U3 (vezo)) # 1) + 0(%)

We omitted the translation in the statement because it commutes with con-
volution, and does not affect entropy more than the error term. The second line
follows from the first by applying U, ! to the convolution.

Reasoning similarly, let g, g9 € Gg belong to a common level-/ dyadic cube
D, and z,z9 € R? belong to a common level-k dyadic cell. Then, using (64),
and the fact that |[(U — Up)(y — 2)|| = O(27¢7F), we have

gr = gxo+ Up(wo —z) +0(27HF)
Thus, for v € P(D) and f € Lip(R?), we have

[tawa) = [ sgo).avig)

/ F(gz0 + Un(wo — o) + O2~F) du(g)

/ F(gz0 + Uo(zo — 2)) dig) + O~ || Flluso

/ £ ) Ay gy (- 2)) @) + O [ Fllse):

Now, v.x and v.x( are measures supported on sets of diameter O‘|x‘|7“$0‘|(2*£)
(since v is supported on a level-¢ dyadic cell), so re-scaling by 2¢ turns them into
“macroscopic” measures. The equation above says that after this the resulting
measures are, up to a translation, 2~ *-close in the weak sense. Therefore,
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Lemma 5.12. For every € > 0 and k > k(e), if v € P(Gy) is supported on a
level-k dyadic cube, x,y € R? are in the same level-k dyadic cube, and V < R?
is a linear subspace then

Sk(v.x) is (V,e)-concentrated = Sk(v.y) is (V,2¢e)-concentrated.

5.5 Proof of the inverse theorem

We first prove a version of the inverse theorem 2.12 which assumes that v, u are
supported on small dyadic cubes. These cubes are introduced to ensure that
the supports of the measures are small enough for the linearization machinery
to kick in, and the proof focuses on this aspect of the argument. After the proof
we explain how to get the stronger version, in which the measures have larger
support, and give bounds on the dimensions of the subspaces produced by the
theorem.

Theorem 5.13. For every e >0, R > 0 and m € N there is a 6 = §(¢, R,m) >
0, such that, for all k > k(e,R,m,d) and all n > n(e, R,m,d,k), the following
holds: If v € P(Gy) and u € P([—R, R]%) are supported on level-k dyadic cells,
then either

Hy(vop) > Hy(p) + 6,

or there is a sequence Vi, ..., V, of subspaces of R such that
Po<i<n (1™ is (Vi,e,m)-saturated) > 1 — &
and for all x € supp p,
Po<i<n (Si(vg,i-2) is (UyVi, €)-concentrated) > 1 — e.
Remark 5.14.

1. Since k is assumed large relative to €, by Lemma 5.12 the last condition
holds for all € supp p if and only if it holds for some = € supp y, up to
a change of a factor of 2 in the degree of concentration.

2. The measures p, v and p.v are supported on sets of diameter Og(27%),
so when measuring their scale-n entropy it might seem more natural to
rescale them by Or(2%). However, the statement of the theorem is for-
mally unchanged if we do so, since we are taking n large relative to k,
and the average entropy over n scales is negligibly affected by the first k
scales.

Proof. Let ¢, R and m be given.
i. Apply Corollary 5.3 with parameters e and m to obtain parameters ¢’ and
m' and n'.

ii. Apply Proposition 5.6 with parameter &', R and m’ to obtain parameters
e” and m”.

iii. Apply the Euclidean inverse theorem (Theorem 2.8) with parameters £”, R, m”,

obtaining ¢’ and n”’. We are free to assume that ¢’ is arbitrarily small in
a manner depending on the previous parameters, and that n” is large
with respect to previous parameters. In particular we assume n' is large
relative to

§=(8'/2)2
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iv. Choose k large enough that the conclusions of Lemma 5.12 hold for param-
eter ¢’ and Lemma 5.11 holds for parameter n’ (instead of m there). We
also assume that for any D € DE° and g, h € D, the difference ||U, — U, ||
is small enough that if 6 € P([0,1]¢) is a (U,V, 1&’)-concentrated measure
then it is also (U, V, €')-concentrated.

v. Let n be very large in a manner depending on all previous parameters.

Now let v € P(G), u € P(R?) be supported on level-k dyadic cells, and suppose
that
H,(v.p) < Hy(p) + 6. (66)

By Lemmas 3.5 and 3.7, assuming n is large compared to n”, (66) implies

Eo<i<n (Hin (Vg,i-pt) — Hi o (fe,i)) < 26.

By Lemma 5.11, our choice of k and the fact that n” are large in a manner
depending on §,

Eocicn (Hipr (Uy " (vg,i+@)) * i) — Hy g (payi)) < 36.

Since n” is large enough relative to §, the difference inside the expectation is
essentially non-negative, the is, larger than —¢ (Lemma 4.1). Since ¢’ = /44,
by Markov’s inequality we conclude that

]P)Ogign (Hi,n”((Ug_l(Vg,i'x)) * ,ua:,z)) < Hi,n”(,ua;,i) + 5/) >1-— 5/.

Fix g, z such that v, ; and ju, ; are in the event above. Write n = U, ! (vg;.x)
and 6 = 15 ;. Since
H; i (nx0) < Hipr(0) + 0,
and 7 is supported on a set of diameter O(R - 27%), we can, after implicitly re-
scaling by 2!, apply the Euclidean inverse theorem (Theorem 2.8) and conclude,
by our choice of the parameters n’’, ¢’, that there are subspaces V; = Vj(i’g’x) for
1 < j <i+n”, such that

Y. j (Gg.x) 1 1y
07 is (V; ,e”’,m’)-saturated and ) S

P;< i <idn!t ) o0
9= 0 is (Vj(l’g’l),5”)—c0ncentrated

Since we can assume n”” > n’, by Proposition 5.6 and our choice of parameters,
writing 7 = v 4,

Y,J 3 (69,®) 1 7 1y
Picicisn 0v-7 is (VJ o 25(5 gnz)) iaturated and 1 15’
- S_ U () is (V9" je’)-concentrated 2

(in the last equation, g,z are fixed, and the randomness is over y, h and j).
Recalling that u, v are supported on level-k dyadic cells and the definition of &,
we can apply Lemma 5.12 in the event above to replace 7, ;.2 by 75, j.y. As a
result the degree of concentration degrades from &'/4 to &’/2. Then, since h, g
are in the same level j (and hence level-k) component, we can exchange U, with
U}, in the event above with another £’ /4 degradation of the concentration. After
these adjustments we have

P, 9v:J is (\/}(i’g’x),g’,m’)-saturated and o1 15’
EET S U () is (V) <)-concentrated
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So far we have seen that with high probability (at least 1 —6") over choice of

. 1,9,T
components 0 = p,; and T = v, ;, we can associate subspaces Vj( 9% to a large

fraction (at least 1—&’/2) of the components of 8, 7 at levels i, ...,i+n". These
components are also components of v, 1, but each component of v, u may arise
in several ways as a component of a components. So we have not associated
a subspace to (most) components of v, u, but rather to (most) components of
v, 4 we have associated several subspaces. To correct this we invoke Lemma 2.7,
letting us select subspaces V (9%) (no longer depending on j) such that

"

1 s o
>>1—25 ) O(n)

Po_. p®tis (VH92) ¢ m’)-saturated and

0sisn S_iUy . is (V892 &)-concentrated
The right hand side is > 1 — &’ assuming as we may that ¢’ is small compared
to € and n large relative to n”. Applying Corollary 5.3, and by our choice of
¢’, there are subspaces V*, independent of g, z, such that

Pocicn ( p®tis (Vi e, m)-saturated and ) Sl—e

SiU; vy a0 is (V' €)-concentrated
This implies the statement. O
We now prove Theorem 2.12, which we repeat for convenience:

Theorem 5.15. For every ¢ > 0, R > 0 and m € N, there exists § =
d(e, R,m) > 0 such that for every k > k(e, R,m) and every n > n(e, R,m, k),
the following holds. For every v € P(Gy) and u € P([—R, R]%) that are sup-
ported on balls of radius R, either

Hy(v.p) > Hy(p) +96,

or else, to every pair of level-k components v of v and i of 1 we can assign a

sequence of subspaces V; = V;(U, 1) < RY, 0 < i < n, such that with probability

at least 1 — € over the choice of 1, v,

Po. %t is (Vi, e, m)-saturated and Sl
Osisn SiUy  (Dg,i-x) is (Vi, €)-concentrated

If in addition 1 is ((/5d)%4H 1) o)-non-affine for some o > 0, and the relation
among parameters takes o into account, then for those v, in the set of good
components above,

1 < 1
dimV; > ——H, (D) — 67
n+1; mVi> 0 (v)—e (67)
and
E, LSS dim V(v ) | > H () (68)
i=k n+1j:o i\Wg,is Ha i d+1 €

Proof. Fix €, R,m (the error terms below depend on them but we suppress it
in the notation). Let also ¢, k,n be parameters whose relations we will specify
later, and suppose that

Hy(v.p) < Hy(p) + 0
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By Lemma 3.8,

1
E;—g (Hn(l/g,i./,l,) — Hn(um)) <20 + 0(5) < 3.
By Markov’s inequality, assuming n large enough,

Pi—s (Hn(yg,i':u) — Hp (i) < \/ﬁ) > 138 (69)

Assuming as we may that v/36 < ¢, the last probability is at least 1 — .

