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1.a. Information. Countable partitions

(X, A,m) is a Lebesgue probability space
(X, A, m) is measurably isomorphic to ([0, 1], Borel, Leb.)

P ={Py1, Py, ---}isamod.O partition of (X, A, m)
Pie Am(P,NP;) =0 for i #j and m(U;P;) = 1.

For a.e. z € X, P(z) 1= Py, s-t. = € Py,

Definition Information Function I(P)
I(P)(x) = —Inm(P(x)).



Q = {Q1,Q2,---} another partition. The
conditional measure with respect to @ mg

is given, for A € A, by

m(Q) N A)

m& =
FA) == 0E)

Definition Conditional Information I(P|Q)
I(PIQ)(x) = —Inm@(P(x)).

P Vv Q partition s.t. PV Q(x) = P(x) NQ(x):
I(PVQ)(z) =I1(Q)(z) + I(P|Q)(z).
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I(P)(x) measures the information brought by learning in which
element of the partition P the point z is; I(P|Q)(z) the same
information if one knows already in which element of @ the
point x lies. The addition formula is consistent with this image.

Moreover (exercise):

I(P|Q)(x) =0a.e. < P<Q

(P < @ means that @ refines P: no new
information)

I(P|Q) = I(P) a.e. < P1Q

(P L @ means that P and @ are independent:
previous information is irrelevant).



1.b Conditional measures. General case

B a subo-algebra of A. There exist condi-
tional probability measures mg on A satisfy-

ing:

e A— mB(A) is a probability measure for
all x,

e x — mB(A) is B-measurable, and

e VAc A Be€B, [gmB(A)dm = m(AnN B).
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Moreover, this family is essentially unique.

Proof (exercise) Ao countable algebra generating A, EB51,(z)
the conditional expectations with respect to B. For a.e. «x,

x — EB14(x) satisfies Kolmogorov conditions and extends from
Ag into in a probability measure on A.

Remark: &p s.t. « 35 y <= mb =mb
defines a partition of X which is countably
separated by A measurable sets.

We call such a partition a measurable parti-
tion.



Conversely, let £ be a measurable partition,
define Bg as the o-algebra of A-measurable
sets which are unions of elements of £&. Then,
on a set of full measure,

&6 = &
B
m& 1= m,° has support £(z) and

for all B € B, m5(B) =0 or 1.



Examples

1. Let ¢ be the partition of X into points. B. = A,m® = §, and
4 =¢.

2. X = [0,1] x [0,1], any probability measure m. n partition

into vertical lines. B, is the o-algebra of vertical sets. mf" is the

conditional measure carried by n(x), and &z, = .

3. An example of a non-measurable partition. Let n be the par-
tition into orbits of a measure preserving transformation. Then
B, is the o-algebra Z of invariant measurable sets. Then, the
conditional measures m% are invariant ergodic (See Omri Sarig’s
lectures: One uses the Pointwise Ergodic Theorem). In general

&1 #=n. For example, &7 is trivial if the transformation is ergodic.



Martingale Theorems|see Chapter 10 b.]

I. Assume &n < §41 (41 refines &), then
Then, as n — oo, for a.e. z,
mgn — M

and
5800(33) = Mnén(x).
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II. Assume &, = &,41 (&n refines §,44), then
Then, as n — oo, for a.e. z,
mgn — My, °

but, in general,

EBOO(ZU) 7 Unén(x).
We denote Anén 1= &p,..
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Example of II: Kolmogorov 0-1 law:
X =1[0,11N,m = @n{1/2,1/2},

En(z) ={y : yp = xp fOr p > n}.

mgn — ®O,1,--- ,n—l{l/zv 1/2}®5$n® | '®55’7n—|—p®

AS n — oo, m§" —m, Apén = fﬂnlg&n is trivial
but

Unén(z) = {y : In, s.t. yp = xp for p > n}.
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1.c Conditional information. General case

P a countable partition, £ a measurable par-
tition.

Definition Conditional Information I(P|£)

I(Plg)(z) = —Inm&(P()).
We have again (exercise):

I(P|l¢§)(x) =0 a.e. < P <¢,
I(Pl§) =I(P) a.e. <— P 1¢ and

I(PVQI§)(x) = 1(Q[§)(x) + I(P|Q V&) (x),
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I(PVQI§)(x) = 1(Q[E)(x) + I(P|Q V&) (),

where Q V¢ is the measurable partition obtained by cutting each

element of ¢ by the Q; such that mﬁ(Qj) > 0. Verify then that

In particular, I(P|¢{)(x) = I1(Q|¢)(x) a.e. iff

PVE=QVE
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If &n < &n41 and Eoo(z) = Mpén(x),

or if &n > &p41 and oo = Anén,
1(Plen) — I(Plésc) 2.e.

Theorem Assume&n < &,41 and [I(P|&1) <
+oco. Then,

/s%p I(Pl&n) < 4oo.
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Proof By definition, for all t > O:

m ({y 1 sup I(Pl&) (v) > 1) = Y mE(Pn{y : infm (P) <))

Claim: m& (PN {y :inf,m$(P) < e}) < min{ms (P), e~*}.

Using the claim and f0+oo min{a,e t}dt = a — alna, we get:
/ sup I(Plg)dms < Y mE(R) =Y mE(R)Inm (R)

< 1+/I(P|§1)dm§;1

and the conclusion follows by integrating with respect to m.
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Proof of the claim:
m$ (PN {y @ inf,m$ (B) < e }) < m&(P) is clear.

Moreover, let v(y) be the smallest integer n such that mf,"(Pi) <
—t
e .

Since {y : v(y) = n} € Be,, we may write:
mi(Pin{y:v(y) =n}) = / m$ (P;)dmS (y)
{ywv(y)=n}
< e'm&({y:v(y) =nd).

Therefore,

mE (PO {y:infm$(P) <e ') = Y mP(RN{y:v@)=n)

IA

ey mi({yv(y) =np) <e.
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2.2 Entropy

Definition The entropy H(P) of a count-
able partition P is the integral of the infor-
mation function:

H(P) = / I(P)(@)dm(z) = — Y m(Py) Inm(P,).

0< H(P)<+4oco. H(P) =0 < P ={X}.
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Definition ¢ a measurable partition. The
conditional entropy of the partition P with
respect to & Iis given by:

H(PI&) = [ 1(PI&)dm(2) = [ H_¢(P)dm(a).
0 < H(P|¢) < +o00. H(P|§) =0 < P <¢.

H(PVQ§) = H(Q|§) + H(P|QVE).
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Proposition 1) If§, < &, H(P|é) < H(P|&1).

2) If Card (P) = K, then H(P) < In K, with
equality iff m(P;) = 1/K for all i.

Proof: Both statements follow from the strict
convexity of the function t — ¢(t) = tInt.

For 2), write that

K K
—% InK = ¢(%) =¢ (%ZW(P&) < %ZQNWJ(R‘)) = —%H(P)

and we have equality only if all m(P;) coincide.
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For 1), since & < &, mi (P) = fmff(PZ-)dmfcl(dy) and therefore

b (mﬁ}(PZ-)) < [¢ (mff(Pi)) dm$!(dy). Summing on i yields:

H,o(P) > / H, . (P)dmS (dy).

1) follows by integrating on . O

We have equality in 1) iff m%Q(P,L-) is con-
stant mgl—a.e. (P is said to be conditionally
independent of B, relatively to Bfl)'

In particular, H(P|¢) < H(P) with equality iff
P is independent of Bf.

21



Proposition 1) If & < &,41, o) =
Mnén(xz) and H(P|&{1) < +oo, then

H(P[§1) N H(P|€o0).

2) If &n = 41 and Eoo := Anén, then
H(P|&1) / H(P[&o).