Now fix a pair of components v, i from the event in (69). Assuming that
V36 is small relative to e, R,m and that k,n are large enough, we can apply
the previous theorem to 7 and i (which are by definition supported on level-k
components) and obtain corresponding subspaces V;(7, 1), k < ¢ < n. This
proves the first part of the present theorem.

For the second part (bounding the dimensions of the subspaces), suppose
that p is (o, 0)-non-concentrated. Fix an auxiliary parameter ¢’ depending in
a manner we shall later determine on &,0 and R, and run first part using &’
instead of €, obtaining associated 6, k,n etc., and a set of level-k components
v, 11 of probability at least 1 —&’ to which are associated subspaces V;(z, V) with
the desired properties w.r.t. ¢’. Define V;(7, 1) = R? for any pair of level-k
components v, i for which is was not yet defined (i.e. pairs that are not in the
event in (69)). For ¢ > k and components v, ; and p, ; set

V(Vg,ia ﬂm,z) = ‘/i(l/g,k» lffg,k)~

This is well defined because a level-i component for ¢ > k determines uniquely
the level-k component it belongs to (on the other hand we are abusing notation
slightly since, strictly speaking, v, iz ; do not determine g, x,%; but as they
are written explicitly, no confusion should occur).

Observe now that, by the first part of the proof,

Po<i<n (SiUg_lug,i.;E is (V(vg,, uz’i),s)—concentrated) du(z) >1—¢€.

Indeed, if we write v, i1 for the level-k components to which v ;, pi,. ; belong, re-
spectively, then conditioned on v, i belonging to the event in (69), the probabil-
ity of the event above is at least 1 —¢&’; while conditioned on the complementary
event, the probability is 1, since then V(7,i) = R?. Thus the unconditional
probability above is at least 1 — ¢’.

Set

¢ = [log(1/¢)]

By Lemma 3.15, the previous inequality gives

log ¢
Pogign <HZ(SZ'U9_1V9J‘..T) < dim V(Vg,i7ﬂw,i) + O(O§)> > 11— El.

Since by Lemma 3.2 (2),

1
|Hg(S¢Ug_1ug’i.x) — Hi(vgi-x)| = O(Z)’
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we obtain
log ¢ , 1
Pogign Hzl(l/gz x) <d1mv(Vg iy Ma, 1)+O( 7 ) > 1-2¢ _O(Z)
_ 1-0(%). (70)

We now use the assumption that p is ((¢/5d)?(4+1) o)-non-affine. By Corol-
lary 5.10, for every component v, ; of v,

1 1 1
d . 2
12 (m e R®: HL@(VQ,,L‘..'L') > mHi’g(VgJ‘) — OU,R<£)) > 1-— 55 5
Choosing the component v, ;, k <4 < n, at random, and then x independently
according to i, we conclude that H;(vyi-x) > g5 Hie(ve:) — Og r(3) with
probability at least 1 — &2 /5. Therefore, combined with (70), we have

Poe: Hl[(ygl l’)<d1mV(ng,‘LL$z)+O(
0sisn \ and H;(vg,;.x)> d+1H11(V9a2) — Oy,

(}?) ) > 1-0(;) - 3¢

Recalling that ¢ = log(1/¢’), by &’ small we can assume the error term does not
exceed £2/4. We obtain

1 log ¢ 1
Po<i<n <d+ 1H1/(1/g1) < dimV(vg, ttei) + Oo,r( ? )) S 1 Z52

By Markov’s inequality, there is a set A C Go x R? with v x u(A) > 1 —¢/2,
such that for every (go,xo) € A, setting v = vy, 1, and [ = pgg &,

1 log ¢ 1
POSign (d-ﬁ-lH’L Z(Vg z) < dlmV(Vg zuux 1) + Oo R( ? )) > 1- 55

Outside of the event above we have the trivial bound + T Hie(Vg:) < ﬁd < 1.
On the other hand, by Lemma 3.5 (which holds also in G),

H, (V) = Eo<i<n(H; 0(Vg,:)) + O(1/0 + €/n)

Finally, since V (v, fiz.;) = Vi(V, ), the last two equations give

1 - 1 - 1 I
a1 lHn(V) = Fo<i<n <d—|— 1Hi,e(1/g,z‘)) + O(z + E)
- log ¢ 1 7 é
n+1; (dlmv (7 11) + O, r(—;— )) +0(; + ) + §8l)

Taking &’ small (and hence ¢ large) relative to ¢, R, o, and n larger, and rear-
ranging, we obtain (67).

Finally, recall that (71) holds on a set of pairs of level-k components 7, it of
probability at least 1 — e/2, and recall that

B (o) = Ha(v) — 0(%)

The last statement of the theorem, (68), follows now by taking expectation of
both sides in (71) and making &’ small enough and n large enough. O
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5.6 Generalizations

To derive Theorem 2.14 very few changes are needed to the convolution case.
The C'-assumption of f, and the compactness of its domain, easily imply
analogs of Equations (63), (65) and (64) and their consequences (without quan-
titative control on the error, but one cannot expect it in the general setting).
In particular, for large enough k and suitably large n, with p x v-probability at
least 1 — § over choice of (x,y) we have

1)
|Hn(f(,ua:,k X 57;)) - Hn(Aw,yNw,k)‘ < 10’

and

1)
‘Hn(f(,ux,k X Vy,k)) - Hn(Ax,y,ux,k * Bz,ny,k)| < TO

(note that since n > k, there is no advantage in scaling 1/ ||A||, 1/ B|| by 2%,
as might seem natural).

By concavity and almost-convexity of entropy (Lemma 3.1 (5) and (6)), for
n > k we have

‘Hn(f(ﬂ X V)) - /Hn(f(,ufz,k X Vy,k))dﬂ X l/(l',y)‘ < %,

and for every y, similarly,

\Hn<f<u <)) = [ Hal e 5) dia)

<E.

Thus the hypothesis (17) of Theorem 2.14 implies that for any k and n > k,

[ Hal s <)) dix v < [ Ho(F i 6,)) di x 9) + 155

By the above, for large k this is

6
/Hn(Az,yﬂz,k * Bm,yyz,k) dﬁb X V(xvy) < /Hn(Az,yﬂx,k) d/~L X V(l’,y) + E(s

Since for large n we essentially have the reverse inequality between the inte-
grands, we conclude that with high probability at least 1—¢§ over the components
= iz and U = vy i, we have

H, (Ag gt % By y¥) < Hp(Ag ypt) + 0,

where ¢’ tends to zero with . From here one can apply the Euclidean inverse
theorem to the components v, i as we did in the proof of the convolution case,
with very few changes other than notational ones. We omit the details.

In the special case of actions of matrix groups on R? or on themselves, one
has analogs of Corollary 5.10. In the first case essentially by the same lemma
(using compactness of the domain of the action function in place of compactness
of the orthogonal group). For a matrix group acting on itself, there are in fact
trivial stabilizers, so there conclusion is automatic.
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6 Self-similar sets and measures on R?

The derivation of our main result, Theorem 1.5, from the Theorem 2.12 (the
inverse theorem for the Gy-action), follows lines similar to the argument in [12]
for R. One new ingredient is the explicit presence of the isometry group, but
this is implicit in the original argument and the main change is notational. More
significant is the appearance of invariant subspaces in the third alternative of
the theorem. This will require some further analysis, and will occupy us in the
first few subsections.

We remark that our analysis so far, and much of the analysis below, is of a
finitary nature, involving entropies at fine (but finite) partitions. Certainly we
must somewhere connect this to dimension, specifically to the dimension of the
conditional measures of a given self-similar measure on the family of translates
of a subspace (as in (iii”) of Theorem 1.5). It is an unfortunate reality that such
a connection seems to be available only when the subspace is invariant under the
linearization of the IFS (see Section 6.4 below). If such results were available
without invariance, much of the technical work of the next few sections could be
avoided by passing to a limit at an earlier stage. However, understanding these
“slice” measures for general self-similar measures remains an open problem.

6.1 Almost-invariance and invariance

We will obtain invariant subspaces from almost invariant ones:

Definition 6.1. A subspace V < R? is e-invariant under a subgroup H < Gy,
or (H,e)-invariant, if d(hV,V) < e for every h € H.

Evidently, (H, 0)-invariance is H-invariance in the usual sense. Furthermore,

Lemma 6.2. Let H < Gy be a closed subgroup. For every € > 0 there is a
6 > 0, such that if V is d-invariant under H, then there is an H-invariant
subspace V' with d(V,V') < e.

Proof. Let Sy denote the space of H-invariant subspaces of R%. If the statement
were false there would be some € > 0 and a sequence V,, < R? of subspaces
such that V,, is 1/n-invariant for H, but d(V,,,V’) > € for every V' € Sy.
Using compactness of the space of subspaces, we can pass to a subsequence
V.., converging to some V. Since the linear action is continuous, d(V,hV) =
limd(V,,,hV,,) =0forall h € H,s0V € Sy. But by hypothesis d(V,,,,V) > ¢
for all k, a contradiction. O

d+1 k+1

In fact the choice 6 = ¢-e%*t! works for an appropriate constant ¢ (or ¢- e
if one fixes the dimension k of the subspace in question), but we will not use
this.

Our second tool will be to construct almost-invariant subspaces from almost-
invariant sets of vectors.