Proof 1) We know that I(P|£,) converges towards I(P|é~) and
by Theorem page 15, that [sup,I(P|¢) < +oo. The conver-
gence follows by the Dominated Convergence Theorem. The
limit is non-increasing by the previous Proposition.
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2) As just seen, Hmin(P) < f ngnH(P)dmg”(dy). This means that
T — ngn(P) is a supermartingalye with respect to the decreasing
family of o-algebras B¢,. By Doob’s Theorem (see Chapter 10
b), it converges m-a.e. and in LY if it makes sense. In particular,
mein(P)dm(x) converges towards megoo (P)dm(x), even if the

limit is infinite. L]
Complements 1) If H(Q|£) < oo, there

exists P, H(P) < 400 such that Qv& = P VE.
Moreover, H(P) = O(H(Q|£)).
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Sketch of a proof: a) One can choose P, such that PV =Q V¢
and m(P,) > mg(Piy1). Then, mi(P) > 1/iand [ (32, mi(P)Ini)dm(z) <

H(Pl¢) = H(Q[). Then, >~ m(P)Ini < H(Q|E).

B) Set, for a > 1, ¢ = % > ¢ =1 and: Zim(]%)ln@ =
>t (M) > 6 (3 e ) =0, ie. H(P) <=, m(P)Ing <
In¢(a) +a .. m(P)Ini <In¢(a) + aH(QIE) < +oo.

1

VEH@Q|E)

v) Use In¢(a) < -5 and optimize at a =1+

2) Define, for £,7 measurable partitions

H(n|§) := sup H(QIE)-

Q:QcountableQ<n

Then, A(&,n) (= H(nl§) + H(¢[n) is a "dis-
tance” (it might be infinite) for which the

space of measurable partitions is complete.
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2.b Mean entropy

Let 7" : X — X be a measurable, measure
preserving transformation, P a partition; set
T—1P for the partition into the sets

TP, ={y:Tye P}

Then, H(T~1P) = H(P). Denote

P = Vy<icnT/P, PP = V<, TP
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Then, H(P}) < H(PJ")+H(F}). By Fekete's
Lemma:

1 1
“H(PY) — inf =H(P}) =: h(P,T).
n n n

h(P,T) is called the mean entropy of P. We
have:
h(P,T) = H(P|P{).

Proof: Write H(P}) = H(T™P) + H(T-""VP|T™P) +--- +
H(P|P}'). The general term in the sum is H(P\Pf) which con-

verges towards H(P|P;°). The average has the same limit. O
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Properties of the mean entropy
h(P§,T) = h(P,T); h(P§, T*) = kh(P,T).

[h(P,T) - h(Q,T)| < A(P,Q).

Proof: Write H(Py Vv Qr) = H(PY) + H(QRPY) = H(QM) +
H(P}Qg). It follows that

[H(Pg) — H(Qp)| < H(Fy(Qp) + H(QolFg)

< ) H@TPIQ) + H(TTQIPY) < nA(P,Q).
=1

In particular, Q < P§° = h(Q,T) < h(P,T).

Because there are partitions Q; < P} with A(Q, Q) — 0.
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Entropy of a transformation

Definition hy (1) := supp: pfinite R(P, T).

Example 1: Rotations (X = R/Z, Borel, Leb. ,Tx = = +

a modl). Then h(T) = 0. Proof: Let P, = {---, [, 1], }.
Since (P)§ has less than kn elements, h(FP;,T) = 0. On the
other hand, for any @ finite, H(Q|P;) — 0. O

Example 2: Bernoulli shifts (A,p) a finite or countable prob-
ability space, H(p) < +oo.

X =AY A, m = Qupp, Tx = y with y, = Tp4+1. T hen,
hm(T) = H(p)
Proof: P defined by xo. H(P}) =nH(p) and P{® = A. O

Remark the formula also holds if H(p) = 4oo0.
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2.C Relative entropy. Pinsker formula

We assume that the transformation T is in-
vertible. For m,n € Z,m < n, define P}, P>>°,
P"_, P22 . We have:

h(P,T) = H(P|P{°) = H(P|P2,) = h(P, T 1),

since all these numbers are lim, ZH(PY).
In particular, hm(T) = hm(T™1).

Exercise: For k € Z, hm(T*) = |k|hm(T).
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The measurable partition £ is called invariant
if the o-algebra Bg IS invariant. Then:

£(Tx) = TE(x); Te(mb) = m%“:c

(T~ P|¢)(x) = I(PI§)(Tz); H(T'P|¢) = H(P|£).

The relative mean entropy is given by:

1 1
h(P,TIE) = lim~H(P|¢) = inf ~H(PE[¢)
= H(P|PVv¢) = H(P|PO VE).

Proofs and properties are the same as the ones for the absolute

mean entropy.
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Proposition [Pinsker Formula]

h(PVQ,T|E) =h(Q,T|E) + h(P,T|EV Q).
Proof : Write
H((PVQ)l§) = H(QglE) + H(PyEVQp)
= H(QHO+ > H(PIP,veVQ'Y).

Most of the terms in the sum are closer and closer to
H(P|P° VeV QX)) = h(P,T|E). O

Corollary The family of sets A € A s.t.
h({A, A°}, T) = 0 form an invariant o-algebra,
the Pinsker o-algebra.
Let m be the associated measurable partition,
h(P,T|w) = h(P,T) for all P,H(P) < oo.
Proof: Exercise.
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Proposition P, H(P) < 400, P = ¢. Then,

T = ApezPloc = NuczPrn -
Proof: 1) Assume A € By, and denote P4 := {A, A°}. Then,
h((PVP4), T) = h(Pa, T)+h(P, T|(Pa)>,) = h(P,T)+h(P4, T|P>Z)).
h(P4, T|P2) = 0 since Py < P=_; h(P,T|(Pa)>.) = h(P,T)

since (P4)>,_ < P9 . Therefore, i;EOP’A,T) = 0.

2) Conversely, assume that h(P4,T) = 0. Then, as above,
H(PP|P°, Vv (P4)>=.) = H(P2|P°,) for all n > 0. Also
H(PP|P°, V Pa) = H(PY|P°,), since Py < (Pa)>,.

This implies: H(P|P°. ) = H(Pa|P"_) = H(P4|P>=_ ) = 0.
So, P4 < P°_. Thus, Py < P" _V¥n €Z, i.e. Py <A P" . [
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¢ is called increasing if ¢ < T~ 1¢, i.e. €(Tx) C
T(¢(x)). Then,
h(¢,T) := H(T~1¢¢) < h(T),

Proof: @Q < T7¢, @ finite. Then, H(Q|¢) < H(Q|Q°,) =
h(Q,T) < h(T). O

Exercise: £ increasing. Then,
1
h(§,T) = sup lim—H(Qg|¢).

Q finite n

Remark. One may have ¢ increasing, T "¢ &
e and h(&,T) < h(T). See an example on
page 64.
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3.a Shannon-McMillan-Breiman T heorem

Theorem (X, A,m,T) ergodic, P countable
partition with H(P) < 4+oco. Then,

Lr(poy() sy opry.

Proof: Write

n—1 n—1
1(Pg)(@) = Y 1T PPN (@) =) 1(PIPy ) (1),

=0 =0

The Theorem follows since I(P|Pf_j+1)(w) — I(P|P)(x) a.s.
and in L1, sup, I(P|P}) € L' by Theorem page 15, and:

a.s. 1
Claim (exercise) If f, € L1, fi 2o fs and supy |fx| € L, then
n—1
1 kasle
EE froT —>/foo as k — oo. 0
k=0
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SMB Theorem, variant 1 (X, A,m,T) er-
godic, P countable partition with H(P) <
+oco0. Then,

;I(Pnn)(x) s b ep Ty,

SMB Theorem, variant 2 (X, A,m,T) er-
godic, & increasing measurable partition. Then,

a.s. L1

—I(T "l (@) — Rh(T).
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SMB Theorem, variant 3 (X, A,m,T) er-
godic, & invariant measurable partition, P
countable partition with H(P|§{) < +oo. Then,

LIl @) = nerTle)

SMB Theorem, variant 4 (X, A,m,T) non
necessarily ergodic, P countable partition with
H(P) < +0c0. Then,

1
—I(Po)(flf) “E% By (P, T),
where mq iS the ergodic decomposition of
m.
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Proof: Variant 1, 2 and 3 are proven by the same argument as
SMB Theorem.