Lemma 6.3. Let 0 < ¢ < 1 and write ¢, = €. Let H < Gy be a closed
subgroup and let E C B1(0) C R? be a set such that d(hv, E) < &, for allv € E
and h € H. Let vi,...,ux € E be a mazimal sequence of vectors satisfying
d(v;,span{vy,...,v;—1}) > &; for 1 < i < k, and set V = spanf{vy,...,v;}.
Then V is (H,O(e))-invariant and E C V(Er+1),
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Proof. We may assume k < d since otherwise V = R? and the statements
is trivial. To see that E C V(k+1) note that if v € F \ V(1) then the
vector vipy1 = v would extend the given sequence of vectors in a way that
contradicts its maximality. For invariance, let h € H and set w; = hv; and
W = hV = span{w;}. By assumption, for each i there is a w}, € E with
dwg, w}) < €4 < €pt+1, and we saw above that w] € V(Er1) | hence w; €
V(2eet1) - Also, h is an isometry, so d(w;,span{wsy,...,w;_1}) > & > & for
all 1 < i <k, since the same is true for the v;. Therefore, by Corollary 3.23,
span{wy, ..., wg} C V(eew/sR) and using the fact that dim V' = dim W, this
implies

AW, V) = 0(25;;) _ ORI Z oM Z 0e),

as desired. O

6.2 Saturation at level n

We will be interested in the situation where the components of a measure at
some scale typically are highly saturated on a subspace. More precisely,

Definition 6.4. For V < R? | a measure u € P(R?) is (V,e,m)-saturated at
level n if ‘
Pi—p (u”“ is (V, s,m)—saturated) >1-—e.

We write
sat(u,e,m,n) = {V <R? : pis (V,e, m)-saturated at level n}.

Some technical properties related to this notion are summarized in the next
lemma. In the formulation we write ) A for ., a.

Lemma 6.5. Let s, R >0 and V <R, Let u € P([~R, R]%) and suppose that
1 is given as a convexr combination of probability measures, p = Zle Qi -

1. If u is (V,e,m)-saturated, then
Z{O‘i . w; is (V,e',m)-saturated} > 1 — €',

where ¢’ = O(y/e + (logkR)/m)).

2. Forn sufficiently large in a manner depending on u, a;, v;, if V € sat(u,e,m,n)
then
Z{ai .V oesat(p,e',m,n)} >1—¢,

where ' = O(/¢).
3. If for some n we have
Z{ai : V esat(pi,e,m,n)} >1—¢,

then V € sat(u,e',m,n), where &' = O(\/2).
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4. Let g=2"'U+a € G. IfV € sat(u,e,m,n) then UV € sat(gu,&’,m,[n—
t]) where &’ — 0 as (e, L) — 0.

5. Under the same assumptions as in (4), UV € sat(gu,e”, m,n) wheree” —
0 as (g, =) = 0.

Proof. For (1), by absorbing an O(1/m) error into € we can assume that D,, =
DY v D,‘gl (Lemma 3.9). By Lemmas 3.1 (6) and the hypothesis, we have

k 1 L 1 n log k
Z (67 7H(H’ia,Dm|ID7‘:z ) > 7H(UaID7n|ID7‘:; ) - i
=1 m " B
log k
> dimV — (e + —25),
m

On the other hand, each y; is supported on [ R, R]¢ so each term in the average
on the left hand side is bounded above by dim V + O(“%R). Now (1) follows by
Markov’s inequality.

For (2), fix for convenience § = /. By standard differentiation theorems,
for p;-a.e. m, ||pw,e — (1i)zel| = 0 as £ — oo. In particular for large n, for a
set of x of p;-mass at least 1 — &, we have p®" = (1 — &)™ + 66 for some
6 € P([0,1]%) (depending on z,i). For any such n let

A={ze0,1]¢ : u®"is (V,m,e)-saturated}.

By hypothesis u(A) > 1—e. Since p = > a;p;, by Markov’s inequality we have
D o pwi(A)>1— e} > 1- Ve (72)

For i satisfying u;(A) > 1 — /g, for a set = of points having p;-mass 1 —§ — /e
we have that p®" is (V,e,m)-saturated and p*" = (1 — §)u;"" + 66 for some
6 € P[0,1]%). Now we can apply part (1) of this lemma to u®", which is written
as a combination of two measures (k = 2) and supported on [0,1) (so R = 1),
and conclude that ;" is (V,O(y/€), m)-saturated. This holds for at least a
(1 — 6 — \/e)-fraction of the components p; ". Since § = /¢ we find that y; is
(V,0(y/¢), m,n)-saturated. This together with (72) is what we wanted to prove.

For (3), observe that ™™ is a convex combination of components p;"" (the
weights are proportional to «;u;(D,(z))). By Lemmas 3.12 and 3.14, we will
be done if we show with p-probability > 1 — v/2¢ over the choice of z, the
components ;" which are (V,e, m)-saturated constitute a (1 — v/2¢)-fraction
of the mass of p*™.

To show this, let I = {1,...,k} and let o be the probability measure on
I arising from the weights «;. Consider the space I x R? with the probability
measure 6 given by 0({i} x A) = a;u;(A). Define f: I x R? = R by

(2

1 if p™ is (V, e, m)-saturated
0 otherwise

Note that f is 2! xD,,-measurable. Writing Io = {i € I : u; is (V,&, m, n)-saturated},
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we have

/ fdo

> a / [, z)dpi(x)

il

Z ai/f(i,x)d,ui(x)

i€ly

= Z aipi(x o ™ is (V,e, m)-saturated)
i€ly

> Z Oéi(l — E)
i€l

> (1—¢)?

> 1—2¢

v

(the passage from the third to fourth equation is by the hypothesis). Let B be
smallest the o-algebra that makes the map I xR? — R?, (i, ) — x, measurable.
The function g = E(f|B) also satisfies ¢ <1 and [ gdf = [ fdf > 1 — 2¢, so by
Markov’s inequality,

0((i,2) : g(z) >1—+2e) >1— 2.

But, writing D = D,,(z), the inequality g(z) > 1 — v/2¢ just means that in the
convex combination p®" = 3 %(M)mvn, at least 1 — v/2¢ of the mass
originates in terms for which (p;)™™ is (V, e, m)-saturated. Since the distribution
on z induced by 6 is equal to pu, this completes the proof.

For (4), consider D € D,, such that P is (V,e, m)-saturated. Let v = g(up).
Then v = S, _yv is the image of pP under a similarity that contracts by O(1)
and rotates by U, and so by Lemma 3.10, v’ is (UV, e 4+ O(1/m), m)-saturated.
Writing v/ = > cp, V(D) - v, we can apply (1) and conclude that, with e
small and m large, most mass in this convex combination comes from terms
that are (UV,e’, m)-saturated. This means precisely that v’ is (UV,e’,m,n)-
saturated. Now, since gu is the convex combination of measures v of which a
(1 — e)-fraction are as above, (4) follows from (2).

(5) is proved in the same manner as (4), using v’ = S, v instead of Sp,_4v.

6.3 Saturated subspaces of self-similar measures

From here until the end of the paper we again denote by pu a self-similar measure
on R defined by an IFS ® = {;};ca and a positive probability vector p =
(pi)ien- As usual we write ¢; = r;U;+a;, and for i € A¥ we set p; = @;,0...00;,,
Di =Piy +-- - Di, , and define r;, U;, similarly. Denote by G C Gg the smallest
closed group containing the orthogonal parts U;, i € A, of the maps ¢; € ®.

In the next few results, all dependences between parameters and implicit
constants depend on p and ®.

The first lemma says that the set of subspaces that are (u,e, m)-saturated
at level n is almost invariant under Gg:

Lemma 6.6. For every € > 0 there is a § = §(¢) > 0 such that, if m > m(e)
and n > n(e, m), the following holds. For any V € sat(u,d,m,n) and g € Go
there exists W € sat(u,e, m,n) such that d(W,gV) < e.
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Proof. Let AS™ = J;"_; A". Then S = {U; : i € ,—, A"} is a sub-semigroup
of Gg, and S is a closed subgroup of G (it is a general fact that a closed sub-
semigroup of a compact group is a group). Since {U;}ien C S in fact S = Gg.
Since S is dense in S and S is the increasing union S = (Jo—,{U; : i € AS"},
we can choose kg large enough that for every V, g € Gg there is a i € ASFo
with d(U; 'V, gV) < e.

Fix 0 < k < ko. Since pt = >, ok Pi - @ipt we can apply Lemma 6.5 (2) with
a small parameter 5. Writing ¢/ = /9, it follows that if V € sat(u, 8, m,n) for
some m and n > ng, then V € sat(p;u,e’,m,n) for all j € A* outside a set
J C A* with > jesPj < €. Choose d small enough that p; > &’ for all j € AP
(this requires § small in a manner depending only on kg, and hence only on ¢).
Thus we have shown that if and V' € sat(u, §, m,n) for some m and n > ng, then
V € sat(p;p,e’,m,n) for all j € A¥. By Lemma 6.5 (5), this in turn implies
that is Uj_lv € sat(u,e”,m,n), where " can be made < ¢ if ¢’ and ko/m (and
hence k/m) are small enough. This holds if ¢ is small and m large relative to ¢
(and hence kp), and the claim follows from our choice of k. O

The next proposition says, roughly, that there is an essentially maximal
(e, m)-saturated subspace at each small enough scale n, and that it is (Gg,¢)-
invariant.

Proposition 6.7. For every 0 < € < 1—10 there exists a § = 0(g) > 0 such
that, for m > m(e) and n > n(e, m) there exists a (Go,e)-invariant subspace
V¥ € sat(u, e, m,n) such that every W € sat(u, 5, m,n) satisfies W C (V;¥)().

Proof. Fix ¢ > 0 and apply the previous lemma to £’ = £% /2 to obtain ¢’ and
set 6 = §’/2. Suppose m and n are large enough to satisfy the conclusion of
that lemma. Assume that m is also large enough that, for a suitable parameter
" < g, the following holds: if V;, Vo < R? are subspaces with /(Vy,V5) > &’ and
wis (Vi,e” m)-saturated for ¢ = 1,2 then p is (V1 + Va, 3¢’, m)-saturated (such
an m and €” exists by Lemma 3.21 (5)). Also assume that m is large enough
that if p is (V, 4, m)-saturated and V' <V, then p is (V, ¢, m)-saturated (such
m exist by Lemma 3.21 (4), using ¢’ = 24).

By the choice of §', if V' € sat(p,d’,m,n) and g € Gg, then there is a
subspace W < R? such that d(W,gV) < & and W € sat(u,e’,m,n). Let W
denote the set of all one-dimensional subspaces W that arise in this way, and
write

E={weR?: |w|=1and Rwe W}.

Observe that if w € E then W = Rw € W and there exists a V' € sat(u, ', m,n)
and g € Gg with d(W, gV') < €', hence for every h € Gg we have d(hW, hgV') <
¢’. By definition of W there is some W’ € W such that d(W’, hgV) < &', so
d(hW,W') < 2¢' = ¢¥. Thus thereis w’ € E with W’ = Rw’ and d(w,w’) < e%.

It follows that the set F satisfies the hypothesis of Lemma 6.3 for ¢ and
the group Gg. Choosing a maximal sequence of unit vectors vy,...,vx € E
such that d(v;,span{vy,...,v;_1}) > & and setting V = span{vy,..., v}, we
conclude that V is (Gg, O(¢))-invariant and E C V().

Since V = @F_,Ru; and £ (v, spanfvy, ..., v;_1}) > e, and Ru; € sat(u, e /2,m,n)
for all 4, repeated application of Lemma 3.21 (5), assuming m large enough rel-
ative to € (and hence ¢’), gives that V' € sat(p, O(g), m,n).

Finally, if W € sat(u, d,m,n) then we can choose an orthonormal basis {w; }
for W, so by choice of m, Rw; € sat(u,d’,m,n), so w; € E. By Lemma 6.3,
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w; € V. The w; are orthonormal, so d(w;, span{ws, ... ,wj—1} = 1. Hence by
Corollary 3.23, W C V(O(),

We have proved the claim for V) = V, up to some constant factors, to
remove them begin with a small multiple of ¢ instead of ¢. O

The next proposition allows us to replace a saturated almost-invariant sub-
space with a truly invariant one, of some lesser saturation. It also shows that
this new subspace is saturated at many levels, even though the original subspace
a-priori was saturated at a single level.

Proposition 6.8. For every ¢ > 0, 0 < § < d(g), m > m(e,d) and every
n € N, the following holds. If W € sat(u, 0, m,n) is (Go,d)-invariant and W

is a Go-invariant subspace with d(W, W) < 6, then for m’ = [log(2/4)] and all
large enough n' we have W € sat(u,e,m’,n’).

Proof. Fix 0 < 0 < e. Also fix m large relative to 0 (we shall see how large
later). Let n € N, W < R% and m/, n’ be as in the statement, so our assumption
is that

Pi—., (,u‘”’i is (W, 0, m)—saturated) >1-0.

For each measure § = ™" in the event above, writing 6 = y/dé + O(%),
Lemma 3.16 implies

Po<j<m (Qy’j is (W, 617m')—saturated) >1-— 6.

Assuming m is large relative to § (and hence m'), we can arrange 6; < 2v/d§.
Combining the two inequalities above, we can find a 0 < k < m such that

Pinak (u” is (W, 517m')—saturated) >1—26;.

Let =™ tF be as in this last event. Since d(W, W) < § <2 ™ by Lemma 3.21
(3), ="t is also (W, 82, m')-saturated, where 8y = d; + O(1/m’). Since this
holds for a 1 — 26, > 1 — d, proportion of components p®"*  (because, if J is
small, do > 247), we have W € sat(u, 2, m’,n + k). Note that d; can be made
arbitrarily small by choosing § small enough.

Finally, let n’ > n + k. Let A(n') C |J;Z, A7 denote the set of sequences
1=11...5gsuchthat ry,-....r;, < 2~ (n'=k) <7i-....1i,_,. Then ZieA(n/)pi =1
and pu = ZieA(n,) pipiit- By Lemma 6.5 (4), W=UW e (¢ip, 03, m’,n') for all
1 € A(n'), where 63 — 0 as 6 — 0 and m’ — co. Since p is a convex combination

of the measures ¢;u1, i € A(n’), by Lemma 6.5 (3) we have W e (u,84,m/, 1)
for 64 which can be made arbitrarily small (and in particular < ¢) if § is small
and m' large. This completes the proof. O

Finally, we show the existence of a “maximal”’ invariant subspace which is
saturated to all degrees at sufficiently deep levels. Let us say that a p is V-
saturated if u € sat(V,e,m,n) for all € > 0, m > m(e) and all n > n(e,m).

Proposition 6.9. There ezists a unique subspace V <R? such that

1. pis V -saturated.
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2.V C V whenever w is 'V -saturated.
3.V is Go-invariant.

Proof. A formal consequence of Lemma 3.21 (5) is that if p is Vi-saturated and
%—saturated then p is ‘71 + %—saturated. Thus we can take V to be the sum
of all subspaces V' on which pu is saturated. (1) and (2) are then obvious, and
(3) is a formal consequence of Lemma 6.2, Proposition 6.7 and Propositions 6.8,
because taken together they show that if yu is V-saturated then s is V'-saturated
for a Gg-invariant subspace V’, and dim V' > dim V' . Applying this to V =V
we conclude V/ C V and dim V' > dimV so V = V' is Gg-invariant. O

We now need sufficient conditions for the subspace V from the last proposi-
tion to be of dimension > 1. To this end, we have the following.

Proposition 6.10. If there exists a sequence V; € sat(u, e;, m;,n;) withe; — 0,
m; > m(g;) and n; > n(e;,m;), and if V; =V, then V. C V', where V is as in
Proposition 6.9.

Proof. In each of the three previous propositions, a 6 = §(g) was associated to
an €. We can assume that these functions ¢ are increasing (so decreasing ¢ leads
to no increase in 6(¢)).

Let V;,e;,m;,n; be given. Assuming that m;,n; are large enough rela-
tive to £;, by Proposition 6.7 there is a sequence ¢, = ¢}(g;) — 0 depending
monotonely on ¢;, such that for each i there is a (Gg,¢})-invariant subspace
V€ sat(p, el, mi,n;) with Z(V;,V*) < &) and dim V;*> dim V; (if §(-) is the
function in that proposition than we choose &, = 6~1(g;)).

We can henceforth assume that m; are large enough relative to &}, and n;
relative to €}, m; (here we use that ¢, depends on ¢; in a monotone way, so being
large with respect to &} is the same as being large with respect to &;, which was
assumed).

Passing to a subsequence we may assume that V;* converge to some sub-
space V*. Note that V* is Gg-invariant, being the limit of (Gg,£})-invariant
subspaces.

By increasing ¢ if needed, we can assume that m} = [log(2/¢})] — oo more
slowly than linearly.

By Proposition 6.8 we can choose ¢/ — 0, depending monotonely on & such
that if W € sat(u, e}, m;,n;) is a Ge-invariant subspace, and d(V;*, W) < &,
then W € sat(p, e/, m},n’), for all n’ > n; +m/ (recall that m, = [log(2/e})]; if
§(-) is the function in that proposition, choose €/ = §~1(¢})). Note that since
we assumed that m] — oo more slowly than linearly, every large enough integer
occurs as m/, for some 1.

Applying the previous paragraph to W = V*  and since we have arranged
that {m/} includes all large enough integers, we see that p if V*-saturated. Thus
VECV.

Finally, combining Z(V;,V;*) — 0 with V;* — V* and V; — V, we conclude
that Z(V*,V) = 0. Since dim V* = limdim V;* > limdim V; = dim V', we must
have V C V*. Since V* C V we get V C XN/, as claimed. O
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6.4 Entropy and dimension for self-similar measures

If 4 € P([0,1]¢) is exact dimensional, as self-similar measures are, the dimension
of p is given by the so-called entropy dimension:

dim p = ILm H,(u). (73)

We require a similar expression relating the dimension of conditional mea-
sures on affine subspaces to entropy. We parametrized affine subspaces as the
set of fibers m~!(y) where 7 is a linear map 7 : R? — R* and y ranges over R¥.
The conditional measure fi,-1(,) of  on 7~ (y) is defined for mj-a.e. y by the
weak-* limit

Pa=i() = 0 froipg(y),
which exists by the measure-valued version of the Martingale convergence the-
orem.