For variant 4, recall from page 21 that

0
H PO (P) Z/H PO vn(P)dmfioo(dy)a

my, m,

where 7 is the measurable partition associated to the o-algebra
of invariant sets. In other words:

L.(PIP%)(y) > / Ly (PP ) (2)dm, ~(d2).

The proof of SMB vyields, in the nonergodic case,

a.s., Lt

1

5I(P€})(:c) — / In(PIP°,) (y)dm(dy)
(recall that m; is the decomposition of m into ergodic compo-
nents, cf. page 9). Integrating the above inequality in y, we see
that

iminf —I(P5)(x) > / L (PIP2.) (9)dmi(dy) = hyy (P,T).
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im inf —1(P) () > / Ly (PIP2.) (y)dmil(dy) = hy (P, T).

The integral of the first term goes to h(P,T). The integral of
the last term is h(P,T|n). The Theorem follows from:

Claim 7 the measurable partition associated to the invariant
sets. Then, h(P,T) = h(P,T|n).

Clear for Q < n, Q finite, and
h(P,T|n) = H(P|P°._Vvn) = inf H(P|P°_vQ). O
Q;Q=<n
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3.b Local entropy

X is a metric compact space, A the Borel o-
algebra, T' a homeomorphism of X and m a
T-invariant probability measure (which exists
by a fixed point Theorem). For € > 0,n € N,
define the Bowen dynamical ball B(xz,n,c)
as:

B(x,n,e) :={y: d(TFx, TFy) < e, for 0<k < n}.
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Theorem [Brin-Katok] (X,T,m) as above.
Assume m ergodic. Then,

hm(T)

1
lim liminf —— Inm(B(x,n,¢e))
e—0 O n

1
= limlimsup ——Inm(B(x,n,c)).
e—0 n n

Proof: 1) If the elements of P have diameter smaller than e,
then Py (xz) C B(x,n,e) and therefore:

1 1
limsup —— Inm(B(x,n,e)) < limsup ——I(P§)(x) = hn(P,T) < h(T).

2) Let §,p > 0, p to be chosen later. Choose @ a finite partition
in closed sets and € > 0 such that m(U:(0Q)) < p (8Q is the union
of the boundaries of the elements of Q, U. its e-neighborhood)
and h(Q,T) > h(T) — ¢ if h(T) is finite, > 1/§ otherwise.
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Consider the following sets E, and F,:

n—1
1 .
E, = {z:Vp>n,— X TIx) <2
. E u.00)(T7x) < 2p}
J=0
Fy = {x:¥p2>n,m(Qg(x)) < e PO

By the Ergodic Theorem (for E,) and the SMB Theorem (for
F.), for n large enough, m(E,NF,) > 1-6. Forx € E,NF,,p > n,

B(xz,n,e) is contained in less than (;;p) elements of Qf.

Either they all have measure < ¢ P(M(@1)=40) and then m(B(z, n,e)) <

e—P((Q,T)—46) (2];10) < e P(MQT)=59) py choosing p small enough,

n large enough that (Qgp) < eP for all p>n,
or at least one of those elements of Q’O’ has measure > e P(h(@1)=49)
The total measure of points z € E,, N F,, belonging to those bad
B(y,n,e) is at most
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#{bad at. of Q%}x#{at. of Q! € F, touching each bad at.}xe PH@T=3)

We have #{bad at. of Qg} < eP(M@1)=49) ang
#{at. of Q7 € F, touching each bad at.} < (;;p) < epd

Altogether, the measure of points z € E,, N F;,, belonging to bad
B(y,n,e) is at most eP((@T)=40) x pd . e=P(MQT)=0) < o=2p5

By Borel Cantelli, a.e. point in E, N F, eventually does not
belong to the bad set, so that

1
liminf ——Inm(B(z,n,e)) > h(Q,T) — 55 on E,NF,.
n n

By our choice of Q, if h(T) < oo, liminf, =L Inm(B(z,n,e)) >
h(T)—66 and, if h(T) = oo, liminf, —2 Inm(B(z,n,e)) > 1/6—54.

The conclusion follows. ]
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EXxercise Write variants 1, 2 and 3 of Brin-
Katok Theorem.

BK variant 4 (X,T,m) as above. Let my :=
mZ be the ergodic decomposition of m. Then,

1
him, (T) = 6Ii_rlrg)limnim‘—ﬁInm(B(ac,n,e))

1
= limlimsup ——Inm(B(xz,n,e)).
e—0 n n

Proof: 1)By SMB variant 4, we get, using the same partition
P,

1 1
limsup ——Inm(B(x,n,e)) < limsup ——I(P§)(x) = hm,(P,T) < hy, (T).
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2) Let A be a finite partition in invariant sets such that Ag =
{z: hm,(T) >1/6} and x — hy,, (T) varies by less than ¢ on each
other element of A.

Set h; = inf{xeAi} hmI(T) if >0, hg = 1/5.

One can find a finite partition @ in closed sets and £ > 0 such
that m(U-(0Q)) < p and H(A|Q) is so small that outside a set G
of measure 4, each element @; of @ is contained in one element
A;(jhyNG*. One can also impose that for xz € A;, hy,(Q,T) > h;—6.
With such a partition Q, the proof of BK Theorem 2) gives, for
x e A; NG

1
liminf ——Inm(B(z,n,e)) > h; — 66.
n n

The conclusion follows. ]
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Linear automorphisms of tori

In the next three sections, X is the d-dimensional
torus T¢ = R%/7¢ A the Borel o-algebra,

T the transformation of X defined by the
quotient of a linear action on R? of a ma-
trix A € SL(d,R), m an invariant probability
measure. One particular invariant probability
measure is the Lebesgue measure .
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4 a. Ergodicity, mixing, entropy

Theorem (X, A,\,T) is ergodic and mixing
if, and only if, no eigenvalue of A is a root
of unity.

Proof: L?(T¢ )\) admits an orthonormal basis e,,,m € Z¢, where
em(z) = e2™m2)  Clearly en(Tz) = eanm(z). Therefore, spectral
properties of the Koopman operator T on L?(T%,\) can be read
on the properties of the action of At on Z<.

Aleg = eg corresponds to the space of constant functions.

If all other orbits of the action of Af on Z¢ are infinite, (X, A,\,T)

is mixing (exercise).
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If (X,A,\,T) is non mixing, there is a finite orbit, i.e. there are
m € Z% k € N such that (A")*m = m. A! (and therefore A) has
an eigenvalue root of unity.

Finally, if A* has an eigenvalue root of unity, there are v € R? k €
N such that (AY)*v = v. Clearly v is rational and can be chosen
with integer coordinates. The orbit of v in Z¢ is then finite and
the function f(z) = Zfzo e2im{(AYv.2) is invariant: (X, A,\,T) is
not ergodic. ]

Let A be a linear automorphism of T¢. We
denote A1, Ao .-, A\ the different moduli of
the eigenvalues of A. Each )\; appears with
multiplicity m;, X% ; m; = d.
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Theorem hy(T) = S8 | m; max{0, In \;}.

Proof: Clearly, for all n,e, A(B(x,n,e)) = X(B(0,n,e)). For
1 = 1,---K, let V; be the sum of eigenspaces of eigenvalues
of modulus )\;, and write x = Z%xi € V;. Fix e. Then, for all
large n:

{y =",y max{1,X"}|yi| < ee "} C B(O,n,e)
C{y =) ;v max{1,Af}yi| < ee™}.
(Use the real Jordan form of A.) Then, for all z,

K
1
| limsup —— In A(B(z,n,e)) — E m; max{0,In \;}| <e.
n n
1=1

The proposition follows by Brin-Katok Theorem (use variant 4

if (X,A,\,T) is not ergodic). O
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Proposition m any T'-invariant mesure.
K
hin(T) < ) m;max{0,In\;}.
i=1

Proof: May assume that m is ergodic. Set
En, = {y: e (hm(1)+0) < m(B(y,n,e)) < e—n(hm(T)—é)}_

Then, for n large enough, ¢ small, m(E,) > 1/2. Choose a set
A, C E, maximal with the property that that for yi,y> € Ay,
B(y1,n,e/2) N B(yz2,n,e/2) = (. Clearly,

# A4, < (MinA(B,n,6/2)) 7 < (5)Feke [T (max{r, xrp™.

But, by maximality, Ugeca,B(z,n,e) covers E, and therefore
#A, > 1/2e"((T1)=0)  Comparing the two estimates gives the

result. O]
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4 b. Dimension on T?