Theorem 6.11. Let u € P(RY) be a self similar measure for the IFS ® and let
7 : R? — R* be a linear map such that ker 7 is D®-invariant. Then the condi-
tional measure fi-1(,) is ezact dimensional for wp-a.e. y, and the dimension
s given by

p—00 n— 00

1
dimuﬂ.fl(y) = lim (liminfEOSign <pH(Mz,i7Di+p|7r_1Dz"€+p)>)

1
= lim (limsupE0<i<n (H(Mm,i7pi+p|7r_lpz]‘€+p)>)
TP

p—00 n— oo
We will apply this theorem via the following corollary:

Corollary 6.12. If u is self-similar and V is a saturated and Go-invariant
subspace, then the conditional measures of |1 on translates of V are a.s. exact
dimensional and of dimension dimV. In particular this holds for the subspace
described in Proposition 6.9.

The proof we present for Theorem 6.11 has two ingredients. The first is
exact dimensionality and dimension conservation:

Theorem 6.13. Let u € P(RY) be a self similar measure for the IFS ® and
let m: RY — R* be a linear map such that ker w is D®-invariant. Then T is
ezact dimensional, [i.-1(,) is evact dimensional for wu-a.e. y, its dimension is
wp-a.s. independent of y, and

dimmp + dim pir-1(,) = dim p for mu-a.e. y.

This theorem follows from work of Falconer and Jin [7] (which in turn relies
on methods of Feng and Hu [8]). Next, we require an expression for dim 7y in
terms of entropy of dyadic partitions. A special case of this result appears in
[13] for the case that G is the full orthogonal group.

Theorem 6.14. Let € P(RY) be a self similar measure for the IFS ® and let
7 : R4 — RF be a linear map such that ker 7 is D®-invariant. Then

1
dimmpy = lim <1imianE0<i<n (H(um’im_lDﬁp))
o p

p—o0 n—00

1
= lim <1imSUpE0<i<n <H(Nx,i>7rlpf+p>) :
- p

p—© n—00
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Proof. First, note that

1 _ 1 _
Eo<i<n <pH(,ux,i77T 1Df+p)> = Eo<i<n <pH(M,7T 1Df+p|Di)> ;

As we have seen, changing the dyadic partition to one adapted to a different
coordinate system changes the right hand side of the last equation by O(1/p),
and in the statement of the theorem we consider the limit as p — oo. Thus,
the statement is unaffected by changes to the coordinate system, and we may
assume that 7 is a coordinate projection. Therefore we can apply the local
entropy averages lemma for projections [13]. The lemma is usually formulated
for lower pointwise dimension, but the same proof exactly, replacing lim inf by
lim sup, shows that

n—1

1 1 1 1
lim sup —— log(u((7~*DF)(2))) > limsup — Z 5H(um, 7T71’D£€+p)70(5) p-a.e. .
=0

n—00 n n—oo T %

Since mu is exact dimensional, the left hand side is p-a.s. equal to dim 7p, and
we have

n—1
1 1 1
dim 7y > lim sup — -H “-,7r_1’DZ-’C —O(- -a.e. T
e tmenp 3 H (s D) —O)

Integrating this dp and using Fatou’s lemma, for all p,

n—1

1 1 1
dimrp > timsup [ <n§ij<um,i,w-IDf+p>> dn(X) ~ O(%)

=0

n—o00 p
. 1 “1yk 1

= limsupEo<i<n | —H (i, 7™ DHp) —0(-). (74)
n—00 P p

Equation (74) is one half of the inequality we are after, and its proof only used
exact dimensionality of u. For the reverse inequality we will use self-similarity.
Fix p, and note that we have the identity

1 1
Eocicn (pHmM—lDﬁp)) — Focicn (pHm,w—lDﬁ,,Di))

where the expectation on the left is over ¢ and z, and on the right only over i.
Let r = min{r; : i € A}, and for each 7 let I; C A* denote the set of sequences
Ji...Jk € A®suchthat r 270 <y ..omj, <27 <y ...y, . It is a standard
(and easy) fact that u = > jer,Pj - ik By concavity of conditional entropy
(Lemma 3.1(5)), for each 4,

%

1 _ 1 _
I;H(Maﬂ 'Di, D)) I;sz’H(%ﬂﬂT 'D;i1,|Di) + O(=)

1
i€l p

1 _ 1
= = piH(pip,m "Digp) + O(=).
pielz‘ p

where we used the fact that each @;u, i € I;, has diameter O(27%), and Lemma
3.2(2). Finally, since ¢; contracts by 27% up to a constant factor, by changing
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scale, applying Lemma 3.2(5), and changing the coordinates system, we have

1 _ 1 _ 1
= piH(pip, 7 Digy) = —H(u, 7' Dy) + O(=).
Dy o1, p p
Note that we used here the fact that ker 7 is invariant under the linear part of
Pi-
Putting this all together, we have shown that for every p,

1 1 1
Eo<i<n (pH(Mz,mW_lDﬁp)) > ];H(W/%Dp) + O(];)

Taking the liminf as n — oo, we have

1 1 1
liminf Eg<;<y, (H wi, T 1 DF ) > —H(mu,D,) + O(=).
m inf Bo<i<n | o H (1 ) ) 2 JH (D) +0(0)
But, since 7wu is exact dimensional, as p — oo the right hand side tends to
dim 7. Combined with inequality (74), this proves the statement. O

We can now prove Theorem 6.11. Begin with the identity
1 i 1
Eo<i<n ];H(umDlew Diip) ) = Eo<i<n ];H(Mmpi+p)

1
— Eo<i<n (pH(Mm W_lpﬁp))

(this is just Lemma 3.1 (4) and linearity of expectation). Taking n — oo and
then p — oo, and using (73) and Theorem 6.14, the right hand side becomes
dim p — dim 7y, which by Theorem 6.13 is the a.s. dimension of fibers.

6.5 Proof of Theorem 1.5

Recall from the introduction that r = [[,c, ", n’ = nlog(1/r) and v =
Y ican Di 0y, Also recall the definition of the dyadic partition D, = D¢, and
the partition &, = €% of G according to the level-n dyadic partition of the
translation part of the maps. In this section we prove the following;:

Theorem 6.15. Let ® = {¢;} be an IFS on RY that does not preserve a non-
trivial affine subspace, and p a self-similar measure for ®. Then either

1
lim —/H(V("),Dglws) =0 forallqg>1,
n—oo M
or else there is a D®-invariant subspace V' such that dim uy 4, = dimV for
[-a.e. x.

This implies Theorem 1.5, see remark after its statement.

We begin the proof. First, note that (V) = 0 for every proper affine
subspace V' C RY, since if (V) > 0 for some V then it is easily shown that s is
supported on V', and hence ® preserves V', contrary to hypothesis.

We now argue by contradiction: suppose that there is a g > 0 and ¢ > 1
such that )

lim sup —IH(V(")7 D(g+1)n |Enr) > do.

n—oo 4N
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Let F denote the partition of G' according to the contraction ratio. This is an
uncountable partition, but the possible contractions of p;, ¢ € A™, are just all
the n-fold products of the contractions r;, i € A. Thus only O(n/**1) distinct
contraction ratios occur in the support of v(™ so

1
lim — H(@™, F) = lim

n—oo qn n—o00 n

1
O( o/gn) _o.
Using the identities H(-,D|E V F) = H(-,D|€) + H(-, F|E) and H(-,F|E) <
H(-, F), the two limits above imply

1
lim sup WH(V("), D(g+1yn|Enr V F) > do. (75)

n— oo

Lemma 6.16. lim,_, [ ﬁH(g.p,D(qH)MDn/) dv™(g) = dim p
Proof. 1f g = 27'U +a, then g.u is supported on a set of diameter O(27%), hence
H(g.p, Dynr) = O(|t — n'[). Similarly, by Lemma 3.2 (5), H(g-it, D(g+1)n’) =
H(p, Dynr) + Ot = )).

If we choose g = 27U +a randomly according to (™, then t is distributed as
the sum of n independent random variables, each of which takes value log(1/r;)
with probability p; for i € A, so by the law of large numbers, ¢ — n' = o(n')
in probability. We also have a worst-case bound of t < Cn (a.s. for g ~ 1/(”)),
because ;, . ; contracts by at least (min;ea r;)", and min;ea7; < 1. Hence
the bound ¢ — n’ = o(n’) holds also in the mean sense. It follows from the first
paragraph that

1 n
p= /H(g-uﬂn/)dv( g9) = o)
W H(g-p, Dig41yn )™ (g) = WH(/% Dgn') + o(1)
= dimpu+o(1)
Subtracting the first line from the second proves the claim. O

Lemma 6.17. lim, o - H (1, D(g41yn’ |Dpr) = dim p.

qn’

Proof. Using the conditional entropy formula,

1 1 1
WH(M%HW) RCESY - H (i Do) +
q 1
) g Do [Pu).

The lemma follows by taking n — oo and using the fact that 2 H(u,D,) —
dim p. 0

Let V}”) denote, as usual the, conditional measure of v(™ on I.

Lemma 6.18. lim,, (Zles wvrr) - %H(V}n).u,l)(ﬁl)n/)) = dim p.

q
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Proof. Write

W= Z v(I)- (V§n).u).