In this subsection, we assume 7' is an ergodic
linear automorphism of T2. Then (why?),
the eigenvalues of the matrix A are A > 1 >
A1 We have for any ergodic probability
measure m:

Theorem |im Inm(B(z,¢)) — th(T).
e—0 In e In A\

Proof: Write BB(x,n,e) = {y : d(T*z,T*y) < ¢, for |k| < n}
Observe that for all n

BB(z,n,C ') € B(z,eA™) C BB(z,n,Ce),
for some constant C' depending on the angle between the invari-
ant directions V1, V,. Conclude using BK variant 1. O
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Hausdorff dimension

Recall the definition of the Hausdorff dimension of a subset F
of a metric space (X,d).

For a cover U = {U;} of E and s > 0, write
H,y =) .(DiamU;)* and Hs(E) := infy covers # Hsy. Then,

H-dim(FE) :=sup{s: Hs(F) = o} = inf{s : Hs(E) = 0}.

A measure m on a metric space X is said to be exact dimensional
€ lim Inm(B(x,¢€))

e—0 Ine
constant is called the dimension of m.

exists and is constant m-a.e. and the limit

Verify that, if m is exact dimensional of dimension §, then:

§ = inf{H-dim(FE), E Borel and m(E) = 1}.
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Let X =[0,1]” x [0, 1]7 with the max metric, = the projection on
the first coordinate and m = f (m?(dt))[mm](ds) as in Example
2 page 9.

Lemma Assume mw.m is exact dimensional of dimension 6 and
that for [m.m]-a.e.s,m. is exact dimensional of dimension -.
Then,
.. Inm(B(x,e
liminf (B(z,¢))
e—0 Ine

>0+ 7.

Typically, the inequality is strict. For example, let {(s,Bs)} C
[0,00) x R] be the graph of the Brownian process B and m the
measure which projects on Lebesgue on the s coordinate. it
is known that m has dimension 3/2, but the projection has di-
mension 1 and the conditional measures g, have dimension O.
In that case, it is true that by considering the other order of
projections, one gets indeed 3/2 =14 1/2.
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Proof: Fix e > 0. Choose A; and N; s.t. m(A1) > 1—¢ and, for
(s,t) € A1,mn > Ni,

ms(BY(t,2e™")) < e e,
Then, by Lebesgue Density Theorem, choose A, and N> > Nj
s.t. m(A2) > 1 —¢ and, for (s,t) € Ax,n > No,

1
m(A1 N B((s,1),e7) 2 om(B((s,1),e7")).
We get for (s,t) € Ax and n > No,

m(B((s,t),e ™)) < 2/ ms(Ar N Bi(t, e ™)) [mem](dt)
Br(s,e ™)

< 2eMe™[mem](BP(s,e™™)). O

Lemma (variant) Let X = Q x [0, 1]9, = the projection on the
first coordinate and m = | (mw(dt)) [rsm](dw). Assume that for

m.m-a.e. w, my IS exact dimensional of dimension . Then, at
m-a.e. (w,t):

| B1 t
i M@ 0.2)
e—0 Ine
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5. Entropy, exponents and dimension for
linear hyperbolic automorphisms

A linear automorphism of a torus is called
hyperbolic if the matrix A has no eigenvalue
of modulus 1. We have:

Theorem LetI' be a hyperbolic linear auto-
mophism of the torus, m an invariant ergodic
probability measure.

Then, m is exact dimensional: there is ¢ s.t.

i Inm(B(z,¢e))
e—0 In e

= ¢ for m a.e.x.
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Proof If there are different moduli, then dynamical Bowen ball
are no more directly comparable to usual metric ball. The proof
will go by analyzing one exponent at a time.

We write A1, --- , A% for the moduli of eigenvalues which are > 1,
A%, .-+ A for the others. We regroup W; = @;<;V; for i < w,
W; = @j>;V; for i > s.

In general, the partition W, of T¢ obtained by projecting the
affine planes parallel to W; in R% is not a measurable partition.
A measurable partition &; is said to be subordinated to W, if for
m-a.e. x, £(x) is an open neighborhood of z inside W;(x). We
will show that, if the measurable partition &; is subordinated to

W;, then the conditional measures mi" are exact dimensional.

More precisely there are numbers §;,h;,7 = 1,---, K, such that,
if & is @ measurable partition subordinated to WW;, then:
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More precisely there are numbers §;,h;,72 = 1,--- , K, such that,
if & is a measurable partition subordinated to W;, then:

im Inm3 (B(,¢))
e—0 Ine

1
= §;,and lim —= Inm&%(BB(z,n,c0)) = h; (2)
n n

for some small eg and that moreover,
hy = hs = h. (3)

We will show that (2) for v and s and (3) imply that the measure
m is exact dimensional, with dimension §, + 6s. We will then
prove (2) by induction on i < wu. The proof is the same for ¢ > s.

Let us first show (3): we have h, < h (page 33). To see
that h, = h, choose P be a partition in small cubes, small
enough that P° _(z) ¢ BW«(®)(x,¢e0), Pé"oo(x) C BY:(®)(z,e9) so
that Pfo‘f(x) = {z} and thus h(P,T) = h(T). If £ is a decreasing
partition adapted to W, with £ < P§° (see below LS Lemma
page 59), then

1
hy > lim ZH(PY|T™Y¢) = H(P|PX® Vv T '¢) = H(TP|P) = h.
n N
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(2) and (3) imply m is exact dimensional and 6 = §, + Js.

1) Locally, W, and W, form a system of coordinates, and the max
distance is equivalent to the original distance on T¢. Let 7 be the
projection on some W; space along W,. Then m = fm“d[ﬂ'*m]
and mym isS an average of measures m*. By Lemma page 51,

liminf._go '”[”*m]ffaws(t’a)) > §, mem-a.e. and by Lemma page 50,

liminf._o W > §, + s m-a.e..

2) Conversely, to estimate lim supgéow from above, we

want to estimate from below m(B(xz,4e")). Let P be a partition
as above, small enough that P°_(z) C BV« (z,e0), Py >(z) C
BW-() (z,e0) so that PT(x) = {z} and h(P,T) = h(T). Choose
a large enough that the diameter of the atoms of P? is smaller
than e ", say a = 2max{(InX\,)~ 1, |InXs|~1}. Using (2) and (3),
we have, on a set A; of large measure, for n > N; large enough:

(2)), m2(P5*(2)) < e 29, (P () > ¢ 2m0H29),

—na

0
mfc (P—na
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Using (2) and Lebesgue Density Theorem, choose A, C A; of
large measure and N> such that for x € A, n > No:

m(Ay N BV (z,e™™)) > e "0ute),

Analogously, choose Az C A> of large measure and N3 such that
for x € A3, n > N3

ms(Ax N BYs(z,e™™)) > e n(0ste),

All the above construction ensures that if x € Az, B(x,4e™ ™)
contains at least e~ "(0utd+2e-2ah+2ae) atoms of P"¢ with measure

at least e~2na(h+2¢)  This shows the claim.

Proof of (2) We prove by induction on 4,1 < ¢ < u (and
similarly on j = K — 4,0 < j < K — s) that there are numbers
Yi,t =1,--- , K,0 <~; <m; such that

for i <w, §; = ngi Vi, hi = ngi vi In A,

for 1 > s, 51' = iji Yis h; = ZjZi Yi In ;.
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Lemma [L.-Strelcyn] There exist, for 1 < ¢ < u, increasing
measurable partitions &; such that &; is subordinated to VW; and

&' < 57;_1 (Set 50 = 6).
We admit LS Lemma, which will be proven later.

Step 1: m;@} are exact dimensional, with dimension 61 = v1 and
the entropy h1 = h(&1,T) = ~v11n A1.
We have, as above,

{y1: Nilya| < e} C B(0,n,2) N W1(0) C {y1 : Nilya| < ee™}.

By BK variant 2, we know that h(&1,T) = lim, —% Inm$ (B(z,n,e0)) =:
hi1. It follows that, for a.e. z, all € > O:

Inm& (B Inm& (B
imsup n7 (B(z,7)) —e<hi/InA < liminf —2 (B(z,r)) |

Step 1 follows.
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We assume that m%’l are exact dimensional, with dimension ¢;_1.
We know that hi—1 = h(&i-1,T) = lim, —2 Inm§ ' (B(z,n,e0)),
hi = h(&,T) = lim, =L Inm§ (B(z,n,e0)). We need to show that

Inm3 (B i — hi-
i Inms (B(z, 1)) g, g i
r—0 In7r In A
Inm% (B(z, hi — hi—
Step 2: limsup " (B(@r)) < §q 4 e
r—0 Inr In \;

We want to estimate from below m$ (B(x, A; "e)). Theset B(x, \; ")
is made of B(.,n,¢) balls of measure at least e+ In order to
count them, intersect with a typical W,_1 leaf. The intersections
have m&'-measure less than e~"("-1—¢) and should fill up at least
e nMAiQiate) - Their number is at least e (N Aidii—hiat(nAit1)e)
The estimate from below of the measure of balls follow. The
precise argument uses Lebesgue Density Theorem in a way sim-

ilar to the argument on pages 57/58.
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Step 3. Approximating I(T~ ¢ 1|&-1)

The estimate in Step 2 is a priori way off since there might be
different good B(n,e) balls to count for different typical W;_1
leaves. Each atom of &; is an open set in a plane parallel to W;
and &;,_1 partitions it into open sets of planes parallel to W;_1.
We call m; the projection on the V; direction parallel to W;_1 and

B (z,0) = {y;y € &, dv.(mi(z), m(y)) < &}
Set:
1

m& ([T71¢21](2))dmS (=
m$ (BT (2,6)) Jpnos ([T €11 (2))dmg (2)

g9s(x) =

and ¢g* = inf gs.
6>0
Lemma As 6 — 0, ’)/5(.213) — I(T_lﬁi_1|£i_1)(x) at m-a.e. x and
f —Ing* < oo.
The convergence follows from Lebesgue Density Theorem ap-
plied to the measures (m;).m$. See Theorem page 95.
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Step 4: Transversal dimension

We show that the measures pi := (m:)«m$ are exact dimensional

hi — h;— :
with dimension ~; = Tl Assume first that there is no

Jordan block in V; and write a(k,z) := B%(z,A\;*). We have:
T M (a(n =k, fr)
mé(a(n,0) = | [ — -
fk-l—l (a(n — k-1 f x))

k=0
By composition of conditional measures and invariance, we can

write: .
o (fHa(n — k=1, fFHiz)])
a1, (a(n — -1, ")) = [
(o€ e m$,, ([f1&]1(fF2))

and, by the contraction along V;:
&G(ff2) N fHaln — k= 1, f* )] = [F16](ff2) Naln — k, f*2)]
It follows that

ppla(n —k, f’“zv))m (el (fFe)) "emS (6] (fra)
m&(a(n,z)) = = f
#latne)) H m$. ([f~1&](fFz) Na(n — k, fkz)) H gy o(fFz)

k=0 f’“w k=0
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so that

1
nInAi

1
nln>\i

n—1
In(m (a(n, z))) = Y (Ingycon(Fo)+1(T61e) (1))
k=0

The first average converges to —h;_1/In\; by step 3 and Claim
page 34, the second to h;/In \; by the Birkhoff Ergodic Theorem.

In the case of Jordan blocks, define ai(k,z) := BTi(z,cr4) in
such a way that A, ¥+ < - <o < ATH7),
G(ffz)nfa(n—k—1,f*12)] c [F &) Na(n—k, f*z)

and [f&](ffe) Nnar(n—k, ffz) C  &(ffo)nftHayp(n—k— 1, f*Tia)].
The conclusion follows in the same way, up to e, for all «.

hi—1

Inms (B hi —
Step 5 liminf nms (B(z, 7)) > 8 g 4 it

r—0 Inr In \;
Follows now from Step 4 and the dimension Lemma page 50.
This finishes the proof of exact dimension, provided we construct

the partitions &; with the properties of LS Lemma.
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LS Lemma There exist, for 1 < i < u, increasing measurable
partitions &; such that &; is subordinated to W; and & < &—1.

We choose on each axis of coordinates in T¢ a g9 dense set of
points aj 1, -+ ,a;r such that |a;xr+1 — ajx| < e0/2 and satisfying
another condition seen later. We consider the partition P of
T defined by the hyperplanes Hj = {z : x; = a;;} and, for
1= 1,---,u, n; the partition obtained by partitioning each ele-
ment of P by planes parallel to V;. Set no = . Then, n; is a
measurable partition for all ¢+ and n; < ni—1. Set & = Vu>oT"n;.
We have to show that we can choose the a;, in such a way that
&(x) is a neighborhood of z in W;(x) for m-a.e. z. The other
properties are straightforward. Let O < A < A\, and assume that
Zj,k,nm(u(Hj7k’)\_n)) < co. Then, for m-a.e. «z,

C(x) := inf X"dVi(T "z, U, H;x) > 0.
Clearly, BVi(z,C(x)) ano(:n). Therefore, we only have to choose
the a;; such that >~ m;([ajr— A", ajx+A""]) < oo, where m is
the projection of m on the 5 coordinate. Lebesgue almost every
point on the interval [0, 1] has this property (exercise; use the
last statement of Lebesgue Density Theorem page 94).
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6. Ergodic linear automorphisms

In general, an ergodic linear automorphisms
IS not hyperbolic: there are eigenvalues of
modulus one (but not roots of unity).

Let V,,4+1 be the corresponding eigenspace,
W,11 the foliation of T? into planes paral-
lel to V,,41. Some results (and proofs) of
Section 4a and 5 apply:

for any invariant measure, the entropy is at
most S8 m; max{0,In \;};
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the Lebesgue measure has maximal entropy;
the conditional measures on W;,1 = u + 1
of an ergodic measure are exact dimensional
and, if & is a measurable partltlon subordl—
nated to W;, then: h; = limy, —ﬁ Inm “(BB(z,n,gq)).

Proof: Consider the partition P of the proof of LS Lemma, and
set {u4+1 = PO ihe partition I' o H(P|PO ) =H(T~ 1€u+1|£u+1)
The arguments of step 4 above, applied to the projection on V4,
with the sets a(k,z) := BTu+1(x e ) yield:

h— h Inpit(a(n, z))

< eSsssuUp,,_ae 2 liMsup < My41.
g n ne

The last inequality holds since u; u+1 lives on a mqy+1 dimensional

plane. [

Corollary If m is ergodic, the Pinsker partition m is trivial.
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7. Linear endomorphisms of tori

Consider in this section a d x d matrix A
with integer coefficients and T' the associ-
ated transformation on T¢.

For z € T¢, #{T— 1z} = | Det A|.

The Lebesgue measure X is T invariant (ex-
ercise) and, with the same notations,

K
h)\(T) = Z ™m; max{O, IN )\7;}
1=1

(same proof, cf. page 48).
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For any invariant measure m,

K
hm(T) < Z ™m; max{O, In >‘z}
i=1
(same proof, cf. page 49).

In particular, ifd =1, Ais given by a 1 x 1

matrix (p) and Tx = px(mod.1). hy(Tp) =

Inp and for any invariant measure m, hm(1p) <
Inp. An ergodic invariant measure m is exact

dimensional and

Inm(B(x,c)) _ hm(Tp).

lim
e—0 Ine Inp
Proof: B(x,n,c) = [x — p"e,x + p"e]. O
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Folding entropy Let m be an invariant measure. The quantity
F,(T) = H(e|T~1e) is called the folding entropy of the transfor-
mation. We have:

F(T) <In| Det Al and F\(T) = In| Det A|.