IEgn/\/}—
and note that

l/}n) L= /Q-M du}") (9)

Combining this with concavity of conditional entropy (Lemma 3.1 (5)) and the
previous two lemmas,

dimp = lim q?H(M»ID(q+1)n/|Dn’)
> limsup Z (n) ( ™ <My D(q+1)n/|Dn’)
"o reg, VF
> liminf Z (") /H(u§n).u, D(g+1)n'|Dnr)
e IGS /\/.7:
. n 1
> liminf )" “WW/—%@%QWWWMWW@
Ie&,/\VF an
= nll_{rolo qn’ H(g UvD(q+1)n ‘D )dy(")(g)
= dimy,
as claimed. O

For I € &,/ V F consisting of similarities with contraction 27, define

P — g,

This is a measure on the isometry group Gy.

Lemma 6.19. For every § > 0 and for arbitrarily large n we can find I € £,/ VF
with v(I) > 0 and such that

L )
—H s Dony 6
qn’ ( qn ) > 09
and 1
—H 7 1, Do) < —— H(pt, Dypyr) - 6.
—SH 1. Dy) < — H (1. D) +
Proof. By (75), for infinitely many n we have
1 n
o S v™U) - H@™ D) (76)
IESn/\/}—

1 n
= WH(V( )7D(q+1)n’|g’n’ \/]:)
> g

Suppose I € &,/ V F contains similitudes of contraction ¢. Since the action of
S; on G is just ordinary scaling in our coordinates on G, we have

H("  Digyyw) = HF", Do) | = O(t = ']),
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Using the fact that for g = 27*U +a ~ (™) we have t —n/ = o(n/) in probability
as n — oo, and the pointwise bound ¢ = O(n'), this and (76) imply that there
are infinitely many n such that

1 ~
> D) HE, Do) > bo. (77)
IeSn/ VF qn

Similarly, we have D§”) = St(ygn) .it), so by Lemma 3.1 (5),
™ o D) = HE oty Do) | = Ot = ).

Using the previous lemma and again the fact that |t —n’| = o(n’) in probability
as g =2"'U +a~ v,
1 ~(n .
lim [ — Z (I - H(V} ).u, Dyn) | = dimp.

n—oo \ qn’
Ie&n/v}'

On the other hand we know that also

1
lim </H(,u,an/)> = dim p.

Therefore (using boundeduess of the normalized entropy),

i (7).
Jm 2 v

I€E, IVF

1 —(n 1
WH(V§ )'M7 Dgn) — WH(/% Dgn)| = 0. (78)

Combining this with (77), for infinitely many n we can find I € &,/ V F with
the desired properties. O

Now fix a parameter ¢ > 0, and let o > 0 be such that p is ((¢/5d)2(¢*+1 g)-
non-affine (recall Definition 2.11). Such o exists because by assumption u gives
mass 0 to every proper affine subspace. Choose large m € N, and let 6 > 0
and k € N, be as in the conclusion of Theorem 2.12. Apply the theorem to
the measures Z}n) for the set I € &,/ V F found in the previous lemma for the

parameter 6. We have arrived at the following conclusion:

For every ¢ > 0, for arbitrarily large n, a (1 — ¢)-fraction of
the level-k components § = p, 5 of 1 have associated to them a
sequence of subspaces Vi, ..., V, of which at least a cdp-fraction are
of dimension > 1, and which satisfy

Po<i<n (0¥ is (Vi, e, m)-saturated) > 1 —e. (79)

If the last equation held for u instead of 6 (possibly for a different sequence of
subspaces), we would be in a position to apply Proposition 6.9 (4), which would
give the second alternative of the present theorem. This “bootstrapping” from
the component 6 to p is accomplished as follows. Let us say that a probability
measure n € P(R?) is fragmented at level k if v(D) > 0 for at least two distinct
D & Dy, otherwise it is unfragmented. We again abbreviate ) A =3 ., A.
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Lemma 6.20. Given k, if s € N is large enough, then
Z{pi 21 € N and @i is unfragmented at level k} > 1 —e.

Proof. Let E = |J 0D, where the union is over D € Dy, such that supp uND # 0.
Then E is contained in the union of finitely many proper affine subspaces, so
for a small enough p > 0 we will have u(E)) < ¢. Let s be large enough that
for ¢ € A® the measure ¢;u is supported on a set of diameter < p. This means
that if ¢;u is fragmented then it is supported on E(). Since p = D icas Di- ikt
we conclude that

u(EW)

&,

Z{pi : 1 € A% and @;u is fragmented at level k} <
<

as required. O

Let s as in the lemma for the k& we found previously. Assuming ¢ < 1/2,
by the lemma and our previous discussion we can find a level-k component
0 = up, D € Dy, of p, for which (79) holds and, furthermore, 1 — ¢ of the mass
of 6 comes from components p;u, i € A®, supported entirely on D. We can now
apply Lemma 6.5 (2) to conclude that there is an i € A® such that for arbitrarily
large j there is a V;, € sat(p;u,e’,m, j), where &’ — 0 as ¢ — 0. By Lemma 6.5
the same is true of y for the subspace U; 'V, and some ” that also vanishes as
€ — 0. We can now invoke Proposition 6.10, which completes the proof.

6.6 Transversality and the dimension of exceptions

In this section we prove Theorems 1.10 and 1.11 on the dimension of exceptional
parameters for parametric families of self-similar sets and measures. We adopt
the notation from the introduction, so ¢; ¢(x) = r;(t)U;(t)z +a;(t) are contract-
ing similarities for ¢ in a compact connected set I C R™, for i = iy...4, € A"
we define ¢;; = @i, 10 ...0¢; , and similarly 7;(¢) and U;(¢). Recall that
Aij(t) = ¢i1(0) — ¢;,(0) and define
A1) = win 18450

If, as in the introduction, we write A, (¢) for the minimum of d(y; ¢, @) over
distinct 4,7 € A™, then we have A/, < A, and hence (A])71((—¢,€)?) 2
(An)"Y((—€,€)?). In particular, in order to prove Theorem 1.10, one may re-

place the set E there with the set E' = (1, E., where

E=U N | U @) (=9

N=1 n>N \i,jeAn

Thus we wish to show that, under suitable hypotheses, dimp E. — 0 as € — 0.
We begin with the proof of Theorem 1.11. We require an elementary fact
whose proof we include for completeness.

Lemma 6.21. Let V. C R™ be open and let F : V — R* be a C? map. Suppose
that K C V is compact and that rank DF > r everywhere in K. Then K N
F~Y((=6,0)%) can be covered by at most C -1/6™~" balls of radius &, where C
depends only on the diameter of K and the magnitude of the first and second
partial derivatives of F on K.
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Proof. We first reduce to the case that £k = r. Assume this case is known.
Consider the general case k& > r. For each r-tuple of distinct coordinates ¢ =
(i1,...,4,) € {1,...,k}", let 7; : R¥ — R" denote the projection to these
coordinates. Now, if rank DF(z) > r then rank D(m; o F)(x) > r for some
r-tuple i, so we can find an open cover V = |JV; indexed by tuples as above
such that D(m; o F') has rank r everywhere in K NV;. Choose compact sets
K; C K such that K; CV; and K = |J K;. By our assumption, for each i the
set K; N (m; 0 F)~1((=4,0)") can be covered by O(1/6™~") balls of radius §. If
x € F71((=0,6)%) then certainly = € (m; o F)~((—6,8)") for every tuple i, so
the union of these (’;) covers is a cover of K N F~1((—4,0)¥) containing at most
(M)O(1/6™=7) balls of radius d, as required (note that restricting the function

a;ld composing with a projection can only decrease its C? norm, so the constant
does not get worse).

Thus we may from the start assume that & = r and that rank DF = r
everywhere in K. Let M denote the bound on the first and second derivatives
of F|k. Applying the constant rank theorem [21, Theorem 7.8], for each z € K
there is a neighborhood W, C R™ of x and an open set W/ C R" such that
Flw, : W, — W/ is a diffeomorphism and is C?-conjugate to the projection
71, : R™ = R". The distortion of the conjugating maps is controlled by M.
Since for 7y, , the statement is clear, the conclusion follows for F|y, . Finally,
the neighborhoods W, contain balls centered at x with radius again bounded
in terms of M. Only O((diam K)™) of these neighborhoods are needed to cover
K, and the statement follows. O

Returning to our parametrized family of IFSs, assume that DA; ; has rank
at least r at every point in I and every distinct pair 4,5 € AN.

Lemma 6.22. For large enough n and all i,j € A™ the rank of A; ; is at least
r everywhere in I.

Proof. It is easy to check that the power series for the functions A, ; converge on
a common neighborhood of I in C™ (each function being defined by its complex
power series), and since A;, ;. i, ., — 4, ; uniformly on this neighborhood,

veey

follows by a compactness argument. O

Finally, it is again clear that there is a uniform bound M for the first and
second derivatives of all the functions A;j, ¢,7 € A™. The proof of Theorem
1.11 is now concluded as follows. For large enough n, for each i,j € A™, the set

(i) (="M
can be covered Oy (1/e"™=7)) balls of radius €”. Thus the set
E,.= J Q) (="M
ijeAn
satisfies

N(E! _,e") < |A|™ - Opr(1/e™m))

n,e’

where N(X,0) is the d-covering number of X. Thus for every ¢ and n,

N(() Eice") < N(BEj ") <
k>n

IN

A - Opr (1/"1)),

89



hence for each € > 0,

logN(ﬂk nE,’”,e")
bdim (ﬂ E,/€7E> = limsup - ’

[ n—o0 log(1/e™)
log |A|
< _ e = e
= T og(1/e)

It follows that dimp E. < m — r +log|A|/log(1/e), and this tends to m — r as
e — 0, as required.

We now turn to the the proof of Theorem 1.10, which is very similar to the
one-parameter case from [12]. Let |i| denote the length of a sequence i and for
sequences i, j let i A j denote the longest common initial segment of sequences
(which may be 0). Let

B ={e1,....,em}

denote the standard basis of R™ and let D, denote the directional derivative
operator in direction v. Thus for F = (Fy,..., Fy) : [ — R? we have D, F =
(DyFy,...,Dy,Fy) : I — RY We also write D for the differentiation operator
for functions R™ — R<. It will be convenient for the rest of this section to use
the supremum norm on vectors and matrices.

Definition 6.23. Let I C R™ be a connected compact set. A family {®;}ier
of IFSs is transverse of order k if the associated functions r;(-), a;(-), U;(-) are
(k 4+ 1)-times continuously differentiable in a neighborhood of I, and there is a
constant ¢ > 0 such that for all n € N and all 4,5 € A",

VtpeI Fpe{0,....k} Fui,...,v, € By
such that H(Dvp-anAi,j)(tO)H >cC- ‘Z./\j|_p'7“i/\j(to).

A real-analytic function defined F' : I — R? can be extended to a complex-
analytic function on an open complex neighborhood of I. Such an F is iden-
tically O if and only if at some point ¢, € U we have D, ... D, F(ty) = 0
for every n and vy ...v, € B,,. For i,j € AN the functions A; ; are real ana-
lytic if r;, a;, U; are, because on the common neighborhood of I in which these
functions are analytic, A; ; is given as an absolutely convergent powers series
in these functions. Thus the A;; extend to complex-analytic functions on a
common neighborhoods of 1.

We have the following analog of [12, Proposition 5.7]:

Proposition 6.24. Let I C R™ be a connected compact set and {®;}ier a
family of IFSs on RY whose associated functions r;(-), a;(-), U;(-) are real analytic
on I. Fori,j e AN, suppose that A; ; =0 on I if and only if i = j. Then {®;}
is transverse of order k for some k.

Proof. For i,5 € A", let £ = |i A j| and let u,v € A"~* denote the sequences
obtained by deleting the first £ symbols of ¢, j. Define the function A; ; by

A () = Ay o(t).
We find that

A () = 1ini (1) - Uing (1) (Ai 5 (1)),
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Let n(u) denote the number of times that the symbol u € A appears in i A j
and let U” be the transpose of U. Then (since UL ; = U;,}),
A () = ([T ra@®™™) - UL, (0)A: ;1)

ueA

From here the analysis is entirely analogous to the proof of [12, Proposition 5.7],

bounding iterated directional derivatives rather than the higher derivative KE’;)
from the original proof. We omit the details. O

Our next task is to show that transversality of order k provides efficient
coverings of pre-images (A; ;)~!((—¢,)?). The argument is again very similar
to the one-dimensional case but with some additional technicalities. The key
part of the argument in dimension 1 was the fact that if F : [a,b] — R satisfies
|F’| > ¢, then F~Y(—p, p) is an interval of length < 2p/c. We now generalize
this to higher dimensions.

Let U C R™ 1, let f : U — R be a Lipschitz function with Lipschitz constant
¢, and E = {(x, f(x)) € R™ : 2 € U} be its graph. Then we say that E is a
c-Lipschitz graph in R™ with domain U. More generally we apply this name to
any isometric image of £ in R™.

Lemma 6.25. Let E C R™ be a c-Lipschitz graph with domain U = B,(x) C
R™ ! and let 0 < € < r. Then the s-neighborhood of E can be covered by
O((r/e)™=1) balls of radius ¢ if c < 1, and by O((cr/e)™™ 1Y) such balls if ¢ > 1.

Proof. Assume that ¢ < 1. Let y = (u, f(u)) be a point in the graph. Let
y* = (u, f(u) £ ¢/2). Then the union C' = C(u) = B.(y") U B.(y~) contains
the cylinder B./o(u) x [-3¢/2,3¢/2]. Since f is c-Lipschitz, this implies that
C contains the e-neighborhood of the graph over B, 5(u). Now cover B, (x) by
O((r/e)™=1) balls B.5(u;). Then |JC/(u;) is covered by O((r/e)™!) e-balls,
and contains the e-neighborhood of the graph.

If ¢ > 1, then C(u) contains an e-neighborhood of the graph over B, s.(u),
and we obtain the desired bound by covering B,.(z) by O((cr/e)™~!) balls of
radius e/2c. O

Lemma 6.26. Let I C R™ be a compact set, let 0 < § < 1 and let I©9) denote
the §-neighborhood of I, let F : 119 — R be twice continuously differentiable with
0<c<||DF|| <M and HD2F|| < M on I®. We assume ¢ < 1. Then for 0 <
p < min{d, ¢/M}, the set INF~"(—p, p) can be covered by O s o115 ((¢/p)™ ")
balls of radius p/c.

Proof. Let t € I. Under our hypotheses, there is a ball B,.(t) C I with radius
7 less than min{4,c/M} and of this order, such that |DF(t) — DF(t')| < ti5¢
for t' € B,(t) (here we use the upper bound on the second derivative of F). It is
then an easy fact from calculus, essentially, the implicit function theorem, that
the level set S = F~1(0) N B,(t) is the graph of a 1-Lipschitz function and that
in the transverse direction to S the function F' grows at a rate proportional to ¢
as long as we remain in B,.(t). Thus, given p > 0, the set F~((—p, p)) N B,.(t) is
contained in the O(p/c)-neighborhood of the graph of a 1-Lipschitz function with
domain B,(t) for » = Ops(c), and by the previous lemma, if p < min{d,c/M},
it can be covered by O ((r™~1/(p/c)™~1)) balls of diameter p/c. Also, I can
be covered by O(vol(I(®))/r™) balls B,(t) as above, so it can be covered by
O ((c/p)™~1) balls of diameter p/c. O
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Corollary 6.27. For F : [©9) — R? and under the same assumptions as above,
the same conclusion holds.

Proof. We can write I = I; U...UI; such that on each of the closed sets I; the
assumption of the previous lemma holds for F; (the i-th component of F') with
some degradation of c. Then INF~1((—p,p)?) C Ule LN E " (—p,p) and the
lemma can be applied to each set in the union to obtain the desired result. [

Proposition 6.28. Let I C R™ be a compact set, I'9) the §-neighborhood of I,
and F : I®) — R% a (k + 1)-times differentiable function. Suppose that there
are constants M > 0 and 0 < b < 1 such that

1. Foreveryt € I,0<p <k+1andvi,...,v, € By, we have |D,, ... D, F(t)| <
M (for p =0 this means |F(t)] < M ).

2. For every t € I there exist p € {0,...,k} and v1,...,v, € By, such that
| Dy, - .. Dy, F(t)|| > b (for p =0 this means F(t) > b).

Then there exists C = C(b, M,vol I'®)) > 1 such that for every 0 < p < b- b2",
the set
Zy=I0F ! ((=p,p)?)

can be covered by C’k(b/p)(m_l)/zk balls of radius (p/b)l/Qk.

Proof. Take C' large enough to play the role of the constant in the bound in the
previous corollary, and large enough that mC*~! +C < C* for k > 1.

We argue by induction on k. The case k = 0 is trivial (because |F'(¢)| > b
and p < b implies Z, = 0).

Now fix k and suppose we have proved the claim for k£ — 1. First, note that
we can assume without loss of generality that I C Z, = {t € I : ||[F(t)|| < b},
since clearly Z, C Z, and if we did not have I C Z;, we could simply replace I
by I N Z,, to make it hold.

Since ||[F'(t)|| < b on I, the hypothesis (2) necessarily holds at each point
with p > 1. Thus we can write I as a union of closed sets I, v € B,,, on each
of which the induction hypothesis holds for one of the functions G, = D, F.

Fix v € By, take p/ = /Bp. Note that 0 < b < 1 and 0 < p < b2, so
0< p < b, Define

I, = LG (=00
I = L\I,

We cover Z, in each of these sets separately.
First, we actually cover the entire set I!. Indeed, by the induction hypoth-
esis, it can be covered by

b k—1 b k
Ck=1(2ym=1)/2""" _ ok=12y(m-1)/2
) <)
balls of radius (p’/b)l/zki1 = (P/b)l/zk-

On the other hand, on I! we have ||DF| > ||G,|| > p'. By the previous
corollary, Z, N1/ = I N F~1((—p, p)?) can be covered by

/ m— b m—
C(p'/p) 1:C(;)( R
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balls of diameter p/p’ = \/p/b, hence, since \/p/b < (p/b)/%", we can cover
Z, N I" by at most this many balls of radius (p/b)/2".