Observe that hy(T) = F\(T) — Zlemimin{o,ln Ai}. One also
has

Theorem [Shu] Let T be a hyperbolic endomorphism of T¢,
m an ergodic invariant measure. Then m is exact dimensional.
More precisely, there are numbers ~;,1 = 1--- | K such that, for
m-a.e. x,

e—0 Ine

K
im Inm(B(x,¢e)) _ Z%, Fo(T) = Z% In \;
=1

1

and hy(T) = S vimax{0,In \;} = Fu(T)=> - 7 min{0,In \;}.
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8. General Clt2 diffeomorphism of a
compact manifold. Pesin theory

From now on, X is a compact Riemannian
manifold, without boundary, A the Borel o-
algebra, T a Cl-diffeomorphism of X, m an
invariant probability measure.

Oseledets Multiplicative Ergodic T heorem ap-
plies to the differential DT'. It is remarkable
that, as soon as the differential is Holder
continuous, much of the linear theory of sec-
tions 4 to 7 carries over to the non-linear

Case.
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Theorem [Oseledets MET] Let (X,a,m,T)
be a smooth dynamical system with m er-
godic. Then, there exist numbers

A > > Ak

and, at m-a.e. every x, a splitting T,M =
@f(zl‘/;(a;) such that:

1. veT,M belongs to V;(x) if, and only if,

_ 1
nir:rt]oog IN[|[DzT"v||png = In Ay,

1
2. lim —In|sinZ(V;(T"x), V;(T"x))| = 0 for
n

- n-—>:|:oo
T £ 7.
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To deduce our MET from the general MET for cocycles, choose
an arbitrary measurable trivialization of the tangent bundle & :
X xRY - TX and apply MET to the cocycle based on A;(z) =
dbgioDxTocbx. Observe also that the subbundles V; are automati-
cally measurable and invariant: D,TV;(z) = V;(Tz). In particular,
the dimension of V; is an invariant function and therefore an a.e.
constant m;.

Theorem [Margulis-Ruelle inequality] As-
sume m ergodic, then

K
hin(T) < Y m;max{0, In\;}.
1=1
Exercise Write the non-ergodic variant of MET and of Ruelle-

Margulis inequality.
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Sketch of the proof of MR inequality:

1.For a linear mapping A of R¢, denote t1 > t, > --- > t; the
eigenvalues of (A*A)1/2 and observe that L[(A(B(O,r),r)) can

be covered by less than Cszl max(1,t;) balls of radius r/2.

2. Fixn > 0 and choose r small enough that on each ball B(z,r),
T™ is well approximated by expgn, o D,T" o exp;’.

3. Choose a finite partition P. such that elements of P. have
inner diameter r/2 and outer diameter r.

4. Using 1,2, and 3, show that

d
(TR P (z) < Z In max(1,:(D,T™)) + C.

=1
5. Conclude.

73



We now assume that the diffeomorphism T
is o1t

( i.e. There are local charts @ such that, on
each domain where it is defined, z — ® 1o
D;,Tod and 2z — & Lo Dy(T 1) od are a-
Holder continuous functions with values in
GL(d,R).

Recall that a function f on a metric space

is a-Holder if Lip, := sup,z, |]2(Cif‘zi_y";()yoé)| is
finite.) |
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Let, as in the linear case, u,s be such that

N >0si<u, \;<0&12>s.

Define the following equivalence relations:

for i >s, y ~ 2 lIMsup,_eo = INd(T"z, TMy) < In )\

fori<wu, y A r < lim infnﬁ_ooiln d(T"x, T"™y) > In \;

In the linear case, equivalence classes are
planes parallel to the corresponding W;. Set
for ¢ < u, Wi(z) = ®;<;Vj(x)and for ¢ > s,
Wi(z) = @;>;V;(x).
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Theorem [Pesin] Let (X, A,T,m) be asmooth
dynamical system with T of class C1t% and
m ergodic. Then, for each 1 < uw or 1 > s,
the equivalence classes of VWW; form a measur-
able lamination of m-almost all X. Individual
classes W;(z) are homeomorphic to R% and
depend measurably on x. There is a mea-
surable invariant set A\,m(A\) = 1, such that
forx e \, T W;(x) = W;(x).

Moreover, for fixed small €, there is a mea-
surable function ¢ : N — (0,4+o0), satisfying
0(T*+1z) < ef0(z) with the following proper-
ties:
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— The connected component W ,.(x) of x
inside W;(z) N B(z, (¢(z))~1) is the exponen-
tial of a graph of a function y; , : Wi(z) —
R © Wi(a),

~ @iz IsCT®, Do =0 and Lipa(Dpiy) <
U(z),

— there is a metric 6; , on W;,.(x) and a
constant C' such that, for y,z € W; j,.(x) :
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— for i > s, TW; oc(x) C W, 10.(Tx) and, for
Y,z € Wi,loc(w) :

5@',T33(Ty7 TZ) < Aiegéi,w(ya Z)a
— fori <wu, T7W; o) C W 10e(T1z) and,

fory,z € Wi,loc(ZU) :

6i7T—1x(T_1yaT_1z) < Ar;leg(si,ic(y7 Z)
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In short, the nonlinear picture is the same
as the linear picture, at least on a small ball
around almost every point. How small de-
pends on the point, but is slowly varying
along the orbit. In particular, for < u,

Wo(z) := {z} C Wi(z) C Wa(z) C --- C Wul(x)

and each W,;_q1 family defines a foliation of
Wi(z). Let Tz « Wiloc — eprSOi,xVi(aj) be
the projection along W;_q .. leaves (com-
pare with page 61). Then:

LemmalBarreira-Pesin-Schmeling] The map-
ping T 2 iIs Lipschitz and the Lipschitz con-
stant depends only on £(x).
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Given Pesin Theorem and BPS Lemma, we
can do all the geometrical arguments of Sec-
tion 5. For the dynamical arguments, we can
compare the orbits of x and y only as long
as d(T'z, T7y) < ¢~ (TIx).

Lemma [Mané] Let (X, A,m,T) beasmooth
ergodic dynamical system, f : x — (0,+00) a
function satisfying f(Tx) < Af(x) for some
A. Then, there exist a partition P with finite
entropy such that for m-a.e. x, for n large
enough,

y € Py (z) = d(T"y, T"z) < f(IT"x).
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Proof Choose dp > 0 such that the set B := {z : f(z) > do} has
positive measure and consider for n > O:

B, :={z,2 € BT’z ¢ B for 1 <j <n,T"xz € B}.

Then )" nm(B,) = 1 (Kac Lemma). Let L be the Lipschitz
constant of T'. Since X is a Riemannian compact manifold, there
is a number D such that for each NN, one can find a partition Py
of X into less than DV sets of diameter smaller than (AL) ~d.
Let Q be the partition Q = (Bgo = B¢, B1,---) and P the partition
obtained by cutting each B, by P,. We have:

e*’n

1_—641

H(Q) < oo since, by the argument page 24 with ¢, =
HQ) <—-In(1—-e1)+ Zn nm(Byp) < 0.

H(P) < H(Q) + H(P|Q) < H(Q) + Y., m(B,)In D" < oo, and

P has the desired property.
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Let indeed k be the first time the orbit of x enters B. As soon as
n > k, there is a last integer k, < n with the property that TFz €
B. Then, Tz € B,, for some p,0 < n—k, < p. If y € P$(x),
Tkwy € P(T*x) so that Ty € B, and d(T*x, T*y) < (AL)™ P&
By the Lipschitz property, d(T"z, T"y) < L" % (AL) P§y < AP,
whereas f(T"x) > Ak f(T*2) > A~PS. O

Exercise Let (X, A,m,T) be a smooth er-
godic dynamical system, f :z — (0,4c) a
function satisfying f(Tz) < Af(x) for some
A. Write and prove the variant of Brin-Katok
Theorem page 40 involving

B(z,n,ef) :={y : d(T9z,TIy) < ef(T7z) for 0 < j < n}
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Theorem [Barreira-Pesin-Schmeling] Let
(X, A, m,T) be a Clt™ ergodic dynamical
system. Assume that O is not an exponent
of the system (s =wu-+1). Then, m is exact

dimensional.