Taking the union of the covers we have found for Z, N I, and Z, N I}/, we
obtain a cover of Z, N I, by (C*~1 + C)(b/p)(m~1/2 balls of radius (p/b)l/zk.
Summing over the m elements v € B,,, we have covered Z, by

Lym=v/2y < ok Byem-n)/2t

k—1
m(C* T+ 0)( ;

balls of radius (p/b)1/2" (using our assumption mC*~1 + C < Ck). This is the
desired cover. O

Theorem 1.10 now follows from Proposition 6.24 and the next result:

Theorem 6.29. If {®;}:c; satisfies transversality of order k > 1 on the compact
set I C R™, then the set E of “exceptional” parameters in Theorem 1.9 has
packing (and hence Hausdorff) dimension at most m — 1.

Proof. Let M be a uniform bound for HDU1 oDy A () || taken over v; € B,,,
t el and i,j € A*. Such M exists from k-fold continuous differentiability of
r;(+), a;(-) and the fact that |r;| are bounded away from 1 on I. By transversality
there is a constant ¢ > 0 such that for all n € N and all 4,5 € A",

VtoelI IpeA{0,....k} Fvi,...,v, € By

such that  ||(Dy, - .. Do, Ai)(to)|| > - [i A G177 - 1103 (1),

mwn

where

Tmin = min{r;( ieAN, tel}

t) :
We may assume that ¢ < 1 and & > 2. In what follows we suppress the
dependence on k, M, c and I in the O(-) notation: O(-) = Oy ar,c,j1/(*)-

Fix n and distinct 4,7 € A™. Let b =1b,, = cn’krﬁnn, so that the hypothesis
of the previous proposition is satisfied for the function F' = A;; and this b.
Therefore, for all 0 < p < n?", the set {t eI :|A;;| < p} can be covered by at
most O((b/p)(m_l)/Qk) balls of radius (p/b)l/zk each.

Now let € > 0 be such that p = " satisfies p < (bn)2k = (cn_krfnm)Qk for
all n (this holds for all sufficiently small € > 0). Fixing n again, the discussion
above applies to (A; ;)1 (—¢e",e") for every distinct pair i, € A", so ranging
over all such pairs we find that

El,= |J Qi) '(-e"em

BL,JEA™ ,iFE]

can be covered by O(|A|" (b, /e™)™=D/2") balls of radius (¢"/b,)'/2". Now,

ECE = G ) EL.
N=1n>N
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By the above, for each £ and N we have

log (|A|n(bn/€n)(m71)/2k)
. / i
bdim ( ﬂ EE,n) < nlggo log ((bn/gn)l/Zk)

n>N

Log(|A|(rmin /) ™~ D7)
log(7ymin/)1/2"
The last expression tends to m — 1 as € — 0, uniformly in N. Thus the same is

true of E., and E C E! for all €, so E has packing (and Hausdorff) dimension
m — 1. O

o(

6.7 Applications and further comments
Proof of Theorem 1.12. Fix A. For i,5 € AN, given an IFS ® = {(¢;}icn =
(r;U; + ai)ieA, evidently

o0

Ai»j(q)) = Z (ril---inflUil-”inflain - le-njnflUjl'--jn—lajn) .

n=0

As a function of (r,, Uy, @y )uen € (RT X R% x R?)A this is clearly a non-constant
expression. The parametrization is trivially real-analytic, and the conclusion
follows from Theorem (1.10). O

Proof of Theorem 1.13. Fix {U;}ien € G§ and {r;}ica € (0,1/2). Given
distinct 4,5 € AN let k = k(i,7) be the first index where they differ. For
a = (ay)uer € (RHA, let @, = {ry Uy + @y tuea, s0

Nij@)= > (riyin Uiy @i =70 5o Ui 105,) -

n=k(i,j)

This is linear in the a variables. Differentiating by the coordinates in a;, =

(a}k, ce afk), we obtain a derivative matrix of the form
OA; ;
J
( da, = rilmik—1Ui1...ik_1 + Zrilu.inUilu.in - Z rjl“‘jntlu‘jna (80)
e nel neJ

where I = {n >k : i, =ix} and J = {n > k : j, = ix}. Similarly, setting
I'={n>k:i,=j}and J'={n >k : j, = ji} and differentiating A, ; by
the a;, variable (and using ri, 4, , =7, 4., and Uy, 4, . =Uj, 5 1),

OA:
<J> = le...jk—lUj1-~~jk—1 + Z Til...i"Uil,‘.i" - Z Tj1~~~jnt1...jn- (81)

Oa;
Tk nel’ neJ’

In order for these matrices to be invertible, it is enough that on the right hand
sides of equations (80) and (81), the norm of the sum of the last two terms is
less than the norm of the first term. Let

R = : ’ril-uin + : ’rjl-njn

nel neJ
/ _ . . . .
R - § : 7‘711~~~7/n + : : TJI"']?L.
nel’ neJ’
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These are upper bounds for the norms in question. We have

R+R = (Z Tiy.in T Z Tzlz> + (Z Tjijn T Z rjl.‘.jn>

nel nel’ neJ neJ’
< Tipeig H (Tin—"_rin)—’_rjl"'jk—l H (Tjn+rjn)
nelnl’ neJNJ’
< 27‘1'1”_1‘}671.

(In the first inequality we used 7; < 1. In the second we used the fact that if
n € INI then i, # j, and hence r; +r; < 1, and similarly for n € J N J’,
and that r;, ;. , =74, 4., by choice of k). Now, R+ R’ < r;, ., , implies
that either R < r; . 4,_, or R' <y 4 _,. In the first case, the first term in
(80) is a similarity with contraction r;,. ;,_,, and the latter two terms together
give a matrix whose norm is at most R < r;, . ;,_,. Hence the sum is invertible,
and rank DA; ; > d. The same argument applies to (81) if R" < r;, ;. ,. The
conclusion now follows from Theorem 1.11. O

Proof of Theorem 1.14. Let (;);ca be given. Fori € AN write ¢; = lim,, 00 @4,

Given distinct 4,7 € AN and 7 € [y, evidently

A j(m) = 7m(pi) — m(pj) = m(pi — @)

Now, it is easy to verify that for a fixed 0 # v € R? the map © — 7(v),
M4, — R*, has rank k at every point. Taking v = ¢; — ¢; this shows that
A, ; has rank k at every point. An application of Theorem (1.11) completes the
proof. O

Proof of Theorem 1.15. Writing A; ;(3,v) explicitly and noting that it is not
constant and real-analytic, Theorem 1.15 is immediate from Theorem 1.10 (since
the IFS in on the line, irreducibility is a non-issue). O

Proof of Theorem 1.16. We would again like to apply Theorem 1.16. Analytic-
ity and non-triviality of A; ; is again a simple matter, but the usual presentation
of the fat Sierpinski gaskets uses an IFS consisting of homotheties, which act re-
ducibly. However, the attractor of the fat Sierpinski gaskets are invariant under
rotation by 27/3 about their center of mass, and hence they can be presented
also as attractors of an IFS x — AU;x + a; where a; are the vertices of a triangle
in R? and the U; are rotations by 27/3. Unlike the usual presentation this IFS
is irreducible. Theorem 1.16 now does the job. O

The argument in the last proof relied heavily on the possibility of presenting
the attractor using an irreducible IFS. This is not always possible. For instance,
if we take the fat Sierpinski gasket with the usual homothetic presentation, and
augment it with an additional homothety, then the symmetry breaks down and
there is no irreducible presentation. In this case Theorem 1.16 no longer gives
information about the set of exceptional parameters, because the set of reducible
parameters is large. Some additional argument is needed in this case.

Finally, the proof of Corollary 1.7 is based on the classical fact that poly-
nomials of bounded height in a fixed set of algebraic numbers either vanishes
or is exponentially large in the degree of the polynomial. For completeness we
include a proof, noting that the version in [12, Lemma 5.10] erroneously omitted
the height assumption:
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Lemma 6.30. Let A C R be a finite set of algebraic numbers over Q. If x is
a polynomial expression in the elements of A with coefficients of magnitude at
most h, then either x =0 or |x| > s™.

Proof. Let A= {ay,...,ar}. Let f(x1,..,21) be an integer polynomial of degree
n and coefficients bounded by h in absolute value. Assuming x = f(aq, ..., ax) is
not zero, it suffices to show that || > ¢ /h* for some ¢,u > 0 depending only
on A.

Let F = Q(ay,...,ax) be the field over Q generated by {a;}.

We may assume that a; are algebraic integers. This is because we can choose
positive integers pi,...,pr such that b; = p; - a; is an algebraic integer. Let
p=p1-... pr (note that this depends only on the a;). Then

p" - flay,...,ar) = g(by, ..., br),

and ¢ is an integer polynomial of degree n with coefficients bounded by h - p™.
So if we have ¢ = ¢(by,...,b;) > 0 such that g(by,...,b;) > ¢"/(hp™)*, then
flay,...,ar) > c"/(h* - pt“tDn) which is what we wanted (using the constant
¢/p**t instead of c).

Assuming now that a; are algebraic integers, let F/ be the normal closure of
F =Q(a1,...,ax) and I' = Gal(F"/Q), so the fixed field of I' is Q. Note that F’,
hence I", depends only on the a;, and I is finite.

Now we do the usual thing: if f(z1,...,ax) is not zero then also [ ], s(f(x))
is non-zero, but it is both an algebraic integer and rational, so its absolute value
is at least 1. Hence

L<[[Ifsal=1f@)1- I /o)l

sel sel\{id}

The last product has |T'|—1 factors | f (sz)|, each of size at most h-max{|T-conjugates of a;|}".
Dividing gives the bound that we want. O
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