The proof follows the arguments of the linear case. Observe
though that one needs a new argument to show that, for m-
a.e.x,

iming MmB@E) o s
e—0 Ine

Contrarily to 1) page 57, it is not true any more that W, and
W, form a system of coordinates where the max distance is
equivalent to the original distance on X.

Observe that the arguments for 2) page 57/58 are valid in the
nonlinear case. W.ith a little care, they can also englobe the

W.41 direction in the presence of O exponents and yield:
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Theorem [L-Young] Let (X,A,m,T) be
a glta ergodic dynamical system. Assume

that the exponent O has multiplicity mg41.
Then:

Inm (B
lim sup m(B(z,¢))
e—0 Ine

Actually, there are numbers ~;,0 < m;, which can be seen as
transverse dimensions within W, leaves, such that

fori<w, & =3 _ v hi=7) _wIn\

fori>s, &=7) . v hi= Zu% In \;.
In particular, if m is absolutely continuous, then

Ou + 0s + myy1 = Z %—I-mu+1—d—zmg

jFu+1
It follows that if m is absolutely continuous, 7] = m; for all

j #u—+ 1 and therefore:
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Theorem [Pesin Formula] Let (X, A, m,T)
be a Clt« ergodic dynamical system, with

m absolutely continuous with respect to the
volume on X. Then:

K
hin(T) = ) m;max{0,In\;}.
1=1
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9. Entropy and absolutely continuous
conditional measures

(X, A, T) an ergodic linear automorphism of
the torus, m an invariant ergodic measure,
A, m;, h; as above for 1 <1 < .

Theorem h; < Y2'_; mj;In\; with equality iff
m IS the Lebesgue measure.
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Proof: Consider the increasing LS partition & such that h; =

H(T~1¢]¢). We first show that the conditional measures m§j
are proportional to the Lebesgue measure on W;(x). Let L;(x)
be the DimW,;-Lebesgue measure of &(xz). By definition, the

DimW;-Lebesgue measure of [T1&](x) is given by —DLeg‘ﬁ)V =
_Li(Tz) i

[T
j=1""

Lemma H, «(T7'&) < 37" _, m;In A+ [ (In Li(y) ~In Li(Ty)) [m§](dy),

with equality iff m% ([T~1&](z)) = %;ﬁi({c)

. We have, at m-a.e. x:

Follows from convexity of ¢(t) = tInt (see page 24: EZ qid (mffi)) >

b (5,002) = 0 with m = m and g = — L2

Li(z) H;Zl )\;ni )
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Observe that in the previous Lemma, f(ln Li(y)—In L;(Ty)) [m$](dy)

makes sense (and might be 4o00) because In L;(y) is constant on
&(x) and —In L;(Ty) is bounded from below. Me may integrate
in m and get:

H(T¢[¢) < ij InA; + /(Li(y) — Li(Ty))m(dy).

Jj=1

In particular inf{0, L;,— L;oT} is integrable. The following Lemma
is an exercise of application of Birkhoff PET:

Lemma: Let L be a measurable function such that inf{0, L —

LoT} is integrable. Then, [L—LoT =0.
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It follows from the two Lemmas that h; < Z;:]_mjln Aj and
that in the case of equality, m{ ([T-1&](x)) = %z]g(l«()@ By
the same argument, we also have
Leb.[T](x)

Leb.[&](z)

The claim follows since U,Br-»¢ generate the o-algebra A.

m& ([T7"¢](x)) =

Since the automorphism is ergodic, the leaf W;(0) = W; is dense.
Let 7 be an element of W, such that ™ is dense. Since the con-
ditional measures of m along W; are proportional to Lebesgue,
the measure m is invariant by R,z := x 4+ 7(mod.1). By exam-
ining for instance its Fourier coefficients, one sees that the only
R, invariant measure is the Lebesgue measure. ]

89



For a C1t+a diffeomorphism, part of the claim
is still true, but this does not in general suf-
fice to characterize the invariant measure;:

Theorem Let T be a C1te diffeomorphism
of a compact manifold X, m an ergodic in-
variant measure. Then,

with equality iff the conditional measures of
m along W, are absolutely continuous with
respect to the DimW;-dimensional Lebesgue
measure.
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In particular,

Corollary Let T be a C? diffeomorphism
of a compact manifold X, m an ergodic in-
variant measure. Then,

K

h < Y mjmax{0,InA;}

j=1
with equality iff the conditional measures of
m along W, are absolutely continuous with
respect to the DimWy-dimensional Lebesgue
measure.

91



Corollary follows from Theorem in the case i = u once we prove
h, = h. In order to use in the nonlinear case the same arguments
as the ones page 66, one needs to show that the analog of
the projection over V,4; is Lipschitz, so that the ‘transversal
dimension’ makes sense and is finite. This is done in [LY] with
the hypothesis that the diffeomorphism is C2. It is very likely that
the statement holds in the C1T* case as well (see in particular
[BW]), but this statement has not been formally written to this
day.
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10. Notes and commments

10 a. Density theorems on R"™ We used several forms of
Lebesgue Density Theorem in these notes. Here we recall the
logic of these results. They all follow from

Theorem [Besicovich Covering Lemma] Let E C R", r : E —
(0,00) a bounded function on E. Then, there is a c(n), depend-
ing only on n, such that the cover {B(xz,r(x)),x € E} admits a
subcover C such that no x in R™ is covered by more than c(n)
balls from C.

Let now u be a probability measure on R”, and g € L1(u),g > 0.
Define:

1

gs(z) 1= w(B(z,8)) B(x,5)

gdp, g* :=supgs and g. :=inf gs.

5 5
Lemma [Maximal Lemma] a) For A > 0, u(g* > \) < @fgdu,
and b) fg*<>\ gdp < c(n)A.

Proof Use Besicovich Covering Theorem.
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The Maximal Lemma is used in proving:

Theorem|[Lebesgue Density Theorem] Let g € L'(n). Then,
gs — g p-a.e. as 6 — 0.
p(AN B(x,4))

In particular, for A € B,u(A) > 0, — 1 p-a.e. on
S n(B(z,6))
B
A aséd— 0 and lim supM < 00 A-a.e..
5 AMB(w,96))

We also used BCL on page 61: let (X,u) be a Lebesgue space,
m : X — R™ measurable and {u:,t € R"} an associated family of
conditional probabilities. Let P be a countable partition of X
with H(P) < oo. Define g'(z) = pr)(Pi), gi and g. defined on
R™ as above. Set:

g(z) =) en(@)g'(@), g5(@) =) én(x)gi(x)

and g.(2) 1= Y  €n(2)gl(a).
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Theorem [cf. Lemma page 61] lims_0g9q = g p-a.e. and
f —Ing. < oo.

Proof Convergence follows from LDT applied to each gj;. For
the estimate, we write (compare with pages 16/17):

/— In gudp = / p(ge < e *)ds = Z/ u(Pin{g. < e *})ds.
0 . Jo

We clearly have u(P;n{g¢: < e*}) < u(P,) and, by the Maximal
Lemma b),

p(Pin{gl <e}) = / g'd(mp) < c(n)e™.
{gi<e=s}
It follows that

/—lng*du < Z/ min(u(Fi), c(n)e”*)ds
— Jo

< H(P)+Incn)+ 1< . O
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10 b. Martingale theorems Let {F,},cz be an increasing fam-
ily of o-algebras in a probability space (£2,4), F-oo := MpFn, Foo
the o-algebra generated by U,F,. We assume for convenience
that there are families of conditional measures p associated
with F,. A process {z,}., Where z, is a F,-measurable inte-
grable function, is called a supermartingale if it satisfies, for all
m < n and for a.e. w:

Ty (W) > /xn(wl)ﬂg(dwl)-

A martingale is a process {zy}, such that {z,}, and {—=z,}, are
supermartingales. L!-bounded supermartingales converge a.e.
as n — +oo. Supermartingales always converge as n — —oo (this

is sometimes called reversed martingale convergence). Namely:
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Theorem [[D], Theorem 11.3.13] Let {zn, Fn}n,n € Z be a su-
permartingale such that sup,>o|zn| is integrable. Then {x,}n
converges a.e. as n — —+oo.

Theorem [[D], Theorem 11.3.17] Let {xn, Fn}ln,n € Z be a su-
permartingale. Then

1. fao< [z 1< < [a o< oo Let Li=1iMy 0 [ 2,
2. liMmysoo 2-n(w) =: 7_o(w) exists in (—oo,+o0] for a.e. w
and

3. if L < 400, then z_ < oo a.e., sup,<o|zn| is integrable,
and the convergence in 2) holds in L.
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10 c. Other comments

A more detailed account of most of the same material is to
come in the Volume 2 of the book by Einsiedler, Lindenstrauss
and Ward ([ELW]).

Here, information and entropy theory (Chapters 1,2 and 3) are
taken from [Ro2] and [Pa]. See also [KH] pages 161 to 179
and [W]. The entropy was introduced by Shannon [Sha] as a
measure of transmission of information. Kolmogorov [K] defined
the mean entropy as a new invariant for dynamical systems. The
properties of page 27 (Sinai [Si]) allow to compute the entropy
of many transformations. BK Theorem, with all variants, comes
from [BK]. For Lebesgue spaces and conditional measures, see
[Ro1].

Relations between dimension exponents and entropy hold in
many different contexts. Even for diffeomorphisms, they are
known for much larger families than linear automorphisms, but
the presentation is simpler in this context. We state (without
proofs) some of the relevant general results in section 8. The
proofs are extensions of the proofs we present in the linear case.
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The theorem page 50 is due to Young in the general case; the
one page 54 to Barreira, Pesin and Schmeling ([BPS], see page
83). The proof presented here follows [LY]. Since the key argu-
ment (step 4, pages 62/63) is very succinct in [LY], it is slightly
developed here. LS Lemma comes from [LS].

Invariant measures for non-hyperbolic linear automorphisms of
the torus have been studied by Lindenstrauss and Schmidt [LiS].
Their result is surprising: if m is an ergodic measure which is not
Lebesgue, then the global leaves parallel to W,4+; form a mea-
surable partition and the corresponding conditional measures are
made of Dirac measures and uniform measures on circles.

Folding entropy was introduced by Ruelle [Ru2] in connection
with non-equilibrium statistical mechanics. The theorem page
69 (in the general C? case) comes from [Shu]. See [QXZ], [Liu]
and [Shu] for background, motivations and history.
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Margulis-Ruelle inequality comes from [Rul]. Details of the
proof page 73 are in [L], pages 30—32. Pesin Stable Manifold
Theorem comes from [P1], BPS Lemma from [BPS], Appendix,
Mafié' Lemma from [M]. Pesin formula page 85 is due to Pesin
([P2]). Mahé has a simpler approach relying on the analysis
of B(z,n,e, ({(x))~1). Here Pesin’'s formula is obtained as a
corollary of the dimension formulas, an artificial feature of our
presentation.

Berg [B] showed that the Lebesgue measure is the only mea-
sure of maximal entropy for linear ergodic endomorphisms of the
torus. This is one example of a characterization of some partic-
ular invariant measure by a variational principle. Here we show
a slightly stronger result, that h1 = m1In A1 already characterize
Lebesgue measure. See [EL] for more relations between partial
entropies in the linear case.

The considerations of Chapter 10a are classical and often useful

in problems of analysis. See Doob [D] for Chapter 10b.

100



B K. Berg, Convolutions of invariant measures, maximal en-
tropy, Math. Systems Theory, 3 (1969), 146—150.

BK M. Brin & A. Katok, On Local Entropy, Geometric dy-
namics (Rio de Janeiro, 1981, Springer Lect. Notes Math.,
1007 (1983), 30—38.

BW K. Burns & A. Wilkinson, A note on stable holonomy be-
tween centers, in preparation,
http://www.math.northwestern.edu/ wilkinso/papers/c1hol0611.pdf

BP L. Barreira & Ya. Pesin. Nonuniform Hyperbolicity: Dy-
namics of Systems with Nonzero Lyapunov EXxponents,
Encyclopedia of Mathematics and Its Applications, 115
(2007), Cambridge University Press.

BPS L. Barreira, Ya. Pesin & J. Schmeling, Dimension and
product structure of hyperbolic measures, Ann. Math. 149
(1999), 755—783.

D J.L. Doob, Classical potential theory and its Probabilistic
counterpart, Classics in Mathematics, Sringer (2001).

101



EL M. Einsiedler & E. Lindenstrauss, Rigidity properties of Z¢
actions on tori and solenoids, Electron. Res. Announc.
Amer. Math. Soc. 9 (2003), 99-110.

ELW M. Einsiedler, E. Lindenstrauss & T. Ward, Entropy in
dynamics , in preparation,
http://www.uea.ac.uk/menu/acad_depts/mth/entropy/

K A.N. Kolmogorov, A new metric invariant of transitive dy-
namical systems and automorphisms of Lebesgue spaces,
Doklady Akad Nauk SSSR, 119 (1958), 861-864 (in Rus-
sian).

KH A. Katok & B. Hasselblatt, Introduction to the Modern
Theory of Dynamical Systems, Encyclopedia of Mathemat-
ics and its Applications, 54, Cambridge University Press,
(1995).

L F. Ledrappier, Quelques Propriétés des exposants caractéristiques.
Ecole d’ete de Probabilités de Saint-Flour XII - 1982, 1097
(1984), 305—393.



LS

LY

LiS

Liu

F. Ledrappier & J.-M. Strelcyn, A proof of the estima-
tion from below in Pesin’'s entropy formula, Ergod. Th.
Dynam. Sys., 2 (1982), 203—2109.

F. Ledrappier & L.-S. Young, The metric entropy of dif-
feomorphisms. Part I and II, Ann. Math. 122 (1985),
509-539 and 540-574.

E. Lindenstrauss & K. Schmidt, Invariant sets and mesasures
of non expansive group automorphisms, Israel J. Math.,
144 (2004), 29-60.

P.-D. Liu, Ruelle inequality relating entropy, folding en-
tropy and negative Lyapunov exponents, Commun. Math.
Phys., 240 (2003), 531-538.

R. Mané, A proof of Pesin formula, Ergod. Th. Dynam.
Sys. 1 (1981), 95-102.

V. I. Oseledets, A multiplicative ergodic theorem. Lia-
punov characteristic numbers for dynamical systems. Trans-
actions Moscow Math. Soc., 19 (1968), 197—221.



P1

P2

QXZ

Pa

Rol

Ro2

Ya. Pesin, Families of invariant manifolds corresponding
to non-zero characteristic exponents, Mathematics USSR,
Isz., 10: 6 (1976), 1261-1305.

Ya. Pesin, Characteristic exponents and smooth ergodic
theory, Russian math. surveys, 32:4 (1977), 55—114.

M. Qian, J.-S. Xie & S. Zhu. Smooth Ergodic Theory
for Endomorphisms. Lect. Not. Math. 1978, Springer-
Verlag, 20009.

W. Parry, Entropy and generators in ergodic theory, W.A.
Benjamin Inc. New York - Amsterdam (1969)

V.A. Rokhlin, On the fundamental ideas of measure theory,
Translations A.M.S. (series 1) 10 (1962), 1-54.

V.A. Rokhlin, Lectures on the entropy of measure preserv-
ing transformations, Russian math. surveys 22 (1967),
1-52.



Rul

Ru?2

Sha

Shu

Si

D. Ruelle, An inequality for the entropy of differentiable
maps, Boletim Soc. Mat. Bras., 9 (1978), 83—87.

D. Ruelle, Positivity of the entropy production in non-
equilibrium statistical mechanics, J. Stat. Phys., 85 (1996)
1-23.

C. Shannon, The mathematical theory of communication,
Bell system Technical J. 27 (1948), 379—423, 623—656.

L. Shu, Dimension theory for invariant measures of endo-
morphisms, preprint.

Ya. Sinai, On the concept of entropy fo ra dynamic system,
Dokl. Akad. Nauk. SSSR, 124 (1959) 768—771.

P. Walters, An introduction to ergodic theory, Springer
Graduate texts in mathematics, 79 (2000).



